Lecture Notes on Industrial Organization - Xavier Martinez-Giralt -- http://pareto.uab.es/xmg/Docencia/lO-en/IO-HomProd.pdf

Chapter 3

Homogeneous Product Oligopoly
Models

The logical approach to the study of models of economic awtigon is to start by
the static models of homogeneous product. Here we will findr@at’s model of
which we will present a modern version. Quoting Shapiro @1$8333),

Although a timeless model of oligopoly cannot, by definitibeat the
essential issue of how rivaleactto each other’s actions, it does serve
to elucidate the basic tension between competition anderatipn
and provide an essential ingredient for the richer, dynamalysis.

3.1 Cournot oligopoly. Quantity competition

Cournot proposes a model where a limited number of firms ctenpea homo-
geneous product market. Consumers are passive and rej@ebgran aggregate
(inverse) demand function. Firms decide independentlyodypstion level (given
their technologies). The interaction of aggregate outat @aygregate demand
determines the market clearing price typically, by mearancductioneer.

3.1.1 Assumptions

The assumptions of the model are the following:
e structural assumptions

(i) Itis a static model.

(i) The production technology of every firm is summarize@icost func-
tion C;(¢;), whereg; denotes firm’s production output.
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(iii) The industry faces an aggregate demand functipe- F'(p), where
(2 denotes the aggregate production level. This assumptiphdithy
implies, (a) that we are referring to a homogeneous prodacken,
and (b) that there is a large number of consumers.

(iv) There aren firms in the industry. This is a fix number, i.e. there is
neither entry in nor exit from the industry.

(v) The strategic variable of the firms is their productiovels.
e behavioral assumptions

(a) Firms aim at maximizing profits. In the decision processisi are
aware of the interaction among them: each firm knows thatriis p
duction decision depends on its expectation over the fidalssions.
Also, every rival’s decision depend of what each of themKtzit the
other competitors will decide. All firms take simultanegusieir re-
spective production decision.

(b) Consumers choose a consumption bundle to maximize thiity
functions defined in terms of consumption goods in the ecgnom

e assumptions on the demand functiéh= F'(p) (SD).

The demand function tells us how many units of the good coessirare
willing to buy at any given pricg. We assume thaf’ is continuous, con-
tinuously differentiable, monotone, strictly decreasanmd cuts the axes
These assumptions guarantee that there exists an invarssmddunction

p=F1Q) oo f(@Q). Given that firms decide upon production levels, it is
convenient to use the inverse demand function. It tells eptite at which
consumers are willing to purchase any aggregate produle@h arriving

in the market. Formally, the assumptions on the inverse ddrianction
are:

1. f: R, - R,

>0 siQ<Q,

=0 siQ>Q

3. f(0)=p< o0

4. f(Q) is continuous and differentiable [, Q]
5. f(Q) <0 si Qe (0,Q)

In words, f is a real valued function (assumption 1), cutting the axes (a
sumptions 2 and 3), continuous and differentiable on thevegit domain

2. 3Qs.t.£(Q) {
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(assumption 4), monotone and strictly decreasing (assampj. Alterna-
tively to assumptions 2 and 3 we can assume that the totahwevef the
industry is bounded abov€) f(Q) < M < oc.

The aim of this set of assumptions is to define a compact setvavieh
firms take decisions, thus guaranteeing the existence okamuen.

e assumptions on the technology(¢;) (S2.

The production function of each firm is given and the factorkets are
perfectly competitive. This implies that all the relevamformation is em-
bodied in the cost function. Each firm’s cost functiof(¢;) is assumed
continuous, differentiable, strictly positive, with a nnagative fixed cost
andstrictly increasing Formally,

1. C;: Ry — R,

2. C;is continuous and differentiabtgy; > 0
3. Ci(q:)) >0Vgq >0

4. C;(0) >0

5. Ci(q:) > 0Vg; >0

e assumptions on the profit functiol;(¢) (S3.

Letq = (¢1, 92,43, - - -, qn) be a production plan. Firriis profit function is
defined asl;(q) = ¢;f(Q)—Ci(¢;) denotes firm’s profit function. A vector
II(q) = (I11(q), 2(q), 5(q), . . ., I1,(¢)) denotes a distribution of profits in
the industry. Given the assumptions on the demand and costidus, the
profit function iscontinuous, and differentiahlélso, we assume that it is
strictly concave iny;. Formally,

1. HZ : R+ — R+
2. 11;isC?*Vq; > 0
3. II;(q) is strictly concave iny;, Vg s.t.qi > 0,Q < Q.

As a consequence of assumptio®d and S2, the decision set of each firm is
compact.

It should be clear that; € [0, Q] Vi because on the one hand, it is not possible
to produce negative quantities and on the other hand, it doesiake sense for
a firm to produce abov® becausef(Q) = 0. Also, asQ — 0, p — P, i.e.
limg_o = p. Hence L, (q) is defined on a compact set.
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Figure 3.1: The space of outcomes.

Definition 3.1 (Feasibility) We say that; is a feasible output for firm if ¢; €
[0,Q).

The setF € R” defined asF = [0, Q] x [0, Q] x [0, Q]x "imes x [0, Q], is the
(compact) set of all feasible production plans in the indyst

Definition 3.2 (Space of outcomes)he space of outcomes is the set of all possi-

ble distribution of profits in the industryII(q)|q € F} d:efH(%). Obviously, itis
also a compact set.

Definition 3.3 (Pareto optimal outcomes)Ve say that an outcom&(q) is Pareto
optimal if given a feasible production planassociated to that outcome, any
alternative feasible production plap generates a distribution of profitd(q’)
that may allocate higher profits to some firms but not to allr@fm. Formally,
PO = {ll(q)|lq € F s.t. Yq¢ € F, ll(q) > II(¢')}, wherell(q) > II(¢') means
IL,(q) < ILi(q¢) Vi, and3j s.t. I1;(q) > I1;(¢').

Figure 3.1 illustrates these definitions for the two firmsecas

3.1.2 Equilibrium.

Several equivalent definitions of the Cournot equilibriuma e following:

Definition 3.4. A production plang© is a Cournot (Nash) equilibrium if there is
no firm able to unilaterally improve upon its profit level miythg its production
decision.
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Definition 3.5. A production plang© is a Cournot (Nash) equilibrium if no firm
has any profitable unilateral deviation.

Definition 3.6. Let ¢°, def (65,65, - @51, q511, - - -, q5). We say that a produc-

tion plan ¢¢ &ef (45,45, ..,¢5) is a Cournot (Nash) equilibrium ifl;(¢¢) =
maxg, 11;(¢;, ¢%;) Vi.

Definition 3.7. A production plan;* o (45,45, --.,q5) is a Cournot (Nash) equi-
s . ~ def ~ .
librium if A3 = (a5, 65, - -, 461, @i dprs - - - 05) SLTI(q°) < TI(G) Vi

Definition 3.8. A production plan;* gef (45,45, - -.,q5) is a Cournot (Nash) equi-
librium if ¢f = argmax,,11;(¢;, ¢%;) Vi, whereg®, def (65,65, - @51, Qs -5 OG-

Given that firms decide upon their production levels simétausly, any par-
ticular firm does not observe the actions of its rivals bdfarel. The interpreta-
tion of the Nash non-cooperative equilibrium can be propeniderstood as every

firm reasoning in the following way: “given that I think thatymivals will decide

q—i def (q1,92, -+ Gi—1,Gi+1, - - -, qn), My profit maximizing decision ig;”. The

equilibrium arises when the expectations of all firms arélkedl in the market.
This is a fundamental equilibrium concept thus worth iltashg with an example.

Assume firm 1 forms the expectation that its competitors a@aktide the pro-
ef

duction plang®, de (45,45, ---,q5). Conditional on this expectation, its best

decision will beg) = maxg, II;(¢1,¢%,). Next, firm 1 has to verify if every

. . . . . def
firm ¢ would choose a production leve} conditional on an expectatioff ; =

(47,45, @715 Qa5 00)-

Let us assume that there is a fiinfor which ¢f is not the profit maximizing
production level conditional ogf ;. Accordingly, firm 1 cannot expect that firm
will produceg;. Therefore, the production plany, g5, ..., ¢ 1,4, g5, -, q5)
cannot be a Cournot equilibrium.

If otherwise, for every firmi, ¢f is the profit maximizing production level
conditional on an expectatio@?, ¢5, ..., ¢ 1,¢ 1, - --,q5), then all firms have
consistent expectations. Therefore no one has any inegatigeviate producing
a different output level from what its rivals expect. Ther€aurnot equilibrium
is given by(q7, g5, - - -, 471, 4F 5 Giars - 7))

In graphic terms we can envisage the Cournot equilibriunvasydirm maxi-
mizing profits on thexpectedesidual demand associated with the expectation of
each firms on the behavior of the rival firms. Figure 3.2 illatds the argument
for two firms. When all firms’ expectations are fulfilled we aiot the Cournot
production plan.
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Figure 3.2: On the meaning of Cournot equilibrium

The description of the Cournot model can be reformulatechenjargon of
game theory. There, the notion of Nash equilibrium can bectly linked to that
of Cournot equilibrium.

In game theory terms, the Cournot model is a one-shot, simedttus move,
non-cooperative game. We consider only pure strategiest iSheach player
chooses a simple action. We can represent this game in axedosm in fig-
ure 3.3 (See Martin (2002, p.42)) where, for the duopoly casédecision node
Dy, firm 1 chooses an output level from its strategy spac®, Q]. At decision
setD,, firm 2, without knowing firm 1’s decision, also chooses amattevelg,
from its strategy space, Q]. This choice of output levels generate a distribution
of prOﬁtSHl (ql, QQ), Hg((]l, QQ)

We can also represent this game in normal form as a trifNetF, =), where

N =1,2,...,nrepresents the set of players (firm%),d:ef [0, Q] x ntimes %[0, Q],

is the strategy space, ambis a vector of payoffs (i.e. a distribution of profits).
Associated to this normal form representation, we have #y®fp matrix given
by table 3.1.

Then, we say that a vector of feasible actions (productian)plqs, - . ., ¢,)
is a Nash equilibrium if for all players and any feasible actj;,

Hi(Qiaqii) < Hi(Q:7Qii)a Vi. (3-1)

3.1.3 Cournot equilibrium and Pareto optimality.

We will now examine whether the Cournot equilibrium satisfiee Pareto opti-
mality property.
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Figure 3.3: The Cournot model in extensive form.

Proposition 3.1. Let ¢° > 0 be a Cournot equilibrium production plan. Then
I1(¢°) is not Pareto optimum.

Proof. The proof of this proposition is best developed in threestep
(a) First, we will show that the aggregate production level imiglgrium is

sold at a strictly positive price, i.eQ° def > ¢ < Q. Let us assume, a senso
contrario,Q° > Q. Sinceq® > 0 it satisfies the first order conditions of the profit
maximization problem, that i§(Q°) + ¢¢f'(Q°) = Ci(qf). But, Q¢ > Q implies
that this aggregate production level is sold at a zero prfc€°) = 0, so that
¢ f(Q°) = C;(¢f) which is a contradiction.

(b) Next, given thaty > 0 Vi, the Cournot equilibrium is interior. This means
that the set of first order condition&Q) + ¢;f'(Q) — Ci(¢;) = 0 characterize
the equilibrium. Also,g—gl = ¢.f(Q) < 0Vi,j i # j. Hence a simultaneous
reduction of the output Ijevels of any two firmg, and ¢; would improve their
profits. Thus, we can find a production plasuch thatl;(q) > I1;(¢¢) Vi.

(c) Finally, the (simultaneous) reduction of output away frdra equilibrium
will have a negative effect on profits. Nevertheless, thiz second-order effect

that normally is offset by the first-order effect describedh). O

Intuitively, the conditions characterizing a Cournot éitpuium is the system
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firms 0 coqr- -
0 H1 (0, O), HQ(O, 0) H1 (ql, O), Hg(ql, 0) Hl(@, 0), Hg(@, O)

qu I1:(0, g2), 12(0, g2) Hl(Q1,Q2);H2(Q1,C]2) H1(©>CI2);H2(QC]2)

,(0,9).1,(0.Q) | T(¢.Q). a(2. Q) | TL,(Q. Q). 1,(@. Q)

Q-

Table 3.1: Payoff matrix of the Cournot game.

of first order conditions associated to the profit maximaagproblem. That is,
F(Q)+q¢f(Q°)—Cl(gf) = 0 Vi. This equation says that price is above marginal
cost: f(Q°) > f(Q°) + ¢S f'(Q°) = Ci(¢5). Therefore, the optimality rule equat-
ing price and marginal cost is not satisfied. We should sugpatthe Cournot
equilibrium will not satisfy the property of Pareto optirtgl This feature of the
Cournot equilibrium means that firms have a way to imprové thefit levels
beyond the Cournot equilibrium level. One way of achievingse higher profits
is by means of agreements. We will examine this topic in tetahapter 4.

Alternatively, looking at the first order condition, we rigal that it contains
two elements. On the one hand, we have the difference befveerand marginal
cost f(Q) — C;(g;); on the other hand we have a terf’(Q) representing the
effect of producing an additional unit. This effect consist lowering the price
in f’ that affect all the units produced. These arguments ilbstthe negative
externality arising among firms. When firirdecides its production level takes
into account the (adverse) effect of the price on its outand (thus on its profits)
but ignores the effect on the aggregate production. Acogidij every firm tends
to produce at a level beyond what would be optimal at the itmglsvel.

3.1.4 Existence of Cournot equilibrium.
An intuitive approach.

The Cournot equilibrium describes a situation where no fies &n incentive to
reconsider its production decision conditional on the ekq@n on the rivals’
decisions. Such an equilibrium does not necessarily eXistillustrate the ar-
gument, following Okuguchi (1976) let us consider a duopghere firmA has

a lower cost than firmB. Figure 3.4 illustrates the scenari@ D’ represents
the market demand curvé) R represents the marginal revenue curve of one firm
when the rival produces zero output/’ represents firnd’s marginal costK K’
represents firmB’s marginal cost;K J is the difference between marginal costs.
This difference is independent of the production levels.
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Figure 3.4: Existence of Cournot equilibrium (i).

- Assume that firmA expects firmB will produceggz = 0. Then firm A’s
profit maximizing production level igy, = ¢4, where marginal revenue equates
firm A’s marginal cost.

- Assume now that firmd expects firmB will produceggz = ¢;. The residual
demand for firm A is BD'. This residual demand has its associated marginal
revenue with origin aB (see figure 3.5). Firml maintains its marginal costJ’.
Therefore g4 = ¢1¢5. The marginal revenue (= marginal cost) corresponding to
the outputy, g5 is given bygs F'. The aggregate production levekis

- Similarly, if firm A has different conjectures on firf8’output, the point
where marginal revenue equates marginal cost will movegatba line EG in
figure 3.4 and aggregate production increases fypmmtil ¢s. Note that the pro-
duction of firm B cannot go beyonds to maintain firm A producing strictly
positive output levels.

- In a parallel fashion we can determine firRis profit maximizing production
levels conditional on the expectation of fitds behavior. Ifg, = 0thengp = ¢s.
Also, given the restrictiogz > 0, necessarilyg, < g3. As the expectation on
firm A shifts from zero tay;, the points where marginal revenue equates marginal
cost will move along the liné/ [ in figure 3.4, and the aggregate production level
will increase fromg, until ¢s.

Combining these arguments, we see that for an equilibrivexist both firms
have to produce positive levels of output and the segmgnisandq,¢s have to
intersect at least in one point. A priori there is no guaramibat such intersection
will occur. The illustration provided in figure 3.4 such irgection does not exist
because of the large difference between the marginal costs.
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% N\ D Q
Figure 3.5: Existence of Cournot equilibrium (ii).

A formal approach.

Recall the assumptions introduced in section 3.1.1. Theawoty of the profit

2
function means%% < 0. This ensures that there is always a production level
¢; maximizing proflits forany _,_, ¢; . Let us examine now the conditions under
which the profit function is concave:

- a) marginal revenue is decreasinggin(i.e concave demand), and firnis
marginal cost is constant or increasing (convex cost). Biyn\/ R, < 0 and
C; >0.

- b) firm 4’s marginal revenue is increasing dn (i.e convex demand), and
firm 4’s marginal cost grows at the same rate as or faster than thgimabrev-
enue. FormallyM R, > 0i C; > MR,.

- ¢) firm 4’s marginal revenue is decreasinggn(i.e concave demand), and
firm 4's marginal cost grows at the same rate as or slower than thgimah
revenue. FormallyM R, < 0i |MR;| > |C;|.

Summarizing,

2
‘0 gg;@ —2 () + st (X ) - (@)

) f < 0andC; >0
0 Hz(q) 0 if " " d / " "
5z <0 f>0,C/ >0and|2f'| > ¢;f — C;
' f1<0,67 <0and2f + ¢ f"| > |C]|

Note that these assumptions are sufficient, but not negegsguarantee the
existence of a Cournot equilibrium. The interested readiifimd more general
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approaches in e.g. Friedman (1977), Mas Colell et al. (199k)guchi (1976),
or Vives (1999).

Theorem 3.1. Whenever assumptiod to S3 are fulfilled, there will be an inte-
rior Cournot equilibrium,

Proof. We will divide the proof in three parts. First, we will showathassump-
tions S1to S3 ensure well-defined reaction functions (lemma 3.1); nextywill
show that these reaction functions are continuous (lem@g 8nally we will
verify that we can apply Brower’s fix point theorem.

Lemma 3.1. Whenever assumptioi® to S3 are fulfilled, there will be a well-
defined reaction function for every firm.

Proof. LetS_; &[0, Q] x [0, Q] x [0, Q]x (™-D.imes [0, Q]. Consider an arbitrary

production plary_; € S_;. Given thatr;(g;, ¢—;) is continuous iny;, ¢; € 0, Q]
and strictly concave, and given that ()] is compact we can write the first order
condition of the profit maximization problem

o, (Qu C]—z‘)

o5 Q)+ af'(Q) - Ci(a) =0,

as a function;; = w;(q_;) called firm i's reaction function. It tells us firm:'s
profit maximizing strategy conditional to its expectatiom the behavior of the
(n — 1) rival firms. ]

Let us now define a one-to-one continuous mappirng@,), of the compact set
& on itself,

w(q) = (wl(Q—l)a wa(q-2), ..., wn(Q—n))

Lemma 3.2. w;(¢q_;) is a continuous function.

Proof. Let{g_,}>°, a sequence of strategy vectorsin;, such thatim, ..., ¢", =
q2;

SinceS_; is compact, we know that , € 3_;.

The sequencgq_,}22, allows us to obtain a sequen¢e;(q”;)}>2, where
wi(q%;) € [0, Q.

Let,

We say thatw; is continuous ifiim, ., q7 = ¢/.
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By definition,

T <wi(qii),qii> > (g, q7;), ¢ €10,Q).

Since the profit function is continuous,

lim 7, (wi(qzi), qzz) = 7Ti<lim w;(q”;), qiz)

T—00 T—00

lim 7 <QZ7 qzz) T (qza qii)a
T—00
so that we can write,

m(lim wi(qii),qo_i> > (g, q%;), ¢ €10,Q).

T—00

Given thatw;(q_;) is a single-valued function,

TILIEO wi(q”;) = wi(q’;)
or equivalently,
lim ¢] =¢°,,
so thatw;(q_;) is a continuous function. O

We present now (without proof) Brower’s fix point theorem

Theorem 3.2(Brower). Let X be a convex and compact setR¥. Letf : X —
X be a continuous application associating a pofift:) in X to each pointe in
X. Then there exists a fixed poinit= f(X).

Figure 3.6 illustrates the theorem whefe= |0, 1]. In casesd and B we have
two fixed points ab, 1. In caseC' there are three fixed points@tl, z. Finally, in
caseD there is a unique fix point at.

We can apply Brower'’s fix point theorem, given tRais compact andv(q) is
continuous. Therefore, we can guarantee that there issitdgaointg* such that
w(q*) = ¢*, whereg* is the Cournot equilibrium. O

3.1.5 Uniqueness of the Cournot equilibrium.
An intuitive approach.

The analysis of existence of equilibrium identifies comis guaranteeing the
presence of equilibrium vectorg;, ¢;,...,¢:). This potential multiplicity of

10n fix point theorems see Border (1992).
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1 ® ®@) x={0.1}

0 2 1
Figure 3.6: Brower's fixed point theorem.

equilibria may rise a problem. To illustrate, consider a otiduopoly with two
equilibria (¢, ¢5) and(y;,v3). This means that say, firm 1 knows that if firm 2
choosesy; its best reply isjf, while if firm 2 choosesy; its best reply ig;; the
problem is precisely that firm 1 does not know figs decision. It only makes
conjectures. It may well happen that firm 1 conjectures tinait 2 will choosey;
when it turns out that firm’s choice isy;. In this case we end up with a produc-
tion plan(qj, y3) that generally will not be an equilibrium vector of strategi In
other words, there may appear a coordination problem. Howeabe sure that
firms will “point at the same equilibrium production plan”?pdssible way out of
this problem is to study the conditions under which thereusigue equilibrium.
Before going into this, let us try to understand why there mayear a multiplic-
ity of equilibria. Let us look at figure 3.7 where’ D denotes the demand curve
andFF',GG', JJ', K K' are some isoprofit curves of firi.

- Assume that firmB conjectures that firmdl will produceg; units. Its residual
demand iCD’.

- Observe now poinf. This is a tangency point between the demand curve
CD’ and the isoprofit curveF'F’. This implies that at£' firm B’s profits are
maximized. The associated output level at this poigtis = Oq;.

We can perform a parallel analysis for firlh That is, given a conjecturg
on firm B, ¢i1q is the production level maximizing firmA profits. Accordingly,
E represents a Cournot equilibrium where the associatediptiaeh plan is both
firms producingDq; .

- We can repeat this argument for the poklit so thatE’ is also a Cournot
equilibrium point where the associated production planaghldirms producing
Oqs = q3qu-

- In this example the multiplicity of equilibria arises as@esequence of the
lack of concavity of the demand function.

What additional assumption do we have to introduce to gueesthe unique-
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Figure 3.7: An instance of non-uniqueness of equilibrium
ness of the Cournot equilibrium?

A formal approach.

We need to restrict further some of the assumptions intredue the analysis
of existence. In particular, we maintain assumpti®is S2and introduce the
following assumption:

S4 The profit functionr;(q) is continuous, twice continuously differentiable,
andvq, ¢ > 0, Q < Q satisfies,

Pmiq)
2
2
%q; ji
Note first thatS4implies that the se¥ is compact. Clearly§4is more restric-

tive in the sense that the class of functions that satisfissinaller. To see it, we
can rewriteS4 as

2/(@Q) +a:f (@) = Ci (g) + (n = DI (@) +a:f (@ <0 (3.2)
Consider the casg’ < 0, sothat /(Q) + ¢:.f (Q)| = — (f'(Q) + & [ (Q)).

Thus, (3.2) can be rewritten as

327Tz'(€1)
3%‘8%

~(n=3)f(Q) — (n=2)aif (Q) — Ci (@) < 0. (33)
Forn > 3 the first two terms are positive. This means that increasatges
of n require increasing values 6f, (¢;) to verify (3.3).
Summarizing, assumptiorssl, S2, S4uarantee thatb(q) is a contraction.
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Definition 3.9. Consider two vectorg ; andq’;,i = 1,2,...,n. Itis said that
w(q) is a contraction if

’ "
%

wi(q_;) —wilq_y)| < lla_; — a_]|

That is, when all the competitor firms vary their strategiea certain amount,
firm i’s best reply varies in a smaller amount.
We will now introduce a theorem without proof:

Theorem 3.3.Let f : R' — R! be a contraction. Thenf has a unique fixed
point.

We can use this theorem to obtain the result we are after:

Theorem 3.4.Assumesl, S2, S4. Thenw(q) is a contraction and* is the unique
Cournot equilibrium.

3.1.6 An alternative approach to the existence and uniquerss
of Cournot equilibrium.

Szidarovsky and Yakowitz (1977) propose a different apginda prove the exis-
tence and uniqueness of equilibrium in a Cournot model. @p@oach relates
the individual profit maximizing level of output with the aggate production in
the industry and shows that this relation is monotone dsarga

Let ¢; denote firm’s production level; = 1,2,....n, let@Q = ), ¢;denote
the industry aggregate output, jet= f(Q) be the inverse demand function, and
Ci(g,) firm 4’s cost function.

Assumption 3.1. The inverse demand function is continuous, differentjatda-
cave and cuts the horizontal axis. Formalfyy(Q) < 0, f"(Q) < 0, for Q €
[0, Q] whereQ is such thatf(Q) = 0.

Assumption 3.2. The cost function is continuous, differentiable, and canter-
mally, C;(¢:;) > 0, C} (¢:) > 0, for ¢; € [0, Q).

Assumption 3.3.Vi, f(0) > C;(0).

Assumption 3.3 is technical. It says that every firm is wglito produce at
least a small quantity if it would be a monopolist. This is gcduse whey = 0
(and thusy; = 0, marginal revenuef(0)) is above marginal cost; (0), so that it
is profitable for the firm to produce an arbitrarily small auitp

Friedman (1977) shows that when assumption 3.3 is verifiedtfteast one
firm, then@* > 0. He also shows that if)* is a Cournot equilibrium, then it is
not on the frontier of the space of outcomHs$S) (i.e. is not Pareto optimal).
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Let us now define firm’s optimal output consistent witfy as

Q) = {q where ¢ > 0 and f(Q) = C:(q) - af'(Q).

0 otherwise.

That s, firmi’s strategy is to produce a hon negative output only wherawed to
maximize profits. Otherwise, the firm does not enter the mdrkes not active
in the market).

Lemma 3.3. ¢;(Q), when positive, is continuous and monotone decreasing in

Proof. The continuity comes from the continuity of the inverse dathand cost
functions.
¢;(Q) is decreasing because

’

0q;(Q) _
Q 1—0—7";

wherer; € [—1,0] denotes firm’s reaction function. It is decreasing from the
concavity of the profit function. O

e Consider) = 0. Assumption 3.3 tells us that}, ¢;(0) > 0;

e ConsiderQ = Q). From the definition of;(Q), ¢ has to verifyC;(q) =
qf'(Q). Henceg =0 and) _, ¢;(Q) = 0;

Lemma 3.3 says that(Q) is continuous and decreasing for apygiving rise
to ¢:(Q) > 0. Accordingly,>""" | ¢;(Q) is also continuous and decreasing. Hence,
there can only exist one valdg for which"" | ¢;(Q*) = Q*. We conclude that

Q* is the only Cournot equilibrium anéql(Q*), @(Q), ..., qn(Q*)> its associ-
ated production plan.

An alternative way to construct the argument is provided iogl& (1988, pp.
224-225). Assumptions 3.1 and 3.2 guarantee that the puoiitibn is concave.

Therefore, we can obtain the reaction functiong_;). To guarantee that the
reaction functions will intersect we need to assume 3.3 &w a

Assumption 3.4.751(0) > r;(0) = ¢/".

This says that firni's output inducing firmy to remain inactive exceeds firiis
monopoly output. In other words, the intercept of fijmeaction function on the
axis measuring firni's output, is above firni’s monopoly output.
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To illustrate the argument let us consider the data in praie The system of
first order conditions is,

840 — 2q1 — q2 = 0,

We can rewrite it as,

@ (Q) =840 - Q, (3.4)
%(Q) =900 — Q. (3.5)

Adding up (3.4) i (3.5) we obtain,
0(Q) + ¢2(Q) = 1740 — 2Q. (3.6)

In equilibrium,q; (Q) + ¢2(Q) on the left hand side of (3.6) must be equafton
the right hand side. Thus, solving (3.6) for this common galie obtain,

Q = 580.

Substituting this value @ in (3.4) and (3.5) we obtain the equilibrium production
plang; = 260, ¢ = 320.

Note that in equation (3.6); + ¢» decreases a9 increases; therefore, given
this monotonic decreasing relation there can only be a \@fldgsatisfying) =
1740 — 2Q.

More general analyses in this line are Koldstad and Mathiés@87), Gaudet
and Salant (1991), Van Long and Soubeyran (2000) and W&&6]1

3.1.7 Strategic complements and substitutes.

We have seen that the set of reaction functions characsatizeCournot equilib-
rium. We want to study some properties of these reactiontimme with some
more detail. Essentially, reaction functions show thetstyia dependence among
firms. The nature of this dependence is crucial in the detetiun of the prop-
erties of oligopoly models. For ease of exposition, let ussoader a duopolistic
market.

We obtain say firm 1's reaction function from its profit maxaation problem,
given its expectation on the decision of the rivat,

Omi(a1, ) _ a_d(a) _
R R 3-7)
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The strategic nature of the relation between firms is givethbyslope of the
reaction function. The slope is obtained by differentigt{8.7):

02 d o2 .
Mﬂ Imlan®) _ o hatis
dqy dqa | foc 0q10q3
dq Pm1(q1,02)
1 9ndp
d_qz foc - Pmane)” (3.8)

Bq%

527T1(Q17 Q2)

dqi
slope of the reaction function is given by the sign of the ntate in (3.8). Let
us then look at that numerator,

Since— > 0, from the second order condition, it turns out that the

827T1(C_I17Q2)_ 9 10m(q1, ¢2) _ df a’ f
C 0¢10qs [7} - dQ +Q1dTQ2'

0q10q; B 0—q2 oq

(3.9
Therefore, when demand is concave, the crossed partiabtiga is negative and
so is the slope of the reaction function. If demand is stricthnvex, the last
term on the right hand side of (3.9) is positive and the readtiinction may be
positively sloped. Following Bulow, Geanakoplos and Klergr (1985), we say
827T1(C]1, 2y
9q10q>

< 0. We will see that prices are often strategic

that the actions of the two firms as&ategic complemenit > 0 and

827?1(611, )
0q10q>
complements while quantities are often strategic sultetu Nevertheless, the
nature of the strategic relations among competitors hag texamined case by
case. A throughout investigation of games with strategro@ementarities can

be found in Amir (1996, 2005) and Vives (1999, 2005a, 2005b).

strategic substitutei$

3.1.8 Cournot and conjectural variations.

Consider a homogenous market with inverse demand fungtienf(Q)). There
aren firms, each with a technology;(¢;), i = 1,2, ..., n. Accordingly, firm:'s
profit function is given byll;(¢) = f(Q)¢ — Ci(¢;). Assuming that demand
and cost functions satisfy the sufficient conditions for éixéstence of a unique

2Martin (2002, pp. 21-27) show some examples where thaioeldbes not hold.
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equilibrium, this is characterized by the system of firstesrcbnditions,

0

o5 (@) + Qif/(Q)a—q_ — Ci(q:) =0, Vi
where
Q) _ 822:1%’ 1y azj;éiqj
I 9q; o
The term%;“” captures the strategic interdependence among firms and is

called theconjectural variatiod. It shows how firm; forms its expectations on
the behavior of its rivals. In Cournot every firm expects titatrivals will not
change their decisions when it varies its production lenghitesimally, that is

9 Zj;éi 4;

= 0.
dq;

3.1.9 The geometry of the Cournot model.

To proceed with the graphical representation, we will assarduopolistic indus-
try. We will also assume linear demand and costs for sintgligi= a — b(q; + ¢2)
andC;(q;) = co + cq;, 1 =1,2.

Isoprofit curves.
An isoprofit curve is the locus of pointg, ¢2) associated to the same level of
profits. Consider firm. Its profit function is,

Hi<Q) = Qi(a - b(%’ + Qj)) — Co — Cig;

Fix a level of profitsll;(¢) = II, so that

IT = gi(a—b(¢ + q;)) — co — cigs, that is
1<ﬁ+CO

—i—c—a)—qi

This is the expression of a representative isoprofit curvédifm i. Given an
expectation on the output level of firgh the isoprofit equation gives all firs
production levels consistent with a profit levél

Let us study the shape of this function.

30n conjectural variations see section 3.9
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¢ the slope of the isoprofit curve is given by:

8%‘ 1 ﬁ + ¢
== — 1.
Oqi|lg b ( q; )
e Accordingly, it has a critical point at:
. I+ o\ 2
a=(—52)" (3.10)

Note that this critical point is increasing It

Jg; 1 <ﬁ+00>21 50

ol 26\ b (3.11)

¢ Also, the isoprofit curve is strictly concave in the spégeg; ):

62% _ _2(ﬁ+ Co) < 0
oq? bg?

Finally, we want to identify the extreme curves of the fanufyisoprofit curves.

e It should be clear that firm: will achieve the maximum level of profits
as a monopolyiI?*. The corresponding isoprofit curve will have only one
feasible production platy/”,0), whereq™ = % The level of profits is

A
" = la=c) _ co. Hence, the isoprofit curve associated to this level of

profitsII;* will be tangent to the; axis from below.

e The other extreme is associated with the situation of minmnpuofits for
firm 7. This appears when the production pk@ng;) maximizes firm i's

. . I1;
profits. In other words, we are looking for the valgesuch that?9 =0
q;
a—=c¢C

b

e We also want to characterize the function linking the maximppints of
all the isoprofit family of curves. Given the linearity of dand and cost
functions, it easy to see that it will also be a linear funeti€€onsider an
arbitrary isoprofit curvdl. Its maximum with respect tg; is given by
(3.10). Substituting it in the equation of the correspogdsoprofit curve
we obtain the associated valye This is,

wheng; = 0. Thisisg; =

a—c ﬁ—l—co

4 =—— —2— ). (3.12)
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Figure 3.8: Firm’s isoprofit curves.

Compute now,

8qj . —1 ﬁ+CO %1
= T( s ) . (3.13)
Comparing (3.11) and (3.13) we see,

0qi . 1 8q]

ol 200
That is, when there is a variation in the level of profits, tffec ong; is
half the effect ony; regardless of the actual value of profits. This implies a
linear relation between the set of maximum points of the faofiisoprofit
curves. This linear function has sIop%. Finally, to identify the expression

of the linear function we substitute (3.10) in (3.12) to abta

a—c 1
5% —§qj. (3.14)

q; =

Figure 3.8 summarizes this discussion.
In a parallel fashion we can obtain firni's family isoprofit curves (see fig-
. . . . . . a—=cC
ure 3.9). The linear function linking the set of maximum gsiis¢; = 5
1
5%-
Putting together the maps of isoprofit curves of both firmd,@imen the strict
concavity of all of them, allows us to identify a locus of t@mgy points between
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Figure 3.9: Firmj’s isoprofit curves.

firm 4’s isoprofit curves and the corresponding of fijras shown in figure 3.10.
Note that each tangency point gives rise to a distributioprofits such that any
alternative share of profits cannot make both firms bettesiofiiltaneously. In
other words, the locus of tangency points is precisely thetareto optimal
production plans. Thus we can identify the associatedibligions of profits. This
Pareto optimal distribution of profits, are such that the s@iprofits is maximum.
That is, a tangency point between two isoprofit curves remtssa production
plan that maximizes the joint profits of the firms. The set alsproduction plans
is thus a function whose extreme points in the spage;;) are the monopoly
outputs for every firmg;", 0), (0, ¢7*).
Formally, we want to solve the following problem,

max(IL; +1II;) = Q(a + bQ) — 2¢y — Q.

9,95

Its solution is a linear function;, = a—c_ ¢;, where the extremes correspond to
the monopoly outputs and the slope-i$ as figure 3.10 illustrates.

Reaction functions.

A reaction function for a firm is the locus of profit maximizipgoduction plans
conditional to the expectation on the behavior of the rivah§. Formally, we
obtain firm:’s reaction function from the first order conditions of it®fit maxi-
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( ar N .

Figure 3.10: The loci of Pareto optimal points.

mization program:

Ii(q) = (a — bQ)q — co — cqs,

oll;(q)

a4, =a—c—bg —2bg; =0,
_a—c 1
“= "oy Tl

Note that this expression is the same as (3.14). This mean§rn i's reac-
tion function is precisely the function linking the maximyaints of its family of
isoprofit curves.

This relation between isoprofit curves and the reactiontfanshould not be
surprising. On the one hand, we are identifying firbest reply to any given
expectation on the behavior of the rivals (reaction fungtion the other hand, the
maximum of an isoprofit curve tells us, for each profit leved groduction plan
associated. Therefore, we are looking at the same problem two different
perspectives. Either from the point of view of productioans, or from the point
of view of profit distributions.

From the definition of Cournot equilibrium, we can charaeeit from the
system of first order conditions. That is, a Cournot equilitoris a production
plan satisfying all firms reaction functions simultanegudh terms of our lin-
ear example, the unique Cournot equilibrium is the producplan (¢f, ¢5) =

a—Cc a—=c¢c

<Sb’3b

). In figure 3.10 this corresponds to the intersection of tlaetien
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functions. It is worth noting that at this point the corresgimg isoprofit curves
are not tangent. Hence, as we have already seen, the Coguibbeum does
not yield a Pareto optimal distribution of profits.

3.1.10 Cournot and the competitive equilibrium.

So far we have assumed that the number of firms in the industiygiven. If we
relax this assumption two questions arise:

Quasi-competitiveness of Cournot equilibrium Does industry output increases
asn increases?

Convergence to competitive equilibrium Does the Cournot equilibrium converge
towards the competitive equilibrium asincreases?

These questions are interesting on two grounds.

On the one hand, we would like to have an approximation of ffecteof
oligopolistic markets on welfare. Even though a full ansteehis question would
demand a general equilibrium model, a partial equilibriutoded will provide
some intuition.

On the other hand, if it would turn out that the Cournot edpuilim is not
sensibly different from a competitive equilibrium, oligap theory would be ba-
sically empty of any interesting (relevant) question.

Two illustrations.

The first illustration (see Martin (2002, pp. 18-19)) comsgla duopoly with
identical firms, that is both with the same technology of tansmarginal cost,
normalized to zero without loss of generality. (@t denote the Cournot equilib-
rium output of this duopoly. Given the symmetry of the firmscls equilibrium
output will be evenly split between both firms, i€l = Q¢/2. Accordingly, we
can write the first order condition of the maximization pexblof one firm as

d Q_d/ —
FQY+ 1@ =0, or

2f(Q%) = -Q*f'(Q)
In general, withh,, symmetric firms we obtain
nf(Q)=-Qr(Q).

In other words, the Cournot equilibrium price withidentical firms is charac-
terized by the intersection of two curveg(@)) and—Q f'(Q). The former is a
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Figure 3.11: Cournot with increasing number of firms.

linear function, upward sloping and steeperndacreases. The latter usually will
be decreasing. Figure 3.11 illustrates how the price falltha number of firms
increase. In the limit, a8 — oo, the price will converge to zero (the marginal
cost). That is, towards the long-run price of a perfectly petitive market.

To introduce the second illustration, let us recall that competitive market,
the equilibrium is characterized by equating price and imafgost. In oligopoly,
we have already seen that in equilibrium marginal revenwalegnarginal cost,
so that firms obtain positive profits given the margin of thegover the marginal
cost. To study “how far” is the Cournot equilibrium from thenspetitive equilib-
rium, we will assume that all firms behave competitively.(as if they would be
myopic enough not to realize the strategic interaction agrtbem) so that they
adjust their production levels to the point where price égjoerginal cost. Then
we will compare the resulting outcome with the Cournot onteo This equilib-
rium concept, calle@fficient pointwas first introduced by Shubik (1959).

Definition 3.10. The “efficient point” is a production plan resulting from egfing
price to marginal cost for all firms simultaneously, i.e. vag shatqg® € R™ is an
efficient point if it solves the equatigifQ) = C;(g;), Vi.

To illustrate, consider an industry wheréirms produce a homogeneous prod-
uct all using the same constant marginal cost technologlyletrmarket demand
be linear.
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Ci(¢;) =cqi, c>0,1=1,2,... n.

fQ) =a=bQ, a,b>0, Q= g

i=1

Cournot equilibrium is characterized by the solution ofgiastem of first order
conditions,

oll(q)

5 =a—-bQ+q)—c=0,i=1,2... n. (3.15)
q;

By symmetry, we know that in equilibrium all firms will prodethe same volume
of outputg = ¢5, Vi, j;i # j. Hence, we can rewrite 3.15 as,

a—c—>bn+1)¢ =0.

Accordingly,
c a—=c¢C
%= b(n+1)
o _nla—c)
@ = b(n+1)
c\ (CL—C)2
(0 =y
The efficient point equilibrium is characterized by the sioluof f(Q) = C;.
That is,
a—bQ=c, or Q=2"C° Thus ¢=2"F¢
b nb

Comparing both equilibria we should note that,
¢ <qi, Q°<Q°, P°> P°. Also,
llm QC — aT_C = QE.

Does this mean that we can assume competitive behaviorgopaliistic firms
without losing much in the understanding of the behaviorhaf inarket? The
answer is NO. Let us modify slightly the example above intidg fixed costs
so that,

Ci(q;) = k+ cqiy, k,e>0
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The production plan characterizing the Cournot equiliforis the same as before,
but the associated level of profits is now,

oy (a—c)?
Hi(@l)—m—

Naturally, firms in the market must obtain non-negative psofAccordingly, in
this scenario there is an upper bound on the number of firmg#mabe active in
the market,

k.

(a — c)? a—c
I;(¢)>0 = ———=—-k>0=>n< — —1
(@) bn+ 12 "= T =T

The important feature is that there igiaite number of firms in equilibrium.
This implies that now it does not make sense to considerithiebehavior as —
oo and, in turn, it would be incorrect to identify the competitiand oligopolistic

behavior. Also, note (a% < 0, so that the higher the fixed cost the smaller

the number of firms active in the market, and %‘% < 0, Cournot profits are
n

decreasing im.

When there are no fixed costs, the producer surplus coingiileshe profit of
the firm. We know that the rule price = marginal cost yieldzanofit to the firm
and characterizes a Pareto optimal equilibrium. Thus,atukhnot be surprising
thatn — oo approaches the oligopolistic behavior to a Pareto optiwlati®n.

With fixed costs, the rule price= marginal cost implies nagaprofits. In
other words, the presence of fixed costs limits the possitfientry in the mar-
ket. There will be a critical number* of incumbents. Further entry will imply
that the potential profits cannot cover the fixed cost.

Quasi-Competitiveness of Cournot equilibrium [Comparative statics].

A conjecture often found in models of Industrial Organiaatis that in equilib-
rium firms’ profits are decreasing in the number of competditove will examine
now the conditions to guarantee this conjecture. The qu@sipetitiveness of
the equilibrium is a milder approach to the convergence @octtimpetitive equi-
librium. We have seen above that with a finite feasible nundbdirms in the
market we cannot address the question of convergence. theless, we can still
study some comparative statics and obtain intuition on dreds far as possible
in terms of the number of firms, the oligopolistic behaviopegaches the com-
petitive market.

Let us follow Telser (1988) and consider an industry witfirms described
by the following assumptioris

4A more general analysis is found in Amir and Lambson (1996).
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Assumption 3.5. All firms use the same technology,
Cz(Qz) = Cq;, 1= 1,2,...,7’L
Assumption 3.6. All firms produce a homogeneous good. Market demard

f(@Q), Q@ =>"7_, ¢, is downward sloping and differentiable.

Thus, the profit function of a firm is given B¥(q) = (p — ¢)q.
The Cournot equilibrium is a production plag, ¢3, ..., 0, ...
terized by the solution of the systemvofirst order conditions,

agl(f) :f@_ﬁqi%:o, i=12....n (3.16)

By symmetry, we know that in equilibrium all firms will prodedhe same
volume of output,

,q°) charac-

so that,
Q =nqg". (3.17)

How doeslI; vary with n? To answer this question let us consitjer

" = (f(@Q) —e)q"

o N LOf 0Q
o = Q) —c)5-+a 90 on’
From (3.16), we know
__ 9 __of
f(Q)—c= U0 = a0
so that,
oI+ LOf o ,0f 0Q
=057 T4 357
on 0@ on 0Q On
_p9f (00 o7
“ T\ on " an )
Given thatg—g2 <0,

o (9Q 9"
o~ " o0 " o )

5Given the symmetry of the model we can neglect the subindex
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Hence, the answer to our question depends on the effecoonfboth( andq*.
Differentiating (3.16) with respect to we obtain,

af 0Q aq of 62f662

9Q on n 0Q Q2 on
Q(of | LOf\ , 0¢ of
_< L 8@2) G =0 (3.18)
Differentiating (3.17) with respect to we obtain,
gg ¢+ n% or,
22 %i q. (3.19)
Solving (3.18) and (3.19) fo£ and a‘i
(” = f)
94" = o an (3.20)
on 0f Q—f
8f
QR 8@
8—n_8f( +1)+Qﬁ (3.21)
oQ 0Q)?
(o 0f LS
0Q oy " (%*q %) 3.2
on  On 8f( 1) —i—Qﬁ. '
oQ 0Q)?

Given the assumptions 3.5 and 3.6 we cannot sign equatio?8)(33.21),
(3.22). Therefore we need some additional restrictiondherdemand function.

Assumption 3.7.Market demand is a concave function,

2
I <y
0Q? —
Using assumption 3.7 in (3.20) and (3.21) we get,
oq*
on <0,
oQ > (0. Therefore,
on
II

8@ 8q 0 < 0.

on  on on
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Alternatively, we could have introduced an assumption @rtfarginal rev-
enue function. Recall that it is given by,
of (Q)qi _ LOf

ASsSumMe now,

Assumption 3.8.
OMR  Of VO f
oQ ~og o ="
Note that assumption 3.8 is milder that assumption 3.7. itiquéar it admits
some convex demand functions.

Using the alternative assumption 3.8 in (3.20) and (3.21dktain,

LOMR
on ~omr o <"
9Q  9Q
q*ﬁf
Q __ "9
a—n—w>0, so that
0qQ 0qQ
0Q  0q oIl
n on >0:>a—n<0.

We have thus proved the following,

Lemma 3.4. Consider an industry with firms described by assumptions 3.5, 3.6
and 3.7 (or 3.8). Then, the Cournot equilibrium is quasi-petitive.

The next question is whether we can extend the lemma to amaailyilarge
number of firms. In the limit this means that~ n + 1. Substituting in (3.20),
(3.21), and (3.22) we obtain the same conclusion. To sunzeari

Proposition 3.2. (a) When the number of firms in the industrys finite, the

Cournot equilibrium is quasi-competitive if assumptions, 3.6 and 3.7
(or 3.8) hold.

(b) If n is arbitrarily large, assumptions 3.5, 3.6 and 3.8 guarantke quasi-
competitiveness of the Cournot equilibrium.

In other words, in equilibrium the aggregate output of thaustry is increas-
ing in n, and the firms’ output and profits and the market price areedeong in
n:

Q" aq* olr* af (@)
on >0, 8n<0’ 8n<0’ on

< 0.
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Convergence of Cournot equilibrium towards the competitive equilibrium.

To obtain convergence of the of Cournot equilibrium towatitls competitive
equilibrium we need to introduce the following assumptions

Assumption 3.9.
3G € (0,00) s.t.

r|=e.
Assumption 3.10.

3Q € (0,00) S F(Q) =0VQ =D ¢ > Q.
That is the demand function eventually cuts the price axid,aso cuts the
horizontal axis a@).
Assumption 3.11.

Ci(Qi
(0

!

is differentiable ¢; € [0, Q)],

=0,

Ci(q:) >0,

Cilai) = Ci(qy), Vi, js i #j; 4,5 =1,2,...,n.

These assumptions, as we know, guarantee that the equihilisi symmetric
and interior,

~— ~— — —

Q =) ¢ =ng <Q,
7

so thatg' < % Hence,
lim ¢ =0, Vi. (3.23)
Also, (3.23) implies,
lim ¢ f(Q*) =0, Vi. (3.24)

Firm ¢’s profit function is,

i(q) = ¢:.f(Q) — Cia),

and the first order condition of the profit maximization pramgris,

f(@Q) + a:f'(Q) — Cila:) = 0.

Evaluating it at the equilibrium we obtain,

FQ) +q f(Q) — Cilqr)

0. (3.25)
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Expressions (3.24) and (3.25) together imply that wher oo, then f(Q*) =
Ci(q¥). That is, price equals marginal cost, and every firm’s prtidaclevel
becomes infinitesimal in accordance with (3.23).
Let us be more precise. Define the average cost of a firm as
Ci 7
AC(q) = ;q !

taking into account that’;(0) = 0 and applying I'Hopital rule,

lim ACi(g;) = C/(0),
qi—

so that ag; — 0 (i.e.n — oo), average cost approaches marginal cost.

Finally, recall that a perfectly competitive equilibriusiéharacterized by the
equality between price and marginal cost and also betweegimahcost and the
minimum of the average cost. Then,

Proposition 3.3. Consider a homogeneous product industry satisfying assump
tions 3.9, 3.10, and 3.11. Then the Cournot equilibrium eogws towards the
long run competitive equilibrium i’; (0) = min AC;(g;), Vi.

Proposition 3.4. If C;(¢)is U-shaped, anddi s.t. C;(0) > AC;(g), then the
Cournot equilibrium does not converge towards the comigetéquilibrium.

To illustrate these results, lets take our earlier examgdera

Ci(g)=cqi, c>0,i=1,2,...,n.

CJa=03a X<t =0Q, ab>0,
o= fomt T Wz

The Cournot equilibrium is,

., a—c
G =
. _nla—c)
@ (n+1)b
«__a+nc
Con+1
2

I (q¢") = (a=c) i1=1,2,...,n
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Differentiating these equilibrium values with respectitave obtain,

oq; 0Q*

L <0 >0
on " On ’
OP* OIL:

o < 0, o < 0.
Moreover,
lim ¢ =0,
a—cC a —

| * = < - =
Jim @ 2 ( 2 Q),
lim P* = ¢,

lim ITF =

Thus, in this example the Cournot equilibrium is quasi-cetitiye. Note also,
C;(Qi) = c= ACi(q),
so that ,

u:mnpﬁ:m%QQDZ1myaﬁg):mmA@@gV¢
qi— qi— qi

n—oo

That is the Cournot equilibrium converges towards the cditipeequilibrium.
Finally, note that assumptions 3.9, 3.10, and 3.11 hold:

G=b< 0,
Q=7<
o b OO’
C;(Qi) >0

Comparing Cournot, monopoly and competitive solutions.

To complete the discussion we can compare the equilibriutpublevels under
symmetric Cournot oligopoly, monopoly, and perfect contjmet. In the space
of production plans, we can represent the reaction funstima the combinations
of output volumes that together give rise to the monop@¥§ and competitive
(Q°) output levels. Figure 3.12 shows them.

It turns out that the aggregate Cournot outgit ¢ ¢5° = Q*) is an interme-
diate value between the competitive and monopoly equilibroutputs. Formally,
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.0 dVI QC a,
Figure 3.12: Cournot, monopoly and perfect competitionldaria.

Proposition 3.5. Consider a symmetric duopoly whef¢ = C, = c. Then,
the equilibrium Cournot pricep” is greater than the competitive price, and
smaller than the monopoly prigé™.

Proof. (i) pV > c.
Given that for every firm the first order condition is verified,

Fla +a)a + fla + @) =,
it + e + fla + @) =

Adding up these equalities we obtain,

1
Sf@ + e + o)+ fla +a) = (3.26)
where(¢)¥ + ¢)¥) > 0. Sincef’(-) < 0, it follows that f (¢ + ¢') > ¢, as
required.
(i) pV < p™.

We want to show thatg + ¢)Y) > ¢™ (i.e. f(¢¥ + ¢)) < f(g™)). This
argument will be developed in two steps.

(iia) We first show, by contradiction, th&g" + ¢5') > ¢™.
Assume(q¢Y + ¢)') < ¢™. Then firmj, j = 1,2 can increase its
production level taj; = ¢™ — ¢fY, (k = 1,2, k # j), so that joint
profits would increase (and would equal monopoly profits).
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Also, the increase in production by firjrincreases the aggregate pro-
duction level. Thus, price must decrease. Accordingly, firmmust
be worse off (since it is selling the same outpylt,at a lower price)
while firm j is better off. In other words, firmmwould have a profitable
deviation which would be a contradiction with the fact that, ¢3")
are equilibrium output levels. Therefore it has to be theeddmt
(@ +a5) > q"

(iib) We will show now (g + ¢2') # ¢™.

Since (¢, ¢)Y) is an equilibrium production plan, condition (3.26)
must hold. Assumég)” + ¢Y¥) = ¢™. From (3.26) we obtain,

%f’(qm)q’” + f(¢™) = ¢,

but this violates the first order condition of the monopdigtrofit
maximization problem. Therefore, it must be the case(ifat-¢2’) #

m

q .

Putting together (iia) and (iib) yieldg¥ +¢) > ¢™, and proves the result.
]

3.1.11 Stability of the Cournot equilibrium.

The model Cournot proposed is a static model. All actionsnaky the agents in
the market are taken simultaneously. One way to understestirhing of actions
is either that the model is timeless (agents do not have mgraothat all actions
are taken in the same time period (there is neither past morefu In any case,
the model does not have a history of actions. Even thoughjsrtytpe of models
it is common to study the stability of the equilibria that magpear. Cournot
himself initiated this analysis that Walras followed in btsdy of the stability of
the (static) general equilibrium model.

Although this analysis is fairly popular, it contains a qawliction because
the stability is by definition @lynamicproperty. The way to overcome this dif-
ficulty is to introduce some dynamic assumptions “ad hoc™hia static model.
This technique has been the source of great confusion imiigsas of oligopoly
models.
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Stability in a duopoly Cournot model.

Consider a homogeneous product duopolistic industry vighfollowing market
demand and technologies:

Cl (ql) = 6000 + 16(]1,
CQ(QQ) = 9000 + 10(]2,

Now we introduce fictitious time. We assume that in everyqebti ¢t =
1,2,3,... each firm recalls the decisions taken by itself and its rivdhe previ-
ous period — 1°.

In periodt, firm j expects that its rival, firmi will maintain the same output
as in the previous period;, = ¢;;—1,¢ = 1, 2. Every firm in each period aims at
maximizing profits of that period. This means that each fiadecides the optimal
output level in period as a function of the observed behavior of the rival, i.e. its
decision int — 1. Profit functions are given by,

Hl(%u QQt—l) = 84q1; — 0-1C]i — 0.1¢g1¢q2:—1 — 6000,
o (qii-1, G2¢) = 902 — 0.13, — 0.1goq1,—1 — 9000.

The system of first order conditions yield the reaction fion:

qre = 420 — 0.5g;—1,
gor = 450 — 0-5q1t—1-

These reaction functions allow us to study how output leegtdve witht.
Assume that it = 0 the production plan correspond to the static Cournot equi-
librium (¢f, ¢5) = (260,320). Then, int = 1 there is a shock so that firms de-
cisions are(¢i1, g21) = (100, 800). Using the reaction functions we can compute
the temporal evolution of the production levels:

5The classic reference in stability analysis is Hahn (19&3ade (1977) generalizes Hahn’s
results.
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t=0: (qf,¢5) = (260, 320),

t= (q11,g21) = (100, 800),

t= (12, 422) = (20, 400),

t=3: (qi3,q23) = (220, 440),

t=4: (qua, g24) = (200, 340),

t=5: (q15,q25) = (250, 350),

t=06: (qi6,q26) = (245, 325),

t="7: (qi7,q27) = (257.5,327.5),

t=8: (qis,q28) = (256.25,321.25),

t=9: (qu9, g20) = (259.375, 321.875),
t =10 (qi10,210) = (259.0625, 320.3125),

(g1, q2e) == (260, 320).

Therefore, we see that as time goes by production plans ggavewards the
static Cournot equilibrium.
In general, withn firms in the market we have a system of first order condi-
tions,
gt = wi(q ), i=1,2,....n

whereg; ', denotes & — 1 dimensional production plans of all firms except firm
int—1.

Definition 3.11(Stable equilibrium)Letq® € R™ be a static Cournot equilibrium
production plan. Lety = (¢10, 20, - - -, gno) b€ an arbitrary production plan. We
say thatg® is a stable equilibrium production plan if the sequence afdurction
plans{¢}°y, @ = (qut, Gor, - - -, que) CONvVerges towardsg®. In other words, if
lim; o q=q°.

A sufficient conditiorto guarantee the stability of a Cournot equilibrium is
that all reaction functions);, i = 1,2, ..., n becontractions

Definition 3.12 (Contraction) Let f be a continuous function defined onb).
Consider two arbitrary points, y € [a, b]. We say thaf is a contraction if

)f(i)—f(?/)) SC)x—y‘ Ve,y € [a,b], c <1
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| |

fy|-----f-------= f(x)

fOF ~dso=— 5 f(y)

. a X y b> . a X y b

Figure 3.13: Examples wherfis a contraction.

%A
aq
459
oy
.0 >q1

Figure 3.14: Stable equilibrium.

In words, f is a contraction if given two arbitrary points in the domafrilee
function, the distance between their images is smaller tharistance between
the points. Iff is linear this simply means that the slope has to be smaliar th
one. Figure 3.13 illustrates this concept.

Figure 3.14 shows an example where both reaction functieneantractions.
Hence, the equilibrium is stable. Figure 3.15 illustrategw@ation where only one
of the reaction functions is a contraction and the equilitoris not stable.

This stability analysis presents two serious objectionkdd with the con-
struction of the system of reaction functions.

(a) From an economic perspective, it does not make any seresstime that
firms are so myopic to ignore the flow of future profits when dexg to-
day'’s production level.
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Figure 3.15: Unstable equilibrium.

(b) Inthe same spirit, it does not make sense either to asthaha firm expect
that its rivals will not vary their decisions from yesterdayparticular when
our firm is changing its decision in every period (see exaple

Note that this objections refer to the formation of expeote, i.e. to the con-
struction of the reaction functions, but not to the concé@aurnot equilibrium.

A more general analysis of the stability of the Cournot aftiilm can be
found in Okuguchi (1976), pp. 9-17.

3.2 Price competition.

3.2.1 Introduction.

Cournot’s model caught the general attention of the pradests years after, in
1883, when a french mathematician Joseph Bertrand pulbleshgtical appraisal
of Cournot’s book.

Bertrand’s main criticism is to consider that thieviousoutcome of Cournot’s
analysis is that oligopolists will end up colluding in prsc@ behavior ruled out by
Cournot. Bertrand sets up a variation a Cournot’s model e/fians take prices
as strategic variable. To justify this change of strategigable, Bertrand argues
that in a scenario with perfect and complete informatiormbgeneous product,
without transport costs, and constant marginal costsyes@rsumer will decide
to buy at the outlet with the lowest price.

Actually, Bertrand’s point goes beyond. If we assume thatdichoose quan-
tities, it not specified in Cournot’s model what mechanisrtedaines prices. In
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a perfectly competitive market, it is irrelevant what vates is decided upon be-
cause Smith’s “invisible hand” makes the markets clear.ligppoly, there is no
such device. Therefore, a different mechanism is neededttrrdine the price
that, given the production of the firms allow the markets &acl Accordingly, it
may be more reasonable to assume that firm decide prices athaigpion is either
sold in the market or stocked.

Thus, Bertrand’s model solves one institutional difficulbyt rises another
difficulty. In the real world it is difficult to find homogeneswproduct markets.
More often than not, we observe apparently stable marketsenttifferent firms
sell their products at different prices and all of them abfaositive market shares.
In these markets slight variations of prices generate jigiitsmodifications of
market shares rather than the bankruptcy of the firm quoliedpighest price.

Oligopoly models of homogeneous product seem to contaileendia. Either
we consider Cournot’s model that behaves in a reasonabléwayses the wrong
strategic variable, or we consider Bertrand’s model wheee“good” strategic
variable is chosen but, as we will see below, behaves in andegied way. This
is the so-called Bertrand paradox. After studying Bertimnabdel we will also
examine some proposals to scape from this paradox.

3.2.2 Bertrand’s model.

Let us consider a firm industry where firms produce a homogeneous product
using the same constant marginal cost technolégly;;) = c¢; Vi. Consumers
behavior is described by a (direct) demand functi@ns- f(P) satisfying all the
necessary properties.

To determine markets shares, Bertrand assumes the fofjowin

Assumption 3.12(Sharing rule) e the firm deciding the lowest price, gets all
the demand®; < P_; = D;(P,, P_;) =0, j #14)";

o if all firms decide the same price, they share demand evéhby (P;, V5 #
i = D;(P;, P_;) = D;(P,, P_;), j # i); This is a particular sharing rule
based on the symmetry of the model. A possible alternataenshrule
could be to decide randomly which firm gets all the market f$eerning
(2005) and Vives (1998, ch. 5)).

e consumers have reservation prices sufficiently high satiegtare all served
regardless of the prices decided by firms. To ease compuagatice normal-
ize the size of the market to the unit, thapiy_, D;(P;, P—;) = 1.

"We are abusing notation her@; denotes firmi’s price, while P_; is an — 1 dimensional
vector of prices of all firms but firm.
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Figure 3.16: Firm’s contingent demand.

This assumption allows to define firiis contingent demand as

if P, > P, V5 #1,

if P, =P, Vj#1i,

if P, < Pj, Vj #1.

This represents firnis market share contingent on its conjecture about the behav
ior of its competitors P_;). Figure 3.16 illustrates firniis contingent demand for

a duopolistic market, wherg_; reduces taP; the expectation on the behavior of
the rival firm.

The system of contingent demand functions allows to defiaediresponding
system of contingent profit functions, as

Di(P;, P-;) =

= 3= O

0 if P, > P, Vj #1,
(P, Py) = § (P —c)x if =P, Vj #1,
(P—c) siP <P, Vj#i.
Figure 3.17 illustrates firnis contingent profits for a duopolistic market.,
Now, we can define the equilibrium concept.

Definition 3.13. A n-dimensional vector of priced;, P_;) is a Bertrand (Nash)
equilibrium if and only if

Vi, VP 1L (P, PZ) > 1L( B, PZy)

Proposition 3.6. Let us consider a firm industry where firms produce a homoge-
neous product using the same constant marginal cost teagnal;(¢;) = cq; Vi.
Let us normalize the size of the market to the unit and assm&umers have
sufficiently high reservation prices. Then, there is a usigertrand equilibrium
given byP; = ¢ Vi.
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1(7) 4
2\ A : _
G a

Figure 3.17: Firm’s contingent profits.

Proof. We will develop the argument of the proof for the case of duyppdt
trivially generalizes to» competitors.
Consider an alternative price vectar,, P;).

e if B, < P; = D,;(P,, P;) = 0 and also[I,(P,, P;) = 0. Firm j can nev-
ertheless improve upon its profits by choosing a pfige< P;. Therefore,
(P, P;) such thatP; < P; cannot be an equilibrium price vector;

e if P, > P, — D,(P,, P;) = 0 and alsdll;(P;, P;) = 0. Firmi can nev-
ertheless i improve upon its profits by choosing a pfcec P Therefore,
(P, P; ;) such thatP, > P cannot be an equilibrium price vector;

o from the previous arguments it follows that if there is anillgum, it has
to satisfy P, = P;. Thus, let us consider a price vecid?;, P;) such that

P, =P;>c.
Now, Di(P,, P;) = D;(F;, P;) = § andILi(F, P;) = T;(P,, P;) = §(P; —
c). Given thatP;, = P > ¢, firmi has a profitable unilateral dewatm?h €

because its profit increaseslig( P, — ¢, P; ) = P—ec—c> (P c), for
e sufficiently small. A parallel argument is also true for flgmHence the
two firms start a price war decreasing their respective pmetha(PZ, P )

such tha’rPZ = P] > ¢ cannot be an equilibrium either;

e finally assumeP, = ﬁj = ¢. Now, Di(é,ﬁj) = Dj(é-,ﬁj) = 1 and
Hi(é,ﬁj) = Hj(f%,ﬁj) = 0. In this situation no firm has a profitable
unilateral deviation. An increase in the price yields zerofify a decrease
in the price yields negative profits.

Therefore, we conclude that a price veo(tg’{, ]5j) such thatf’i = ]53 = cis the
only Bertrand equilibrium of this game. O
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We can also illustrate this argument in terms of the readtiantions. LetP™
denote the monopoly price and study fiiis the best reply to any conjecture of
the price of firmj.

o If P, > P, firm i's best reply is to choose the monopoly price to obtain
monopoly profits.

o If P; < ¢, firmi’s bestreply is to choose a price equal to the marginal cost to
obtain zero profits. Actually, any pricB > P; yields zero profit to firm,
so that the reaction function becomes a correspondence.

e If c < P; < P™ we have to distinguish three cases.

(a) If P, > P;, thenIl; = 0;
(c) If P, < P;, thenll; = (P, — ¢). In this case the profit function is

increasing inP;, so that firmi’s best reply is the highest possible price,
thatisP, = P; — ¢, for ¢ arbitrarily small.

Summarizing, firm’s reaction function is,

P™ iij>Pm
P*(ﬂ): Pj—é ifC<Pj§Pm
c if P; <c

By symmetry, firm;j has a similar reaction function exchanging the subindices
adequately. Figure 3.18 illustrates them. It is easy tdfydhiat that these reac-
tion functions intersect only af; = P; = ¢, thus characterizing the Bertrand
equilibrium of the model.

It is important to note that in this model two firms are enouglolbtain the
competitive equilibrium. Recall that when firms compete urantities, the con-
vergence of the Cournot equilibrium towards the competigiguilibrium, when it
occurs, requires an arbitrarily large number of firms. Tfoeee the nature of the
equilibrium according to the strategic variable chosen bydiis very different.
In the following sections we will review some of the efforteveéloped to avoid
the price war inherent to Bertrand’s model.

3.3 Cournotvs. Bertrand.

We have studied two homogeneous product models of oligagadytheir conclu-
sions are very different. We want to get some better undaiistg of this different
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Figure 3.18: Bertrand equilibrium.

behavior. We will see that the basic reason is the differeggitiual demand” a
firm faces under price or quantity competition. We will degethe argument in
terms of a duopoly for simplicity. It generalizes trivialily » firms.

Thus, consider a homogeneous product duopoly with densda® as in fig-
ure 3.19.

Assume firms compete in quantities and that firm 1 conjecttivasfirm 2
will choose a production volumg. Conditional on this expectation, firm 1 faces
a residual demand given byC'C'.

Assume now firms competing in prices, and firm 1 conjecturasfihm 2 will
choose a pricé®* = P(q; + ¢2) (Where, for comparison purpos€g; + ¢») is
the same aggregate output as in the previous quantity caropgtNow firm 1's
contingent residual demand is given By?*BB.

Accordingly, in general we should expect firm 1 facing a mdastec contin-
gent residual demand under price competition than undemtijpyaompetition.
Therefore, we should also expect lower equilibrium pri¢egher aggregate pro-
duction levels and thus better performance under Bertraad tinder Cournot
behavior.

When firms compete in production levels, every firm knows itisatompetitor
has committed to a certain output. When firms compete in gribey know that
undercutting on the rival’s price yields the whole markehu$, firms are more
aggressive, driving prices down.

We have argued before about the “properness” of the pricé&rategic vari-
able, but the paradoxical behavior that it conveys in markéthomogeneous
product. Several attempts have been proposed to obtainrenatiobehavior of
the market maintaining the assumption of homogeneous ptodihese can be
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Figure 3.19: Cournot vs. Bertrand.

grouped generically in six categories:

Capacity constraints We find models where restrictions are imposed on the tech-
nology of the firms to control for the price wars generatedh®y ¢onstant
marginal costs technology. This family of models assumeedeing re-
turns to scale technologies, that is some form of capacitgtraints. This
implies that a firm may not find profitable to serve all its dechafwo phe-
nomena arise. On the one hand price wars do not appear. Othérehand
rationing comes into play. We will focus on two models as eglas of (i)
exogenous capacity constraints (Edgeworth) and (ii) eedogs capacity
constraints (Kreps and Scheinkman).

Contestability The departure point is the attempt to generalize the thefgrgrme
fectly competitive markets by endogenizing the structdrthe market. If
a perfectly competitive outcome can be supported as anileqguih, then
oligopolistic behavior could be though of as determinedh®ypressure of
potential competition. The distinctive feature of a cotabke market is that
the capacity of a potential entrant to rip off all positivefiis. This main-
tains the incumbent firm at the competitive equilibrium.

Price rigidities A different approach focusses on the perfect flexibility n€es.
Sweezy observes that in real markets prices are flexible wtemasing but
much less flexible when decreasing. In accordance with thgsmvation he
proposes a model with price rigidities.



Lecture Notes on Industrial Organization - Xavier Martinez-Giralt -- http://pareto.uab.es/xmg/Docencia/lO-en/IO-HomProd.pdf

74 3.4 Variations 1. Capacity constraints.

Commitment The idea of commitment is introduced in the form of a two-stag
decision process where one firm takes its decision priore@wther firms
in the market. This commitment then is illustrated as theketdeadership
position of one firm over its competitors.

Conjectual variations A Nash equilibrium (be it in prices or quantities) is char-
acterized by the set of reaction functions. In general, hberdependence
among firms’ decisions is captured by the effect of one firngsision on
the aggregate output and thus, on its rivals’ behavior. €fexcts is the
so-called conjectural variation. Different assumptiondlee way each firm
makes conjectures of its rivals’ behavior lead to differeqailibrium con-
figurations.

Dynamic models

3.4 Variations 1. Capacity constraints.

In this section we analyze models that focus of the techryodsga way to avoid
the price wars arising under price competition when firmsil@kiconstant re-
turns to scale (constant marginal costs). Genericall\seheodels will assume
decreasing returns to scale in the form of strictly convesteteading to capacity
constraints.

Edgeworth (1897) proposed an extreme form of exogenousitgganstraint
by assuming that firms had technologies described by a aumatrginal cost up
to a certain production level and infinite beyond. We will skeugh that this
model does not yield any equilibrium. Again for simplicitye will illustrate
the model for the case of duopoly. As in the previous occasitmre argument
generalizes trivially to an arbitrary number of firms.

The second model is due to Kreps and Scheinkman (1983). Tioppge a
model with endogenous capacity constraints. In partictieay propose a two-
stage game where firms (simultaneously) commit to outpwgl¢eand compete
in prices in the second stage. The surprising result is tiastibgame perfect
equilibrium of the game yields the Cournot production lsvel

3.4.1 Rationing rules.

Before going into the analysis of these models, we have &rezentioned that
one consequence of introducing constraints in the capatpyoduction of firms

is that, at a given price a firm faces excess demand so thatlmoihgaumers can
be attended. In other words, there will be rationing in theke@ Thus, an issue
to be tackled is what consumers are going to be served by the fir
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|

Figure 3.20: The efficient rationing rule.

There are two popular rationing rules: The efficient and topertional ra-
tioning rules. As usual, to illustrate let us consider a cdlpwhere P, < P, and
ql = S(Pl) < D(Pl)

Efficient rationing rule This rule corresponds to a “first come, first served” rule.
That s, the firm attends the most eager consumers and firnv@sstiie rest.
Formally,

Di(P) =17,
Du(Fy) = {D(Pg) ~Gq,if D(P) > 7,

0 otherwise

That is, firm2’s residual demand is the result of shifting the market deiman
inwards by the amour,. Figure 3.20 illustrates the argument.

This rule is called efficient because it maximizes consurmgglgs.
Proportional rationing rule Under this rule, any consumer has the same proba-
bility of being rationed. It is a randomized rationing rulEhe probability

of notbeing able to buy from firm 1 is
D(P) —q;
D(Py)

Therefore, the residual demand for firm 2 rotates inwardsradahe inter-
section point of the market demand with the price axis. Thahie slope of
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Figure 3.21: The proportional rationing rule.

the residual demand is modified by the probability of buyitfiren 2.

_ D(P) — g,
Dy(Py) = D(%)(w)
This rule is not efficient. Consumers with valuations belgwmay buy the
commodity because they find it at a bargain piiteFigure 3.21 illustrates
the argument.

Finally, we can compare these two rationing rules in termf#riof 2’s market
share. As it is easy to verify, and figure 3.22 illustratesgrat price the propor-
tional rationing rule yields higher residual demand to firmAZcordingly more
consumers are served under the proportional rationingattf®ugh consumer
surplus is not maximized.

3.4.2 [Exogenous capacity constraints: Edgeworth’s cycle.

Consider a market with demand = 1 — ¢q. Firms produce a homogeneous
product with a constant (zero) marginal cost technologyoug production level
K;, Vi. That is, firm:'s feasible production set is given Hy;|¢; < K;}. To ease
the exposition without much loss of generality, let us assum = K, Vi and
that the maximum aggregate productioR < 1, i.e. maximum aggregate supply
can never satisfy all market demand. In other words, theagpeonstraint is
effective. Given the symmetry of the model, this means tlsagle firm’s market

share is belowt /n, i.e. K < L.
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Figure 3.22: Efficient vs. proportional rationing rule.

If all firms collude, together will produce the monopoly outp™ = % that
will sell at the monopoly price®™ = % to obtain an aggregate monopoly profit
Inm = i The symmetry of the model supports an even distributiorhoté
production and profit levels, i.eg; = 5~ andIl; = i-- = L. Thus, assume,
as a starting pointk’ > % The relevant question at this moment is whether
this collusive agreement is stable. The answer is negdtieée that a firmi can
undercut the monopoly pricé; = % — g, will satisfy a demand<” and will obtain
profitsIIX = (3 — e)K > 1. for ¢ sufficiently small. Figure 3.23 illustrates the
situation for the duopoly case.

In turn, another firmj may undercut firm’s price to obtain profitsHJK =
(P, —¢)K. And so on and so forth. How far will this undercutting arfivdo
answer we have to study the model with some more detail. T®thasargument,
let us assume heretofore that there are only two firms in tthesitny.

Feasible values for/X'. Note that when firmi undercuts the price of its rival, and
thus produced, leaves a residual demaidR = 1 — K. On this residual
demand, the rival firnj obtains monopoly profits (see figure 3.24)

e = (%) (3.27)

This level of profits imposes a restriction on the valuéofin particular the
output level'== must be feasible, that i < K or K > 1. Hence, we
have a range of feasible values for the capacity constrmin¢ imeaningful:

K € (3,3)-
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Figure 3.23: Price wars with capacity constraints.
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Figure 3.24: Profits over residual demand.
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Figure 3.25: Minimum market price.

Minimum market price. If both firms produce their maximum capacitigs=
K, the aggregate productidl¥ is sold in the market at the priceé =
1 — 2K. Given that aggregate production cannot go bey®Ad market
price cannot fall belowt — 2K. Figure 3.25 illustrates.

All the information collected so far is summarized in figur2@®

A critical price. Finally, define a pricd3 such that a firm sellind< units at this
price obtains the same profits as the monopoly profits on thidual de-
mand (3.27), i.e.

~ 1—-K\?
PK = (T) (3.28)
This price must be over the minimum market price and undemweopoly
price on the residual demand,
~ 1-K
Pe (1 9K, T)

Now, we can go back to the price war between the firms.

Although Edgeworth model is static, to illustrate the deigorocess of the
firms we will develop the argument in steps. In every step amlg firm may
undercut its rival, who, in turn, will apply its price on thesidual demand.

T = 0 Take as the initial situation the perfect collusion whemnéirevenly share
monopoly production and profit$I{" = %).
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Figure 3.26: Prices and residual demand.

7 =1 We have already argued that there are incentives for uraladeviations.
Thus, firm: undercuts firm’s price to obtain,

1
I} = (P" - e)K > S for ¢ small enough

In this stage firmyj maintains its pricé”™ on the residual demand to obtain,
II; = P"RD

7 =2 Now is firm j’s turn to act. Firmj has two alternatives:

(a) undercut firm’s price. In this case quotes a pri¢¢ = P — ¢ to
obtainIl; = (P — ¢)K.

(b) obtain monopoly profits on the residual demand, giver3u37).
Assume that undercutting is still more profitable.

7 =3 Now is again firmi’s turn to decide. As in the previous stage, fifrhas
two options:

(@) undercut firmj’s price. In this case, it chooses a prigg = Pj2 —€
and obtaindl} = (P} — ¢)K.
(b) obtain monopoly profits on the residual demand, giver3b37).
This process of undercutting goes on alternatively for deich so that the

price diminishes at every stage until it arrives at a stagen where, say,
firm ¢ when undercutting reaches the critical priégi.e.
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7 =n Firm ¢ undercuts and quotes a pri¢¢' = Pj"‘1 — ¢ = P, so that the
distribution of profits in this stage is

" = PK
n __ n—1
Hj = Pj RD

7 =n+ 1 Now, once more, firny faces two alternatives,

(a) undercut firm’s price. In this case, it selects a prils’é“rl =P—=¢
and obtaindl’*' = (P —o)K.
(b) obtain monopoly profits on the residual demand, given3og7).

At this stage though, by definition a1, it turns out that

. 1— K\?
n+1l __

Therefore firmj is no longer interested in undercutting firi's price but

prefers to obtain the monopoly profits on the residual dendmodsing a

priceP; = 125 > p.
T = n + 2 Firmi undercuts firmy’s price , P/ = %—e and the cycle restarts.
To conclude, Edgeworth construction yields a process aeprndercutting from
% till P. Then the price jumps up from to % and the undercutting resumes

until P. Then, the price jumps up tbgﬁ, and so on (see figure 3.27), so that for
any pair of priceg P;, P;) there is always at least one firm willing to unilaterally
deviaté. In other words, there is no price vector constituting a nooperative
equilibrium.

3.4.3 Endogenous capacity constraints. Kreps and Scheinkan
model.

Kreps and Scheinkman (1983) present a two-stage game wirase iin the first
stage, simultaneously decide upon production capacityiraride second stage
compete in prices. With this model they capture the fact finais take long run
decisions (capacity) and short run decisions (prices).y Bhew that the capac-
ity levels chosen in the first stage and the price chosen irs¢leend stage are
precisely the production and the price that would result traditional Cournot
model. As usual we solve the model backwards.

8See a more general approach in Chowdhury (2005), where dlibeigm where all firms
charging a price equal to marginal cost holds.
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3.4 Variations 1. Capacity constraints.
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Figure 3.27: Edgeworth cycle.

The model considers two firms with capacity levgls: = 1, 2 that produce

a homogeneous product with a technology described by aun@kro) marginal
costs up taj,. The efficient rationing rule is in action. Finally, marketrdand is
a concave function.

The price game.

We will only characterize the pure strategy equilibrfum

Lemma 3.5. In a pure-strategy equilibrium?, = P, = P(g, +¢,). Thatis, firms
sell up to capacity.

Proof. e AssumeP, = P, = P > P(g, + ). Then the price is too high in

the sense that there is at least one firm that cannot sellptciy, ¢; < ;.
Therefore, choosing — ¢ firm i gets all the market and can sg|l Fore
small enough, firm would find the undercutting profitabley —€)g; > pg;.

Assume thenp, = P, = P < P(q, + q,). Now both firms ration cus-
tomers. By slightly raising its price, a firm would still belakio sell its
capacity and make more profit, that {8,+ €)g; > pg;.

Hence, if in equilibriumP; = P, it has to be the case that, = P, =
P(q, + ).

e We still have to show that in equilibrium?;, = P;. Assume,P; < Ps.

Then firm 1 wants to raise its price if it is capacity consteainOtherwise,
Py is firm 1's monopoly price at = 0, and supplies the entire demand;
accordingly, firm 2 makes zero profits and has an incentiventtercut to
obtain positive profits.

0]

9Kreps and Scheinkman (1983) also characterize the mixatkglr equilibrium. Tirole (1988,

pp. 230-231) provides a sketch of the proof. Boccard and hiya{Z000) extend the model to the
oligopoly case.
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Lemma 3.6. Let R;(7;) denote firm:’s best reply to output; in the one-shot
simultaneous Cournot game without capacity constraintfienl firm: never
charges a priceP’; below P(R;(g;) + q;) inducing to produce beyond the opti-
mal reaction tag;

Proof. e Let P; > P,. Then firm; wants to raise its price if it is capacity con-
strained. Otherwisd}, is firm 1's monopoly price at = 0, and supplies the
entire demand; accordingly, firsnmakes zero profits and has an incentive
to undercut to obtain positive profits.

e Let P, = P, < P(Ri(q;) + q;). First of all, note that in this case, at most
one firm has to be capacity constrained. If non would be, they would
have incentives to undercut. Then, if firims capacity constrained, it can
raise its price and improve on profit®, + ¢)g;, > p;q;. If firm ¢ is not
capacity constrained, necessarily fisfrmust be. Firmi’s residual demand
is given byD(F;) — g, and its profitdl; = F;(D(F;) — ;). Since firmi is
not capacity constrained we can rewrite its profitlas= P(g; +¢;,)q;. This
is the Cournot profit conditional ajy. Thereforeg; = R;(g;) by definition
of Ri(q;), andP; = P(R;(g;) + q;).

e LetP; < P;. Then, iffirmiis capacity constrained, thatig, < D(F;) —g;,
it can raise its price, still sell all its capacity and thugpnove upon profits,
(P;+¢)g; > piq;. If firm 7 is not capacity constrained, thatis,> D(FP;) —
g;, then its profits ardl; = P,(D(P;) — q;) = P(g; + ;). This is the
Cournot profit conditional oi;. Therefore,q; = R;(g;) by definition of
R;(q;), andF; = P(R;(q;) +4;)-

]

Finally, we will use lemmas 3.5 and 3.6 to prove the following
Lemma 3.7. A pure strategy price equilibrium exists onlyjjf< R;(g;), Vi.

Proof. e Assume a price equilibrium exists and> R;(7;).

From lemma 3.5, we know thdt, = P(g; + q;). Thenifg, < Ri(q;), Vi,
it follows that P; < P(R;(g;) + q;) contradicting lemma 3.6. Hence, if
q; > Ri(g;) there is no pure strategy price equilibrium.

o If g, < Ri(q;), thenP, = P, = P(q, + qy) is an equilibrium. This is so
because lowering the price does not allow to sell more; aisthgathe price
means that the quantity sold is below the optimal reaction.

In particular, ifg}, i = 1, 2 are the Cournot production levels (at a marginal
costc), then the equilibrium price i® (¢ + ¢3).
O
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R, (**)|
q* [
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-0,

g** gt K, @*r

Figure 3.28: Reaction functions

Summarizing, we have shown that a price equilibrium (in pstrategies)
exists if and only if capacities are not too high. In equiliibn, P, = P, =
P(q, +q,). Thatis, the price at which demand equals aggregate cgpacit

The capacity game.

Let ¢, > 0 denote the unit cost of installing capacity. We will showttha =
Gy = q**, Whereq™ = arg max q[p(q + ¢**) — co] is an equilibriun®.

In the second stage price game, the capacity cost is sunkasdrtelevant.
Each firm would like to put more output in the market than it Vdoifi capacity
were yet to be paid for. This implies that from the first to tkeand stage of the
game, reaction curves move upwards, il{q**) > ¢**, whereR(¢**) denotes
the second stage reaction function, ajitlis (as defined above) the best first
stage reaction tg**. Figure 3.28 illustrates the argument.

Suppose that firm chooseg**. If firm j playsq < R(q**) obtains profits

a[Pla+q™) - o < 7 [PR4™) — o]

10Recall that we are assuming= 0.
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Figure 3.29: Residual demand

Hence, the Cournot equilibrium with costis the equilibrium of the first stage of
the game.
From the analysis of the price game, the equilibrium pricg(i8;*).

An example

To illustrate the contents of the model, let us consider tiwing example.
Market demand is given by = 10 — @, and the unit cost, = 1.

Second stage subgameAssume that for some reason, firms decide the Cournot
capacities){ = ¢5 = 3, so thatQ)® = 6.

We want to show that firms choose prices that clear the magizety) Cournot
capacities, that i®< = 4.

Consider a deviation by firm 1, give®, = 4.

o If P, < P, =4, giventhat firm 1 is already selling its capacity, profits
cannot increase.

o If P, > P, = 4, firm 2 sells its capacity, = 3 and firm 1 becomes
a monopolist on the residual demand. It is given§ = 7 — ¢;.
Its associated marginal revenuelisR;(¢;) = 7 — 2¢;. Given that
MR;(q1) > O0forall ¢; < g it follows that the residual demand in
that range of values is elastic. Accordingly, an increasthéprice
will lower the revenues of the firm.

Figure 3.29 illustrates the argument.

Therefore,P, = P, = 4 is the only price equilibrium of the second stage
game forQ° = 6.
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First stage subgame.Firms when deciding capacities, anticipate that in thegpric
game firms will choose the prices that will clear the marketcdxdingly,
the problem of the choice of capacities is equivalent to tbelem of select-
ing production levels in a traditional Cournot model. Henge= ¢5 = 3.

To complete the analysis two comments are in order. Firsteakelt of the
model is not general. Second, we have only considered olépels such that
¢1 + g2 < 6. The full proof requires also the examination of the case ¢, > 6.
But this involves the use of mixed strategies.

More general results are provided by Vives (1993) and Batead Wauthy
(2000). In the same spirit, Maskin (1986) and Friedman (1 988y the xcase
of durable goods and Judd (1990) the case of perishable gdads more ap-
proaches are worth mentioning. Dasgupta and Maskin (1986Maskin (1986)
show that this type of games yield no equilibrium in puretstyges when firms’
decisions on prices and quantities are simultaneous. Cayd2005) compares
the simultaneous and sequential decisions. Finally, Grass(1981) and Hart
(1982) propose the so-called “supply function” equililniwhere firms’ strate-
gies consist in complete profiles of price-quantity pairs.

3.5 Variations 2. Contestable markets.

The outcome of Bertrand model where two firms are enough taimlthe com-
petitive solution, make wonder about the possibility to eratize the theory of
perfectly competitive markets by endogenizing the deteatnon of the structure
of the market. Should this attempt be successful, one cautdlade that the
conjectural variations of potential entrants in a marketildanot be the crucial
element. Rather oligopolistic behavior would be determibg the preassure of
potential competition.

The idea of contestable markets appears as the result offtines ef Bailey,
Baumol, Panzar i Willig* during the eighties to extend the theory of perfectly
competitive markets to situations where scale economesstevant.

We say that a market is contestable when entry is free andsegistless,
potential entrants have access to the same technology @slents, and these
potential entrants evaluate the profitability of entry tekas reference the prices
of the incumbentdbeforeentry takes place. In other words, potential entrants
think that they can undercut incumbents and “steal” all teendnd before the
incumbents will react. Thus, a contestable market appehenw is vulnerable
to a process of “hit-and-run” entry.

1Bailey (1981,1982), Bailey i Baumol (1984) Bailey i Panzs9§1), Baumol (1982), Baumol
i Willig (1986), Baumol, Panzar i Willig (1982,1986).
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The distinction between a contestable and a perfectly cttiveanarket relies
in that the perfectly competitive market assumes firms witloapacity to affect
the market price, while in a contestable market, both incemid and potential
entrants are aware that, demand determines the amountneerssare willing to
buy at the market price. But they are also aware that by ggetiprice under the
market price more production can be sold. Accordingly, iratestable market
there is no need for a large number of firms, even though thertyomty for a po-
tential hit-and-run entrant ensures zero equilibrium psofihus, in a contestable
market the equilibrium production is always efficient refjess of the number of
firms, since price always equals marginal cost (see BaildyFaiedlander (1982),
pp. 1039-1042.).

Following Martin (2002 supplement) and Shy (1995) we lig thain defi-
nitions and results of the theory for the case of a homogenewlustry withn
single-product firms.

Definition 3.14 (Industry configuration) An industry configuration is a vector
(n,y',92,...,4™ p) wheren is the number of firmsy* denotes firm’s output,
andp is the price that clears the market, that@gp) = > | y".

Definition 3.15(Feasible configuration)A configuration is feasible if production
is sufficient to meet demand, and no firm is losing money.

Definition 3.16 (Sustainable configurationA configuration is sustainable if it
is feasible and no potential entrant can cut price and malaipsupplying a
quantity less than or equal to the quantity demanded at tivetqrice.

Definition 3.17 (Perfectly contestable marketh market is perfectly contestable
if sustainability is a necessary equilibrium condition.

Definition 3.18 (Long-run competitive equilibrium)A configuration is a long-
run competitive equilibrium if it is feasible and there is ootput level at which
any firm could earn an economic profit at the prevailing price.

From these definitions, the following results can be proved.
Lemma 3.8. A long-run competitive equilibrium is sustainable.
Proof. From definition 3.18, we know that in a long-run competitiggigibrium
the associated configuration is feasible, and no altematinput level allows to

earn positive profits to any firm. According to definition 3th& configuration is
sustainable. O

Lemma 3.9. A sustainable configuration need not be a long-run competégui-
librium.
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o
Figure 3.30: Sustainability vs. long-run competitive digpaium.

Proof. An example will suffice. Let demand he= 7 — @, and the cost function
bec(q) = 4 + 2¢q. Then, any industry configuratiofm, y*,p) = (1,4,3) is a
sustainable equilibrium. If one firm sells 4 units, averagstes 3, and so is the
price clearing the market. Thus, output equals demand, acel @quals average
cost and the configuration is feasible. Nevertheless, aicg & a firm could
produce more than 4 units of output and would earn a positiviit gince average
cost falls below 3 as production increases beyond 4 unitpur€i3.30 illustrates
the argument. O

Lemma 3.10. If a configuration is sustainable, all firms earn zero profitidathe
market clearing price is not below marginal cost.

Proof. If an incumbent firm were getting positive profits, and entuld mimic
the incumbent’s output, undercut its price and still obtadasitive profits. This
would contradict definition 3.16 though. On the other hahgyice were below
marginal cost and a firm would obtain zero profit, it could regloutput slightly
and get positive profits. This would contradict the first drthe statement. [

Lemma 3.11. If at least two firms are active in a sustainable configuratioirice
equals marginal cost for all firms.

Proof. From lemma 3.10 we already know that price is higher than oaktp
marginal cost. If price would be higher than marginal cddipliows that an en-
trant could supply a volume of output slightly higher thamsoof the incumbent
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firms at the market price (or slightly lower) and obtain morefp than the incum-
bent. From lemma 3.10 we know that incumbents obtain zeritgrdherefore,
the entrant would get strictly positive profits. This codicas definition 3.16. [

Lemma 3.12. In a sustainable configuration with at least two firms, evemy fi
operates where returns to scale are constant.

Proof. From lemma 3.10 we know that each firm earns zero profits. Altcgly,
price equals average cost. Marginal cost equals averagje/ben returns to scale
are constant. As a corollary, since firms are producing whetiens to scale
are constant, cost is minimized regardless the distribudfdhe aggregate output
among firms. 0

Note that the theory of contestable markets does not allowsfiiollowing
Nash strategies. Baumol (1982) defends the usefulnes® dhéwory in markets
where the output of the entrant is small compared to the gatgeproduction
of the industry. In this case, one can justify the ignorantcéhe price adjust-
ments that incumbents should expect after entry occurs.tiMg002 supple-
ment) presents extensively and critically other implisisamptions of the defini-
tion of a contestable market such as the absence of sunk obsiiferentiated
products, or of transaction costs in financial markets.

According to Spence (1983) the most interesting contrdvutf this theory
lies in the extension to multiproduct firms because provalesnalytical tech-
nique to study their cost functions. Viewed in perspectwe,can conclude that
the theory of contestable markets, even if has not succepindeng a gener-
alization of the theory of perfectly competitive marketsiended, has proved
useful in providing criteria for market regulation polisieThe criterion of free
entry and exit as a criterion for price flexibility has proveekter than previous
more rigid criterid?,

3.6 Variacions 3. Sticky prices. Sweezy’s model.

3.6.1 Introduction.

The models we have examined assume that prices are peffiegtble both up-
wards and downwards. Nevertheless, it is often observedioergidity of prices
downwards in oligopolistic environments (see for instarfeerdy, Lindhal and
Carter (1950) p.646). Naturally, we should not expect qpicke adjustments to
small changes in demand and/or costs. Price variationsosty doth for firms

12Critical appraisals of the structure of contestable markan be found in Shepherd (1984),
Brock (1983), Schwartz (1986) o Martin (1993).
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and for consumers. Costs for firms are purely monetary: ipgmew catalogs,
etc. Consumers have to invest in time (and possibly moneyedly t@ gather
the new prices. In line with these considerations, empindies, although not
conclusive, often obtain more evidence of rigidities th&flexibility of prices.
The first attempt to explain this phenomenon goes back to 8wg©39).

Sweezy’s main idea is that an oligopolistic firm when lowgrits price should
expect its rivals’ to react in a similar fashion. But whenfin@ increases its price,
its rivals’ should be expected not to react. In other wordge&zy’s construction
assumes a more elastic demand for increases than for desiagsices. Modern
treatments of these arguments can be found in Bhaskar (1988kin and Tirole
(1988hb), or Sen (2004).

3.6.2 Sweezy’s model.

Consider a homogeneous product industry where two firmsuyseaith a con-
stant marginal cost technology, Market demand is given by= A — (¢; + ¢;).

Assume firms are producing andg; respectively. Firmi conjecturesthat
firm j will continue producingy; as long as it produceg < g; (i.e. price in-
creases). But it alsoonjectureghat if it changes its production tg > g; (i.e.
price decreases), then firjnwill increase its production until level with that of
firm 4.

Given these conjectures, the only consistent productiangpbre vectors of
the typeg; = g;. If g < g; then, firmj’s conjectures say that firmwill increase
its production tillg;. Mutatis mutandis in the symmetric cage> ¢;. Accord-
ingly, we can restrict the analysis to situations where liioths decide the same
production levelg; = g; = ¢.

Firm i faces a demand function showing a kinkjat= g.

A—q—q; g <g,

Hence marginal revenue function is discontinuous at thatge = g. In partic-
ular,

A —4g; if ¢ > q;.

Figure 3.31 illustrates the situation.
Assume now that firnj produces;; = g. Firmi’s problem is

max(A — ¢; — y;(¢,q) — k)a

qi
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P A

A-q

Figure 3.31: Demand and marginal revenue.

wherey;(q;,q) = maz{q;,q}. That is,y, represents firmy’s reply. This is to
produceq if ¢; < ¢ and to produce; if ¢; > ¢. The kink in the demand function
originates a very peculiar reaction function. gifis large enough (with respect
to k), then the equality between marginal revenue and margostl appears in
the lower segment of the marginal revenue curve; otherwesgimal revenue and
marginal cost intersect in the upper part of the marginamere curve, as shown
in figure 3.32.

Finally, there is a range of values @f for which marginal revenue jumps
from a point abové to a point belowk at the kink. For these values @f, firm i’s
best reply is precisely to adjust its production level to fifisy Similarly, there
is a range of values of, k£ € [A — 4q;, A — 3¢;] for which marginal cost does
not equate marginal revenue (because it is not defined)hbuydrbfit maximizing
price [quantity] remains constant at the level- 2¢; [¢;]. Formally,

0 if g > A—F,

Acba jf Ak < g <Ak,
i A—k A—k

if 557 < ¢ = 55,

; A—k

if ¢ < =~

q; (q5) =

J
A—k
4

Figure 3.33 shows this reaction function. Note tﬁéﬁ‘—qﬁ < g = q; > 43
In figure 3.33 the continuous line represents fitsnreaction function, while
the broken line represents firgis one. Both curves intersect in the interval
g = q; = q € [A7%, £2]. Therefore, there is a continuum of equilibria. Note
though that in all those equilibria the aggregate producties in the interval
Ak 2““’“)], that is from the monopoly output to the Cournot output.

22]\6 [T? 3
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\

g;

2

Figure 3.32: Marginal revenue and marginal cost.

Figure 3.33: Reaction functions.
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3.7 Variations 4. Commitment.

The models we have studied so far are static models whergaitatake their de-
cisions simultaneously. We have also studied Kreps andiahan’s model that
is a two-stage model of competition. Two-stage models istamgpt to capture
a dynamic behavior with a static model. The fact that ageglecstheir actions
in the first stage anticipating the impact on the choice abastthat follows is
interpreted as the choice of a long-run decision (first 9tagd a short-run deci-
sion (second stage). An important use of two-stage modétsdapture the idea
of commitment. By this we mean that in a situation of strategieraction, one
agent may restrict in aredible wayits choice set to gain an advantage over a
competitor. Stackelberg as far back as 1934 was the first whsticted a model
to capture this feature of commitment in oligopoly pricing.

3.7.1 The Stackelberg model.

Stackelberg (1934) departure point is the observatiorotien in a market there is
a firm acting as a leader and several other firms (followeed) tonditional on the
behavior of the leader choose their actions. Of coursegtmdr takes its decision
aware of the behavior of the followers. Hence, the strategaraction appears
because the leader’s profit maximizing decision is condéimn the reaction of
the followers, and the followers’ profit maximizing decisgare conditional on
the choice of the leader.

Let us assume, for simplicity, a duopolistic industry wheéeenand is given by
P =a—b(q: + g2) and firms produce a homogeneous product with a technology
described byC;(q;) = co + cq;, i = 1,2. Assume also that firm 1 acts as leader
and firm 2 as followe®. Finally, the strategic variable are quantities. That is
Firm 1 chooses its output first. Then, having observed thasoba, the follower
chooses its output in turn. The commitment appears bechadedder once has
taken its production decision cannot change it. In formahte the strategy of the
leader is a number;, while the strategy of the follower is a mapping from the
outputs of firm 1 to its set of feasible outputs. Accordinglysub-game perfect)
equilibrium is a profit maximizing production plan;, ¢ (q¢7)).

Given the assumptions on demand and technologies, firm havw# a unique
best reply to any output of the leader, so thaly;) is simply firm 2’s reaction
function. This is the solution of

max (g1, ¢2) = <a —b(q + qz))q2 — Co — Cqa,

Bvives (1999, pp. 204-205) provides some comments on thegamiration of the order of
moves.
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a1
Figure 3.34: Stackelberg equilibrium.
that is,
G2 = a2—bc - %QI- (3.29)

Firm 1’s problem is to choose an output level maximizing psafking antic-
ipating the impact of this decision on the follower. Thus,ptoblem is

a—c 1

2 2I-

miax (g1, q2) St.qe =

Accordingly,
a—=¢C
Substituting (3.30) in (3.29) we obtain the follower’s apél decision,

., a-—c
©= (3.31)
Figure 3.34 illustrates the decision process just destribbe leader chooses
a point on a isoprofit curve in the set of points under firm 2&ct®n function.
The follower simply plugs in the leader’s decisigh to obtaing;.
To complete the description of the industry, from (3.30) &81) we derive

the associated market price,

a4+ 3c
4 )
and we can compute the equilibrium profits:
2
a—=c¢C
( 8b ) — Cp,
(a—c)?

HS:W_CO.

P =

II] =
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In order to compare this equilibrium with what would havesan in a Cournot
setting, we present the Cournot equilibrium values:

. . a—c
h= 0= Ty
a—+ 2c¢
P =
3 )
2
a—c

It is easy to check that

@ >4 @<
I3 > 107, 115 < 1I5;
Q" >Q° P*< P

Therefore, firm 1 as leader has a strategic advantage (ffiesier advantage)
over the follower.

One crucial feature of the analysis is that we are charaateria subgame
perfect equilibrium of the two-stage game. This means timgitg (non-credible)
threats by the follower are ruled-dfit This is so, because the concept of subgame
perfect equilibrium requires the follower’s strategy todgimal in front of any
decision of the leadey;, and not only against the equilibrium outpyjt In con-
trast, a Nash equilibrium only requires optimality along #quilibrium path. In
our two-stage game, it only imposes production levels ferlédader that do not
generate loses. In terms of our example,@gr= 0, any output in0, (a — ¢) /b
is sustainable as a Nash equilibrium of the two-stage game.

3.8 Too many models? How to select the “good”
one?

So far we have studied several models to understand oliggpiging in the con-
text of a homogeneous product industry. Cournot, Bertr&ackelberg, Kreps
and Scheinkman, Sweezy... All these authors presente@iffeonclusions on the
outcome of the strategic interaction among firms. The ols/muestion is then,
which of these models is the correct one. Note that these Imaiféer in the
behavior that a particular firm conjecture its rivals willlfav when choosing its
action. Thus it seems reasonable that different modeldeiildequate for differ-
ent scenarios.

1A statement from the follower towards the leader like “If yda not restrict your output, |
will flood the market” will not be credible.
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Kreps (1990, pp. 338-340), identifies five different scesafor which there
is a model that best captures its characteristics.

Cournot Two isolated firms decide upon the production levels to setie mar-
ket place. Both know the structure of the market and the derfiamction,
but no one knows the decision of the rival. Once producticseist to the
market place, a “clearing house” sets the price that cléarsiarket.

In this scenario Cournot conjectures make sense becausemdeitides to
change its decision when facing the decision of the rivahfty because
firms do not have the opportunity to do it).

Stackelberg Consider again the two isolated firms and the clearing hosibea
fore. Now one firm decides and sends its production to theiolga&ouse.
The rival firm, aware of the situation, decides its produttevel knowing
that the clearing house will set the price equating aggeedatmand and
supply.
In this scenario the second firm takes the production leveisofival as
given and chooses its profit maximizing production accaydinits reaction
function. The first firm, aware of the behavior of its rival ctes its profit
maximizing output conditional on the knowledge that itarwill choose a
production on its reaction function.

Sweezy Assume now our two isolated firms call, independently, theaighg
house to communicate theittendedproduction. Then the clearing house
calls the firms back. If one of them announces an output legélen than
the other, the clearing house allows the latter to producanaount up to
the production of the former.

This scenario is close but not exactly that of Sweezy. Ini@agr, the
clearing house has to be aware that if one firm intends to gethore than
the other, that one will react increasing its productionaghe level of its
rival.

Bertrand Imagine now a situation where our two isolated firms commateic
independently, to the clearing house the price at which éaghlling to
sell its production. The clearing house then evaluateseéhgathd that these
prices generate, and call back every firm to communicate thspective
production volumes.

Kreps i Scheinkman Finally, consider that our two firms, before producing have
to decide, independently an investment in capacity. Firamnot produce
beyond that level. Both firms decide simultaneously theegstments. These
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investment decisions are made public. Next, every firm,peddently, calls
the clearing house and, as in the Bertrand case, annourmggsdé at which
each is willing to sell its production. The clearing housertlevaluates the
demand that these prices generate. If demand is larger hleaaggregate
maximum capacity, the clearing house implements someniatiGscheme.

These descriptions illustrates the idea that each modeésnsdnse only ac-
cording to the market mechanism matching demand and supply.

Although different in spirit, as these variety of scenaiibsstrates, all these
models share some common characteristics. They are statialgequilibrium
models, all firms produce a homogeneous product, and mogirten of all,
there is strategic interdependence. This is captured giwthe so called ‘ conjec-
tural variations”. Conjectural variations is the concédpttcaptures the reaction
of one firm to the behavior of its rivals. It appears explic{ths we have already
mentioned in the study of the Cournot model) in the systemrsf &rder con-
ditions of the profit maximizing problem of the firms. Diffeteassumptions on
the behavior of the firms is thus reflected in the specificaticthe term%j_i%.
Therefore, we can also obtain a better understanding ofitfezemht conclusions
of the different models presented so far, by viewing theneims of the underly-
ing assumptions in terms of conjectural variations. Thithesobject of the next

section.

3.9 \Variacions 5. Conjectural variations.

The idea of the reaction functiéhcaptures the strategic interdependence among
firms. It is a useful device to envisage changes in the behavia firm induced
by variations in the behavior of the rivals

Cournot proposed a particular framework of strategic tependence. Bow-
ley (1924) coined the termonjectural variatioras a generalization of the concept
of strategic interaction. The essential idea is that a firawiare that its decisions
on any strategic variable will affect the decisions of tvalfirms. Therefore, the
firm wants to incorporate this interaction in its profit makimg decision pro-
cess. The particular assumptions of a firm on how his behanflurences the
rivals’ behavior is summarized in the specification of thejeotural variations.

Recall that in a Cournot model the (implicit) assumptiorhigttany firm takes
its decision conditional on the expectation that the rivah§ will not vary theirs.
This expectations are fulfilled in equilibrium. We can vikza the equilibrium
process as a timeless series of actions and reactions. $tanae, after firm 1
chooses a certain production level, firm 2 makes its choldagaas given firm 1’s

15The termreaction functioris due to Frisch (1933).
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decision. In turn, firm 1 observes firm 2’s choice and adjustslécision, then
firm 2 reacts and so on, until reaching an equilibrium. Tcsiitate this process we
can think of a timeless game of chess where the players halatin advance the
sequences of future moves (strategies) according to thectadons (conjectures)
on the sequences of moves of the rival. This set of conjesfarall firms is called
conjectural variations Extensive treatments are found in Boyer and Moreaux
(1983), Bresnahan (1981) or Perry (1982).

3.9.1 Bowley’s model.

Let us consider a duopolistic industfy Each firm recognizes the strategic inter-
action with its rival, and thus takes into account in its grofaximizing decision
process. The first order condition of this profit is given by,

dq; 3%‘ dg;

=0, i# 7, (3.32)

de
dg;
marginal variation of its production levely;. In a parallel fashion, firny also
forms its expectations on fir's behavior when varying its decisiep. Accord-
ingly, firm j‘s profit maximizing choice is characterized by,

where represents firm’s conjecture on the behavior of its rival, firjp of a

Jq; Jq; dg;

=0, j #i. (3.33)

The solution of the system (3.32) and (3.33) is a productlan (;, ¢;) such that
no firm has incentives to unilaterally deviate; in other vgrthat production plan
is a noncooperative (Nash) equilibrium.

To illustrate these ideas, assume a linear demanrd a — b(q; + ¢») and
a common constant marginal cast The first order condition of firm 1 profit
maximizing decision process is

81_11 dQ2
L —a—c—q(2b+b-2) —bgo = 0.
o ¢ ¢ (20 + dql) G

Solving forg; we obtain the reaction function,

a—bg —c

26+b<§—3j)

q1(q2) = . (3.34)

16As usual, the argument can easily be generalized to any finiteber of firms.
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By symmetry, firm 2’s reaction function is,

— by —
CJ2(C]1) = M- (3.35)

26+b<3—gl>

Cooperative conjectural variations Assume firms coordinate their output deci-
sions on the monopoly solution, that is, they agree to adiiesaggregate
production to the monopoly level by equally adjust theirvidual outputs.

. . : ! d .
This translates in a conjectural variatight = S8 — 1. Substituting these

. . . dq dga
values in (3.34) i (3.35) we obtain,
_a—bg —c
Q(q2) = 3h ) (3.36)
a—bg —c
= 37
g2(q1) 3b (3.37)

To verify that these reaction functions yield the monopalfpuit, let us first
compute the monopoly solution as the maximization of thetjprofits. Let

@1+ Q2 = Gm-

I, = (a - C)Qm - b(Qm)za

o1l,,
aq—m:a—c—2qu:0,
« _a—c
I = T9p

Going back to our industry, let us now sum the two reactionstions (3.36)
and (3.37) to obtain,

2a — b(q1 + q2) — 2¢
3b )

@+ q =

Solving for the aggregate production,

a —cC

2b

Q1+ q =

This is precisely the monopoly productigf) obtained above.

Competitive conjectural variations Assume now that every firm conjectures that
if it reduces production in one unit, the rival will increase production in

one unit so that the aggregate output remains conség%t,: — = —1.
q

1 dgo
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Substituting these values in (3.34) and (3.35) we obtain,

a—bgy —c

ale) = ——— (3.38)
a—bgq —c

eln) = ——— (3.39)

We want to show that these reaction functions generate theetitive pro-
duction level.

Let us first compute the competitive production by equatiregkat price
and marginal cost, assuming+ ¢z = ¢..

p:C:a_b(qc)v

so that,

Going back to our industry, let us now sum the reaction fuumi(3.38) i
(3.39) to obtain,

2a — b(q1 + q2) — 2¢

G+ q = b

Solving for the aggregate production,

a—=c¢

b

This is precisely the monopoly productighobtained above.

G+ q =

Cournot conjectural variations An intermediate situation on conjectures is Cournot

assumption, where each firm takes the output of the rival\&ngZi =
3—2 = 0. Substituting these values in (3.34) and (3.35) we obtain,
a—bg —c
¢1(q2) = o (3.40)
q(q) = %cg—c (3.41)

Summig up the two reactions functions (3.40) and (3.41) waiob

2a — b(q1 + q2) — 2¢
2b ’

G+ q =
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and solving for the aggregate production,

g 2(a—c¢)

qr T g2 = 3

We see that conjectural variations taking values in theeand, 1], we can
generate the perfect collusion, perfect competition, aodr@ot solutions.

Other conjectures Bertrand model contains infinite conjectural variatiorscg-
elberg model assumes zero conjectural variation for tHevi@lr and finite
conjectural variation for the leader; Sweezy assumes sig#Lconjectural
variations when output expands, and Cournot conjecturgti@ns when
output contracts.

3.9.2 Consistent conjectural variations.

In the previous section we have tried to guess the valuesatdhjectural varia-
tions that are consistent with the equilibrium of some patéir models. A differ-
ent approach consist in trying to find an equilibrium set afjeotural variations.
This equilibrium, would have the property that if every firollbws a particular
conjectural variations, no firm in the industry would haveentives neither to
modify its behavior nor to change their conjectural vadas. In other words,
this approach tries to identify a Nash equilibrium in cotjeal variations. This
equilibrium is called a set afonsistent conjectural variations
To simplify notation, let us introduce the following,
dCI2. _dq

k= — =
' dfh’ ? dgo

Introducingk; in (3.34) we obtain,

a—bg —c
= 42
N =T ok (3.42)
To find k5 we differentiate (3.42) with respect ¢g,
dq1 1
— =ky=— . 3.43
dQQ 2 2 + ]{?1 ( )
In a similar way, introducing in (3.35) we obtain,
— bgs —
=1 "° (3.44)

2b + bk
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To find k£, we differentiate (3.44) with respect ¢,

Z—Zi:]ﬁ:_Zil@' (3.45)
Substituting (3.45) in (3.43) we obtain,
24k
3+ 2ky

5 =

After some manipulations, the previous equation can beewras(k, + 1)? = 0,
that isk, = —1. Substituting this value d¥; in (3.43) we obtairk; = —1.

Therefore, in our example of linear demand and constantimaftgosts, the
equilibrium in consistent conjectural variations corssist both firms assuming
conjectural variations -1 giving rise to the competitiveigiQrium. This results
suggests the possibility that the behavior of the firms pcodua homogeneous
product may be approximated by the competitive behaviboalgh there are few
firms in the market.

If we think of this model seriously as a simultaneous decisiae, it does
not make sensg; being a function ofy; or viceversa. Such a situation implies
that firm ¢ observedirm j’s decision, and according to its conjectural variation,
determineg;. Therefore, we should think of the conjectural variationsaaevice
to understand the decision process of firms aware of thaitegfic dependency.

3.9.3 Statics vs dynamics. Marschack and Selten models.

Marschack and Selten (1977, 1978) present two related modehe of them
is a static model where the structure of the decision proisessplicitly formu-
lated. The second model is dynamic. The link between bothetsatises from
an equivalence between the equilibrium of the static modeleaparticular equi-
librium of the dynamic model.

The model develops in several stages. First, firms simudiasig announce
tentative prices; these announcements are made publidirore; with this infor-
mation firms can revise their prices. The process of revithows the following
order. The first firm decides whether it wants to revise itsgorif it decides not
to do it, then the second firm takes its turn, etc. If, on thetreoy, the first firm
changes its price, then the remaining- 1 firms simultaneously decide a new
vector of prices. The first firm again has the possibility teige the price. The
process continues until the first firm does not want to chatggprice anymore.
Then the second firm comes into play and the process restatfiffal vector of
prices obtains when no firm is willing to adjust its price.

This rather complex decision process, allows to overcoraertditional crit-
icism to conjectural variations in static models. Also, jeatural variations are
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required to be consistent, so that the expected behaviorfiofnaon its rivals
should be correct.

A strategy of a firmi in a static model contains four elements: (a) an initial
price, p?; (b) a reply functiong;(p°, p}) stating firmi’s price given the present
price vectorp’ and a conjecture on firni's price; (c) the set of price vectog8
over which firmi does not want to introduce changes; (d) the chapQés those
vectorsp® not in the set defined by (c).

Let us visualize this procedure by assuming that firms hastegjonounced an
initial p°. Firm 1 evaluates the possibility of changing its decisidssume that
it does so and announces a new pyiteNow the present vector of pricesys =
[p1, d2(P°, p1), - . ., dn (P, p1)]. If given this vector, firm 1 still wants to change its
price top? the new vector of prices will bg* = [p?, ¢o(p', p?), ..., ou(p', p?)].
After a finite number of iterations when firm 1 will be happynfi2 will start its
particular process of adjustment from the price vectorlgfafirm 1 satisfied.

Note that we have described the procedure when afimants to vary its
decision after a competitor, firmy has changed its decision. For completeness,
if pJ = p; theno(p®,p)) = p}, that is, if the firm;’s new price is the same as in
the previous iteration, firni's reply is to maintain its price; if firm changes its
price, the best reply to itself is the new priegp®, p;) = p;. Accordingly, from
an initial price vectop?, if firm i proposes a change 19, the next price vector
will be,

Pt =o(0°,p;) = (020", i), B2 (0, 0); - - s D (1°, 7))
If firm 7 variesk times its decisionp}, p?, ..., p", after each change the — 1
competitors react. We denote the final resulting vector #fiek iterations by

p* =00’ {p}.p;,...,0f})

that is recursively defined as,

P = o(° {pl,p2, .. pF}) = 6|6, {p P2, ... ,pf‘l}),p?],(/f > 2)

and fork = 1, R
(", {pi}) = o(0’, 1)
We refer to the functiomASi as theenlarged reply function

Definition 3.19. A non-cooperative equilibrium is a pafp®, ¢) such that,

@) TL(p°) > IL[6(p° {pt, p2, ..., V)], Yipk p3, ... Pk}

(0) IL[o(p° {p}, 07, - PFH] =
IL[¢; (0%, {p}. P2, - .. PE}). 0 (0", {p}, 2, . .., p¥})] for all sequences of price
changes{p},p?,...,p%}, (j # 4), for all enlarged reply functions;, and

foralli=1,2,...,n.
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Condition (a) says that no firincan improve its profits by deviating fropd,
given that the competitor firms will react modifying theingas in accordance
with their reaction functions. Condition (b) says that foyaequence of devia-
tions by firmj, given the initial price3’ and given the reaction functions of the
rivals, firmi’s reply function maximizes profits.

In this equilibrium the conjectural variations are coreitbecause firni's
reaction function,p;, shows howp; will be adjusted when any other prices is
modified; alsap; is the rule that all competitor firms think firirwill use to decide
its price adjustments.

In the intertemporal model, firms after choosing their fiste face an ad-
justment cost for any price change. If a fitnmnsuspectedly for its competitors
varies its price, there is a period of time between the neweps posted and the
competitors adjust their prices. The adjustment cost fagedm : is sufficiently
high to offset the extra profits firm may obtain in the interim period until the
rivals react. Accordingly, a price variation is only prolita if it generates more
profits in the long run, once the rivals have reacted.

3.10 Variations 6. Dynamic models.

3.10.1 Introduction.

A common characteristic of the models presented so far tdithas are myopic
in the sense that they do not take into account any time horidome instances
are one-period models where firms take their decisions samebusly; other sit-
uations present static multi-stage models. In any casedé¢fining element of
any dynamic model, namely the ability to plan ahead (and thegossibility of
transferring present profits to the future) is absent.

The equilibrium market configuration may vary substantiathen we allow
for repeated interaction due to the presence of durablegyemdry barriers, tech-
nological development, etc. Chamberlin (1929) alreadygested that in a ho-
mogeneous product oligopoly firms are aware of their intesac Accordingly,
the threat of a price war should be effective enough to sugh@ monopoly price
without need of any explicit cooperation. We postpone thadyasis of (tacit) col-
lusion to chapter 5.

An explicit analysis of the dynamics of pricing is difficulfThe theory of
dynamic games is relatively young and the tools to be used begn developed
only recently. Accordingly, there is a certain literatungng to capture dynamic
aspects by means of static models. Here we find the conuitmibf Sweezy,
Bowley, Stackelberg, or Edgewotth

17See Maskin and Tirole (1988b) for a detailed analysis
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There are two alternative ways of explicitly consider thieaduction of time
in amodel. On the one hand, we find models where the dynamtegtes of firms
are of Markov type and the objective of the model is to charmt aMarkov
perfect equilibrium(see Maskin and Tirole (1987, 1988a)). On the other hand, we
find the so-calledepeated games or supergam&sese replicate a static Cournot
(Bertrand) type of game a finite or infinit number of times (Beedman (1977)).

An overview of dynamic oligopoly models can be found in Fuaeng and
Tirole (1986), Kreps and Spence (1984), Shapiro (1989) oskifaand Tirole
(1987, 1988a, 1988Dh).

3.10.2 Supergames.

As we have mentioned earlier, the problem with static andstage models is that
they ignore a wide range of strategic possibilities. In e#¢pd games, although one
iteration is independent of another, players can conditi@ir present or future
behavior to the history of moves. also it allows for the iduotion ofpunishments
as (credible) threats to affect players’ future decisions.

Supergames share three characteristics. First, there éi@umds on the space
of strategies. As a consequence, often “folk theorem”-tyfpesults appear. Sec-
ond, punishments allowing collusive outcomes although beyndividually ra-
tional, often may not satisfy the incentive compatibilifytioe set of players. That
is after observing a firm deviating from the “collusive sé@y” all the other firms
in the industry may prefer not to implement the punishmentéuegociate a new
agreement. Naturally, in such case all incentives to joendbalition disappear.
Finally, in repeated games although the set of players resnaaltered along all
iterations, intertemporal interaction is not allowed.

To illustrate, let us follow Tirole (1988), and consider ar8B@nd game where
two firms produce a homogeneous product with the same teagollhe firm
quoting the lowest price gets all the demand. If several figmste the lowest
price, they evenly share all the demand. Assume now thagtnse is repeated
T + 1 times (I finite or infinit). Let us denote firmi's profits in periodt as,

Wi(pit;pjt); t= 0, 1,2, .. .,T

Every firm aims at maximizing the present value of the flow affips,

T
Z 8'mi (Pt pijt)
t=0

whereJ is the discount rate. In every periadoth firms simultaneously choose
a price. We allow firms to have perfect recall of all the higtof past decisions.
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Let,
H, = (P107p20§p11,p21;P12>p22§ e ;pl,t—17p2,t—1)

be the history of prices chosen by both firms up to petiothen, firmi's strategy
depends orf;.

We want to characterize a perfect equilibrium. That is, foy history H, in
periodt, firm i's strategy from on should maximize the present value of the flow
of its future profits conditional on the expectation of fijia strategy in period.

If T is finite, the dynamics of the model do not add anything to tlaics
version. By backward induction, in periddthe model is equivalent to the static
version. Accordingly, the equilibrium strategies in thisripd will be the same
as in the static model, that is, to quote a price equal to th@sfimarginal cost.
By construction, decisions in periddare not dependent on what happened in the
previous period. Therefore, in peridd- 1, everything works as if it would be the
last period. Thus, for any_1, the equilibrium strategies are again the equality
between price and marginal cost. We can repeat this reagomiil the initial
period. Summarizing, if the number of iterations is finitee only equilibrium
of the repeated game is simply the iteration in every peribthe equilibrium
strategies of the static game.

If T"is infinite, the outcome of the game is different. First, isi8l true that
the equilibrium of the finite horizon game is also an equilibr of the infinite
horizon game. To see this, let us consider the followingetna every firm in
every period chooses a price equal to its marginal costraégss of the history of
past decisions. For every firm, given that the rival quoteseequal to marginal
cost, the best reply is also to choose a price equal to theinadigpst. What is
important, is that the infinite horizon model supports mamyerequilibria. Lefp
be a price in between the monopoly price and the perfectlypeatitive one. Con-
sider now the following symmetric strategies: every firma$esp in period 0. In
periodt, if both firms have chosemuntil t — 1, then every firm continues choosing
p in t; otherwise, firms quote the price equal to marginal coswreThis is an
example of a punishment strategy (see the model of taciisiolh in chapter 5).

In accordance with these strategies, if both firms stick twosingp, they obtain,

1
S+ 48 +8°+ ).

If in a certain periods one firm deviates, it obtains at mostp) (because the
rival still playsp) in that period, and zero fromon, that is

J

%H(p)(l P8 ) 4 8 () = )

If 6 > (1—0), or equivalentlyy > % deviating fromp is not optimal for any firm.
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Note that this result is verified for any price in the interdaifined by the
monopoly price and the perfectly competitive price. In otlverds, any price can
be supported as an equilibrium in the infinitely repeatedeyahhis is an instance
of a more general result known as tioék theorem

3.10.3 Multiperiod games.

Let us introduce now the interaction between the differartquls of the game.
Naturally, as we enlarge the set of strategies (with redpetbie repeated games),
we should expect and even larger set of equilibria. Most efahalysis has con-
centrated in the so-called “Markov perfect equilibria”.eré, firms condition their
actions to a reduced subset of state variables rather thhe iiull history of the
game. It is important to realize that the equilibria thusairieed are also equilibria
of games with a wider set of strategies. This is so becaus&dvaquilibria are
characterized by the set of dynamic reaction functions.s&heaction functions
are the best replies of every firm to the rivals’ decisiongidittoned to the set
of state variables. Therefore, if all firis rivals behave according to Markov
strategies, the best that firhtan do is to behave accordingly.

The interest of using Markov strategies stems from the faat they allow
to model, in a simple fashion, a rational behavior of firms idyaamic setting.
According to Maskin and Tirole (1987, 1988a), they also uepbetter than the
supergames approach, the intuition of the models of indisirganization.

Consider an infinite duopoly a la Cournot. Let us denote by

mi(gqit, i), t=10,1,2,...

firm 4’s profits in period: when it chooseg;, and the rival firm chooseg;. We
assume this function to be twice continuously differergalsoncave inz;; and
decreasiong in;q,

omi(qar, CIjt)
ant
azﬂi(qu, CIjt)
I
azﬂi(qu, CIjt)
8%8%

<0
<0

< 0.

Accordingly, reaction functions are well-defined and argatizely sloped. Every
firm aims at maximizing the present value of the flow of futurefips,

o
Z 5S7Ti(Q1,t+37 Q2¢+s)

s=0
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whered denotes the discount factor.

We follow Maskin and Tirole (1987, 1988a) in considering fokowing de-
cision process: in odd periods, firm 1 decides a productidame that remains
fixed until the next odd period, i.e. untik- 2. In other wordsg; 111 = ¢q14, if ¢ IS
odd. Similarly, in even periods firm 2 decides a productioluree that remains
fixed until the next even period, i.€; ;11 = ¢, if t €S even.

In every period, we also assume that the relevant stateblesiare the ones
involved in the profit functions. In periazk + 1, when firm 1 decides, the relevant
information is the production of firm 2 211 = ¢2.21. Firm 1’'s decision is con-
tingent only ong. %, SO that its reaction function is of the typey+1 = wi(g2.2x)-
Similarly, in even periods when firm 2 chooses its outputllatereaction func-
tion is ¢z 2k12 = wa(q12k+1). We call these Markov strategiegnamic reaction
functions

The objective of the model is to find a pair;, w,) that constitutes a perfect
equilibrium. That is, for any period, the dynamic reaction function of a firm
must maximize the present value of the discounted flow ofréupwofits given the
dynamic reaction function of the rival firm. This pdir,, w,) is called aMarkov
perfect equilibrium

If (wq,ws) is a Markov perfect equilibrium, then for any peried + 1 and
any firm 2’s decision in perio@k, g2 o, the choiceg op11 = wi(ge0r) Maxi-
mizes firm 1's present value of the flow of its future profitsegivthat from this
period on, both firms will decide their actions according4Q, w). Similarly,
the parallel condition holds for firm 2. Therefore, these twmditions are suf-
ficient for (w;, w9) to be a Markov perfect equilibrium. Hence, it is sufficient to
eliminate the profitable deviations of one period. Formallg say thatw,, w,)
is a Markov perfect equilibrium if and only if we can identiflue functions
[(V1, Z1), (Va, Z3)] such that for any production pldn,, ¢z),

Vi(gj) = m;ix(m(q, q) + 5Z(q)) (3.46)
w;(q;) maximizes<7ri(q, q;) + 5Z(q)> (3.47)
Zi(q;) = mi(qi, w;(q:)) + 0Vi(w;(q)), 4,5 =1,2; 1 # j. (3.48)

The functionV;(q;) represents firni's present discounted value of the flow of
future profits when it is its turn to decide given that in theypous period (and
therefore in this period as well) firmchoseg;, and from now on both firms will
take their decisions according to their Markov strategies w-).

The functionZ;(¢;) represents firni's present discounted value of the flow of
future profit when it is committed to an outpyt it is the rival’s turn to choose,
and from that moment on both firms will take their decisionsacading to their
Markov strategiegw;, ws).
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Like in the traditional analysis, since output levels amatsigic substitutes,
32%’(%, th)
8%8%
reaction functions we have to solve the system of equati®ds§), (3.47), (3.48).

Assume profit functions are quadratic,

< 0, reaction functions are decreasing. To find the equilibrium

(G, ¢5) = @i(d — ¢ — q;), i, ] =1,2; i # j.

In this case the solution is very simple. Reaction functianmeslinear and given by
w; = we = wOoNw(q) = a — bq.

For 6 = 0 firms are myopic so that they react according to their respect
static reaction functions,

Hence,a = g andb = % The stationary state is the Cournot production plan
(45, 45)-

Ford > 0, firms not only consider the present profits but also the reactf
the rival in the future. Given that the dynamic reaction fimts are decreasing,
the intuition tells us that every firm should expand its prdhn beyond the short
run level to induce the rival to reduce its production. Thegiehary production
level is given byq = ;% and is increasing id. The process is dynamically
stable, that is, for any initial output level, firms’s deoiss converge towards the
stationary value. Figure 3.35 illustrates the dynamic$isfiinodel. The full lines
represent the dynamic reaction functionsdar (0, 1); the broken lines represent
the static reaction functionsC' is the static Cournot equilibrium, anél is the
stationary equilibrium.

3.11 \Variations 7. Supermodular games.

Amir (1996, 2005)
Vives (1999, 2005a, 2005b)
Topkis (1998)
Milgrom and Roberts (1990)

3.12 Exercises

1. Consider a market with firms where the demand functidni(() is down-
ward sloping. No other assumptions are considered. All firave the same
technology described by a increasing and convex cost fumcibenote by
() the aggregate output of thefirms, and let)_; = Zk# Q-
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()
(ii)

(iii)

(iv)

(v)
(vi)

o o

Figure 3.35: Markov perfect equilibrium.

Show that firm j's best response can be writterb@g_,).

Show thatb(Q)_;) need not be unique (i.e. that is in general a corre-
spondence, not a function).

Show thatif Q_; > Q_;, ¢; € b(Q_;), andg; € b(Q_;), than(g; +
Q-;) > (¢;+Q—;). Deduce from this thd(-) can jump only upwards
and that' (Q_;) > —1 whenever this derivative is defined.

Use the result in (iii) to prove that a symmetric pureasdégy Nash
equilibrium exists in this model.

Show that multiple equilibria are possible.

Give sufficient conditions for the symmetric equilibm to be the only
equilibrium in pure strategies.

2. Consider an industry with three identical firms. Demandiven by P =
1 — (¢1 + g2 + g3). Technology is described by a constant marginal cost
equal to zero.

()
(ii)

Compute the Cournot equilibrim;

Suppose that two firms merge so that the industry turtesarduopoly.
Show that the profits of these firms decrease. Explain;

(i) What happens if the three firms merge®.

3. Consider a dupolistic market where firm 1 produces oneafiotitput using

one unit of labor and one unit of raw material. Firm 2 produmes unit of
output using two units of labor and one unit of raw materidie Tinit cost
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of labor isw and the unit cost of raw material is Demand is given by
P=1-(q1+q).

(i) Compute the Cournot equilibrim;

(i) Use the envelope theorem to show that firm 1's profit is aff¢cted
by the price of labor (over some range). Explain.

4. Consider a duopoly Cournot model with linear deméhe a — b(q; + o)
and technologie€’;(¢;) = ¢ + ¢;q;. Show that

(i) a generic isoprofit curve has a maximum;

(i) that maximum is a point on the firm’s reaction function.

5. Consider a Bertrand duopoly model where firms operate ruocolestant
marginal costs; andc,, ¢; < co. Determine the equilibrium price vec-
tor and equilibrium profits for both firms.

6. Consider an-firm homogeneous product market with downward sloping
demandD(-) cutting both axes. Each firm has the cost functiofy) =
F + cqif ¢ > 0andC(0) = 0. Suppose that a monopoly is strictly viable
and that in case of a price tie, a single firm is randomly setetd serve the
whole market. Show that the unique Bertrand equilibriunorsal firms to
name the least break even monopoly price.

7. Consider an-firm homogeneous product market with downward sloping

2
demandD(P) = a — bP and cost(q) = %. Compute the Bertrand

equilibrium price when firms split the market in case of a tie.

8. Consider a variation of Bertrand symmetric model in wipdiees must be
named in some discrete units of sixe

(i) Show that both firms naming prices equal to the smalledtipie of
A that is strictly greater thanis a pure strategy equilibrium.

(i) Argue thatas\ — 0, the equilibrium converges to both firms charging
prices equal te.

(iii) Assume now that marginal cost are constant but difigreamelye; <
co. If prices are named in discrete units as in (ii), what a theepu
strategy equilibria of the game? As the grid becomes fineatvathe
limit of these equilibria?
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10.

11.

12.

Consider a two-firm Cournot model with constant but ddfgrmarginal
costse; > co. Assume also that the inverse demand functigrig$ = a—bq
with a > ¢;.

(i) Derive the Nash equilibrium of the model. Under what citiods
does it involve only one firm producing; Which will this be?

(i) When the equilibrium involves both firms producing, haw equilib-
rium outputs and profits vary when firm 1's cost changes?

Consider two strictly concave and differentiable prfofiictionsr; (¢;, gx), j =
1,2 defined ony; € [0, ¢|.

(i) Give sufficient conditions for the best response funtii; (¢;) to be
increasing or decreasing.

(i) Argue that in a Cournot model a downward-sloping reactiunction
is the “normal” case.

Consider a market with demaid= 1 — ¢ where three firms produce a ho-
mogeneous product with a zero marginal cost technology agtoduction
level K, and infinite marginal cost beyond. Compute the Nash egjiuihip
of the game in pure strategies.

Consider a market with two firms producing a homogeneodyat. Mar-
ket demand is given by = D(P) and assumed well-defined, differentiable,
bounded and strictly decreasing. Both firms have the sanhedéagy de-
scribed by a cost functiosy. Let R;( P, P,, q) denote the residual demand
faced by firmi. It is defined as,

max{ 0, D(P,) — g; [)\, (1— A)ggj;]} if B, > P,

Ri(Pl,Pg,(]) - max D(PZ)vD(PZ) - QJ} if Pz = Pj7

2
D(P)if P, < P;,

where\ € [0, 1].

(a) Provide an interpretation of the elementdf-)

(b) Assume firms decide simultaneously their prices anduwplumes.
Solve for the pure strategy Nash equilibrium of the game.

(b) Assume firms decide sequentially first their prices (sthgand then
their output volumes (stage 2). Solve for subgame perfeshMgui-
librium of the game in pure strategies.
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13. Consider a Stackelberg duopoly with market demand dgoyen = a —
b(¢1 + g2). Firms produce with a technolody;(q;) = co + cq;, @ = 1, 2.
Let firm 1 be the leader. Compute the Nash equilibria of theeggam

14. Consider a duopoly a la Kreps-Scheinkman with zero margosts and
co uUnit capacity cost. Assume rationing follows the efficidarie and the
following demand function:

1 ifp<l1
D(p) = =
(») {o if p> 1

Compute the reduced-form profit functions and the equiibristrategies.
Show that the Cournot outcome is the solution of the twoestgme.

1. Considerem un mercat amb funcio de demanea200 — 2p on operen una
empresa dominant i una “franja competitiva” composta pétgseempre-
ses. Les empreses petites consideren el preu de I'empresaatd com
donat i ofereixen una quantitat agregasla= p — 70,(p > 70), onp
és el preu fixat per 'empresa dominant. Determinar la $olaptima de
I'empresa dominant quan el seu cost marginal és costami &(i)c = 70,
(i) ¢ = 45, (i) ¢ = 20.

2. Considerem un mercat de producte homogeni amb funciemeadal =
150 — 4@Q). Hi ha dues empreses produint amb costos marginals cosstant
iguals a 40.

(a) determinar els valors d’equilibri de Cournot (preusamfitats, benefi-
cis);

(b) calcular la perdua d’eficiencia com percentatge detdym d’eficiencia
en situacié de monopoli;

(c) refer I'exercici suposant que hi ha vuit empreses enddues.
3. Considerem un duopoli on la demand&kgs 10 — %P.

() determinar I'equilibri de Cournot quan ambdues emréseen la
mateixa tecnologi@’;(¢;) = 10+ qi(¢; + 1)i =1, 2;

(b) Quin és I'equilibri si les funcions de cost s6h = 10 + 2¢; | Cy =
10 + 3¢2?

4. Considerem una indUstria composta per vuit empreses.dZguestes em-
preses utilitzen una tecnologia antiga amb productiviead @5 unitats per
hora de treball. Les restants tres empreses utilitzen wmelegia mod-
erna amb productivitat de 0.45 unitats per hora de treballdémanda del
mercat ég) = 500000 — 10P i el salari per hora és = 500.
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(a) determinar I'equilibri de Cournot;
(b) verificar la formulal, = 1Cy;

(c) calcular el valor maxim que una empresa estaria disfzos@agar per
adoptar la tecnologia moderna, suposant que la resta désepmno
varien la tecnologia;

(d) quin és l'impacte sobre les quotes de mercat d’un augdedrsalari
en un50%7?;

(e) recalcular el valor maxim que una empresa estaria si&f#a pagar
per adoptar la tecnologia moderna després de 'augmestathai en
un 50%.

5. Demostrar que en un duopoli de Cournot (amb costos mésgioastants),

les quantitats i beneficis d’equilibri de cada empresa sanibns decreix-
ents en el cost marginal de la propia empresa i creixents@semarginal
de I'empresa rival.

Considerem un duopoli de Cournot amb demanda liReal1 — () i costos
marginals constants zero per ambdues empreses.

(a) calcular I'equilibri de Cournot;

(b) suposem ara que una de les empreses és pablica i té objediu
maximitzar I'excedent total. Com varien els preus, quatgjtbenefi-
cis i excedent total respecte a I'equilibri de Cournot?;

(c) refer 'apartat (b) suposant que els costos margiralgs< ¢ ;

(d) refer I'apartat (c) suposant que ambdues empresesiddiopes;

(e) comentar: “I'analisi dels beneficis no és suficient pgmparar les
empreses publiques i privades”.

Considerem un mercat duopolistic amb funci6 inversalefeandap =
100 — 0.1Q i funcions de costoé’(q;) = 6000 + 16¢; i Co(g2) = 9000 +
1OQQ

(a) calcular I'equilibri de Cournot;

(b) calcular lafrontera de possibilitats de beneficis i camagr que I'equilibri
de Cournot no és optim de Pareto.

Considerem un mercat amb funcié de demanea200 — 2p constituit per
una empresa dominant i 10 empreses petites que formen una é@m-
petitiva. Les empreses petites prenen com donat el preegpitesa dom-
inant i ofereixen una quantitat agregafia= p — 70(p > 70), onp és el
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10.

11.

12.

13.

preu fixat per I'empresa dominant. La demanda residual &sfeta per
I'empresa dominant. Determinar la soluci6é optima pempeesa dominant
quan opera amb un cost marginal constant i igual a£)70; (i) c = 45 i
(iii) ¢ = 20.

Considerem un duopoli de Cournot amb funcié de deméheas00 — 50p.
L'empresa 1 opera amb un cost marginal constast 8; 'empresa 2 té un
cost marginal constamrt = 6 i la seva capacitat de produccio limitada a 25
unitats. Calcular els valors d’equilibri.

Considerem un mercat de producte homogeni en el querogaagre em-
preses. La quota de mercat de la primera d’elles és el deblie mhitja de

les quotes de mercat de les tres altres empreses. Dedual@ls mumerics
dels parametres del models de Cournot i Stackelberg dentssamb aque-
sta distribucio de quotes de mercat.

Considerem un duopoli a la Bertrand on les empreses t&stos marginals
constants;; ¢; < co. Demostrar

(a) que ambdues empreses fixen el gret c,;

(b) que 'empresa 1 obté un benefici@e — ¢;)D(c2), i que 'empresa 2
no obté beneficis sk < p™(c1) onp™(c;) maximitza(p — ¢;)D(p);
(Sicy > p™(cy), 'empresa 1 fixap™ (cy)).

En un mercat hi ha dues empreses que operen amb una tgardog) =
¢*/2. Lademandaés=1— (¢ + ).

(a) calcular 'equilibri de Cournot;

(b) suposem que I'empresa 1 té I'oportunitat de vendranitats del bé
en un altre mercat; per tant el cost de 'empres&ées- r,)?/2. La
demanda en el segon mercapés a—x. Considerar el joc de Cournot
en el que 'empresa 1 escul| i x; i, simultaniament, 'empresa 2
escullg,. Demostrar que; = (2—a)/7i ¢ = (5+a)/21 enlinterval
rellevant de valors de. Demostrar (utilitzar el teorema de I'envolvent)
que pera = 1/2 un petit increment de perjudica a I'empresa 1.
Interpretar el resultat.

Dues empreses produeixen un bé homogeni. pigiypreu del productey;
el nivell de producci6 de I'empresa: = 1,2,i Q = ¢; + ¢». La demanda
d’aquest producte 8@s= o — (). El cost marginal de 'empresaésc;, on
a>cyg >cp > 0.

(&) Trobar I'equilibri de Cournot.
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(b) Trobar I'equilibri de Stackelberg quan I'empresa liésil.

(c) Trobar I'equilibri de Stackelberg quan I'empresa 2idsi. Hi ha al-
guna diferéncia en la distribuci6 dels volums de produeaire aguest

cas i el cas del apartat (b)?. Explicar.
(d) Trobar I'equilibri de Bertrand.

14. Enuna indUstria hi hA empreses produint un producte homogeni. sigui
el volum de producci6 de 'empresai = 1,2,i Q = Zf\il ¢;- Lademanda
de mercat ép = 100 — Q. La funci6 de cost total de 'empresé&s

F+ qiz ifql->0
Tci(q">:{o “ it g — 0

(&) Suposem qué/’ és prou petit perque les empreses obtinguin benefi-
cis extraordinaris. Calcular els volums de produccio i dedjicis en
I'equilibri de Cournot.

(b) Suposem ara, que les empreses poden entrar i sortir dd(atiia.
Trobar el nUmero d’empreses d’equilibri en la indUstoanca funcio

deF.

15. Considerem un mercat amb funci6é de demandal20 — (). Suposem que
hi ha tres empreses que decideixen els seus volums de prodigctorma
sequencial: 'empresa 1 decidejx en el periode 1, I'empresa 2 decideix
g2 en el periode 2, i 'empresa 3 decidejxen el periode 3. Una vegada
les tres empreses han decidit els seus volums de prodwuecién el volum
de produccib agregat en el mercat i obtenen beneficis. Tatba&olums de

produccio d’equilibri.
16. Considerem el mercat duopolistic del problema 7.

(a) derivar I'equilibri de variacions conjecturals, i Vierar per quins val-
ors de les variacions conjecturals obtenim I'equilibri deu@ot.

(b) derivar la condicid de consistencia de les variacaorgecturals.



