
Chapter 3

Homogeneous Product Oligopoly
Models

The logical approach to the study of models of economic interaction is to start by
the static models of homogeneous product. Here we will find Cournot’s model of
which we will present a modern version. Quoting Shapiro (1989, p.333),

Although a timeless model of oligopoly cannot, by definition, treat the
essential issue of how rivalsreactto each other’s actions, it does serve
to elucidate the basic tension between competition and cooperation
and provide an essential ingredient for the richer, dynamicanalysis.

3.1 Cournot oligopoly. Quantity competition

Cournot proposes a model where a limited number of firms compete in a homo-
geneous product market. Consumers are passive and represented by an aggregate
(inverse) demand function. Firms decide independently a production level (given
their technologies). The interaction of aggregate output and aggregate demand
determines the market clearing price typically, by means ofan auctioneer.

3.1.1 Assumptions

The assumptions of the model are the following:

• structural assumptions

(i) It is a static model.

(ii) The production technology of every firm is summarized ina cost func-
tion Ci(qi), whereqi denotes firmi’s production output.
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(iii) The industry faces an aggregate demand functionQ = F (p), where
Q denotes the aggregate production level. This assumption implicitly
implies, (a) that we are referring to a homogeneous product market,
and (b) that there is a large number of consumers.

(iv) There aren firms in the industry. This is a fix number, i.e. there is
neither entry in nor exit from the industry.

(v) The strategic variable of the firms is their production levels.

• behavioral assumptions

(a) Firms aim at maximizing profits. In the decision process firms are
aware of the interaction among them: each firm knows that its pro-
duction decision depends on its expectation over the rivals’ decisions.
Also, every rival’s decision depend of what each of them think all the
other competitors will decide. All firms take simultaneously their re-
spective production decision.

(b) Consumers choose a consumption bundle to maximize theirutility
functions defined in terms of consumption goods in the economy.

• assumptions on the demand function,Q = F (p) (S1).

The demand function tells us how many units of the good consumers are
willing to buy at any given pricep. We assume thatF is continuous, con-
tinuously differentiable, monotone, strictly decreasingand cuts the axes.
These assumptions guarantee that there exists an inverse demand function

p = F−1(Q)
def
= f(Q). Given that firms decide upon production levels, it is

convenient to use the inverse demand function. It tells us the price at which
consumers are willing to purchase any aggregate productionlevel arriving
in the market. Formally, the assumptions on the inverse demand function
are:

1. f : R+ → R+

2. ∃Qs.t.f(Q)

{
> 0 si Q < Q,

= 0 si Q ≥ Q

3. f(0) = p < ∞
4. f(Q) is continuous and differentiable in[0, Q]

5. f ′(Q) < 0 si Q ∈ (0, Q)

In words,f is a real valued function (assumption 1), cutting the axes (as-
sumptions 2 and 3), continuous and differentiable on the relevant domain
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(assumption 4), monotone and strictly decreasing (assumption 5). Alterna-
tively to assumptions 2 and 3 we can assume that the total revenue of the
industry is bounded above:Qf(Q) ≤ M < ∞.

The aim of this set of assumptions is to define a compact set over which
firms take decisions, thus guaranteeing the existence of a maximum.

• assumptions on the technology,Ci(qi) (S2).

The production function of each firm is given and the factor markets are
perfectly competitive. This implies that all the relevant information is em-
bodied in the cost function. Each firm’s cost functionCi(qi) is assumed
continuous, differentiable, strictly positive, with a nonnegative fixed cost
andstrictly increasing. Formally,

1. Ci : R+ → R+

2. Ci is continuous and differentiable∀qi > 0

3. Ci(qi) > 0 ∀qi > 0

4. Ci(0) ≥ 0

5. C
′

i(qi) > 0 ∀qi ≥ 0

• assumptions on the profit function,Πi(q) (S3).

Let q = (q1, q2, q3, . . . , qn) be a production plan. Firmi’s profit function is
defined asΠi(q) = qif(Q)−Ci(qi) denotes firmi’s profit function. A vector
Π(q) = (Π1(q), Π2(q), Π3(q), . . . , Πn(q)) denotes a distribution of profits in
the industry. Given the assumptions on the demand and cost functions, the
profit function iscontinuous, and differentiable. Also, we assume that it is
strictly concave inqi. Formally,

1. Πi : R+ → R+

2. Πi is C2 ∀qi > 0

3. Πi(q) is strictly concave inqi, ∀q s.t.qi > 0, Q < Q.

As a consequence of assumptionsS1 and S2, the decision set of each firm is
compact.

It should be clear thatqi ∈ [0, Q] ∀i because on the one hand, it is not possible
to produce negative quantities and on the other hand, it doesnot make sense for
a firm to produce aboveQ becausef(Q) = 0. Also, asQ → 0, p → p, i.e.
limQ→0 = p. Hence,Πi(q) is defined on a compact set.
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Figure 3.1: The space of outcomes.

Definition 3.1 (Feasibility). We say thatqi is a feasible output for firmi if qi ∈
[0, Q].

The setF ∈ R
n defined asF def

= [0, Q]× [0, Q]× [0, Q]× n times. . . ×[0, Q], is the
(compact) set of all feasible production plans in the industry.

Definition 3.2 (Space of outcomes). The space of outcomes is the set of all possi-

ble distribution of profits in the industry:{Π(q)|q ∈ F} def
= Π(ℑ). Obviously, it is

also a compact set.

Definition 3.3 (Pareto optimal outcomes). We say that an outcomeΠ(q) is Pareto
optimal if given a feasible production planq associated to that outcome, any
alternative feasible production planq

′

generates a distribution of profitsΠ(q
′

)
that may allocate higher profits to some firms but not to all of them. Formally,
PO = {Π(q)|q ∈ F s.t. ∀q′ ∈ F , Π(q) > Π(q′)}, whereΠ(q) > Π(q′) means
Πi(q) ≤ Πi(q

′) ∀i, and∃j s.t. Πj(q) > Πj(q
′).

Figure 3.1 illustrates these definitions for the two firms case.

3.1.2 Equilibrium.

Several equivalent definitions of the Cournot equilibrium are the following:

Definition 3.4. A production planqc is a Cournot (Nash) equilibrium if there is
no firm able to unilaterally improve upon its profit level modifying its production
decision.
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Definition 3.5. A production planqc is a Cournot (Nash) equilibrium if no firm
has any profitable unilateral deviation.

Definition 3.6. Let qc
−i

def
= (qc
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Given that firms decide upon their production levels simultaneously, any par-
ticular firm does not observe the actions of its rivals beforehand. The interpreta-
tion of the Nash non-cooperative equilibrium can be properly understood as every
firm reasoning in the following way: “given that I think that my rivals will decide

q−i
def
= (q1, q2, . . . , qi−1, qi+1, . . . , qn), my profit maximizing decision isqi”. The

equilibrium arises when the expectations of all firms are fulfilled in the market.
This is a fundamental equilibrium concept thus worth illustrating with an example.

Assume firm 1 forms the expectation that its competitors willdecide the pro-

duction planqe
−1

def
= (qe
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e
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Let us assume that there is a firmi for which qe
i is not the profit maximizing

production level conditional onqe
−i. Accordingly, firm 1 cannot expect that firmi

will produceqe
i . Therefore, the production plan(qo

1, q
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cannot be a Cournot equilibrium.
If otherwise, for every firmi, qe

i is the profit maximizing production level
conditional on an expectation(qo

1, q
e
2, . . . , q

e
i−1, q

e
i+1, . . . , q

e
n), then all firms have

consistent expectations. Therefore no one has any incentive to deviate producing
a different output level from what its rivals expect. Then, aCournot equilibrium
is given by(qo

1, q
e
2, . . . , q

e
i−1, q

e
i , q

e
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e
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In graphic terms we can envisage the Cournot equilibrium as every firm maxi-
mizing profits on theexpectedresidual demand associated with the expectation of
each firms on the behavior of the rival firms. Figure 3.2 illustrates the argument
for two firms. When all firms’ expectations are fulfilled we obtain the Cournot
production plan.



34 3.1 Cournot oligopoly. Quantity competition

Figure 3.2: On the meaning of Cournot equilibrium

The description of the Cournot model can be reformulated in the jargon of
game theory. There, the notion of Nash equilibrium can be directly linked to that
of Cournot equilibrium.

In game theory terms, the Cournot model is a one-shot, simultaneous move,
non-cooperative game. We consider only pure strategies. That is, each player
chooses a simple action. We can represent this game in extensive form in fig-
ure 3.3 (See Martin (2002, p.42)) where, for the duopoly case, at decision node
D1, firm 1 chooses an output levelq1 from its strategy space[0, Q]. At decision
setD2, firm 2, without knowing firm 1’s decision, also chooses an output levelq2

from its strategy space[0, Q]. This choice of output levels generate a distribution
of profitsΠ1(q1, q2), Π2(q1, q2).

We can also represent this game in normal form as a triplet(N,F , π), where

N = 1, 2, . . . , n represents the set of players (firms),F def
= [0, Q]× n times. . . ×[0, Q],

is the strategy space, andΠ is a vector of payoffs (i.e. a distribution of profits).
Associated to this normal form representation, we have the payoff matrix given
by table 3.1.

Then, we say that a vector of feasible actions (production plan), (q1, . . . , qn)
is a Nash equilibrium if for all players and any feasible action qi,

Πi(qi, q
∗
−i) ≤ Πi(q

∗
i , q

∗
−i), ∀i. (3.1)

3.1.3 Cournot equilibrium and Pareto optimality.

We will now examine whether the Cournot equilibrium satisfies the Pareto opti-
mality property.
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Figure 3.3: The Cournot model in extensive form.

Proposition 3.1. Let qc ≫ 0 be a Cournot equilibrium production plan. Then
Π(qc) is not Pareto optimum.

Proof. The proof of this proposition is best developed in three steps.
(a) First, we will show that the aggregate production level in equilibrium is

sold at a strictly positive price, i.e.Qc def
=

∑
i q

c
i < Q. Let us assume, a senso

contrario,Qc ≥ Q. Sinceqc ≫ 0 it satisfies the first order conditions of the profit
maximization problem, that isf(Qc) + qc

i f
′(Qc) ≡ Ci(q

c
i ). But,Qc ≥ Q implies

that this aggregate production level is sold at a zero price,f(Qc) = 0, so that
qc
i f

′(Qc) ≡ Ci(q
c
i ) which is a contradiction.

(b) Next, given thatqc
i > 0 ∀i, the Cournot equilibrium is interior. This means

that the set of first order conditionsf(Q) + qif
′(Q) − C ′

i(qi) = 0 characterize

the equilibrium. Also,
∂Πi

∂qj

= qif
′(Q) < 0 ∀i, j i 6= j. Hence a simultaneous

reduction of the output levels of any two firms,qi and qj would improve their
profits. Thus, we can find a production planq such thatΠi(q) > Πi(q

c) ∀i.
(c) Finally, the (simultaneous) reduction of output away from the equilibrium

will have a negative effect on profits. Nevertheless, this isa second-order effect
that normally is offset by the first-order effect described in (b).

Intuitively, the conditions characterizing a Cournot equilibrium is the system
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firms 0 . . . q1 . . . Q

0 Π1(0, 0), Π2(0, 0) Π1(q1, 0), Π2(q1, 0) Π1(Q, 0), Π2(Q, 0)
...

...
...

...
q2 Π1(0, q2), Π2(0, q2) Π1(q1, q2), Π2(q1, q2) Π1(Q, q2), Π2(Q, q2)
...

...
...

...
Q Π1(0, Q), Π2(0, Q) Π1(q1, Q), Π2(q2, Q) Π1(Q, Q), Π2(Q, Q)

Table 3.1: Payoff matrix of the Cournot game.

of first order conditions associated to the profit maximization problem. That is,
f(Qc)+qc

i f
′(Qc)−C ′

i(q
c
i ) ≡ 0 ∀i. This equation says that price is above marginal

cost:f(Qc) > f(Qc) + qc
i f

′(Qc) = C ′
i(q

c
i ). Therefore, the optimality rule equat-

ing price and marginal cost is not satisfied. We should suspect that the Cournot
equilibrium will not satisfy the property of Pareto optimality. This feature of the
Cournot equilibrium means that firms have a way to improve their profit levels
beyond the Cournot equilibrium level. One way of achieving these higher profits
is by means of agreements. We will examine this topic in detail in chapter 4.

Alternatively, looking at the first order condition, we realize that it contains
two elements. On the one hand, we have the difference betweenprice and marginal
costf(Q) − C

′

i(qi); on the other hand we have a termqif
′(Q) representing the

effect of producing an additional unit. This effect consists in lowering the price
in f ′ that affect all the units produced. These arguments illustrate the negative
externality arising among firms. When firmi decides its production level takes
into account the (adverse) effect of the price on its output (and thus on its profits)
but ignores the effect on the aggregate production. Accordingly, every firm tends
to produce at a level beyond what would be optimal at the industry level.

3.1.4 Existence of Cournot equilibrium.

An intuitive approach.

The Cournot equilibrium describes a situation where no firm has an incentive to
reconsider its production decision conditional on the expectation on the rivals’
decisions. Such an equilibrium does not necessarily exist.To illustrate the ar-
gument, following Okuguchi (1976) let us consider a duopolywhere firmA has
a lower cost than firmB. Figure 3.4 illustrates the scenario:DD′ represents
the market demand curve;DR represents the marginal revenue curve of one firm
when the rival produces zero output;JJ ′ represents firmA’s marginal cost;KK ′

represents firmB’s marginal cost;KJ is the difference between marginal costs.
This difference is independent of the production levels.
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Figure 3.4: Existence of Cournot equilibrium (i).

- Assume that firmA expects firmB will produceqB = 0. Then firmA’s
profit maximizing production level is̃qA = q4 where marginal revenue equates
firm A’s marginal cost.

- Assume now that firmA expects firmB will produceqB = q1. The residual
demand for firm A is BD′. This residual demand has its associated marginal
revenue with origin atB (see figure 3.5). FirmA maintains its marginal costJJ ′.
Therefore,̃qA = q1q5. The marginal revenue (= marginal cost) corresponding to
the outputq1q5 is given byq5F . The aggregate production level isq5.

- Similarly, if firm A has different conjectures on firmB’output, the point
where marginal revenue equates marginal cost will move along the lineEG in
figure 3.4 and aggregate production increases fromq1 until q6. Note that the pro-
duction of firmB cannot go beyondq6 to maintain firm A producing strictly
positive output levels.

- In a parallel fashion we can determine firmB’s profit maximizing production
levels conditional on the expectation of firmA’s behavior. IfqA = 0 thenq̃B = q2.
Also, given the restrictionqB ≥ 0, necessarily,qA < q3. As the expectation on
firm A shifts from zero toq3, the points where marginal revenue equates marginal
cost will move along the lineHI in figure 3.4, and the aggregate production level
will increase fromq2 until q3.

Combining these arguments, we see that for an equilibrium toexist both firms
have to produce positive levels of output and the segmentsq2q3 andq4q6 have to
intersect at least in one point. A priori there is no guarantee that such intersection
will occur. The illustration provided in figure 3.4 such intersection does not exist
because of the large difference between the marginal costs.
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Figure 3.5: Existence of Cournot equilibrium (ii).

A formal approach.

Recall the assumptions introduced in section 3.1.1. The concavity of the profit

function means
∂2Πi

∂q2
i

≤ 0. This ensures that there is always a production level

q̃i maximizing profits for any
∑

j 6=i qj . Let us examine now the conditions under
which the profit function is concave:

- a) marginal revenue is decreasing inqi (i.e concave demand), and firmi’s
marginal cost is constant or increasing (convex cost). Formally, MR

′

i < 0 and
C

′′

i ≥ 0.
- b) firm i’s marginal revenue is increasing inqi (i.e convex demand), and

firm i’s marginal cost grows at the same rate as or faster than the marginal rev-
enue. Formally,MR

′

i > 0 i C
′′

i ≥ MR
′

i.
- c) firm i’s marginal revenue is decreasing inqi (i.e concave demand), and

firm i’s marginal cost grows at the same rate as or slower than the marginal
revenue. Formally,MR

′

i < 0 i |MR
′

i| ≥ |C ′′

i |.
Summarizing,

∂2Πi(q)

∂q2
i

= 2f ′(
∑

i
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i
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i (qi)
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


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′′
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f
′′
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′′

i > 0 and|2f ′| > qif
′′ − C

′′

i

f
′′

< 0, C
′′

i < 0 and|2f ′ + qif
′′| > |C ′′

i |

Note that these assumptions are sufficient, but not necessary to guarantee the
existence of a Cournot equilibrium. The interested reader will find more general
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approaches in e.g. Friedman (1977), Mas Colell et al. (1995), Okuguchi (1976),
or Vives (1999).

Theorem 3.1.Whenever assumptionsS1 to S3 are fulfilled, there will be an inte-
rior Cournot equilibrium,

Proof. We will divide the proof in three parts. First, we will show that assump-
tionsS1 to S3ensure well-defined reaction functions (lemma 3.1); next, we will
show that these reaction functions are continuous (lemma 3.2); finally we will
verify that we can apply Brower’s fix point theorem.

Lemma 3.1. Whenever assumptionsS1 to S3 are fulfilled, there will be a well-
defined reaction function for every firm.

Proof. Letℑ−i
def
= [0, Q]× [0, Q]× [0, Q]× (n-1) times. . . ×[0, Q]. Consider an arbitrary

production planq−i ∈ ℑ−i. Given thatπi(qi, q−i) is continuous inqi, qi ∈ [0, Q]
and strictly concave, and given that[0, Q] is compact we can write the first order
condition of the profit maximization problem

∂πi(qi, q−i)

∂qi

= f(Q) + qif
′(Q) − C

′

i(qi) = 0,

as a functionqi = wi(q−i) called firm i’s reaction function. It tells us firmi’s
profit maximizing strategy conditional to its expectation on the behavior of the
(n − 1) rival firms.

Let us now define a one-to-one continuous mapping,w(q), of the compact set
ℑ on itself,

w(q) =
(
w1(q−1), w2(q−2), . . . , wn(q−n)

)

Lemma 3.2. wi(q−i) is a continuous function.

Proof. Let{q−i}∞τ=1 a sequence of strategy vectors inℑ−i, such thatlimτ→∞ qτ
−i =

qo
−i.

Sinceℑ−i is compact, we know thatqo
−i ∈ ℑ−i.

The sequence{q−i}∞τ=1 allows us to obtain a sequence{wi(q
τ
−i)}∞τ=1 where

wi(q
τ
−i) ∈ [0, Q].

Let,

qτ
i = wi(q

τ
−i)

qo
i = wi(q

o
−i).

We say thatwi is continuous iflimτ→∞ qτ
i = qo

i .
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By definition,

πi

(
wi(q

τ
−i), q

τ
−i

)
≥ π(qi, q

τ
−i), qi ∈ [0, Q].

Since the profit function is continuous,

lim
τ→∞

πi

(
wi(q

τ
−i), q

τ
−i

)
= πi

(
lim

τ→∞
wi(q

τ
−i), q

o
−i

)

lim
τ→∞

π(qi, q
τ
−i) = π(qi, q

o
−i),

so that we can write,

πi

(
lim
τ→∞

wi(q
τ
−i), q

o
−i

)
≥ π(qi, q

o
−i), qi ∈ [0, Q].

Given thatwi(q−i) is a single-valued function,

lim
τ→∞

wi(q
τ
−i) = wi(q

o
−i)

or equivalently,
lim
τ→∞

qτ
i = qo

−i,

so thatwi(q−i) is a continuous function.

We present now (without proof) Brower’s fix point theorem1.

Theorem 3.2(Brower). LetX be a convex and compact set inR
n. Letf : X →

X be a continuous application associating a pointf(x) in X to each pointx in
X. Then there exists a fixed pointx̂ = f(X̂).

Figure 3.6 illustrates the theorem whereX = [0, 1]. In casesA andB we have
two fixed points at0, 1. In caseC there are three fixed points at0, 1, x̂. Finally, in
caseD there is a unique fix point at̂x.

We can apply Brower’s fix point theorem, given thatℑ is compact andw(q) is
continuous. Therefore, we can guarantee that there is at least a pointq∗ such that
w(q∗) = q∗, whereq∗ is the Cournot equilibrium.

3.1.5 Uniqueness of the Cournot equilibrium.

An intuitive approach.

The analysis of existence of equilibrium identifies conditions guaranteeing the
presence of equilibrium vectors(q∗1, q

∗
2, . . . , q

∗
n). This potential multiplicity of

1On fix point theorems see Border (1992).
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Figure 3.6: Brower’s fixed point theorem.

equilibria may rise a problem. To illustrate, consider a Cournot duopoly with two
equilibria (q∗1 , q

∗
2) and(y∗

1, y
∗
2). This means that say, firm 1 knows that if firm 2

choosesq∗2 its best reply isq∗1, while if firm 2 choosesy∗
2 its best reply isy∗

1; the
problem is precisely that firm 1 does not know firm2’s decision. It only makes
conjectures. It may well happen that firm 1 conjectures that firm 2 will chooseq∗2
when it turns out that firm2’s choice isy∗

2. In this case we end up with a produc-
tion plan(q∗1, y

∗
2) that generally will not be an equilibrium vector of strategies. In

other words, there may appear a coordination problem. How can we be sure that
firms will “point at the same equilibrium production plan”? Apossible way out of
this problem is to study the conditions under which there is aunique equilibrium.
Before going into this, let us try to understand why there mayappear a multiplic-
ity of equilibria. Let us look at figure 3.7 whereD′D denotes the demand curve
andFF ′, GG′, JJ ′, KK ′ are some isoprofit curves of firmB.

- Assume that firmB conjectures that firmA will produceq1 units. Its residual
demand isCD′.

- Observe now pointE. This is a tangency point between the demand curve
CD’ and the isoprofit curveFF ′. This implies that atE firm B’s profits are
maximized. The associated output level at this point isq1q2 = Oq1.

We can perform a parallel analysis for firmA. That is, given a conjectureq1

on firm B, q1q2 is the production level maximizing firmA profits. Accordingly,
E represents a Cournot equilibrium where the associated production plan is both
firms producingOq1.

- We can repeat this argument for the pointE ′, so thatE ′ is also a Cournot
equilibrium point where the associated production plan is both firms producing
Oq3 = q3q4.

- In this example the multiplicity of equilibria arises as a consequence of the
lack of concavity of the demand function.

What additional assumption do we have to introduce to guarantee the unique-
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Figure 3.7: An instance of non-uniqueness of equilibrium

ness of the Cournot equilibrium?

A formal approach.

We need to restrict further some of the assumptions introduced in the analysis
of existence. In particular, we maintain assumptionsS1, S2and introduce the
following assumption:

S4The profit functionπi(q) is continuous, twice continuously differentiable,
and∀q, q ≫ 0, Q < Q satisfies,

∂2πi(q)

∂q2
i

+
∑

j 6=i

∣∣∣∣∣
∂2πi(q)

∂qi∂qj

∣∣∣∣∣ < 0

Note first thatS4implies that the setℑ is compact. Clearly,S4is more restric-
tive in the sense that the class of functions that satisfies itis smaller. To see it, we
can rewriteS4as

2f ′(Q) + qif
′′

(Q) − C
′′

i (qi) + (n − 1)|f ′(Q) + qif
′′

(Q)| < 0 (3.2)

Consider the casef
′′

< 0, so that|f ′(Q)+ qif
′′

(Q)| = −
(
f ′(Q) + qif

′′

(Q)
)
.

Thus, (3.2) can be rewritten as

−(n − 3)f ′(Q) − (n − 2)qif
′′

(Q) − C
′′

i (qi) < 0. (3.3)

For n > 3 the first two terms are positive. This means that increasing values
of n require increasing values ofC

′′

i (qi) to verify (3.3).
Summarizing, assumptionsS1, S2, S4guarantee thatw(q) is a contraction.
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Definition 3.9. Consider two vectorsq
′

−i andq
′′

−i, i = 1, 2, . . . , n. It is said that
w(q) is a contraction if

∣∣∣wi(q
′

−i) − wi(q
′′

−i)
∣∣∣ < ‖q′

−i − q
′′

−i‖

That is, when all the competitor firms vary their strategies in a certain amount,
firm i’s best reply varies in a smaller amount.

We will now introduce a theorem without proof:

Theorem 3.3. Let f : R
l → R

l be a contraction. Then,f has a unique fixed
point.

We can use this theorem to obtain the result we are after:

Theorem 3.4.AssumeS1, S2, S4. Thenw(q) is a contraction andq∗ is the unique
Cournot equilibrium.

3.1.6 An alternative approach to the existence and uniqueness
of Cournot equilibrium.

Szidarovsky and Yakowitz (1977) propose a different approach to prove the exis-
tence and uniqueness of equilibrium in a Cournot model. Thisapproach relates
the individual profit maximizing level of output with the aggregate production in
the industry and shows that this relation is monotone decreasing.

Let qi denote firm i’s production level,i = 1, 2, . . . , n, let Q ≡
∑

i qidenote
the industry aggregate output, letp = f(Q) be the inverse demand function, and
Ci(qi) firm i’s cost function.

Assumption 3.1.The inverse demand function is continuous, differentiable, con-
cave and cuts the horizontal axis. Formally,f ′(Q) < 0, f ′′(Q) ≤ 0, for Q ∈
[0, Q] whereQ is such thatf(Q) = 0.

Assumption 3.2.The cost function is continuous, differentiable, and convex. For-
mally,C

′

i(qi) > 0, C”
i (qi) ≥ 0, for qi ∈ [0, Q].

Assumption 3.3.∀i, f(0) > C
′

i(0).

Assumption 3.3 is technical. It says that every firm is willing to produce at
least a small quantity if it would be a monopolist. This is so because whenQ = 0
(and thusqi = 0, marginal revenue (f(0)) is above marginal costC

′

i(0), so that it
is profitable for the firm to produce an arbitrarily small output.

Friedman (1977) shows that when assumption 3.3 is verified for at least one
firm, thenQ∗ > 0. He also shows that ifQ∗ is a Cournot equilibrium, then it is
not on the frontier of the space of outcomes,Π(ℑ) (i.e. is not Pareto optimal).
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Let us now define firmi’s optimal output consistent withQ as

qi(Q) =

{
q where q ≥ 0 andf(Q) = C

′

i(q) − qf ′(Q),

0 otherwise.

That is, firmi’s strategy is to produce a non negative output only when it allows to
maximize profits. Otherwise, the firm does not enter the market (or is not active
in the market).

Lemma 3.3. qi(Q), when positive, is continuous and monotone decreasing inQ.

Proof. The continuity comes from the continuity of the inverse demand and cost
functions.

qi(Q) is decreasing because

∂qi(Q)

∂Q
=

r
′

i

1 + r
′

i

wherer
′

i ∈ [−1, 0] denotes firmi’s reaction function. It is decreasing from the
concavity of the profit function.

• ConsiderQ = 0. Assumption 3.3 tells us that
∑

i qi(0) ≥ 0;

• ConsiderQ = Q. From the definition ofqi(Q), q has to verifyC
′

i(q) =
qf ′(Q). Hence,q = 0 and

∑
i qi(Q) = 0;

Lemma 3.3 says thatqi(Q) is continuous and decreasing for anyQ giving rise
to qi(Q) > 0. Accordingly,

∑n

i=1 qi(Q) is also continuous and decreasing. Hence,
there can only exist one valueQ∗ for which

∑n

i=1 qi(Q
∗) = Q∗. We conclude that

Q∗ is the only Cournot equilibrium and
(
q1(Q

∗), q2(Q
∗), . . . , qn(Q

∗)
)

its associ-

ated production plan.
An alternative way to construct the argument is provided by Tirole (1988, pp.

224-225). Assumptions 3.1 and 3.2 guarantee that the profit function is concave.
Therefore, we can obtain the reaction functionsri(q−i). To guarantee that the
reaction functions will intersect we need to assume 3.3 and also

Assumption 3.4. r−1
j (0) > ri(0) = qm

i .

This says that firmi’s output inducing firmj to remain inactive exceeds firmi’s
monopoly output. In other words, the intercept of firmj reaction function on the
axis measuring firmi’s output, is above firmi’s monopoly output.
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To illustrate the argument let us consider the data in problem 7. The system of
first order conditions is,

840 − 2q1 − q2 = 0,

900 − q1 − 2q2 = 0.

We can rewrite it as,

q1(Q) = 840 − Q, (3.4)

q2(Q) = 900 − Q. (3.5)

Adding up (3.4) i (3.5) we obtain,

q1(Q) + q2(Q) = 1740 − 2Q. (3.6)

In equilibrium,q1(Q)+ q2(Q) on the left hand side of (3.6) must be equal toQ on
the right hand side. Thus, solving (3.6) for this common value we obtain,

Q = 580.

Substituting this value ofQ in (3.4) and (3.5) we obtain the equilibrium production
planq1 = 260, q2 = 320.

Note that in equation (3.6),q1 + q2 decreases asQ increases; therefore, given
this monotonic decreasing relation there can only be a valueof Q satisfyingQ =
1740 − 2Q.

More general analyses in this line are Koldstad and Mathiesen (1987), Gaudet
and Salant (1991), Van Long and Soubeyran (2000) and Watts (1996).

3.1.7 Strategic complements and substitutes.

We have seen that the set of reaction functions characterizes the Cournot equilib-
rium. We want to study some properties of these reaction functions with some
more detail. Essentially, reaction functions show the strategic dependence among
firms. The nature of this dependence is crucial in the determination of the prop-
erties of oligopoly models. For ease of exposition, let us consider a duopolistic
market.

We obtain say firm 1’s reaction function from its profit maximization problem,
given its expectation on the decision of the rival,q2:

∂π1(q1, q2)

∂q1

= f(Q) + q1
df

dQ
− dC1(q1)

q1

= 0. (3.7)
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The strategic nature of the relation between firms is given bythe slope of the
reaction function. The slope is obtained by differentiating (3.7):

∂2π1(q1, q2)

∂q2
1

dq1

dq2

∣∣∣
foc

+
∂2π1(q1, q2)

∂q1∂q2
= 0, that is

dq1

dq2

∣∣∣
foc

= −
∂2π1(q1,q2)

∂q1∂q2

∂2π1(q1,q2)

∂q2

1

. (3.8)

Since−∂2π1(q1, q2)

∂q2
1

> 0, from the second order condition, it turns out that the

slope of the reaction function is given by the sign of the numerator in (3.8). Let
us then look at that numerator,

∂2π1(q1, q2)

∂q1∂q2
=

∂

∂q2

[∂π1(q1, q2)

∂q1

]
=

df

dQ
+ q1

d2f

dQ2
. (3.9)

Therefore, when demand is concave, the crossed partial derivative is negative and
so is the slope of the reaction function. If demand is strictly convex, the last
term on the right hand side of (3.9) is positive and the reaction function may be
positively sloped. Following Bulow, Geanakoplos and Klemperer (1985), we say

that the actions of the two firms arestrategic complementsif
∂2π1(q1, q2)

∂q1∂q2
> 0 and

strategic substitutesif
∂2π1(q1, q2)

∂q1∂q2

< 0. We will see that prices are often strategic

complements while quantities are often strategic substitutes2. Nevertheless, the
nature of the strategic relations among competitors has to be examined case by
case. A throughout investigation of games with strategic complementarities can
be found in Amir (1996, 2005) and Vives (1999, 2005a, 2005b).

3.1.8 Cournot and conjectural variations.

Consider a homogenous market with inverse demand functionp = f(Q). There
aren firms, each with a technologyCi(qi), i = 1, 2, . . . , n. Accordingly, firmi’s
profit function is given byΠi(q) = f(Q)qi − Ci(qi). Assuming that demand
and cost functions satisfy the sufficient conditions for theexistence of a unique

2Martin (2002, pp. 21-27) show some examples where that relation does not hold.
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equilibrium, this is characterized by the system of first order conditions,

∂Πi(q)

∂qi

= f(Q) + qif
′(Q)

∂Q

∂qi

− C
′

i(qi) = 0, ∀i

where

∂Q

∂qi

=
∂

∑n

j=1 qj

∂qi

= 1 +
∂

∑
j 6=i qj

∂qi

.

The term
∂

P

j 6=i qj

∂qi
captures the strategic interdependence among firms and is

called theconjectural variation3. It shows how firmi forms its expectations on
the behavior of its rivals. In Cournot every firm expects thatits rivals will not
change their decisions when it varies its production level infinitesimally, that is
∂

∑
j 6=i qj

∂qi

= 0.

3.1.9 The geometry of the Cournot model.

To proceed with the graphical representation, we will assume a duopolistic indus-
try. We will also assume linear demand and costs for simplicity, p = a−b(q1 +q2)
andCi(qi) = c0 + cqi, i = 1, 2.

Isoprofit curves.

An isoprofit curve is the locus of points(q1, q2) associated to the same level of
profits. Consider firmi. Its profit function is,

Πi(q) = qi(a − b(qi + qj)) − c0 − ciqi

Fix a level of profitsΠi(q) = Π, so that

Π = qi(a − b(qi + qj)) − c0 − ciqi, that is

qj = −1

b

(Π + c0

qi

+ c − a
)
− qi

This is the expression of a representative isoprofit curve for firm i. Given an
expectation on the output level of firmj, the isoprofit equation gives all firmi’s
production levels consistent with a profit levelΠ.

Let us study the shape of this function.

3On conjectural variations see section 3.9
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• the slope of the isoprofit curve is given by:

∂qj

∂qi

∣∣∣∣
Π

=
1

b

(Π + c0

q2
i

)
− 1.

• Accordingly, it has a critical point at:

qi =
(Π + c0

b

) 1

2

. (3.10)

Note that this critical point is increasing inΠ:

∂qi

∂Π
=

1

2b

(Π + c0

b

)−1

2

> 0. (3.11)

• Also, the isoprofit curve is strictly concave in the space(qi, qj):

∂2qj

∂q2
i

= −2(Π + c0)

bq3
i

< 0.

Finally, we want to identify the extreme curves of the familyof isoprofit curves.

• It should be clear that firmi will achieve the maximum level of profits
as a monopoly,Πm

i . The corresponding isoprofit curve will have only one

feasible production plan(qm
i , 0), whereqm

i =
a − c

2b
. The level of profits is

Πm
i =

(a − c)2

4b
− c0. Hence, the isoprofit curve associated to this level of

profitsΠm
i will be tangent to theqi axis from below.

• The other extreme is associated with the situation of minimum profits for
firm i. This appears when the production plan(0, q̃j) maximizes firm i’s

profits. In other words, we are looking for the valueq̃j such that
∂Πi

∂qi

= 0

whenqi = 0. This isq̃j =
a − c

b
.

• We also want to characterize the function linking the maximum points of
all the isoprofit family of curves. Given the linearity of demand and cost
functions, it easy to see that it will also be a linear function. Consider an
arbitrary isoprofit curveΠ. Its maximum with respect toqi is given by
(3.10). Substituting it in the equation of the corresponding isoprofit curve
we obtain the associated valueqj . This is,

qj =
a − c

b
− 2(

Π + c0

b
)

1

2 . (3.12)
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Figure 3.8: Firmi’s isoprofit curves.

Compute now,
∂qj

∂Π
=

−1

b

(Π + c0

b

)−1

2

. (3.13)

Comparing (3.11) and (3.13) we see,

∂qi

∂Π
= −1

2

∂qj

∂Π
.

That is, when there is a variation in the level of profits, the effect on qi is
half the effect onqj regardless of the actual value of profits. This implies a
linear relation between the set of maximum points of the family of isoprofit
curves. This linear function has slope−1

2
. Finally, to identify the expression

of the linear function we substitute (3.10) in (3.12) to obtain,

qi =
a − c

2b
− 1

2
qj . (3.14)

Figure 3.8 summarizes this discussion.
In a parallel fashion we can obtain firmj’s family isoprofit curves (see fig-

ure 3.9). The linear function linking the set of maximum points isqj =
a − c

2b
−

1

2
qi.

Putting together the maps of isoprofit curves of both firms, and given the strict
concavity of all of them, allows us to identify a locus of tangency points between
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Figure 3.9: Firmj’s isoprofit curves.

firm i’s isoprofit curves and the corresponding of firmj as shown in figure 3.10.
Note that each tangency point gives rise to a distribution ofprofits such that any
alternative share of profits cannot make both firms better offsimultaneously. In
other words, the locus of tangency points is precisely the set of Pareto optimal
production plans. Thus we can identify the associated distributions of profits. This
Pareto optimal distribution of profits, are such that the sumof profits is maximum.
That is, a tangency point between two isoprofit curves represents a production
plan that maximizes the joint profits of the firms. The set of such production plans
is thus a function whose extreme points in the space(qi, qj) are the monopoly
outputs for every firm(qm

i , 0), (0, qm
j ).

Formally, we want to solve the following problem,

max
qi,qj

(Πi + Πj) = Q(a + bQ) − 2c0 − cQ.

Its solution is a linear functionqi =
a − c

2b
− qj , where the extremes correspond to

the monopoly outputs and the slope is−1 as figure 3.10 illustrates.

Reaction functions.

A reaction function for a firm is the locus of profit maximizingproduction plans
conditional to the expectation on the behavior of the rival firms. Formally, we
obtain firmi’s reaction function from the first order conditions of its profit maxi-
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Figure 3.10: The loci of Pareto optimal points.

mization program:

Πi(q) = (a − bQ)qi − c0 − cqi,

∂Πi(q)

∂qi

= a − c − bqj − 2bqi = 0,

qi =
a − c

2b
− 1

2
qj .

Note that this expression is the same as (3.14). This means that firm i’s reac-
tion function is precisely the function linking the maximumpoints of its family of
isoprofit curves.

This relation between isoprofit curves and the reaction function should not be
surprising. On the one hand, we are identifying firmi’s best reply to any given
expectation on the behavior of the rivals (reaction function); on the other hand, the
maximum of an isoprofit curve tells us, for each profit level the production plan
associated. Therefore, we are looking at the same problem from two different
perspectives. Either from the point of view of production plans, or from the point
of view of profit distributions.

From the definition of Cournot equilibrium, we can characterize it from the
system of first order conditions. That is, a Cournot equilibrium is a production
plan satisfying all firms reaction functions simultaneously. In terms of our lin-
ear example, the unique Cournot equilibrium is the production plan(qc

i , q
c
j) =

(
a − c

3b
,
a − c

3b
). In figure 3.10 this corresponds to the intersection of the reaction



52 3.1 Cournot oligopoly. Quantity competition

functions. It is worth noting that at this point the corresponding isoprofit curves
are not tangent. Hence, as we have already seen, the Cournot equilibrium does
not yield a Pareto optimal distribution of profits.

3.1.10 Cournot and the competitive equilibrium.

So far we have assumed that the number of firms in the industry,n, is given. If we
relax this assumption two questions arise:

Quasi-competitiveness of Cournot equilibrium Does industry output increases
asn increases?

Convergence to competitive equilibrium Does the Cournot equilibrium converge
towards the competitive equilibrium asn increases?

These questions are interesting on two grounds.
On the one hand, we would like to have an approximation of the effect of

oligopolistic markets on welfare. Even though a full answerto this question would
demand a general equilibrium model, a partial equilibrium model will provide
some intuition.

On the other hand, if it would turn out that the Cournot equilibrium is not
sensibly different from a competitive equilibrium, oligopoly theory would be ba-
sically empty of any interesting (relevant) question.

Two illustrations.

The first illustration (see Martin (2002, pp. 18-19)) considers a duopoly with
identical firms, that is both with the same technology of constant marginal cost,
normalized to zero without loss of generality. LetQd denote the Cournot equilib-
rium output of this duopoly. Given the symmetry of the firms, such equilibrium
output will be evenly split between both firms, i.e.qd

i = Qd/2. Accordingly, we
can write the first order condition of the maximization problem of one firm as

f(Qd) +
Qd

2
f ′(Q) ≡ 0, or

2f(Qd) = −Qdf ′(Q)

In general, withn symmetric firms we obtain

nf(Q) = −Qf ′(Q).

In other words, the Cournot equilibrium price withn identical firms is charac-
terized by the intersection of two curvesnf(Q) and−Qf ′(Q). The former is a
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Figure 3.11: Cournot with increasing number of firms.

linear function, upward sloping and steeper asn increases. The latter usually will
be decreasing. Figure 3.11 illustrates how the price falls as the number of firms
increase. In the limit, asn → ∞, the price will converge to zero (the marginal
cost). That is, towards the long-run price of a perfectly competitive market.

To introduce the second illustration, let us recall that in acompetitive market,
the equilibrium is characterized by equating price and marginal cost. In oligopoly,
we have already seen that in equilibrium marginal revenue equals marginal cost,
so that firms obtain positive profits given the margin of the price over the marginal
cost. To study “how far” is the Cournot equilibrium from the competitive equilib-
rium, we will assume that all firms behave competitively (i.e. as if they would be
myopic enough not to realize the strategic interaction among them) so that they
adjust their production levels to the point where price equals marginal cost. Then
we will compare the resulting outcome with the Cournot outcome. This equilib-
rium concept, calledefficient point, was first introduced by Shubik (1959).

Definition 3.10. The “efficient point” is a production plan resulting from equating
price to marginal cost for all firms simultaneously, i.e. we say thatqe ∈ R

n is an
efficient point if it solves the equationf(Q) = C

′

i(qi), ∀i.

To illustrate, consider an industry wheren firms produce a homogeneous prod-
uct all using the same constant marginal cost technology, and let market demand
be linear.
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Ci(qi) = cqi, c > 0, i = 1, 2, . . . , n.

f(Q) = a − bQ, a, b > 0, Q =
n∑

i=1

qi.

Cournot equilibrium is characterized by the solution of thesystem of first order
conditions,

∂Π(q)

∂qi

= a − b(Q + qi) − c = 0, i = 1, 2, . . . , n. (3.15)

By symmetry, we know that in equilibrium all firms will produce the same volume
of outputqc

i = qc
j , ∀i, j; i 6= j. Hence, we can rewrite 3.15 as,

a − c − b(n + 1)qc
i = 0.

Accordingly,

qc
i =

a − c

b(n + 1)
,

Qc =
n(a − c)

b(n + 1)
,

Πi(q
c) =

(a − c)2

b(n + 1)2
.

The efficient point equilibrium is characterized by the solution of f(Q) = C
′

i .
That is,

a − bQ = c, or Qe =
a − c

b
. Thus qe

i =
a − c

nb
.

Comparing both equilibria we should note that,

qc
i ≤ qe

i , Qc ≤ Qe, P c ≥ P e. Also,

lim
n→∞

Qc =
a − c

b
= Qe.

Does this mean that we can assume competitive behavior on oligopolistic firms
without losing much in the understanding of the behavior of the market? The
answer is NO. Let us modify slightly the example above introducing fixed costs
so that,

Ci(qi) = k + cqi, k, c > 0
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The production plan characterizing the Cournot equilibrium is the same as before,
but the associated level of profits is now,

Πi(q
c) =

(a − c)2

b(n + 1)2
− k.

Naturally, firms in the market must obtain non-negative profits. Accordingly, in
this scenario there is an upper bound on the number of firms that can be active in
the market,

Πi(q
c) ≥ 0 ⇒ (a − c)2

b(n + 1)2
− k ≥ 0 ⇒ n ≤ a − c√

bk
− 1

The important feature is that there is afinite number of firms in equilibrium.
This implies that now it does not make sense to consider the limit behavior asn →
∞ and, in turn, it would be incorrect to identify the competitive and oligopolistic

behavior. Also, note (a)
∂n

∂k
< 0, so that the higher the fixed cost the smaller

the number of firms active in the market, and (b)
∂Πi

∂n
< 0, Cournot profits are

decreasing inn.
When there are no fixed costs, the producer surplus coincideswith the profit of

the firm. We know that the rule price = marginal cost yields zero profit to the firm
and characterizes a Pareto optimal equilibrium. Thus, it should not be surprising
thatn → ∞ approaches the oligopolistic behavior to a Pareto optimal solution.

With fixed costs, the rule price= marginal cost implies negative profits. In
other words, the presence of fixed costs limits the possibility of entry in the mar-
ket. There will be a critical numbern∗ of incumbents. Further entry will imply
that the potential profits cannot cover the fixed cost.

Quasi-Competitiveness of Cournot equilibrium [Comparative statics].

A conjecture often found in models of Industrial Organization is that in equilib-
rium firms’ profits are decreasing in the number of competitors. We will examine
now the conditions to guarantee this conjecture. The quasi-competitiveness of
the equilibrium is a milder approach to the convergence to the competitive equi-
librium. We have seen above that with a finite feasible numberof firms in the
market we cannot address the question of convergence. Nevertheless, we can still
study some comparative statics and obtain intuition on whether as far as possible
in terms of the number of firms, the oligopolistic behavior approaches the com-
petitive market.

Let us follow Telser (1988) and consider an industry withn firms described
by the following assumptions4:

4A more general analysis is found in Amir and Lambson (1996).
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Assumption 3.5.All firms use the same technology,

Ci(qi) = cqi, i = 1, 2, . . . , n

Assumption 3.6. All firms produce a homogeneous good. Market demandp =
f(Q), Q =

∑s

i=1 qi, is downward sloping and differentiable.

Thus, the profit function of a firm is given byΠ(q) = (p − c)qi.
The Cournot equilibrium is a production plan(q0

1, q
0
2, . . . , q

0
i , . . . , q

0
n) charac-

terized by the solution of the system ofn first order conditions,

∂Π(q)

∂qi

= f(Q) − c + qi

∂f

∂Q
= 0, i = 1, 2, . . . , n (3.16)

By symmetry, we know that in equilibrium all firms will produce the same
volume of output,

q0
1 = q0

2 = · · · = q0
i = · · · = q0

n = q∗,

so that,
Q = nq∗. (3.17)

How doesΠi vary with n? To answer this question let us consider5,

Π∗ = (f(Q) − c)q∗

∂Π∗

∂n
= (f(Q) − c)

∂q∗

∂n
+ q∗

∂f

∂Q

∂Q

∂n
.

From (3.16), we know

f(Q) − c = −qi

∂f

∂Q
= −q∗

∂f

∂Q
,

so that,

∂Π∗

∂n
= −q∗

∂f

∂Q

∂q∗

∂n
+ q∗

∂f

∂Q

∂Q

∂n

= q∗
∂f

∂Q

(
∂Q

∂n
− ∂q∗

∂n

)
.

Given that
∂f

∂Q
< 0,

sgn
∂Π∗

∂n
= −sgn

(
∂Q

∂n
− ∂q∗

∂n

)
.

5Given the symmetry of the model we can neglect the subindexi.
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Hence, the answer to our question depends on the effect ofn on bothQ andq∗.
Differentiating (3.16) with respect ton we obtain,

∂f

∂Q

∂Q

∂n
+

∂q∗

∂n

∂f

∂Q
+ q∗

∂2f

∂Q2

∂Q

∂n
=

∂Q

∂n

(
∂f

∂Q
+ q∗

∂2f

∂Q2

)
+

∂q∗

∂n

∂f

∂Q
= 0. (3.18)

Differentiating (3.17) with respect ton we obtain,

∂Q

∂n
= q∗ + n

∂q∗

∂n
or,

∂Q

∂n
− n

∂q∗

∂n
= q∗. (3.19)

Solving (3.18) and (3.19) for
∂Q

∂n
and

∂q∗

∂n
, we obtain,

∂q∗

∂n
= −

q∗
(

∂f

∂Q
+ q∗

∂2f

∂Q2

)

∂f

∂Q
(n + 1) + Q

∂2f

∂Q2

, (3.20)

∂Q

∂n
=

q∗
∂f

∂Q

∂f

∂Q
(n + 1) + Q

∂2f

∂Q2

, (3.21)

∂Q

∂n
− ∂q∗

∂n
=

q∗
(

2
∂f

∂Q
+ q∗

∂2f

∂Q2

)

∂f

∂Q
(n + 1) + Q

∂2f

∂Q2

. (3.22)

Given the assumptions 3.5 and 3.6 we cannot sign equations (3.20), (3.21),
(3.22). Therefore we need some additional restrictions on the demand function.

Assumption 3.7.Market demand is a concave function,

∂2f

∂Q2
≤ 0.

Using assumption 3.7 in (3.20) and (3.21) we get,

∂q∗

∂n
< 0,

∂Q

∂n
> 0. Therefore,

∂Q

∂n
− ∂q∗

∂n
> 0 and

∂Π

∂n
< 0.
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Alternatively, we could have introduced an assumption on the marginal rev-
enue function. Recall that it is given by,

∂f(Q)qi

∂qi

≡ MR = f + q∗
∂f

∂Q
.

Assume now,

Assumption 3.8.
∂MR

∂Q
=

∂f

∂Q
+ q∗

∂2f

∂Q2
< 0.

Note that assumption 3.8 is milder that assumption 3.7. In particular it admits
some convex demand functions.

Using the alternative assumption 3.8 in (3.20) and (3.21) weobtain,

∂q∗

∂n
= −

q∗
∂MR

∂Q

n
∂MR

∂Q
+

∂f

∂Q

< 0,

∂Q

∂n
=

q∗
∂f

∂Q

n
∂MR

∂Q
+

∂f

∂Q

> 0, so that

∂Q

∂n
− ∂q∗

∂n
> 0 =⇒ ∂Π

∂n
< 0.

We have thus proved the following,

Lemma 3.4. Consider an industry withn firms described by assumptions 3.5, 3.6
and 3.7 (or 3.8). Then, the Cournot equilibrium is quasi-competitive.

The next question is whether we can extend the lemma to an arbitrarily large
number of firms. In the limit this means thatn ≈ n + 1. Substituting in (3.20),
(3.21), and (3.22) we obtain the same conclusion. To summarize,

Proposition 3.2. (a) When the number of firms in the industryn is finite, the
Cournot equilibrium is quasi-competitive if assumptions 3.5, 3.6 and 3.7
(or 3.8) hold.

(b) If n is arbitrarily large, assumptions 3.5, 3.6 and 3.8 guarantee the quasi-
competitiveness of the Cournot equilibrium.

In other words, in equilibrium the aggregate output of the industry is increas-
ing in n, and the firms’ output and profits and the market price are decreasing in
n:

∂Q∗

∂n
> 0,

∂q∗

∂n
< 0,

∂Π∗

∂n
< 0,

∂f(Q∗)

∂n
< 0.
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Convergence of Cournot equilibrium towards the competitive equilibrium.

To obtain convergence of the of Cournot equilibrium towardsthe competitive
equilibrium we need to introduce the following assumptions,

Assumption 3.9.
∃G ∈ (0,∞) s.t.

∣∣∣f ′(Q)
∣∣∣ ≤ G.

Assumption 3.10.

∃Q ∈ (0,∞) s.t.f(Q) = 0 ∀Q ≡
∑

i

qi ≥ Q.

That is the demand function eventually cuts the price axis, and also cuts the
horizontal axis atQ.

Assumption 3.11.

Ci(qi)is differentiable, qi ∈ [0, Q],

Ci(0) = 0,

C
′

i(qi) > 0,

Ci(qi) = Cj(qj), ∀i, j; i 6= j; i, j = 1, 2, . . . , n.

These assumptions, as we know, guarantee that the equilibrium is symmetric
and interior,

Q∗ ≡
∑

i

q∗i = nq∗i < Q,

so that,q∗i <
Q

n
. Hence,

lim
n→∞

q∗i = 0, ∀i. (3.23)

Also, (3.23) implies,
lim

n→∞
q∗i f

′(Q∗) = 0, ∀i. (3.24)

Firm i’s profit function is,

Πi(q) = qif(Q) − Ci(qi),

and the first order condition of the profit maximization program is,

f(Q) + qif
′(Q) − C

′

i(qi) = 0.

Evaluating it at the equilibrium we obtain,

f(Q∗) + q∗i f
′(Q∗) − C

′

i(q
∗
i ) ≡ 0. (3.25)
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Expressions (3.24) and (3.25) together imply that whenn → ∞, thenf(Q∗) =
C

′

i(q
∗
i ). That is, price equals marginal cost, and every firm’s production level

becomes infinitesimal in accordance with (3.23).
Let us be more precise. Define the average cost of a firm as

ACi(qi) =
Ci(qi)

qi

,

taking into account thatCi(0) = 0 and applying l’Hôpital rule,

lim
qi→0

ACi(qi) = C
′

i(0),

so that asqi → 0 (i.e. n → ∞), average cost approaches marginal cost.
Finally, recall that a perfectly competitive equilibrium is characterized by the

equality between price and marginal cost and also between marginal cost and the
minimum of the average cost. Then,

Proposition 3.3. Consider a homogeneous product industry satisfying assump-
tions 3.9, 3.10, and 3.11. Then the Cournot equilibrium converges towards the
long run competitive equilibrium ifC

′

i(0) = min ACi(qi), ∀i.

Proposition 3.4. If Ci(qi)is U-shaped, and∃i s.t. C
′

i(0) > ACi(qi), then the
Cournot equilibrium does not converge towards the competitive equilibrium.

To illustrate these results, lets take our earlier example again:

Ci(qi) = cqi, c > 0, i = 1, 2, . . . , n.

f(Q) =

{
a − b

∑
i qi if

∑
i qi ≤ a

b
= Q, a, b > 0,

0 if
∑

i qi > Q

The Cournot equilibrium is,

q∗i =
a − c

(n + 1)b

Q∗ =
n(a − c)

(n + 1)b

P ∗ =
a + nc

n + 1

Π∗
i (q

∗) =
(a − c)2

(n + 1)2b
, i = 1, 2, . . . , n.
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Differentiating these equilibrium values with respect ton we obtain,

∂q∗i
∂n

< 0,
∂Q∗

∂n
> 0,

∂P ∗

∂n
< 0,

∂Π∗
i

∂n
< 0.

Moreover,

lim
n→∞

q∗i = 0,

lim
n→∞

Q∗ =
a − c

b

(
<

a

b
= Q

)
,

lim
n→∞

P ∗ = c,

lim
n→∞

Π∗
i = 0.

Thus, in this example the Cournot equilibrium is quasi-competitive. Note also,

C
′

i(qi) = c = ACi(qi),

so that ,

c = lim
n→∞

P ∗ = lim
qi→0

C
′

i(q
∗
i ) = lim

qi→0
AC

′

i(q
∗
i ) = min

qi

ACi(qi) ∀i.

That is the Cournot equilibrium converges towards the competitive equilibrium.
Finally, note that assumptions 3.9, 3.10, and 3.11 hold:

G = b < ∞,

Q =
a

b
< ∞,

Ci(0) = 0,

C
′

i(qi) > 0.

Comparing Cournot, monopoly and competitive solutions.

To complete the discussion we can compare the equilibrium output levels under
symmetric Cournot oligopoly, monopoly, and perfect competition. In the space
of production plans, we can represent the reaction functions and the combinations
of output volumes that together give rise to the monopoly (QM ) and competitive
(QC) output levels. Figure 3.12 shows them.

It turns out that the aggregate Cournot output (qN
1 + qN

2 = QN ) is an interme-
diate value between the competitive and monopoly equilibrium outputs. Formally,
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Figure 3.12: Cournot, monopoly and perfect competition equilibria.

Proposition 3.5. Consider a symmetric duopoly whereC
′

1 = C
′

2 = c. Then,
the equilibrium Cournot price,pN is greater than the competitive price,c, and
smaller than the monopoly pricepm.

Proof. (i) pN > c.

Given that for every firm the first order condition is verified,

f ′(qN
1 + qN

2 )qN
1 + f(qN

1 + qN
2 ) =c,

f ′(qN
1 + qN

2 )qN
2 + f(qN

1 + qN
2 ) =c.

Adding up these equalities we obtain,

1

2
f ′(qN

1 + qN
2 )(qN

1 + qN
2 ) + f(qN

1 + qN
2 ) = c, (3.26)

where(qN
1 + qN

2 ) > 0. Sincef ′(·) < 0, it follows thatf(qN
1 + qN

2 ) > c, as
required.

(ii) pN < pm.

We want to show that(qN
1 + qN

2 ) > qm (i.e. f(qN
1 + qN

2 ) < f(qm)). This
argument will be developed in two steps.

(iia) We first show, by contradiction, that(qN
1 + qN

2 ) ≥ qm.

Assume(qN
1 + qN

2 ) < qm. Then firmj, j = 1, 2 can increase its
production level tôqj = qm − qN

k , (k = 1, 2, k 6= j), so that joint
profits would increase (and would equal monopoly profits).
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Also, the increase in production by firmj increases the aggregate pro-
duction level. Thus, price must decrease. Accordingly, firmk must
be worse off (since it is selling the same output,qN

k at a lower price)
while firm j is better off. In other words, firmj would have a profitable
deviation which would be a contradiction with the fact that(qN

1 , qN
2 )

are equilibrium output levels. Therefore it has to be the case that
(qN

1 + qN
2 ) ≥ qm

(iib) We will show now(qN
1 + qN

2 ) 6= qm.

Since (qN
1 , qN

2 ) is an equilibrium production plan, condition (3.26)
must hold. Assume(qN

1 + qN
2 ) = qm. From (3.26) we obtain,

1

2
f ′(qm)qm + f(qm) = c,

but this violates the first order condition of the monopolist’s profit
maximization problem. Therefore, it must be the case that(qN

1 +qN
2 ) 6=

qm.

Putting together (iia) and (iib) yields(qN
1 +qN

2 ) > qm, and proves the result.

3.1.11 Stability of the Cournot equilibrium.

The model Cournot proposed is a static model. All actions taken by the agents in
the market are taken simultaneously. One way to understand this timing of actions
is either that the model is timeless (agents do not have memory) or that all actions
are taken in the same time period (there is neither past nor future). In any case,
the model does not have a history of actions. Even though, in this type of models
it is common to study the stability of the equilibria that mayappear. Cournot
himself initiated this analysis that Walras followed in hisstudy of the stability of
the (static) general equilibrium model.

Although this analysis is fairly popular, it contains a contradiction because
the stability is by definition adynamicproperty. The way to overcome this dif-
ficulty is to introduce some dynamic assumptions “ad hoc” in the static model.
This technique has been the source of great confusion in the analysis of oligopoly
models.
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Stability in a duopoly Cournot model.

Consider a homogeneous product duopolistic industry with the following market
demand and technologies:

C1(q1) = 6000 + 16q1,

C2(q2) = 9000 + 10q2,

P = 100 − 0.1(q1 + q2).

Now we introduce fictitious time. We assume that in every period t, t =
1, 2, 3, . . . each firm recalls the decisions taken by itself and its rival in the previ-
ous periodt − 16.

In periodt, firm j expects that its rival, firmi will maintain the same output
as in the previous period,qe

it = qit−1, i = 1, 2. Every firm in each period aims at
maximizing profits of that period. This means that each firmi decides the optimal
output level in periodt as a function of the observed behavior of the rival, i.e. its
decision int − 1. Profit functions are given by,

Π1(q1t, q2t−1) = 84q1t − 0.1q2
1t − 0.1q1tq2t−1 − 6000,

Π2(q1t−1, q2t) = 90q2t − 0.1q2
2t − 0.1q2tq1t−1 − 9000.

The system of first order conditions yield the reaction functions:

q1t = 420 − 0.5q2t−1,

q2t = 450 − 0.5q1t−1.

These reaction functions allow us to study how output levelsevolve with t.
Assume that int = 0 the production plan correspond to the static Cournot equi-
librium (qc

1, q
c
2) = (260, 320). Then, int = 1 there is a shock so that firms de-

cisions are(q11, q21) = (100, 800). Using the reaction functions we can compute
the temporal evolution of the production levels:

6The classic reference in stability analysis is Hahn (1962).Seade (1977) generalizes Hahn’s
results.
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t = 0 : (qc
1, q

c
2) = (260, 320),

t = 1 : (q11, q21) = (100, 800),

t = 2 : (q12, q22) = (20, 400),

t = 3 : (q13, q23) = (220, 440),

t = 4 : (q14, q24) = (200, 340),

t = 5 : (q15, q25) = (250, 350),

t = 6 : (q16, q26) = (245, 325),

t = 7 : (q17, q27) = (257.5, 327.5),

t = 8 : (q18, q28) = (256.25, 321.25),

t = 9 : (q19, q29) = (259.375, 321.875),

t = 10 : (q110, q210) = (259.0625, 320.3125),

...

(q1t, q2t)
t→∞−→ (260, 320).

Therefore, we see that as time goes by production plans converge towards the
static Cournot equilibrium.

In general, withn firms in the market we have a system of first order condi-
tions,

qit = wi(q
−i
t−1), i = 1, 2, . . . , n,

whereq−i
t−1 denotes an−1 dimensional production plans of all firms except firmi

in t − 1.

Definition 3.11(Stable equilibrium). Letqc ∈ R
n be a static Cournot equilibrium

production plan. Letq0 = (q10, q20, . . . , qn0) be an arbitrary production plan. We
say thatqc is a stable equilibrium production plan if the sequence of production
plans{qt}∞t=1, qt = (q1t, q2t, . . . , qnt) converges towardsqc. In other words, if
limt→∞ qt = qc.

A sufficient conditionto guarantee the stability of a Cournot equilibrium is
that all reaction functionswi, i = 1, 2, . . . , n becontractions.

Definition 3.12 (Contraction). Let f be a continuous function defined on[a, b].
Consider two arbitrary pointsx, y ∈ [a, b]. We say thatf is a contraction if

∣∣∣f(x) − f(y)
∣∣∣ ≤ c

∣∣∣x − y
∣∣∣ ∀x, y ∈ [a, b], c < 1
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Figure 3.13: Examples wheref is a contraction.
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Figure 3.14: Stable equilibrium.

In words,f is a contraction if given two arbitrary points in the domain of the
function, the distance between their images is smaller thanthe distance between
the points. Iff is linear this simply means that the slope has to be smaller than
one. Figure 3.13 illustrates this concept.

Figure 3.14 shows an example where both reaction functions are contractions.
Hence, the equilibrium is stable. Figure 3.15 illustrates asituation where only one
of the reaction functions is a contraction and the equilibrium is not stable.

This stability analysis presents two serious objections linked with the con-
struction of the system of reaction functions.

(a) From an economic perspective, it does not make any sense to assume that
firms are so myopic to ignore the flow of future profits when deciding to-
day’s production level.
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Figure 3.15: Unstable equilibrium.

(b) In the same spirit, it does not make sense either to assumethat a firm expect
that its rivals will not vary their decisions from yesterday, in particular when
our firm is changing its decision in every period (see example).

Note that this objections refer to the formation of expectations, i.e. to the con-
struction of the reaction functions, but not to the concept of Cournot equilibrium.

A more general analysis of the stability of the Cournot equilibrium can be
found in Okuguchi (1976), pp. 9-17.

3.2 Price competition.

3.2.1 Introduction.

Cournot’s model caught the general attention of the profession 45 years after, in
1883, when a french mathematician Joseph Bertrand published a critical appraisal
of Cournot’s book.

Bertrand’s main criticism is to consider that theobviousoutcome of Cournot’s
analysis is that oligopolists will end up colluding in prices, a behavior ruled out by
Cournot. Bertrand sets up a variation a Cournot’s model where firms take prices
as strategic variable. To justify this change of strategic variable, Bertrand argues
that in a scenario with perfect and complete information, homogeneous product,
without transport costs, and constant marginal costs, every consumer will decide
to buy at the outlet with the lowest price.

Actually, Bertrand’s point goes beyond. If we assume that firms choose quan-
tities, it not specified in Cournot’s model what mechanism determines prices. In
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a perfectly competitive market, it is irrelevant what variables is decided upon be-
cause Smith’s “invisible hand” makes the markets clear. In oligopoly, there is no
such device. Therefore, a different mechanism is needed to determine the price
that, given the production of the firms allow the markets to clear. Accordingly, it
may be more reasonable to assume that firm decide prices and production is either
sold in the market or stocked.

Thus, Bertrand’s model solves one institutional difficulty, but rises another
difficulty. In the real world it is difficult to find homogeneous product markets.
More often than not, we observe apparently stable markets where different firms
sell their products at different prices and all of them obtain positive market shares.
In these markets slight variations of prices generate just slight modifications of
market shares rather than the bankruptcy of the firm quoting the highest price.

Oligopoly models of homogeneous product seem to contain a dilemma. Either
we consider Cournot’s model that behaves in a reasonable waybut uses the wrong
strategic variable, or we consider Bertrand’s model where the “good” strategic
variable is chosen but, as we will see below, behaves in a degenerated way. This
is the so-called Bertrand paradox. After studying Bertrand’s model we will also
examine some proposals to scape from this paradox.

3.2.2 Bertrand’s model.

Let us consider an firm industry where firms produce a homogeneous product
using the same constant marginal cost technology,Ci(qi) = cqi ∀i. Consumers
behavior is described by a (direct) demand function,Q = f(P ) satisfying all the
necessary properties.

To determine markets shares, Bertrand assumes the following:

Assumption 3.12(Sharing rule). • the firm deciding the lowest price, gets all
the demand (Pi < P−i =⇒ Dj(Pi, P−i) = 0, j 6= i)7;

• if all firms decide the same price, they share demand evenly (Pi = Pj, ∀j 6=
i =⇒ Di(Pi, P−i) = Dj(Pi, P−i), j 6= i); This is a particular sharing rule
based on the symmetry of the model. A possible alternative sharing rule
could be to decide randomly which firm gets all the market (seeHoerning
(2005) and Vives (1998, ch. 5)).

• consumers have reservation prices sufficiently high so thatthey are all served
regardless of the prices decided by firms. To ease computations, we normal-
ize the size of the market to the unit, that is

∑n

i=1 Di(Pi, P−i) = 1.

7We are abusing notation here.Pi denotes firmi’s price, whileP
−i is a n − 1 dimensional

vector of prices of all firms but firmi.
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Figure 3.16: Firmi’s contingent demand.

This assumption allows to define firmi’s contingent demand as

Di(Pi, P−i) =





0 if Pi > Pj , ∀j 6= i,
1
n

if Pi = Pj , ∀j 6= i,

1 if Pi < Pj , ∀j 6= i.

This represents firmi’s market share contingent on its conjecture about the behav-
ior of its competitors (P−i). Figure 3.16 illustrates firmi’s contingent demand for
a duopolistic market, whereP−i reduces toP j the expectation on the behavior of
the rival firm.

The system of contingent demand functions allows to define the corresponding
system of contingent profit functions, as

Πi(Pi, P−i) =





0 if Pi > Pj, ∀j 6= i,

(Pi − c) 1
n

if Pi = Pj, ∀j 6= i,

(Pi − c) si Pi < Pj, ∀j 6= i.

Figure 3.17 illustrates firmi’s contingent profits for a duopolistic market.,
Now, we can define the equilibrium concept.

Definition 3.13. A n-dimensional vector of prices(Pi, P−i) is a Bertrand (Nash)
equilibrium if and only if

∀i, ∀Pi Πi(P
∗
i , P ∗

−i) ≥ Πi(Pi, P
∗
−i)

Proposition 3.6.Let us consider an firm industry where firms produce a homoge-
neous product using the same constant marginal cost technology,Ci(qi) = cqi ∀i.
Let us normalize the size of the market to the unit and assume consumers have
sufficiently high reservation prices. Then, there is a unique Bertrand equilibrium
given byP ∗

i = c ∀i.
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Figure 3.17: Firmi’s contingent profits.

Proof. We will develop the argument of the proof for the case of duopoly. It
trivially generalizes ton competitors.

Consider an alternative price vector(P̃i, P̃j).

• if P̃i < P̃j =⇒ Dj(P̃i, P̃j) = 0 and also,Πj(P̃i, P̃j) = 0. Firm j can nev-
ertheless improve upon its profits by choosing a pricePj < P̃i. Therefore,
(P̃i, P̃j) such thatP̃i < P̃j cannot be an equilibrium price vector;

• if P̃i > P̃j =⇒ Di(P̃i, P̃j) = 0 and alsoΠi(P̃i, P̃j) = 0. Firm i can nev-
ertheless improve upon its profits by choosing a pricePi < P̃j. Therefore,
(P̃i, P̃j) such thatP̃i > P̃j cannot be an equilibrium price vector;

• from the previous arguments it follows that if there is an equilibrium, it has
to satisfyP̃i = P̃j. Thus, let us consider a price vector(P̃i, P̃j) such that
P̃i = P̃j > c.

Now, Di(P̃i, P̃j) = Dj(P̃i, P̃j) = 1
2

andΠi(P̃i, P̃j) = Πj(P̃i, P̃j) = 1
2
(P̃i −

c). Given thatP̃i = P̃j > c, firm i has a profitable unilateral deviatioñPi−ε

because its profit increases toΠi(P̃i − ε, P̃j) = P̃i − ε − c > 1
2
(P̃i − c), for

ε sufficiently small. A parallel argument is also true for firmj. Hence, the
two firms start a price war decreasing their respective prices so that(P̃i, P̃j)

such thatP̃i = P̃j > c cannot be an equilibrium either;

• finally assumeP̃i = P̃j = c. Now, Di(P̃i, P̃j) = Dj(P̃i, P̃j) = 1
2

and

Πi(P̃i, P̃j) = Πj(P̃i, P̃j) = 0. In this situation no firm has a profitable
unilateral deviation. An increase in the price yields zero profit; a decrease
in the price yields negative profits.

Therefore, we conclude that a price vector(P̃i, P̃j) such thatP̃i = P̃j = c is the
only Bertrand equilibrium of this game.
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We can also illustrate this argument in terms of the reactionfunctions. LetP m

denote the monopoly price and study firmi’s the best reply to any conjecture of
the price of firmj.

• If Pj > P m, firm i’s best reply is to choose the monopoly price to obtain
monopoly profits.

• If Pj < c, firm i’s best reply is to choose a price equal to the marginal cost to
obtain zero profits. Actually, any pricePi > Pj yields zero profit to firmi,
so that the reaction function becomes a correspondence.

• If c < Pj < P m we have to distinguish three cases.

(a) If Pi > Pj, thenΠi = 0;

(b) If Pi = Pj, thenΠi = (Pi − c)1
2
;

(c) If Pi < Pj , thenΠi = (Pi − c). In this case the profit function is
increasing inPi, so that firmi’s best reply is the highest possible price,
that isPi = Pj − ε, for ε arbitrarily small.

Summarizing, firmi’s reaction function is,

P ∗
i (Pj) =





P m if Pj > P m

Pj − ε if c < Pj ≤ P m

c if Pj ≤ c

By symmetry, firmj has a similar reaction function exchanging the subindices
adequately. Figure 3.18 illustrates them. It is easy to verify that that these reac-
tion functions intersect only atPi = Pj = c, thus characterizing the Bertrand
equilibrium of the model.

It is important to note that in this model two firms are enough to obtain the
competitive equilibrium. Recall that when firms compete in quantities, the con-
vergence of the Cournot equilibrium towards the competitive equilibrium, when it
occurs, requires an arbitrarily large number of firms. Therefore, the nature of the
equilibrium according to the strategic variable chosen by firms is very different.
In the following sections we will review some of the efforts developed to avoid
the price war inherent to Bertrand’s model.

3.3 Cournot vs. Bertrand.

We have studied two homogeneous product models of oligopolyand their conclu-
sions are very different. We want to get some better understanding of this different
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Figure 3.18: Bertrand equilibrium.

behavior. We will see that the basic reason is the different “residual demand” a
firm faces under price or quantity competition. We will develop the argument in
terms of a duopoly for simplicity. It generalizes triviallyto n firms.

Thus, consider a homogeneous product duopoly with demandBBB as in fig-
ure 3.19.

Assume firms compete in quantities and that firm 1 conjecturesthat firm 2
will choose a production volumeq2. Conditional on this expectation, firm 1 faces
a residual demand given byACC.

Assume now firms competing in prices, and firm 1 conjectures that firm 2 will
choose a priceP ∗ = P (q1 + q2) (where, for comparison purposes,(q1 + q2) is
the same aggregate output as in the previous quantity competition). Now firm 1’s
contingent residual demand is given byBP ∗BB.

Accordingly, in general we should expect firm 1 facing a more elastic contin-
gent residual demand under price competition than under quantity competition.
Therefore, we should also expect lower equilibrium prices,higher aggregate pro-
duction levels and thus better performance under Bertrand than under Cournot
behavior.

When firms compete in production levels, every firm knows thatits competitor
has committed to a certain output. When firms compete in prices, they know that
undercutting on the rival’s price yields the whole market. Thus, firms are more
aggressive, driving prices down.

We have argued before about the “properness” of the price as strategic vari-
able, but the paradoxical behavior that it conveys in markets of homogeneous
product. Several attempts have been proposed to obtain a “normal” behavior of
the market maintaining the assumption of homogeneous product. These can be
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Figure 3.19: Cournot vs. Bertrand.

grouped generically in six categories:

Capacity constraints We find models where restrictions are imposed on the tech-
nology of the firms to control for the price wars generated by the constant
marginal costs technology. This family of models assume decreasing re-
turns to scale technologies, that is some form of capacity constraints. This
implies that a firm may not find profitable to serve all its demand. Two phe-
nomena arise. On the one hand price wars do not appear. On the other hand
rationing comes into play. We will focus on two models as examples of (i)
exogenous capacity constraints (Edgeworth) and (ii) endogenous capacity
constraints (Kreps and Scheinkman).

Contestability The departure point is the attempt to generalize the theory of per-
fectly competitive markets by endogenizing the structure of the market. If
a perfectly competitive outcome can be supported as an equilibrium, then
oligopolistic behavior could be though of as determined by the pressure of
potential competition. The distinctive feature of a contestable market is that
the capacity of a potential entrant to rip off all positive profits. This main-
tains the incumbent firm at the competitive equilibrium.

Price rigidities A different approach focusses on the perfect flexibility of prices.
Sweezy observes that in real markets prices are flexible whenincreasing but
much less flexible when decreasing. In accordance with this observation he
proposes a model with price rigidities.
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Commitment The idea of commitment is introduced in the form of a two-stage
decision process where one firm takes its decision prior to the other firms
in the market. This commitment then is illustrated as the market leadership
position of one firm over its competitors.

Conjectual variations A Nash equilibrium (be it in prices or quantities) is char-
acterized by the set of reaction functions. In general, the interdependence
among firms’ decisions is captured by the effect of one firm’s decision on
the aggregate output and thus, on its rivals’ behavior. Thiseffects is the
so-called conjectural variation. Different assumptions on the way each firm
makes conjectures of its rivals’ behavior lead to differentequilibrium con-
figurations.

Dynamic models

3.4 Variations 1. Capacity constraints.

In this section we analyze models that focus of the technology as a way to avoid
the price wars arising under price competition when firms exhibit constant re-
turns to scale (constant marginal costs). Generically, these models will assume
decreasing returns to scale in the form of strictly convex costs leading to capacity
constraints.

Edgeworth (1897) proposed an extreme form of exogenous capacity constraint
by assuming that firms had technologies described by a constant marginal cost up
to a certain production level and infinite beyond. We will seethough that this
model does not yield any equilibrium. Again for simplicity,we will illustrate
the model for the case of duopoly. As in the previous occasions, the argument
generalizes trivially to an arbitrary number of firms.

The second model is due to Kreps and Scheinkman (1983). They propose a
model with endogenous capacity constraints. In particular, they propose a two-
stage game where firms (simultaneously) commit to output levels and compete
in prices in the second stage. The surprising result is that the subgame perfect
equilibrium of the game yields the Cournot production levels.

3.4.1 Rationing rules.

Before going into the analysis of these models, we have already mentioned that
one consequence of introducing constraints in the capacityof production of firms
is that, at a given price a firm faces excess demand so that not all consumers can
be attended. In other words, there will be rationing in the market. Thus, an issue
to be tackled is what consumers are going to be served by the firm.
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Figure 3.20: The efficient rationing rule.

There are two popular rationing rules: The efficient and the proportional ra-
tioning rules. As usual, to illustrate let us consider a duopoly whereP1 < P2 and
q1 ≡ S(P1) < D(P1).

Efficient rationing rule This rule corresponds to a “first come, first served” rule.
That is, the firm attends the most eager consumers and firm 2 serves the rest.
Formally,

D1(P1) = q1

D2(P2) =

{
D(P2) − q1 if D(P2) > q1

0 otherwise

That is, firm2’s residual demand is the result of shifting the market demand
inwards by the amountq1. Figure 3.20 illustrates the argument.

This rule is called efficient because it maximizes consumer surplus.

Proportional rationing rule Under this rule, any consumer has the same proba-
bility of being rationed. It is a randomized rationing rule.The probability
of not being able to buy from firm 1 is

D(P1) − q1

D(P1)
.

Therefore, the residual demand for firm 2 rotates inwards around the inter-
section point of the market demand with the price axis. That is, the slope of
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Figure 3.21: The proportional rationing rule.

the residual demand is modified by the probability of buying at firm 2.

D2(P2) = D(P2)
(D(P1) − q1

D(P1)

)
.

This rule is not efficient. Consumers with valuations belowP2 may buy the
commodity because they find it at a bargain priceP1. Figure 3.21 illustrates
the argument.

Finally, we can compare these two rationing rules in terms offirm 2’s market
share. As it is easy to verify, and figure 3.22 illustrates, atany price the propor-
tional rationing rule yields higher residual demand to firm 2. Accordingly more
consumers are served under the proportional rationing rulealthough consumer
surplus is not maximized.

3.4.2 Exogenous capacity constraints: Edgeworth’s cycle.

Consider a market with demandP = 1 − q. Firms produce a homogeneous
product with a constant (zero) marginal cost technology up to a production level
Ki, ∀i. That is, firmi’s feasible production set is given by{qi|qi ≤ Ki}. To ease
the exposition without much loss of generality, let us assume Ki = K, ∀i and
that the maximum aggregate productionnK < 1, i.e. maximum aggregate supply
can never satisfy all market demand. In other words, the capacity constraint is
effective. Given the symmetry of the model, this means that asingle firm’s market
share is below1/n, i.e. K < 1

n
.
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Figure 3.22: Efficient vs. proportional rationing rule.

If all firms collude, together will produce the monopoly output qm = 1
2

that
will sell at the monopoly priceP m = 1

2
to obtain an aggregate monopoly profit

Πm = 1
4
. The symmetry of the model supports an even distribution of those

production and profit levels, i.e.,qi = 1
2n

andΠi = 1
2

1
2n

= 1
4n

. Thus, assume,
as a starting point,K > 1

2n
. The relevant question at this moment is whether

this collusive agreement is stable. The answer is negative.Note that a firmi can
undercut the monopoly price,Pi = 1

2
−ε, will satisfy a demandK and will obtain

profitsΠK
i = (1

2
− ε)K > 1

2
1
2n

for ε sufficiently small. Figure 3.23 illustrates the
situation for the duopoly case.

In turn, another firmj may undercut firmi’s price to obtain profitsΠK
j =

(Pi − ε)K. And so on and so forth. How far will this undercutting arrive? To
answer we have to study the model with some more detail. To ease the argument,
let us assume heretofore that there are only two firms in the industry.

Feasible values forK. Note that when firmi undercuts the price of its rival, and
thus producesK, leaves a residual demandDR = 1 − K. On this residual
demand, the rival firmj obtains monopoly profits (see figure 3.24)

ΠmK
j =

(
1 − K

2

)2

(3.27)

This level of profits imposes a restriction on the value ofK. In particular the
output level1−K

2
must be feasible, that is1−K

2
< K or K > 1

3
. Hence, we

have a range of feasible values for the capacity constraint to be meaningful:
K ∈ (1

3
, 1

2
).



78 3.4 Variations 1. Capacity constraints.

q

P

1

1

1/21/4 K

1/2Pm=

Pm- ε

∏m
i:

∏: i
K

Figure 3.23: Price wars with capacity constraints.

q

P

1

K 1-K1-K
2

____0

1-K
2

____

1-K

0

Figure 3.24: Profits over residual demand.



Homogeneous Product Oligopoly Models 79

q

P

1

K 10 2K

1-2K

Figure 3.25: Minimum market price.

Minimum market price. If both firms produce their maximum capacitiesqi =
K, the aggregate production2K is sold in the market at the priceP =
1 − 2K. Given that aggregate production cannot go beyond2K, market
price cannot fall below1 − 2K. Figure 3.25 illustrates.

All the information collected so far is summarized in figure 3.26.

A critical price. Finally, define a pricêP such that a firm sellingK units at this
price obtains the same profits as the monopoly profits on the residual de-
mand (3.27), i.e.

P̂K =

(
1 − K

2

)2

(3.28)

This price must be over the minimum market price and under themonopoly
price on the residual demand,

P̂ ∈
(
1 − 2K,

1 − K

2

)

Now, we can go back to the price war between the firms.
Although Edgeworth model is static, to illustrate the decision process of the

firms we will develop the argument in steps. In every step onlyone firm may
undercut its rival, who, in turn, will apply its price on the residual demand.

τ = 0 Take as the initial situation the perfect collusion where firms evenly share
monopoly production and profits (Πm

i = 1
8
).
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Figure 3.26: Prices and residual demand.

τ = 1 We have already argued that there are incentives for unilateral deviations.
Thus, firmi undercuts firmj’s price to obtain,

Π1
i = (P m − ε)K >

1

8
for ε small enough.

In this stage firmj maintains its priceP m on the residual demand to obtain,

Π1
j = P mRD

τ = 2 Now is firm j’s turn to act. Firmj has two alternatives:

(a) undercut firmi’s price. In this case quotes a priceP 2
j = P 1

i − ε to
obtainΠ2

j = (P 1
i − ε)K.

(b) obtain monopoly profits on the residual demand, given by (3.27).

Assume that undercutting is still more profitable.

τ = 3 Now is again firmi’s turn to decide. As in the previous stage, firmi has
two options:

(a) undercut firmj’s price. In this case, it chooses a priceP 3
i = P 2

j − ε
and obtainsΠ3

i = (P 2
j − ε)K.

(b) obtain monopoly profits on the residual demand, given by (3.27).

This process of undercutting goes on alternatively for eachfirm, so that the
price diminishes at every stage until it arrives at a staget = n where, say,
firm i when undercutting reaches the critical priceP̂ , i.e.



Homogeneous Product Oligopoly Models 81

τ = n Firm i undercuts and quotes a priceP n
i = P n−1

j − ε = P̂ , so that the
distribution of profits in this stage is

Πn
i = P̂K

Πn
j = P n−1

j RD

τ = n + 1 Now, once more, firmj faces two alternatives,

(a) undercut firmi’s price. In this case, it selects a priceP n+1
j = P̂ − ε

and obtainsΠn+1
j = (P̂ − ε)K.

(b) obtain monopoly profits on the residual demand, given by (3.27).

At this stage though, by definition of̂P , it turns out that

Πn+1
j = (P̂ − ε)K <

(
1 − K

2

)2

.

Therefore firmj is no longer interested in undercutting firmi’s price but
prefers to obtain the monopoly profits on the residual demandchoosing a
pricePj = 1−K

2
> P̂ .

τ = n + 2 Firm i undercuts firmj’s price ,P n+2
i = 1−K

2
−ε and the cycle restarts.

To conclude, Edgeworth construction yields a process of price undercutting from
1−K

2
till P̂ . Then the price jumps up from̂P to 1−K

2
and the undercutting resumes

until P̂ . Then, the price jumps up to1−K
2

, and so on (see figure 3.27), so that for
any pair of prices(Pi, Pj) there is always at least one firm willing to unilaterally
deviate8. In other words, there is no price vector constituting a non-cooperative
equilibrium.

3.4.3 Endogenous capacity constraints. Kreps and Scheinkman
model.

Kreps and Scheinkman (1983) present a two-stage game where firms, in the first
stage, simultaneously decide upon production capacity andin the second stage
compete in prices. With this model they capture the fact thatfirms take long run
decisions (capacity) and short run decisions (prices). They show that the capac-
ity levels chosen in the first stage and the price chosen in thesecond stage are
precisely the production and the price that would result in atraditional Cournot
model. As usual we solve the model backwards.

8See a more general approach in Chowdhury (2005), where an equilibrium where all firms
charging a price equal to marginal cost holds.
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Figure 3.27: Edgeworth cycle.

The model considers two firms with capacity levelsqi, i = 1, 2 that produce
a homogeneous product with a technology described by constant (zero) marginal
costs up toqi. The efficient rationing rule is in action. Finally, market demand is
a concave function.

The price game.

We will only characterize the pure strategy equilibrium9.

Lemma 3.5. In a pure-strategy equilibrium,P1 = P2 = P (q1 +q2). That is, firms
sell up to capacity.

Proof. • AssumeP1 = P2 = P > P (q1 + q2). Then the price is too high in
the sense that there is at least one firm that cannot sell its capacity,qi < qi.
Therefore, choosingP − ε firm i gets all the market and can sellqi. For ε
small enough, firmi would find the undercutting profitable,(p−ε)qi > pqi.

• Assume then,P1 = P2 = P < P (q1 + q2). Now both firms ration cus-
tomers. By slightly raising its price, a firm would still be able to sell its
capacity and make more profit, that is,(p + ε)qi > pqi.

Hence, if in equilibriumP1 = P2, it has to be the case that,P1 = P2 =
P (q1 + q2).

• We still have to show that in equilibrium,P1 = P2. Assume,P1 < P2.
Then firm 1 wants to raise its price if it is capacity constrained. Otherwise,
P1 is firm 1’s monopoly price atc = 0, and supplies the entire demand;
accordingly, firm 2 makes zero profits and has an incentive to undercut to
obtain positive profits.

9Kreps and Scheinkman (1983) also characterize the mixed strategy equilibrium. Tirole (1988,
pp. 230-231) provides a sketch of the proof. Boccard and Wauthy (2000) extend the model to the
oligopoly case.
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Lemma 3.6. Let Ri(qj) denote firmi’s best reply to outputqj in the one-shot
simultaneous Cournot game without capacity constraints. Then, firm i never
charges a pricePi belowP (Ri(qj) + qj) inducing to produce beyond the opti-
mal reaction toqj

Proof. • Let Pj > Pi. Then firmi wants to raise its price if it is capacity con-
strained. Otherwise,Pi is firm 1’s monopoly price atc = 0, and supplies the
entire demand; accordingly, firmj makes zero profits and has an incentive
to undercut to obtain positive profits.

• Let Pj = Pi < P (Ri(qj) + qj). First of all, note that in this case, at most
one firm has to be capacity constrained. If non would be, then they would
have incentives to undercut. Then, if firmi is capacity constrained, it can
raise its price and improve on profits(Pi + ε)qi > piqi. If firm i is not
capacity constrained, necessarily firmj must be. Firmi’s residual demand
is given byD(Pi) − qj and its profitsΠi = Pi(D(Pi) − qj). Since firmi is
not capacity constrained we can rewrite its profit asΠi = P (qi + qj)qi. This
is the Cournot profit conditional onqj . Therefore,qi = Ri(qj) by definition
of Ri(qj), andPi = P (Ri(qj) + qj).

• Let Pj < Pi. Then, if firmi is capacity constrained, that is,qi < D(Pi)−qj ,
it can raise its price, still sell all its capacity and thus improve upon profits,
(Pi +ε)qi > piqi. If firm i is not capacity constrained, that is,qi > D(Pi)−
qj, then its profits areΠi = Pi(D(Pi) − qj) = P (qi + qj)qi. This is the
Cournot profit conditional onqj. Therefore,qi = Ri(qj) by definition of
Ri(qj), andPi = P (Ri(qj) + qj).

Finally, we will use lemmas 3.5 and 3.6 to prove the following,

Lemma 3.7. A pure strategy price equilibrium exists only ifqi ≤ Ri(qj), ∀i.

Proof. • Assume a price equilibrium exists andqi > Ri(qj).

From lemma 3.5, we know thatPi = P (qj + qj). Then ifqi ≤ Ri(qj), ∀i,
it follows that Pi < P (Ri(qj) + qj) contradicting lemma 3.6. Hence, if
qi > Ri(qj) there is no pure strategy price equilibrium.

• If qi ≤ Ri(qj), thenP1 = P2 = P (q1 + q2) is an equilibrium. This is so
because lowering the price does not allow to sell more; and raising the price
means that the quantity sold is below the optimal reaction.

In particular, ifq∗i , i = 1, 2 are the Cournot production levels (at a marginal
costc), then the equilibrium price isP (q∗1 + q∗2).
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Figure 3.28: Reaction functions

Summarizing, we have shown that a price equilibrium (in purestrategies)
exists if and only if capacities are not too high. In equilibrium, P1 = P2 =
P (q1 + q2). That is, the price at which demand equals aggregate capacity.

The capacity game.

Let c0 > 0 denote the unit cost of installing capacity. We will show that q1 =
q2 = q∗∗, whereq∗∗ = arg max q[p(q + q∗∗) − c0] is an equilibrium10.

In the second stage price game, the capacity cost is sunk and thus irrelevant.
Each firm would like to put more output in the market than it would if capacity
were yet to be paid for. This implies that from the first to the second stage of the
game, reaction curves move upwards, i.e.R(q∗∗) > q∗∗, whereR(q∗∗) denotes
the second stage reaction function, andq∗∗ is (as defined above) the best first
stage reaction toq∗∗. Figure 3.28 illustrates the argument.

Suppose that firmi choosesq∗∗. If firm j playsq ≤ R(q∗∗) obtains profits

q
[
P (q + q∗∗) − c0

]
≤ q∗∗

[
P (2q∗∗) − c0

]
.

10Recall that we are assumingc = 0.
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Figure 3.29: Residual demand

Hence, the Cournot equilibrium with costc0 is the equilibrium of the first stage of
the game.

From the analysis of the price game, the equilibrium price isP (2q∗∗).

An example

To illustrate the contents of the model, let us consider the following example.
Market demand is given byP = 10 − Q, and the unit costc0 = 1.

Second stage subgame.Assume that for some reason, firms decide the Cournot
capacitiesqc

1 = qc
2 = 3, so thatQc = 6.

We want to show that firms choose prices that clear the market,given Cournot
capacities, that isP c = 4.

Consider a deviation by firm 1, givenP2 = 4.

• If P1 < P2 = 4, given that firm 1 is already selling its capacity, profits
cannot increase.

• If P1 > P2 = 4, firm 2 sells its capacityq2 = 3 and firm 1 becomes
a monopolist on the residual demand. It is given byDR

1 = 7 − q1.
Its associated marginal revenue isMR1(qi) = 7 − 2q1. Given that
MR1(q1) > 0 for all q1 < 7

2
, it follows that the residual demand in

that range of values is elastic. Accordingly, an increase inthe price
will lower the revenues of the firm.

Figure 3.29 illustrates the argument.

Therefore,P1 = P2 = 4 is the only price equilibrium of the second stage
game forQc = 6.
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First stage subgame.Firms when deciding capacities, anticipate that in the price
game firms will choose the prices that will clear the market. Accordingly,
the problem of the choice of capacities is equivalent to the problem of select-
ing production levels in a traditional Cournot model. Hence, qc

1 = qc
2 = 3.

To complete the analysis two comments are in order. First theresult of the
model is not general. Second, we have only considered outputlevels such that
q1 + q2 ≤ 6. The full proof requires also the examination of the caseq1 + q2 > 6.
But this involves the use of mixed strategies.

More general results are provided by Vives (1993) and Boccard and Wauthy
(2000). In the same spirit, Maskin (1986) and Friedman (1988) study the xcase
of durable goods and Judd (1990) the case of perishable goods. Two more ap-
proaches are worth mentioning. Dasgupta and Maskin (1986) and Maskin (1986)
show that this type of games yield no equilibrium in pure strategies when firms’
decisions on prices and quantities are simultaneous. Chowdhury (2005) compares
the simultaneous and sequential decisions. Finally, Grossman (1981) and Hart
(1982) propose the so-called “supply function” equilibrium where firms’ strate-
gies consist in complete profiles of price-quantity pairs.

3.5 Variations 2. Contestable markets.

The outcome of Bertrand model where two firms are enough to obtain the com-
petitive solution, make wonder about the possibility to generalize the theory of
perfectly competitive markets by endogenizing the determination of the structure
of the market. Should this attempt be successful, one could conclude that the
conjectural variations of potential entrants in a market would not be the crucial
element. Rather oligopolistic behavior would be determined by the preassure of
potential competition.

The idea of contestable markets appears as the result of the efforts of Bailey,
Baumol, Panzar i Willig11 during the eighties to extend the theory of perfectly
competitive markets to situations where scale economies are relevant.

We say that a market is contestable when entry is free and exitis costless,
potential entrants have access to the same technology as incumbents, and these
potential entrants evaluate the profitability of entry taking as reference the prices
of the incumbentsbeforeentry takes place. In other words, potential entrants
think that they can undercut incumbents and “steal” all the demand before the
incumbents will react. Thus, a contestable market appears when it is vulnerable
to a process of “hit-and-run” entry.

11Bailey (1981,1982), Bailey i Baumol (1984) Bailey i Panzar (1981), Baumol (1982), Baumol
i Willig (1986), Baumol, Panzar i Willig (1982,1986).
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The distinction between a contestable and a perfectly competitive market relies
in that the perfectly competitive market assumes firms without capacity to affect
the market price, while in a contestable market, both incumbents and potential
entrants are aware that, demand determines the amount consumers are willing to
buy at the market price. But they are also aware that by quoting a price under the
market price more production can be sold. Accordingly, in a contestable market
there is no need for a large number of firms, even though the opportunity for a po-
tential hit-and-run entrant ensures zero equilibrium profits. Thus, in a contestable
market the equilibrium production is always efficient regardless of the number of
firms, since price always equals marginal cost (see Bailey and Friedlander (1982),
pp. 1039-1042.).

Following Martin (2002 supplement) and Shy (1995) we list the main defi-
nitions and results of the theory for the case of a homogeneous industry withn
single-product firms.

Definition 3.14 (Industry configuration). An industry configuration is a vector
(n, y1, y2, . . . , yn, p) wheren is the number of firms,yi denotes firmi’s output,
andp is the price that clears the market, that isQ(p) =

∑n

i=1 yi.

Definition 3.15(Feasible configuration). A configuration is feasible if production
is sufficient to meet demand, and no firm is losing money.

Definition 3.16 (Sustainable configuration). A configuration is sustainable if it
is feasible and no potential entrant can cut price and make profit supplying a
quantity less than or equal to the quantity demanded at the lower price.

Definition 3.17 (Perfectly contestable market). A market is perfectly contestable
if sustainability is a necessary equilibrium condition.

Definition 3.18 (Long-run competitive equilibrium). A configuration is a long-
run competitive equilibrium if it is feasible and there is nooutput level at which
any firm could earn an economic profit at the prevailing price.

From these definitions, the following results can be proved.

Lemma 3.8. A long-run competitive equilibrium is sustainable.

Proof. From definition 3.18, we know that in a long-run competitive equilibrium
the associated configuration is feasible, and no alternative output level allows to
earn positive profits to any firm. According to definition 3.16this configuration is
sustainable.

Lemma 3.9.A sustainable configuration need not be a long-run competitive equi-
librium.
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Figure 3.30: Sustainability vs. long-run competitive equilibrium.

Proof. An example will suffice. Let demand bep = 7 − Q, and the cost function
be c(q) = 4 + 2q. Then, any industry configuration(n, y1, p) = (1, 4, 3) is a
sustainable equilibrium. If one firm sells 4 units, average cost is 3, and so is the
price clearing the market. Thus, output equals demand, and price equals average
cost and the configuration is feasible. Nevertheless, at a price 3 a firm could
produce more than 4 units of output and would earn a positive profit since average
cost falls below 3 as production increases beyond 4 units. Figure 3.30 illustrates
the argument.

Lemma 3.10. If a configuration is sustainable, all firms earn zero profit, and the
market clearing price is not below marginal cost.

Proof. If an incumbent firm were getting positive profits, and entrant could mimic
the incumbent’s output, undercut its price and still obtainpositive profits. This
would contradict definition 3.16 though. On the other hand, if price were below
marginal cost and a firm would obtain zero profit, it could reduce output slightly
and get positive profits. This would contradict the first partof the statement.

Lemma 3.11. If at least two firms are active in a sustainable configuration, price
equals marginal cost for all firms.

Proof. From lemma 3.10 we already know that price is higher than or equal to
marginal cost. If price would be higher than marginal cost, it follows that an en-
trant could supply a volume of output slightly higher than some of the incumbent
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firms at the market price (or slightly lower) and obtain more profit than the incum-
bent. From lemma 3.10 we know that incumbents obtain zero profits. Therefore,
the entrant would get strictly positive profits. This contradicts definition 3.16.

Lemma 3.12. In a sustainable configuration with at least two firms, every firm
operates where returns to scale are constant.

Proof. From lemma 3.10 we know that each firm earns zero profits. Accordingly,
price equals average cost. Marginal cost equals average cost when returns to scale
are constant. As a corollary, since firms are producing wherereturns to scale
are constant, cost is minimized regardless the distribution of the aggregate output
among firms.

Note that the theory of contestable markets does not allow firms following
Nash strategies. Baumol (1982) defends the usefulness of the theory in markets
where the output of the entrant is small compared to the aggregate production
of the industry. In this case, one can justify the ignorance of the price adjust-
ments that incumbents should expect after entry occurs. Martin (2002 supple-
ment) presents extensively and critically other implicit assumptions of the defini-
tion of a contestable market such as the absence of sunk costs, of differentiated
products, or of transaction costs in financial markets.

According to Spence (1983) the most interesting contribution of this theory
lies in the extension to multiproduct firms because providesan analytical tech-
nique to study their cost functions. Viewed in perspective,we can conclude that
the theory of contestable markets, even if has not succeed inprovideng a gener-
alization of the theory of perfectly competitive markets asintended, has proved
useful in providing criteria for market regulation policies. The criterion of free
entry and exit as a criterion for price flexibility has provedbetter than previous
more rigid criteria12.

3.6 Variacions 3. Sticky prices. Sweezy’s model.

3.6.1 Introduction.

The models we have examined assume that prices are perfectlyflexible both up-
wards and downwards. Nevertheless, it is often observed certain rigidity of prices
downwards in oligopolistic environments (see for instance, Purdy, Lindhal and
Carter (1950) p.646). Naturally, we should not expect quickprice adjustments to
small changes in demand and/or costs. Price variations are costly both for firms

12Critical appraisals of the structure of contestable markets can be found in Shepherd (1984),
Brock (1983), Schwartz (1986) o Martin (1993).
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and for consumers. Costs for firms are purely monetary: printing new catalogs,
etc. Consumers have to invest in time (and possibly money as well) to gather
the new prices. In line with these considerations, empiric studies, although not
conclusive, often obtain more evidence of rigidities than of flexibility of prices.

The first attempt to explain this phenomenon goes back to Sweezy (1939).
Sweezy’s main idea is that an oligopolistic firm when lowering its price should
expect its rivals’ to react in a similar fashion. But when thefirm increases its price,
its rivals’ should be expected not to react. In other words, Sweezy’s construction
assumes a more elastic demand for increases than for decreases in prices. Modern
treatments of these arguments can be found in Bhaskar (1988), Maskin and Tirole
(1988b), or Sen (2004).

3.6.2 Sweezy’s model.

Consider a homogeneous product industry where two firms produce with a con-
stant marginal cost technology,k. Market demand is given byp = A − (qi + qj).

Assume firms are producinĝqi and q̂j respectively. Firmi conjecturesthat
firm j will continue producinĝqj as long as it producesqi ≤ q̂j (i.e. price in-
creases). But it alsoconjecturesthat if it changes its production toqi > q̂j (i.e.
price decreases), then firmj will increase its production until level with that of
firm i.

Given these conjectures, the only consistent production plans are vectors of
the typeq̂i = q̂j. If q̂i < q̂j then, firmj’s conjectures say that firmi will increase
its production till q̂j. Mutatis mutandis in the symmetric caseq̂i > q̂j . Accord-
ingly, we can restrict the analysis to situations where bothfirms decide the same
production levelŝqi = q̂j = q̂.

Firm i faces a demand function showing a kink atqj = q̂.

p =

{
A − qi − qj if qi < qj ,

A − 2qi if qi > qj .

Hence marginal revenue function is discontinuous at that point qj = q̂. In partic-
ular,

IMi =

{
A − qj − 2qi if qi < qj ,

A − 4qi if qi > qj .

Figure 3.31 illustrates the situation.
Assume now that firmj producesqj = q̂. Firm i’s problem is

max
qi

(A − qi − yj(qi, q̂) − k)qi



Homogeneous Product Oligopoly Models 91

A-qj

A- 2qj
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qiA
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0

Figure 3.31: Demand and marginal revenue.

whereyj(qi, q̂) = max{qi, q̂}. That is,yj represents firmj’s reply. This is to
producêq if qi ≤ q̂ and to produceqi if qi > q̂. The kink in the demand function
originates a very peculiar reaction function. Ifqj is large enough (with respect
to k), then the equality between marginal revenue and marginal cost appears in
the lower segment of the marginal revenue curve; otherwise marginal revenue and
marginal cost intersect in the upper part of the marginal revenue curve, as shown
in figure 3.32.

Finally, there is a range of values ofqj for which marginal revenue jumps
from a point abovek to a point belowk at the kink. For these values ofqj , firm i’s
best reply is precisely to adjust its production level to firmj’s. Similarly, there
is a range of values ofk, k ∈ [A − 4qj , A − 3qj] for which marginal cost does
not equate marginal revenue (because it is not defined), but the profit maximizing
price [quantity] remains constant at the levelA − 2qj [qj ]. Formally,

q∗i (qj) =






0 if qj ≥ A − k,
A−k−qi

2
if A−k

3
≤ qj ≤ A − k,

qj if A−k
4

≤ qj ≤ A−k
3

,
A−k

4
if qj ≤ A−k

4
.

Figure 3.33 shows this reaction function. Note thatA−k−qj

2
≤ qj ⇐⇒ qj ≥ A−k

3
.

In figure 3.33 the continuous line represents firmi’s reaction function, while
the broken line represents firmj’s one. Both curves intersect in the interval
qi = qj = q̂ ∈ [A−k

4
, A−k

3
]. Therefore, there is a continuum of equilibria. Note

though that in all those equilibria the aggregate production lies in the interval
2q̂ ∈ [A−k

2
, 2(A−k)

3
], that is from the monopoly output to the Cournot output.
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Figure 3.32: Marginal revenue and marginal cost.
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Figure 3.33: Reaction functions.



Homogeneous Product Oligopoly Models 93

3.7 Variations 4. Commitment.

The models we have studied so far are static models where all agents take their de-
cisions simultaneously. We have also studied Kreps and Scheinkman’s model that
is a two-stage model of competition. Two-stage models is an attempt to capture
a dynamic behavior with a static model. The fact that agents select their actions
in the first stage anticipating the impact on the choice of actions that follows is
interpreted as the choice of a long-run decision (first stage) and a short-run deci-
sion (second stage). An important use of two-stage models isto capture the idea
of commitment. By this we mean that in a situation of strategic interaction, one
agent may restrict in acredible wayits choice set to gain an advantage over a
competitor. Stackelberg as far back as 1934 was the first who constructed a model
to capture this feature of commitment in oligopoly pricing.

3.7.1 The Stackelberg model.

Stackelberg (1934) departure point is the observation thatoften in a market there is
a firm acting as a leader and several other firms (followers) that, conditional on the
behavior of the leader choose their actions. Of course, the leader takes its decision
aware of the behavior of the followers. Hence, the strategicinteraction appears
because the leader’s profit maximizing decision is conditional on the reaction of
the followers, and the followers’ profit maximizing decisions are conditional on
the choice of the leader.

Let us assume, for simplicity, a duopolistic industry wheredemand is given by
P = a − b(q1 + q2) and firms produce a homogeneous product with a technology
described byCi(qi) = c0 + cqi, i = 1, 2. Assume also that firm 1 acts as leader
and firm 2 as follower13. Finally, the strategic variable are quantities. That is
Firm 1 chooses its output first. Then, having observed that decision, the follower
chooses its output in turn. The commitment appears because the leader once has
taken its production decision cannot change it. In formal terms, the strategy of the
leader is a number,q1, while the strategy of the follower is a mapping from the
outputs of firm 1 to its set of feasible outputs. Accordingly,a (sub-game perfect)
equilibrium is a profit maximizing production plan(q∗1, q2(q

∗
1)).

Given the assumptions on demand and technologies, firm 2 willhave a unique
best reply to any output of the leader, so thatq2(q

∗
1) is simply firm 2’s reaction

function. This is the solution of

max
q2

Π2(q1, q2) =
(
a − b(q1 + q2)

)
q2 − c0 − cq2,

13Vives (1999, pp. 204-205) provides some comments on the endogenization of the order of
moves.
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Figure 3.34: Stackelberg equilibrium.

that is,

q2 =
a − c

2b
− 1

2
q1. (3.29)

Firm 1’s problem is to choose an output level maximizing profits taking antic-
ipating the impact of this decision on the follower. Thus, its problem is

max
q1

Π1(q1, q2) s.t.q2 =
a − c

2b
− 1

2
q1.

Accordingly,

q∗1 =
a − c

2b
. (3.30)

Substituting (3.30) in (3.29) we obtain the follower’s optimal decision,

q∗2 =
a − c

4b
. (3.31)

Figure 3.34 illustrates the decision process just described. The leader chooses
a point on a isoprofit curve in the set of points under firm 2’s reaction function.
The follower simply plugs in the leader’s decisionq∗1, to obtainq∗2.

To complete the description of the industry, from (3.30) and(3.31) we derive
the associated market price,

P ∗ =
a + 3c

4
,

and we can compute the equilibrium profits:

Π∗
1 =

(a − c)2

8b
− c0,

Π∗
2 =

(a − c)2

16b
− c0.
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In order to compare this equilibrium with what would have arisen in a Cournot
setting, we present the Cournot equilibrium values:

qc
1 = qc

2 =
a − c

3b
.

P c =
a + 2c

3
,

Πc
1 = Πc

2 =
(a − c)2

9b
− c0.

It is easy to check that

q∗1 > qc
1; q∗2 < qc

2;

Π∗
1 > Πc

1; Π∗
2 < Πc

2;

Q∗ > Qc; P ∗ < P c.

Therefore, firm 1 as leader has a strategic advantage (“first-mover advantage)
over the follower.

One crucial feature of the analysis is that we are characterizing a subgame
perfect equilibrium of the two-stage game. This means that empty (non-credible)
threats by the follower are ruled-out14. This is so, because the concept of subgame
perfect equilibrium requires the follower’s strategy to beoptimal in front of any
decision of the leaderq1, and not only against the equilibrium outputq∗1. In con-
trast, a Nash equilibrium only requires optimality along the equilibrium path. In
our two-stage game, it only imposes production levels for the leader that do not
generate loses. In terms of our example, forC0 = 0, any output in[0, (a − c)/b]
is sustainable as a Nash equilibrium of the two-stage game.

3.8 Too many models? How to select the “good”
one?

So far we have studied several models to understand oligopoly pricing in the con-
text of a homogeneous product industry. Cournot, Bertrand,Stackelberg, Kreps
and Scheinkman, Sweezy... All these authors present different conclusions on the
outcome of the strategic interaction among firms. The obvious question is then,
which of these models is the correct one. Note that these models differ in the
behavior that a particular firm conjecture its rivals will follow when choosing its
action. Thus it seems reasonable that different models willbe adequate for differ-
ent scenarios.

14A statement from the follower towards the leader like “If youdo not restrict your output, I
will flood the market” will not be credible.



96 3.8 Too many models? How to select the “good” one?

Kreps (1990, pp. 338-340), identifies five different scenarios for which there
is a model that best captures its characteristics.

Cournot Two isolated firms decide upon the production levels to send to the mar-
ket place. Both know the structure of the market and the demand function,
but no one knows the decision of the rival. Once production issent to the
market place, a “clearing house” sets the price that clears the market.

In this scenario Cournot conjectures make sense because no firm decides to
change its decision when facing the decision of the rival (simply because
firms do not have the opportunity to do it).

Stackelberg Consider again the two isolated firms and the clearing house as be-
fore. Now one firm decides and sends its production to the clearing house.
The rival firm, aware of the situation, decides its production level knowing
that the clearing house will set the price equating aggregate demand and
supply.

In this scenario the second firm takes the production level ofits rival as
given and chooses its profit maximizing production according to its reaction
function. The first firm, aware of the behavior of its rival, decides its profit
maximizing output conditional on the knowledge that its rival will choose a
production on its reaction function.

SweezyAssume now our two isolated firms call, independently, the clearing
house to communicate theirintendedproduction. Then the clearing house
calls the firms back. If one of them announces an output level higher than
the other, the clearing house allows the latter to produce anamount up to
the production of the former.

This scenario is close but not exactly that of Sweezy. In particular, the
clearing house has to be aware that if one firm intends to produce more than
the other, that one will react increasing its production up to the level of its
rival.

Bertrand Imagine now a situation where our two isolated firms communicate,
independently, to the clearing house the price at which eachis willing to
sell its production. The clearing house then evaluates the demand that these
prices generate, and call back every firm to communicate their respective
production volumes.

Kreps i Scheinkman Finally, consider that our two firms, before producing have
to decide, independently an investment in capacity. Firms cannot produce
beyond that level. Both firms decide simultaneously their investments. These
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investment decisions are made public. Next, every firm, independently, calls
the clearing house and, as in the Bertrand case, announces the price at which
each is willing to sell its production. The clearing house then evaluates the
demand that these prices generate. If demand is larger than the aggregate
maximum capacity, the clearing house implements some rationing scheme.

These descriptions illustrates the idea that each model makes sense only ac-
cording to the market mechanism matching demand and supply.

Although different in spirit, as these variety of scenariosillustrates, all these
models share some common characteristics. They are static partial equilibrium
models, all firms produce a homogeneous product, and most important of all,
there is strategic interdependence. This is captured through the so called ‘ conjec-
tural variations”. Conjectural variations is the concept that captures the reaction
of one firm to the behavior of its rivals. It appears explicitly (as we have already
mentioned in the study of the Cournot model) in the system of first order con-
ditions of the profit maximizing problem of the firms. Different assumptions on

the behavior of the firms is thus reflected in the specificationof the term
∂

P

j 6=i qj

∂qi
.

Therefore, we can also obtain a better understanding of the different conclusions
of the different models presented so far, by viewing them in terms of the underly-
ing assumptions in terms of conjectural variations. This isthe object of the next
section.

3.9 Variacions 5. Conjectural variations.

The idea of the reaction function15 captures the strategic interdependence among
firms. It is a useful device to envisage changes in the behavior of a firm induced
by variations in the behavior of the rivals

Cournot proposed a particular framework of strategic interdependence. Bow-
ley (1924) coined the termconjectural variationas a generalization of the concept
of strategic interaction. The essential idea is that a firm isaware that its decisions
on any strategic variable will affect the decisions of the rival firms. Therefore, the
firm wants to incorporate this interaction in its profit maximizing decision pro-
cess. The particular assumptions of a firm on how his behaviorinfluences the
rivals’ behavior is summarized in the specification of the conjectural variations.

Recall that in a Cournot model the (implicit) assumption is that any firm takes
its decision conditional on the expectation that the rival firms will not vary theirs.
This expectations are fulfilled in equilibrium. We can visualize the equilibrium
process as a timeless series of actions and reactions. For instance, after firm 1
chooses a certain production level, firm 2 makes its choice taking as given firm 1’s

15The termreaction functionis due to Frisch (1933).
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decision. In turn, firm 1 observes firm 2’s choice and adjusts its decision, then
firm 2 reacts and so on, until reaching an equilibrium. To illustrate this process we
can think of a timeless game of chess where the players have toplan in advance the
sequences of future moves (strategies) according to the expectations (conjectures)
on the sequences of moves of the rival. This set of conjectures for all firms is called
conjectural variations. Extensive treatments are found in Boyer and Moreaux
(1983), Bresnahan (1981) or Perry (1982).

3.9.1 Bowley’s model.

Let us consider a duopolistic industry16. Each firm recognizes the strategic inter-
action with its rival, and thus takes into account in its profit maximizing decision
process. The first order condition of this profit is given by,

∂Πi

∂qi

+
∂Πi

∂qj

dqj

dqi

= 0, i 6= j, (3.32)

where
dqj

dqi

represents firmi’s conjecture on the behavior of its rival, firmj, of a

marginal variation of its production level,dqi. In a parallel fashion, firmj also
forms its expectations on firmi’s behavior when varying its decisionqj. Accord-
ingly, firm j‘s profit maximizing choice is characterized by,

∂Πj

∂qj

+
∂Πj

∂qi

dqi

dqj

= 0, j 6= i. (3.33)

The solution of the system (3.32) and (3.33) is a production plan(q∗i , q
∗
j ) such that

no firm has incentives to unilaterally deviate; in other words, that production plan
is a noncooperative (Nash) equilibrium.

To illustrate these ideas, assume a linear demandp = a − b(q1 + q2) and
a common constant marginal costc. The first order condition of firm 1 profit
maximizing decision process is

∂Π1

∂q1
= a − c − q1

(
2b + b

dq2

dq1

)
− bq2 = 0.

Solving forq1 we obtain the reaction function,

q1(q2) =
a − bq2 − c

2b + b
(dq2

dq1

) . (3.34)

16As usual, the argument can easily be generalized to any finitenumber of firms.
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By symmetry, firm 2’s reaction function is,

q2(q1) =
a − bq1 − c

2b + b
(dq1

dq2

) . (3.35)

Cooperative conjectural variations Assume firms coordinate their output deci-
sions on the monopoly solution, that is, they agree to adjustthe aggregate
production to the monopoly level by equally adjust their individual outputs.

This translates in a conjectural variation
dq2

dq1
=

dq1

dq2
= 1. Substituting these

values in (3.34) i (3.35) we obtain,

q1(q2) =
a − bq2 − c

3b
, (3.36)

q2(q1) =
a − bq1 − c

3b
. (3.37)

To verify that these reaction functions yield the monopoly output, let us first
compute the monopoly solution as the maximization of the joint profits. Let
q1 + q2 = qm.

Πm = (a − c)qm − b(qm)2,

∂Πm

∂qm

= a − c − 2bqm = 0,

q∗m =
a − c

2b
.

Going back to our industry, let us now sum the two reactions functions (3.36)
and (3.37) to obtain,

q1 + q2 =
2a − b(q1 + q2) − 2c

3b
.

Solving for the aggregate production,

q1 + q2 =
a − c

2b
.

This is precisely the monopoly productionq∗m obtained above.

Competitive conjectural variations Assume now that every firm conjectures that
if it reduces production in one unit, the rival will increaseits production in

one unit so that the aggregate output remains constant,
dq2

dq1

=
dq1

dq2

= −1.



100 3.9 Variacions 5. Conjectural variations.

Substituting these values in (3.34) and (3.35) we obtain,

q1(q2) =
a − bq2 − c

b
, (3.38)

q2(q1) =
a − bq1 − c

b
. (3.39)

We want to show that these reaction functions generate the competitive pro-
duction level.

Let us first compute the competitive production by equating market price
and marginal cost, assumingq1 + q2 = qc.

p = c = a − b(qc),

so that,

q∗c =
a − c

b
.

Going back to our industry, let us now sum the reaction functions (3.38) i
(3.39) to obtain,

q1 + q2 =
2a − b(q1 + q2) − 2c

b
.

Solving for the aggregate production,

q1 + q2 =
a − c

b
.

This is precisely the monopoly productionq∗c obtained above.

Cournot conjectural variations An intermediate situation on conjectures is Cournot

assumption, where each firm takes the output of the rival as given,
dq2

dq1

=

dq1

dq2
= 0. Substituting these values in (3.34) and (3.35) we obtain,

q1(q2) =
a − bq2 − c

2b
, (3.40)

q2(q1) =
a − bq1 − c

2b
. (3.41)

Summig up the two reactions functions (3.40) and (3.41) we obtain,

q1 + q2 =
2a − b(q1 + q2) − 2c

2b
,
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and solving for the aggregate production,

q1 + q2 =
2(a − c)

3b
.

We see that conjectural variations taking values in the range [−1, 1], we can
generate the perfect collusion, perfect competition, and Cournot solutions.

Other conjectures Bertrand model contains infinite conjectural variations; Stack-
elberg model assumes zero conjectural variation for the follower and finite
conjectural variation for the leader; Sweezy assumes collusive conjectural
variations when output expands, and Cournot conjectural variations when
output contracts.

3.9.2 Consistent conjectural variations.

In the previous section we have tried to guess the values of the conjectural varia-
tions that are consistent with the equilibrium of some particular models. A differ-
ent approach consist in trying to find an equilibrium set of conjectural variations.
This equilibrium, would have the property that if every firm follows a particular
conjectural variations, no firm in the industry would have incentives neither to
modify its behavior nor to change their conjectural variations. In other words,
this approach tries to identify a Nash equilibrium in conjectural variations. This
equilibrium is called a set ofconsistent conjectural variations.

To simplify notation, let us introduce the following,

k1 ≡
dq2

dq1
; k2 ≡

dq1

dq2

Introducingk1 in (3.34) we obtain,

q1 =
a − bq2 − c

2b + bk1
. (3.42)

To findk2 we differentiate (3.42) with respect toq2,

dq1

dq2
= k2 = − 1

2 + k1
. (3.43)

In a similar way, introducingk2 in (3.35) we obtain,

q2 =
a − bq1 − c

2b + bk2
. (3.44)
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To findk1 we differentiate (3.44) with respect toq1,

dq2

dq1
= k1 = − 1

2 + k2
. (3.45)

Substituting (3.45) in (3.43) we obtain,

k2 = − 2 + k2

3 + 2k2
.

After some manipulations, the previous equation can be written as(k2 + 1)2 = 0,
that isk2 = −1. Substituting this value ofk2 in (3.43) we obtaink1 = −1.

Therefore, in our example of linear demand and constant margin al costs, the
equilibrium in consistent conjectural variations consists in both firms assuming
conjectural variations -1 giving rise to the competitive equilibrium. This results
suggests the possibility that the behavior of the firms producing a homogeneous
product may be approximated by the competitive behavior although there are few
firms in the market.

If we think of this model seriously as a simultaneous decision one, it does
not make senseqi being a function ofqj or viceversa. Such a situation implies
that firm i observesfirm j’s decision, and according to its conjectural variation,
determinesqi. Therefore, we should think of the conjectural variations as a device
to understand the decision process of firms aware of their strategic dependency.

3.9.3 Statics vs dynamics. Marschack and Selten models.

Marschack and Selten (1977, 1978) present two related models. One of them
is a static model where the structure of the decision processis explicitly formu-
lated. The second model is dynamic. The link between both models arises from
an equivalence between the equilibrium of the static model and a particular equi-
librium of the dynamic model.

The model develops in several stages. First, firms simultaneously announce
tentative prices; these announcements are made public to all firms; with this infor-
mation firms can revise their prices. The process of revisionfollows the following
order. The first firm decides whether it wants to revise its price. If it decides not
to do it, then the second firm takes its turn, etc. If, on the contrary, the first firm
changes its price, then the remainingn − 1 firms simultaneously decide a new
vector of prices. The first firm again has the possibility to revise the price. The
process continues until the first firm does not want to change its price anymore.
Then the second firm comes into play and the process restart. The final vector of
prices obtains when no firm is willing to adjust its price.

This rather complex decision process, allows to overcome the traditional crit-
icism to conjectural variations in static models. Also, conjectural variations are
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required to be consistent, so that the expected behavior of afirm on its rivals
should be correct.

A strategy of a firmi in a static model contains four elements: (a) an initial
price, p0

i ; (b) a reply functionφi(p
0, p1

j) stating firmi’s price given the present
price vectorp0 and a conjecture on firmj’s price; (c) the set of price vectorsp0

over which firmi does not want to introduce changes; (d) the changesp0
i for those

vectorsp0 not in the set defined by (c).
Let us visualize this procedure by assuming that firms have just announced an

initial p0. Firm 1 evaluates the possibility of changing its decision.Assume that
it does so and announces a new pricep1

1. Now the present vector of prices isp1 =
[p1

1, φ2(p
0, p1

1), . . . , φn(p
0, p1

1)]. If given this vector, firm 1 still wants to change its
price top2

1 the new vector of prices will bep2 = [p2
1, φ2(p

1, p2
1), . . . , φn(p1, p2

1)].
After a finite number of iterations when firm 1 will be happy, firm 2 will start its
particular process of adjustment from the price vector thatleft firm 1 satisfied.

Note that we have described the procedure when a firmi wants to vary its
decision after a competitor, firmj, has changed its decision. For completeness,
if p0

j = pj thenφ(p0, p0
j) = p0

i , that is, if the firmj’s new price is the same as in
the previous iteration, firmi’s reply is to maintain its price; if firmi changes its
price, the best reply to itself is the new price,φ(p0, pi) = pi. Accordingly, from
an initial price vectorp0, if firm i proposes a change top1

i , the next price vector
will be,

p1 = φ(p0, p1
i ) = [φ2(p

0, p1
i ), φ2(p

0, p1
i ), . . . , φn(p0, p1

i )].

If firm i variesk times its decision,p1
i , p

2
i , . . . , p

k
i , after each change then − 1

competitors react. We denote the final resulting vector after thek iterations by

pk = φ̂(p0, {p1
i , p

2
i , . . . , p

k
i })

that is recursively defined as,

pk = φ̂(p0, {p1
i , p

2
i , . . . , p

k
i }) = φ

[
φ̂(p0, {p1

i , p
2
i , . . . , p

k−1
i }), pk

i

]
, (k ≥ 2)

and fork = 1,
φ̂(p0, {p1

i }) = φ(p0, p1
i )

We refer to the function̂φi as theenlarged reply function.

Definition 3.19. A non-cooperative equilibrium is a pair(p0, φ) such that,

(a) Πi(p
0) ≥ Πi[φ̂(p0, {p1

i , p
2
i , . . . , p

k
i })], ∀{p1

i , p
2
i , . . . , p

k
i }

(b) Πi[φ̂(p0, {p1
i , p

2
i , . . . , p

k
i })] ≥

Πi[φ̂
′

i(p
0, {p1

j , p
2
j , . . . , p

k
j}), φ̂−i(p

0, {p1
j , p

2
j , . . . , p

k
j})] for all sequences of price

changes{p1
j , p

2
j , . . . , p

k
j}, (j 6= i), for all enlarged reply functionŝφ

′

i, and
for all i = 1, 2, . . . , n.
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Condition (a) says that no firmi can improve its profits by deviating fromp0
i ,

given that the competitor firms will react modifying their prices in accordance
with their reaction functions. Condition (b) says that for any sequence of devia-
tions by firmj, given the initial pricesp0 and given the reaction functions of the
rivals, firm i’s reply function maximizes profits.

In this equilibrium the conjectural variations are consistent because firmi’s
reaction function,φi, shows howpi will be adjusted when any other prices is
modified; alsoφi is the rule that all competitor firms think firmi will use to decide
its price adjustments.

In the intertemporal model, firms after choosing their first price face an ad-
justment cost for any price change. If a firmi unsuspectedly for its competitors
varies its price, there is a period of time between the new price is posted and the
competitors adjust their prices. The adjustment cost facedby firm i is sufficiently
high to offset the extra profits firmi may obtain in the interim period until the
rivals react. Accordingly, a price variation is only profitable if it generates more
profits in the long run, once the rivals have reacted.

3.10 Variations 6. Dynamic models.

3.10.1 Introduction.

A common characteristic of the models presented so far is that firms are myopic
in the sense that they do not take into account any time horizon. Some instances
are one-period models where firms take their decisions simultaneously; other sit-
uations present static multi-stage models. In any case, thedefining element of
any dynamic model, namely the ability to plan ahead (and thusthe possibility of
transferring present profits to the future) is absent.

The equilibrium market configuration may vary substantially when we allow
for repeated interaction due to the presence of durable goods, entry barriers, tech-
nological development, etc. Chamberlin (1929) already suggested that in a ho-
mogeneous product oligopoly firms are aware of their interaction. Accordingly,
the threat of a price war should be effective enough to sustain the monopoly price
without need of any explicit cooperation. We postpone the analysis of (tacit) col-
lusion to chapter 5.

An explicit analysis of the dynamics of pricing is difficult.The theory of
dynamic games is relatively young and the tools to be used have been developed
only recently. Accordingly, there is a certain literature trying to capture dynamic
aspects by means of static models. Here we find the contributions of Sweezy,
Bowley, Stackelberg, or Edgeworth17.

17See Maskin and Tirole (1988b) for a detailed analysis
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There are two alternative ways of explicitly consider the introduction of time
in a model. On the one hand, we find models where the dynamic strategies of firms
are of Markov type and the objective of the model is to characterize aMarkov
perfect equilibrium(see Maskin and Tirole (1987, 1988a)). On the other hand, we
find the so-calledrepeated games or supergames. These replicate a static Cournot
(Bertrand) type of game a finite or infinit number of times (seeFriedman (1977)).

An overview of dynamic oligopoly models can be found in Fudenberg and
Tirole (1986), Kreps and Spence (1984), Shapiro (1989) or Maskin and Tirole
(1987, 1988a, 1988b).

3.10.2 Supergames.

As we have mentioned earlier, the problem with static and two-stage models is that
they ignore a wide range of strategic possibilities. In repeated games, although one
iteration is independent of another, players can conditiontheir present or future
behavior to the history of moves. also it allows for the introduction ofpunishments
as (credible) threats to affect players’ future decisions.

Supergames share three characteristics. First, there are no bounds on the space
of strategies. As a consequence, often “folk theorem”-typeof results appear. Sec-
ond, punishments allowing collusive outcomes although maybe individually ra-
tional, often may not satisfy the incentive compatibility of the set of players. That
is after observing a firm deviating from the “collusive strategy” all the other firms
in the industry may prefer not to implement the punishment but renegociate a new
agreement. Naturally, in such case all incentives to join the coalition disappear.
Finally, in repeated games although the set of players remains unaltered along all
iterations, intertemporal interaction is not allowed.

To illustrate, let us follow Tirole (1988), and consider a Bertrand game where
two firms produce a homogeneous product with the same technology. The firm
quoting the lowest price gets all the demand. If several firmsquote the lowest
price, they evenly share all the demand. Assume now that thisgame is repeated
T + 1 times (T finite or infinit). Let us denote firmi’s profits in periodt as,

πi(pit, pjt), t = 0, 1, 2, . . . , T

Every firm aims at maximizing the present value of the flow of profits,

T∑

t=0

δtπi(pit, pjt)

whereδ is the discount rate. In every periodt both firms simultaneously choose
a price. We allow firms to have perfect recall of all the history of past decisions.
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Let,
Ht = (p10, p20; p11, p21; p12, p22; . . . ; p1,t−1, p2,t−1)

be the history of prices chosen by both firms up to periodt. Then, firmi’s strategy
depends onHt.

We want to characterize a perfect equilibrium. That is, for any historyHt in
periodt, firm i’s strategy fromt on should maximize the present value of the flow
of its future profits conditional on the expectation of firmj’s strategy in periodt.

If T is finite, the dynamics of the model do not add anything to the static
version. By backward induction, in periodT the model is equivalent to the static
version. Accordingly, the equilibrium strategies in this period will be the same
as in the static model, that is, to quote a price equal to the firm’s marginal cost.
By construction, decisions in periodT are not dependent on what happened in the
previous period. Therefore, in periodT −1, everything works as if it would be the
last period. Thus, for anyHT−1, the equilibrium strategies are again the equality
between price and marginal cost. We can repeat this reasoning until the initial
period. Summarizing, if the number of iterations is finite, the only equilibrium
of the repeated game is simply the iteration in every period of the equilibrium
strategies of the static game.

If T is infinite, the outcome of the game is different. First, it isstill true that
the equilibrium of the finite horizon game is also an equilibrium of the infinite
horizon game. To see this, let us consider the following strategy: every firm in
every period chooses a price equal to its marginal cost, regardless of the history of
past decisions. For every firm, given that the rival quotes a price equal to marginal
cost, the best reply is also to choose a price equal to the marginal cost. What is
important, is that the infinite horizon model supports many more equilibria. Letp
be a price in between the monopoly price and the perfectly competitive one. Con-
sider now the following symmetric strategies: every firm choosesp in period 0. In
periodt, if both firms have chosenp until t−1, then every firm continues choosing
p in t; otherwise, firms quote the price equal to marginal cost forever. This is an
example of a punishment strategy (see the model of tacit collusion in chapter 5).
In accordance with these strategies, if both firms stick to choosingp, they obtain,

1

2
Π(p)(1 + δ + δ2 + δ3 + · · · ).

If in a certain periods one firm deviates, it obtains at mostπ(p) (because the
rival still playsp) in that period, and zero froms on, that is

1

2
Π(p)(1 + δ + δ2 + δ3 + · · ·+ δs−1) + δsπ(p) = π(p)

δ

2(1 − δ)
.

If δ ≥ (1−δ), or equivalently,δ ≥ 1
2
, deviating fromp is not optimal for any firm.
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Note that this result is verified for any price in the intervaldefined by the
monopoly price and the perfectly competitive price. In other words, any price can
be supported as an equilibrium in the infinitely repeated game. This is an instance
of a more general result known as thefolk theorem.

3.10.3 Multiperiod games.

Let us introduce now the interaction between the different periods of the game.
Naturally, as we enlarge the set of strategies (with respectto the repeated games),
we should expect and even larger set of equilibria. Most of the analysis has con-
centrated in the so-called “Markov perfect equilibria”. There, firms condition their
actions to a reduced subset of state variables rather than inthe full history of the
game. It is important to realize that the equilibria thus obtained are also equilibria
of games with a wider set of strategies. This is so because Markov equilibria are
characterized by the set of dynamic reaction functions. These reaction functions
are the best replies of every firm to the rivals’ decisions, conditioned to the set
of state variables. Therefore, if all firmi’s rivals behave according to Markov
strategies, the best that firmi can do is to behave accordingly.

The interest of using Markov strategies stems from the fact that they allow
to model, in a simple fashion, a rational behavior of firms in adynamic setting.
According to Maskin and Tirole (1987, 1988a), they also capture better than the
supergames approach, the intuition of the models of industrial organization.

Consider an infinite duopoly à la Cournot. Let us denote by

πi(qit, qjt), t = 0, 1, 2, . . .

firm i’s profits in periodt when it choosesqit and the rival firm choosesqjt. We
assume this function to be twice continuously differentiable, concave inqit and
decreasiong inqjt,

∂πi(qit, qjt)

∂qjt

< 0

∂2πi(qit, qjt)

∂q2
it

< 0

∂2πi(qit, qjt)

∂qit∂qjt

< 0.

Accordingly, reaction functions are well-defined and are negatively sloped. Every
firm aims at maximizing the present value of the flow of future profits,

∞∑

s=0

δsπi(q1,t+s, q2,t+s)
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whereδ denotes the discount factor.
We follow Maskin and Tirole (1987, 1988a) in considering thefollowing de-

cision process: in odd periods, firm 1 decides a production volume that remains
fixed until the next odd period, i.e. untilt + 2. In other words,q1,t+1 = q1,t, if t is
odd. Similarly, in even periods firm 2 decides a production volume that remains
fixed until the next even period, i.e.q2,t+1 = q2,t, if t és even.

In every period, we also assume that the relevant state variables are the ones
involved in the profit functions. In period2k+1, when firm 1 decides, the relevant
information is the production of firm 2,q2,2k+1 = q2,2k. Firm 1’s decision is con-
tingent only onq2,2k, so that its reaction function is of the typeq1,2k+1 = w1(q2,2k).
Similarly, in even periods when firm 2 chooses its output level, its reaction func-
tion is q2,2k+2 = w2(q1,2k+1). We call these Markov strategiesdynamic reaction
functions.

The objective of the model is to find a pair(w1, w2) that constitutes a perfect
equilibrium. That is, for any periodt, the dynamic reaction function of a firm
must maximize the present value of the discounted flow of future profits given the
dynamic reaction function of the rival firm. This pair(w1, w2) is called aMarkov
perfect equilibrium.

If (w1, w2) is a Markov perfect equilibrium, then for any period2k + 1 and
any firm 2’s decision in period2k, q2,2k, the choiceq1,2k+1 = w1(q2,2k) maxi-
mizes firm 1’s present value of the flow of its future profits given that from this
period on, both firms will decide their actions according to(w1, w2). Similarly,
the parallel condition holds for firm 2. Therefore, these twoconditions are suf-
ficient for (w1, w2) to be a Markov perfect equilibrium. Hence, it is sufficient to
eliminate the profitable deviations of one period. Formally, we say that(w1, w2)
is a Markov perfect equilibrium if and only if we can identifyvalue functions
[(V1, Z1), (V2, Z2)] such that for any production plan(q1, q2),

Vi(qj) = max
q

(
πi(q, qj) + δZ(q)

)
(3.46)

wi(qj) maximizes
(
πi(q, qj) + δZ(q)

)
(3.47)

Zi(qi) = πi(qi, wj(qi)) + δVi(wj(qi)), i, j = 1, 2; i 6= j. (3.48)

The functionVi(qj) represents firmi’s present discounted value of the flow of
future profits when it is its turn to decide given that in the previous period (and
therefore in this period as well) firmj choseqj , and from now on both firms will
take their decisions according to their Markov strategies(w1, w2).

The functionZi(qi) represents firmi’s present discounted value of the flow of
future profit when it is committed to an outputqi, it is the rival’s turn to choose,
and from that moment on both firms will take their decisions according to their
Markov strategies(w1, w2).
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Like in the traditional analysis, since output levels are strategic substitutes,
∂2πi(qit, qjt)

∂qit∂qjt

< 0, reaction functions are decreasing. To find the equilibrium

reaction functions we have to solve the system of equations (3.46), (3.47), (3.48).
Assume profit functions are quadratic,

πi(qi, qj) = qi(d − qi − qj), i, j = 1, 2; i 6= j.

In this case the solution is very simple. Reaction functionsare linear and given by
w1 = w2 = w onw(q) = a − bq.

For δ = 0 firms are myopic so that they react according to their respective
static reaction functions,

w(q) =
d − q

2
.

Hence,a = d
2

andb = 1
2
. The stationary state is the Cournot production plan

(qc
1, q

c
2).

For δ > 0, firms not only consider the present profits but also the reaction of
the rival in the future. Given that the dynamic reaction functions are decreasing,
the intuition tells us that every firm should expand its production beyond the short
run level to induce the rival to reduce its production. The stationary production
level is given byq = a

1+b
and is increasing inδ. The process is dynamically

stable, that is, for any initial output level, firms’s decisions converge towards the
stationary value. Figure 3.35 illustrates the dynamics of this model. The full lines
represent the dynamic reaction functions forδ ∈ (0, 1); the broken lines represent
the static reaction functions.C is the static Cournot equilibrium, andE is the
stationary equilibrium.

3.11 Variations 7. Supermodular games.

Amir (1996, 2005)
Vives (1999, 2005a, 2005b)
Topkis (1998)
Milgrom and Roberts (1990)

3.12 Exercises

1. Consider a market withn firms where the demand functionF (Q) is down-
ward sloping. No other assumptions are considered. All firmshave the same
technology described by a increasing and convex cost function. Denote by
Q the aggregate output of then firms, and letQ−j =

∑
k 6=j qk.
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•
•qj

e

qi

qj

qj
c

qi
c qi

e

C

E

Figure 3.35: Markov perfect equilibrium.

(i) Show that firm j’s best response can be written asb(Q−j).

(ii) Show thatb(Q−j) need not be unique (i.e. that is in general a corre-
spondence, not a function).

(iii) Show that if Q̂−j > Q−j , qj ∈ b(Q−j), andq̂j ∈ b(Q̂−j), than(q̂j +

Q̂−j) ≥ (qj +Q−j). Deduce from this thatb(·) can jump only upwards
and thatb

′

(Q−j) ≥ −1 whenever this derivative is defined.

(iv) Use the result in (iii) to prove that a symmetric pure strategy Nash
equilibrium exists in this model.

(v) Show that multiple equilibria are possible.

(vi) Give sufficient conditions for the symmetric equilibrium to be the only
equilibrium in pure strategies.

2. Consider an industry with three identical firms. Demand isgiven byP =
1 − (q1 + q2 + q3). Technology is described by a constant marginal cost
equal to zero.

(i) Compute the Cournot equilibrim;

(ii) Suppose that two firms merge so that the industry turns into a duopoly.
Show that the profits of these firms decrease. Explain;

(iii) What happens if the three firms merge?.

3. Consider a dupolistic market where firm 1 produces one unitof output using
one unit of labor and one unit of raw material. Firm 2 producesone unit of
output using two units of labor and one unit of raw material. The unit cost
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of labor isw and the unit cost of raw material isr. Demand is given by
P = 1 − (q1 + q2).

(i) Compute the Cournot equilibrim;

(ii) Use the envelope theorem to show that firm 1’s profit is notaffected
by the price of labor (over some range). Explain.

4. Consider a duopoly Cournot model with linear demandP = a− b(q1 + q2)
and technologiesCi(qi) = c0 + ciqi. Show that

(i) a generic isoprofit curve has a maximum;

(ii) that maximum is a point on the firm’s reaction function.

5. Consider a Bertrand duopoly model where firms operate under constant
marginal costsc1 andc2, c1 < c2. Determine the equilibrium price vec-
tor and equilibrium profits for both firms.

6. Consider an-firm homogeneous product market with downward sloping
demandD(·) cutting both axes. Each firm has the cost functionC(q) =
F + cq if q > 0 andC(0) = 0. Suppose that a monopoly is strictly viable
and that in case of a price tie, a single firm is randomly selected to serve the
whole market. Show that the unique Bertrand equilibrium is for all firms to
name the least break even monopoly price.

7. Consider an-firm homogeneous product market with downward sloping

demandD(P ) = a − bP and costsC(q) =
cq2

2
. Compute the Bertrand

equilibrium price when firms split the market in case of a price tie.

8. Consider a variation of Bertrand symmetric model in whichprices must be
named in some discrete units of size∆.

(i) Show that both firms naming prices equal to the smallest multiple of
∆ that is strictly greater thanc is a pure strategy equilibrium.

(ii) Argue that as∆ → 0, the equilibrium converges to both firms charging
prices equal toc.

(iii) Assume now that marginal cost are constant but different, namelyc1 <
c2. If prices are named in discrete units as in (ii), what a the pure
strategy equilibria of the game? As the grid becomes finer, what is the
limit of these equilibria?
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9. Consider a two-firm Cournot model with constant but different marginal
costsc1 > c2. Assume also that the inverse demand function isp(q) = a−bq
with a > c1.

(i) Derive the Nash equilibrium of the model. Under what conditions
does it involve only one firm producing; Which will this be?

(ii) When the equilibrium involves both firms producing, howdo equilib-
rium outputs and profits vary when firm 1’s cost changes?

10. Consider two strictly concave and differentiable profitfunctionsπj(qj , qk), j =
1, 2 defined onqj ∈ [0, q].

(i) Give sufficient conditions for the best response functionsbj(qj) to be
increasing or decreasing.

(ii) Argue that in a Cournot model a downward-sloping reaction function
is the “normal” case.

11. Consider a market with demandP = 1− q where three firms produce a ho-
mogeneous product with a zero marginal cost technology, up to a production
levelK, and infinite marginal cost beyond. Compute the Nash equilibrium
of the game in pure strategies.

12. Consider a market with two firms producing a homogeneous product. Mar-
ket demand is given byq = D(P ) and assumed well-defined, differentiable,
bounded and strictly decreasing. Both firms have the same technology de-
scribed by a cost functioncq. Let Ri(P1, P2, q) denote the residual demand
faced by firmi. It is defined as,

Ri(P1, P2, q) =





max
{

0, D(Pi) − qj

[
λ, (1 − λ)D(Pi)

D(Pj)

]}
if Pi > Pj ,

max
{

D(Pi)
2

, D(Pi) − qj

}
if Pi = Pj ,

D(Pi) if Pi < Pj,

whereλ ∈ [0, 1].

(a) Provide an interpretation of the elements ofRi(·)
(b) Assume firms decide simultaneously their prices and output volumes.

Solve for the pure strategy Nash equilibrium of the game.

(b) Assume firms decide sequentially first their prices (stage 1) and then
their output volumes (stage 2). Solve for subgame perfect Nash equi-
librium of the game in pure strategies.
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13. Consider a Stackelberg duopoly with market demand givenby p = a −
b(q1 + q2). Firms produce with a technologyCi(qi) = c0 + cqi, i = 1, 2.
Let firm 1 be the leader. Compute the Nash equilibria of the game.

14. Consider a duopoly à la Kreps-Scheinkman with zero marginal costs and
c0 unit capacity cost. Assume rationing follows the efficidentrule and the
following demand function:

D(p) =

{
1 if p ≤ 1

0 if p > 1

Compute the reduced-form profit functions and the equilibrium strategies.
Show that the Cournot outcome is the solution of the two-stage game.

1. Considerem un mercat amb funció de demandaq = 200−2p on operen una
empresa dominant i una “franja competitiva” composta per petites empre-
ses. Les empreses petites consideren el preu de l’empresa dominant com
donat i ofereixen una quantitat agregadaS = p − 70, (p > 70), on p
és el preu fixat per l’empresa dominant. Determinar la solució òptima de
l’empresa dominant quan el seu cost marginal és costant i igual a (i)c = 70,
(ii) c = 45, (iii) c = 20.

2. Considerem un mercat de producte homogeni amb funció de demandaP =
150 − 4Q. Hi ha dues empreses produint amb costos marginals constants i
iguals a 40.

(a) determinar els valors d’equilibri de Cournot (preus, quantitats, benefi-
cis);

(b) calcular la pèrdua d’eficiència com percentatge de la pèrdua d’eficiència
en situació de monopoli;

(c) refer l’exercici suposant que hi ha vuit empreses en llocde dues.

3. Considerem un duopoli on la demanda ésQ = 10 − 1
2
P .

(a) determinar l’equilibri de Cournot quan ambdues empreses tenen la
mateixa tecnologiaCi(qi) = 10 + qi(qi + 1) i = 1, 2;

(b) Quin és l’equilibri si les funcions de cost sónC1 = 10 + 2q1 i C2 =
10 + 3

2
q2?

4. Considerem una indústria composta per vuit empreses. Cinc d’aquestes em-
preses utilitzen una tecnologia antiga amb productivitat de 0.25 unitats per
hora de treball. Les restants tres empreses utilitzen una tecnologia mod-
erna amb productivitat de 0.45 unitats per hora de treball. La demanda del
mercat ésQ = 500000 − 10P i el salari per hora ésw = 500.
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(a) determinar l’equilibri de Cournot;

(b) verificar la fórmulaℑa = 1
ε
CH ;

(c) calcular el valor màxim que una empresa estaria disposada a pagar per
adoptar la tecnologia moderna, suposant que la resta d’empreses no
varien la tecnologia;

(d) quin és l’impacte sobre les quotes de mercat d’un augment del salari
en un50%?;

(e) recalcular el valor màxim que una empresa estaria disposada a pagar
per adoptar la tecnologia moderna després de l’augment delsalari en
un50%.

5. Demostrar que en un duopoli de Cournot (amb costos marginals constants),
les quantitats i beneficis d’equilibri de cada empresa són funcions decreix-
ents en el cost marginal de la pròpia empresa i creixents en el cost marginal
de l’empresa rival.

6. Considerem un duopoli de Cournot amb demanda linealP = 1−Q i costos
marginals constants zero per ambdues empreses.

(a) calcular l’equilibri de Cournot;

(b) suposem ara que una de les empreses és pública i té com aobjectiu
maximitzar l’excedent total. Com varien els preus, quantitats, benefi-
cis i excedent total respecte a l’equilibri de Cournot?;

(c) refer l’apartat (b) suposant que els costos marginals s´on c2 < c1;

(d) refer l’apartat (c) suposant que ambdues empreses són públiques;

(e) comentar: “l’anàlisi dels beneficis no és suficient percomparar les
empreses públiques i privades”.

7. Considerem un mercat duopolı́stic amb funció inversa dedemandap =
100 − 0.1Q i funcions de costosC1(q1) = 6000 + 16q1 i C2(q2) = 9000 +
10q2.

(a) calcular l’equilibri de Cournot;

(b) calcular la frontera de possibilitats de beneficis i comprovar que l’equilibri
de Cournot no és òptim de Pareto.

8. Considerem un mercat amb funció de demandaq = 200 − 2p constituı̈t per
una empresa dominant i 10 empreses petites que formen una franja com-
petitiva. Les empreses petites prenen com donat el preu de l’empresa dom-
inant i ofereixen una quantitat agregadaS = p − 70(p > 70), on p és el
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preu fixat per l’empresa dominant. La demanda residual és satisfeta per
l’empresa dominant. Determinar la solució òptima per l’empresa dominant
quan opera amb un cost marginal constant i igual a (i)c = 70; (ii) c = 45 i
(iii) c = 20.

9. Considerem un duopoli de Cournot amb funció de demandaQ = 500−50p.
L’empresa 1 opera amb un cost marginal constantc1 = 8; l’empresa 2 té un
cost marginal constantc2 = 6 i la seva capacitat de producció limitada a 25
unitats. Calcular els valors d’equilibri.

10. Considerem un mercat de producte homogeni en el que operen quatre em-
preses. La quota de mercat de la primera d’elles és el doble de la mitja de
les quotes de mercat de les tres altres empreses. Deduir els valors numèrics
dels paràmetres del models de Cournot i Stackelberg consistents amb aque-
sta distribució de quotes de mercat.

11. Considerem un duopoli à la Bertrand on les empreses tenen costos marginals
constantsci; c1 < c2. Demostrar

(a) que ambdues empreses fixen el preup = c2;

(b) que l’empresa 1 obté un benefici de(c2 − c1)D(c2), i que l’empresa 2
no obté beneficis sic2 ≤ pm(c1) on pm(c1) maximitza(p − c1)D(p);
(si c2 > pm(c1), l’empresa 1 fixapm(c1)).

12. En un mercat hi ha dues empreses que operen amb una tecnologia C(q) =
q2/2. La demanda ésp = 1 − (q1 + q2).

(a) calcular l’equilibri de Cournot;

(b) suposem que l’empresa 1 té l’oportunitat de vendrex1 unitats del bé
en un altre mercat; per tant el cost de l’empresa és(q1 + x1)

2/2. La
demanda en el segon mercat ésp = a−x. Considerar el joc de Cournot
en el que l’empresa 1 escullq1 i x1 i, simultàniament, l’empresa 2
escullq2. Demostrar queq1 = (2−a)/7 i q2 = (5+a)/21 en l’interval
rellevant de valors dea. Demostrar (utilitzar el teorema de l’envolvent)
que pera = 1/2 un petit increment dea perjudica a l’empresa 1.
Interpretar el resultat.

13. Dues empreses produeixen un bé homogeni. Siguip el preu del producte,qi

el nivell de producció de l’empresai, i = 1, 2, i Q ≡ q1 + q2. La demanda
d’aquest producte ésp = α − Q. El cost marginal de l’empresai ésci, on
α > c2 > c1 > 0.

(a) Trobar l’equilibri de Cournot.
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(b) Trobar l’equilibri de Stackelberg quan l’empresa 1 és lı́der.

(c) Trobar l’equilibri de Stackelberg quan l’empresa 2 és lı́der. Hi ha al-
guna diferència en la distribució dels volums de producció entre aquest
cas i el cas del apartat (b)?. Explicar.

(d) Trobar l’equilibri de Bertrand.

14. En una indústria hi haN empreses produint un producte homogeni. siguiqi

el volum de producció de l’empresai, i = 1, 2, i Q ≡ ∑N

i=1 qi. La demanda
de mercat ésp = 100 − Q. La funció de cost total de l’empresai és

TCi(qi) =

{
F + (qi)

2 if qi > 0

0 if qi = 0

(a) Suposem queN és prou petit perquè les empreses obtinguin benefi-
cis extraordinaris. Calcular els volums de producció i de beneficis en
l’equilibri de Cournot.

(b) Suposem ara, que les empreses poden entrar i sortir de la indústria.
Trobar el número d’empreses d’equilibri en la indústria com a funció
deF .

15. Considerem un mercat amb funció de demandap = 120−Q. Suposem que
hi ha tres empreses que decideixen els seus volums de producció de forma
seqüencial: l’empresa 1 decideixq1 en el perı́ode 1, l’empresa 2 decideix
q2 en el perı́ode 2, i l’empresa 3 decideixq3 en el perı́ode 3. Una vegada
les tres empreses han decidit els seus volums de producció,venen el volum
de producció agregat en el mercat i obtenen beneficis. Trobar els volums de
producció d’equilibri.

16. Considerem el mercat duopolı́stic del problema 7.

(a) derivar l’equilibri de variacions conjecturals, i verificar per quins val-
ors de les variacions conjecturals obtenim l’equilibri de Cournot.

(b) derivar la condició de consistència de les variacionsconjecturals.


