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Abstract. We consider a simple case of team production, where a set of workers
have to contribute a single input (say labour) and then share the joint output
amongst themselves. Different incentive issues arise when the skills as well as
the levels of effort expended by workers are not publicly observable. We study
one of these issues in terms of a very simple model in which two types of
workers, skilled and unskilled, supply effort inelastically. Thus, we assume away
the problem of moral hazard in order to focus on that of adverse selection. We
also consider a hierarchical structure of production in which the workers need
to be organised in two tiers. We look for reward schemes which specify higher
payments to workers who have been assigned to the top-level jobs when the
principal detects no lies, distribute the entire output in all circumstances, and
induce workers to revel their true abilities. We contemplate two scenarios. In the
first one, each individual worker knows only her own type, while in the second
scenario each worker also knows the abilities of all other workers. Our general
conclusion is that the adverse selection problem can be solved in our context.
However, the range of satisfactory reward schemes depends on the informational
framework.
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1 Introduction

In the simplest cases of team production, there is a set of workers who each have
to contribute a single input (say labour) and then share the joint output amongst
themselves. Different incentive issues arise when the skills as well as the levels
of effort expended by workers are not publicly observable. The issurooél
hazard which appears whenever the supply of the input involves some cost, is
well recognised in the literatufeln contrast, the problem addverse selection
which is caused by the presence of workers of differential abilities, seems to have
been relatively neglected. The purpose of this paper is to study the possibility of
designing suitable incentive schemes which will induce workers to reveal their
true abilities.

We study this problem in terms of a very simple model in whieb types of
workers, skilled and unskilled, supply effanelastically? Thus, we assume away
the problem of moral hazard in order to focus on the issues raised by adverse
selection. We also consider a hierarchical structure of production in which the
workers need to be organised in two tiers. The first-best outcome requires that
only skilled workers be assigned to ttap level jobs since these require special
skills. Indeed, we specify that unskilled workers are more productive at the low
level jobs. The adverse selection problem arises because skilled workers need
to be paid more than unskilled workers when the prindigain verify that all
workers have told the truth.

Since types are not observable, there is a need to design a system of payments
which will induce workers to reveal their types correctly. Since the principal can
observe the realized output, the payment schedule can be made contingent on
realized output as well as on the assignment of tasks. A trivial way to solve
the adverse selection problem is to distribute the realized output equally under
all circumstances. It will then be in the interests of all workers to maximise
total product, and hence to volunteer the true information about abilities so as
to achieve an optimal assignment of tasks. However, this extreme egalitarianism
may be inappropriate. For example, skilled workers may have better outside
options and hence higher reservation prices than the unskilled workers.

Another trivial way to solve the adverse selection problem is to levy very
harsh punishment oall workers whenever lies are detected. Observe that since
the principal observes the realized output, she can detect lies whenever unskilled
workers claiming to be skilled have been assigned to the top level jobs. However,
such punishments imply that some output has to be destroyed. This will typi-
cally not berenegotiationproaf Therefore, we look for reward schemes which

1 See for instance Sen (1966), Israelson (1980) or Thomson (1982) for related work on labour-
managed firms. Groves (1973) and Holmstrom (1982) are a couple of papers which deal with the
more general framework of teams.

2 |n the last section, we describe a more general model containing more than 2 types in which
almost all our results remain valid.

3 Notice that there is no actual principal as in the standard principal-agent models. Following
standard practice in implementation theory, we use the term “principal” to represent the set of
agreements or rules used by the workers to run the cooperative.
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specify higher payments to workers who have been assigned to the top-level jobs
when the principal detects no lies, and which distribute the entire output in all
circumstances.

Our general conclusion is that the adverse selection problem can be solved
in our context. However, the range of possible reward schemes depends on the
informational framework. We contemplate two scenarios. In the first one, where
each individual worker knows only her own type, there exist strategyproof (in
fact even group strategyproof) reward schemes. But these schemes can only ac-
comodate limited pay differentials between workers of different types. As we
shall see, this implies the incompatibility of strategyproofness with some reason-
able distributional principles. In the second scenario, each worker also knows the
abilities of all other workeré.In this case, the class of reward schemes solving
the adverse selection problem is much wider.

2 The formal framework

Let N be the set ofn members of a cooperative enterprise. We assume that
workers are oftwo types -skilled (or more able) andinskilled (or less able).

T, will denote the set of skilled workers, who will also be called the Type 1
workers.T, will denote the set of unskilled workers, who will be labelled Type

2 workers. We assume that both sets aomemptysince an adverse selection
cannot arise if one of the sets is empty. Note that the type of each worker is
private information there are no external characteristics which can be used to
identify workers’ types.

Two kinds of jobs need to be performed in order to produce output. One type
of job is essentially a routine or mechanical activity, and does not require any
special skills. So, both types of workers are equally proficient at performing this
job, which will henceforth be labelled ds or Type 2 job. In contrast, th&ype 1
job, to be denoted;, involves “managerial” responsibilities requiring some skill.
Hence, these should ideally be performed by the Type 1 workers. However, if
Type 2 workers are assigned dg, then they perform their jomefficiently and
are responsible for some loss of output. We model this by stipulating that output
increases strictly when a Type 2 worker is shifted from the Type 1 job to the
Type 2 job. We also assume that timaximumcardinality ofJ; is given by some
numberK, whereK < n.® However, it turns out that except in Sect. 4, the
possible restriction on the number of Type 1 positions does not affect any of our
results.

Lett; denote the number of workers of typg = 1,2) employed in jolj (j =
1,2). Hence, the “organizational structure” of the enterprise can be described by
a vectort = (t11,110,t01,t0). Let T denote the set of such vectorswith (i)
t11 +to1 < K, and (i) ty; +tio +t1 +t2 = n. So, T represents the set édasible

4 Notice that an adverse selection problem arises even in this case since the information about
other workers’ types is not verifiable.
5 Given our interpretation of jobs, this seems a natural restriction.
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structures, with (i) expressing the requirement that no more khavorkers can
be in J;, while (i) states that all th&@ workers have to be employed.
We also assume that all workers supply one unit of effioetastically We
are therefore assuming away the problenmuaifral hazard We do this in order
to focus on some of the issues raisedduyverse selection
Let f (t) represent the function describing output produced by any particular
structure. The following assumptions are made on the production funiction
Assumption 1For allt,t’ € T,

(i) f()="~f(")if ty1 =t{; andty =t,.
(i) f(t) > f(t)if tyg > t{; andtyy = t,.
(i) F(O) > F(U) if i =t} andty < th.

Condition (i) in the Assumption says that if two structures differ only in the
composition of workers performing Type 2 jobs, then the output produced must
be the same. This expresses the notion that both skilled and unskilled workers
are equally adept at performing the Type 2 job. Condition (ii) essentially captures
the idea that skilled workers are more productive doing Type 1 jobs than Type 2
jobs provided no more thak workers are employed at Type 1 jobs. Conversely,
Condition (iii) states that the unskilled workers are unsuitable for Type 1 jobs.

Notice that given Assumption 1, the total output produced by the enterprise
is determined completely by the composition of workers performing Type 1 jobs.
We will sometimes find it convenient to represent the output of the enterprise
by f(k,1), wherek andl are respectively the numbers of workersTinand T,
doing Type 1 jobs.

An interesting special case of the general model, which will be used in the
next section, is described below. Choose a vegter(p;, p2, ps) with p1 > p2 >
ps > 0, and a numbe€ > 0. Then, in thegp-model, the output produced is given

by

fk,1) =kp+(n—k —1)pz+lps — C (1)

Equation (1) has the following interpretatio@. represents théixed costof
running the enterprise. Moreover, each worker in a Type 2 job has a productivity
of p2. In Type 1 jobs, the skilled workers have a productivitymf while the
unskilled workers have a productivity @g. Sincep; > p2 > ps, it is easy to
check that th@-model satisfies Assumption 1 above.

If workers’ types were publicly observable, then ugfo skilled workers
would be assigned to Type 1 jobs, while the rest would be assigned to Type 2
jobs. However, since types are private information, phi@cipal cannot adopt
this naive procedure. So, she has to desigaveard schemer payment sched-
ule which will induce workers to reveal theirue types. Notice that since the
principal can observe the organizational structure and the total output realized,
the reward to each worker can be made contingent on output as well as the
structuret € T. In fact, the principal can, after observing output, actually infer
the numberof workers inT, who have actually lied and been assignedtoOf
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course, the principal cannot inferho have lied. Nor can the prinicipal deduce
anything about workers iff; who have falsely claimed to be if, and hence
been assigned td. Nevertheless, it is apparent that the principal in this setting
has more information than in the traditional implementation framework.

This suggests the following scenario. First, the principal announceashe
signment rulewhich she will use to determine the production structure as a func-
tion of the information revealed by the individuals. Second, she also announces
the reward scheme which make payments a function of (i) realized output (ii) the
structuret € T which she will choose after hearing the vector of announcements
by the workers.

Given the reward scheme, each worker announces his private information. As
far as a worker’s private information is concerned, we describe two alternative
possibilities. In the first case, an individual only knows his or bem type.
Naturally, in this case, an individual's announcement consists of a declaration of
one's own type. The second case corresponds to that of complete information,
where each individual knows every other worker’s type. In the latter case, an
announcement consists ofpaofile of types, one for each worker.

The announcements made by the workers together with the assignment rule
chosen by the principal determines the organizational structure. The workers per-
form their assigned job, output is realized, and subsequently distributed according
to the reward scheme announced by the principal. Notice that the organizational
structure may be inoptimal if workers have lied about their types. For instance,
if worker i falsely claims to be skilled, then he may be assigned;toalthough
he would be more productive in a Type 2 job.

The formal framework is as follows. The principal announcesssignment
rule A which assigns each worker to eitherJ; or J, as a function of the
information vector announced by the workers. She also announces a reward
scheme, which is a pair of functioms = (rq,r,), where

ri :R+XT*>R+. (2)

Here,ri(y,t) is the reward to workers assigned g contingent on output
beingy, while ry(y,t) is the corresponding payment promised to workers as-
signed to Type 2 jobs. Remembering our earlier remark that output is completely
specified by the composition of workers assigneditowe will sometimes rep-
resent a reward scheme fag(k, 1),r2(k,1)}, wherek andl are the numbers of
skilled and unskilled workers assigned to Type 1 jobs. This formulation assumes
that the principal can infer how many unskilled workers have been assigned to
Type 1 jobs. Note that knowledge of the production function is enough for this
purpose.

Equation (2) also assumes that the principal has to emplognymous
schemes - the reward to workersand j cannot differ if they are assigned
to the same job. In particular, workersandj may both have been assigned
to J, even thoughi may have announced that shesilled andj may have
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announced that she imskilled® In other words, agents’ announcements about
types matter only in so far as this influences the assignment to jobs. A more
general approa¢hwould have been to consider schemes in which woiker

paid more than workey. Notice, however, that if workers announce only their
own types, then the principal has no way of verfying whethbas announced

the truth if she has been assignedlioHence, ifi is paid more thaf, then that
would givej an incentie t o declare that she is skilled!

Of course, if workerj wrongly claims to be skilled, then she would also
have to take into account the possibility that she is assignedj.tdf she is
indeed assigned td;, then the principal would detect thabmeonehas lied,
and thenj (along with others assigned th) would have to pay a penalty. The
probability thatj is assigned td; depends on the number of other workers who
have announced that they are skilled, the number of positionk,imnd the
tie-breaking ru le used by the principal. Clearly, non-anonymous schemes would
have to satisfy very complicated schemes in order to be induce truthtelling as a
dominant strategy. That is why we have chosen the simpler (but somewhat less
general) approach of restricting attention to anonymous schemes.

We also consider the complete information case when workers announce
entire type profiles. In this casetherworkers’ announcements could in principle
be used to distinguish between two workers assigndgl. tdere, non-anonymous
schemes ca give rise to a differet problem. Suppose skilled worlseassigned
to J,, and paid more than the unskilled workers. Then, the unskilled workers may
have an incentive to declaieto be unskilled. This, by decreasing the amount
paid toi will leave more to be distributed to the others. Notice again that there
is no way in which the principal can verify that the others have told the truth
abouti.

In what follows, we will refer to an assignment rule and reward scheme as a
mechanism

Clearly, each specification of a mechanism gives rise to a normal form game
in which the workers’ strategies are to announce either their own types or an
entire vector of types, depending upon the structure of information. We assume
that the principal’s primary objective is to choose mechanisms which will induce
workers to reveal their private information truthfully in equilibrium. Of course,
this involves the appropriate choice or specification of an equilibrium, depend-
ing upon the informational framework. In this paper, we focusstrategyproof
mechanisms, that is mechanisms under which truthtellingdismainant strategy
in the case when workers know only their own types. In the complete informa-
tion framework, we restrict attention to Nash equilibria and undominated strategy
equilibria. In other words, we are interested in the issue of designing mechanisms
under which the sets of these equilibria will coincide with truthtelling or strategies
which are equivalent to truthtelling.

6 Notice that this issue matters only for workers assignedpteince all workers assigned th
must have announced that they are skilled.
7 We are grateful to the anonymous referee for pointing out the need to clarify this issue.
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While these concepts are defined rigorously in subsequent sections, we spec-
ify below some restrictions which will be imposed on all reward schemes. These
restrictions essentially ensure that the problems we are studying are nofitrivial.

Definition 1. A reward scheme is admissible if

() (k+Drak,1)+ (N —k —ra(k, 1) =f(k, 1) Vk, | such that k1 < K
(i) r1(k,0) > ra(k,0) vk < K.

Remark 1.In this paper, we are going to restrict attention to admissible reward
schemes. Henceforth, reward schemes are to be interpreted as admissible reward
schemes.

Feasibility requires that the sum of the payments made to the workers never
exceeds realized output. Condition (i) goes a step further, and insists that the
principal can never destroy output. As we have mentioned earlier, a feasible
reward scheme which leaves some surplus is open to renegotiation.

Condition (ii) states that if the principal observes a level of output which
confirms that all workers assigned 8 are skilled, then these workers must
be paid more than the rest. Notice that unless skilled workers areapaécst
as muchas unskilled workers, the former will not have any incentive to reveal
their true types. It is also obvious that under the reward scheme velhicdys
distributes output equally amongst all workers, the adverse selection problem
disappears. The imposition of Condition (ii) can be thought of as a search for
“non-trivial” incentive compatible reward schemes. Also, such differentials may
be necessary because of superior outside options for the skilled workers.

3 Strategyproof reward schemes

In this section, we first define the conditions of strategyproofness and group

strategyproofness. We go on to derive a necessary and sufficient condition for

strategyproof reward schemes. We then show that the class of such schemes is

nonempty - indeed, we prove a stronger result by constructing a reward scheme

which is group strategyproofFinally, we explore the possibility of constructing

strategyproof schemes which are also “nice” from an ethical point of view.
When workers only know their own types, @mnouncement vector &

(a1, - -.,an) is ann-tuple of messages sent by the workers, eacrepresenting

worker i’s claim about his type. We will use; = 1 to denote the claim that

i is skilled, whilea; = 2 will denote the claim that is unskilled. Given the

assignment rulé employed by the principal, an announcement veatgenerates

a structuret = A(a). The reward scheme applied tot and the realized output

then gives the payoff vectd®(a, r) associated witla. This is given by

8 Also, notice that our formulation rules out the use of various ad hoc features stailchasing
which are often incorporated in game forms employed in the traditional literature on implementation.
For a review of the criticism against the use of these features, see Dutta(1997), Jackson(1992),
Moore(1992).
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i _ [ ri(k@),l(@)) ifi is assigned to Type 1 job
Ria.r) = { ra(y, A(@)) otherwise 3)

wherek(a), | (a) are the number of skilled and uskilled workers assigneH to
according to the anouncememf Notice that when workers announce only their
own types, the principal has essentially no freedom in so far as the assignment
rule is concerned. If some workers declare that they are skilled, the principal
must treat these claims as if they are true since she cannot deteotf@ethe
output is realized. Hence, the “best” chance of achieving efficiency is to assign
upto K workers toJ; from amongst those workers who claim to beTip 1©
So, the principal has to use only theward scheméo induce workers to tell the
truth. In view of this, we will define strategyproofness to be a property of reward
schemes, although strictly speaking it is the combination of the assignment rule
and the reward scheme which defines the appropriate game.

Let a* denote the vector dfue types of workers.

For any coalitionS, a vectora will sometimes be denoted aas(a_s).

Definition 2. For any coalition S, g is a coalitionally dominant strategy profile
under reward scheme iff

> R@sasrnz) Rsas.r) vasvas.
i€eS ies

So,ag is a coalitionally dominant strategy profile for coaliti&nf it is a best re-

ply to anyvector of strategies chosen by workers outside the coalition. When the
coalition S consists of a single individual, we will use the terminolatpminant
strategy

Definition 3. A reward scheme is group-strategyproof if for all coalitions S,
ag is a coalitionally dominant strategy profile under.

This definition assumes the possibility of side payments within any coalition.
If side payments are not possible, then the corresponding definition of group
strategyproofness would lveeaker Since our result on group strategyproofness
(Proposition 2) demonstrates the existence of group strategyproof schemes, we
use the definition which leads to a stronger concept.

Definition 4. A reward scheme is strategyproof if for all individuals i, &is a
dominant strategy under.

The following notation will be used repeatedly. Call a pair of integ&rs)(
permissibleif k +1 <K andk > 1,1 > 1.

9 Whenever there is no confusion about the anouncement vactee will simply write r; (k, 1)
instead ofr; (k(a), 1 (a)).

10 If more thanK workers claim to be ifT1, then the principal has to use some rule to select a set
of K workers. We omit any discussion of these selection rules since the results of this section are
not affected by the choice of the selection rule.
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Proposition 1. An admissible reward schemaes strategyproof iff satisfies the
following conditions for all permissible pair&, |):

ratk — 1,1) < ry(k,1) < ra(k, 1 — 1) @)

Proof. Consider any, and suppose for some permissible pkid §, ro(k—1,1) >
ri(k,1). Considera* such that/T;| = k, and leti € T;. Considera such that
{j € T2l = 1} =1 anday = a;, Vm € Tqi. That is, all skilled workers
declare the truth about their types, but exadtlynskilled workers claim to be
skilled. ThenR'(a,r) =r1(k,|). Supposé deviates and announcas= 2. Then,
R'(a,a_,r )=ra(k —1,1) > R'(a,r ). But, thenr is not strategyproof.

Suppose now that;(k,l1) > ra(k,| — 1). Let a* be such thafl; contains
k workers. Considen such that I — 1) unskilled workers declare themselves
to be skilled, all other workers telling the truth. Lpte Tp,a = &". Then
R, aj,r) =rak,| —1) < R(g,aj,r) = ri(k,1) wheng = 1. Then,r is
not strategyproof. These establish the necessity of (4).

We now want to show that if satisfies (4), then it is strategyproof.

Supposer  satisfies (4). If for some, &* is not a dominant strategy, then
there are two possible cases.

Case(i) i € T;. Leta = 2. Then, there is_; such that
R (&,a_i,r) > R(a*,a_,r) (5)
But, (5) is not possible ify(k — 1,1) < rq(k,1) for each permissible pair
(k,1).
Case (ii} i € To. Leta = 1. Suppose there B_; such that
R(a,ai,r)>R@&",a,r) (6)

But, (6) is not possible in view ofi(k,l) < ra(k,1 — 1) from (4). So,a
must be a dominant strategy for all a

In the next Proposition, we construct a group strategyproof reward scheme.
The reward scheme has the following features. The payment made to an individ-
ual in J; exceeds the payment made to an individualirby a “small” amount
when no lies are detected. If the principal detects any lie, then the output is
distributed equally. The proof essentially consists in showing that provided the
difference in payments to individuals iih andJ, are small enough, no group
can gain by misrepresenting their types.

Proposition 2. There exists a group-strategyproof reward scheme.

Proof. Let f be the production function. Define the following:
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ak,l) = @Vk,l such thatkk +1 <K

v = ming{k(k + D)a(k + 1,0) — a(k, 0)]}
e = min{f(k,0)—f(k, 1)}

>
1

1 .
o min(e, )

Consider the following reward scheme

k.0 = a(k,0)+1 ¥

ra(k,0) = a(k,0)—o
Vi =1,2,ri(k,I) a(k,l) vV permissible pairk,| such that > 1

]

Claim 1. r(k, 1) is monotonically increasing ik.

The claim is obviously true for all > 1 sincef (k,1) is increasing irk, and
sincery(k,1) = a(k, ). So, it is sufficient to prove thaf(k+1,0) > ri(k,0) vk <
K. To see this, note that

on

ri(k +1,0) —ry(k, 0) k(k + 1)

ak +1,0)—a(k,0) —

> 0 sincend < ~.

Claim 2.r is group-strategyproof.

Take any coalitiorS. We need to show that no matter what announcements
are made byN \ S), a is a best reply oS.

Suppose not. Then, thereds, a_s such that

Y Rias,as,nN>Y R(asasr) (7)
ies ies

This cannot hold if there is ¢ S such thai € T,NJ;. For, then the “average
rule” applies, and any deviation from the truth Bycan only reduce aggregate
output, and hence their own share.

So, without loss of generality, let_s = a* . First, suppose there ise S
such thata* = 2, but & = 1. Then, a lie is detected, and the average rule is
applied. However, the choice df guarantees that(k,0) > a(k, 1) > a(k’,1)

vl > 1,Vk’ < k. Sincery(k, 0) > ra(k, 0), noindividual in S can be better-off.

So, the only remaining case is wheh € S, & ¥ &* impliesa* = 1 and
a = 2. However, given Claim 1r;(k,0) > ry(k’,0) Yk’ < k. Also, rz(k,0) >
ro(k’,0). So, again this deviation from cannot benefit anyone i8.

So,r is group-strategyproof. a

Since strategyproof reward schemes exist, a natural question to ask is whether
it is possible to construct such schemes which are also satisfactory from other
perspectives. This is what we pursue in the rest of this section.
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First, one ethical principle which is appealing in this context is that workers
whose contributions to production are proven to be in accordance with their
declared types should not be punished for any loss of output. That is, consider
f(k,0) andf (k,I). Althoughf (k,0) > f(k,I), workers who have been assigned
to Type 2 jobs are not responsible for the loss of output. Hence, they should not
be punished. We incorporate this principle in the following Axiom.

Axiom 1. p(k,0) < rp(k, ) for all permissible pair, I.

Unfortunately, it is not possible to construct strategyproof reward schemes
which always satisfy Axiom 1. This is the content of the next proposition.

Proposition 3. There exist production functions such that no strategyproof re-
ward scheme satisfies Axiom 1.

Proof. Consider thep-model defined in the previous section with = 0. To
simplify notation, also assume th@t= 0.
Letr be a strategyproof scheme satisfying Axiom 1. Derrg(é, 0) = .
Sincer is strategyproof, we must haye> r;(1,1) > r,(0, 1). From Axiom
1, r2(0,1) > ry(0,0). Sincer,(0,0) = p,, we must have

"2 P2 (8)
Choose any < K — 1. Then,

(i +Dry(@,i)+(n—1i—Dry(1,i)
or (L+i)ry(3,i)

pr+(n—i—1)p
pr—(n—1—1D[ra(1,i) — pe]

Also, rp(1,i) > p > p2 from Axiom 1 and (8). Hence,
(A +D)r(L,i) <pr—(n—1—1i)(p—p2) )

Sincer is strategyproofri(1,i) > rp(0,i). Also, from Axiom 1,r(0,i) >
ro(0,0) =p,. Usingry(1,i) > p and (9), we get

pr—(N—1—i)(p—p2) = (1 +i)p2 (10)
Sincep > py, this yields

P> (L+i)p2 (11)

Obviously, ap-model can be specified for which this is not true.
This shows that strategyproofness and Axiom 1 are not always compatible.
O

Axiom 1 imposed a restriction on the nature of possible punishments incor-
porated in reward schemes. Another restriction which one may want to impose
on reward schemes is the principle of workers being paid “according to contri-
bution” when the principal detects no lies. Of course, this principle is not always
enforceable for the simple reason that the production function may be such that
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workers’ marginal contributions do not add up to the gross output. However,
one case in which this principle is a priori feasible is when the production func-
tion is described by th@-model. Here, the principle of “payment according to
contribution” takes a simple form. For each valuekokK K, one should have
ri(k,0) =p; — € andr,(k,0) = p, — £. In other words, all workers are paid
their marginal product minus an equal share of the fixed cost. Unfortunately, we
show below that the requirement of strategyproofness is not always compatible

with this principle of payment.

Proposition 4. There exists a p-model and a size of society such that the principle
of “payment acording to contribution” is not strategyproof.

Proof. Define fori =1,2,3, pi =p; — £. Clearly, p; > p».

Suppose is strategyproof and satisfies the principle of payment according to
contribution. So, for alk < K andi =1, 2, we must have; (k, 0) =p;. From (4),
ri(k, 1) <ry(k,0) =po. Since k+1)ri(k, 1)+(n—k—21)ro(k, 1) =kpy+ps+(n—k—
1)P2, we haverp(k, 1) = pp+ -2 whereA(k) = k(p1 —ra(k, 1)) +ps — r1(k, 1).
Since p; —ri(k, 1)) > 0, there exists a value &, sayk*, such thatA(k*) > 0.
Hence,ra(k*, 1) > po.

But this contradicts the requirement that

ra(k*, 1) <rg(k*+21,1) <rpyk*+1,0)=p; . O

4 The complete information framework

In the last section, we showed that there are non-trivial strategyproof schemes.
Unfortunately, Propositions 3 and 4 show that such schemes may fail to satisfy
additional attractive properties. This provides us with the motivation to examine
whether an incentive requirement weaker than strategyproofness widens the class
of permissible schemes. This is the avenue we pursue here by examining the
scope of constructing reward schemes which induce workers to reveal their true
information as equilibria in games of complete informatién.

When each worker knows other workers’ types, the principal can ask each
worker to report atype profile although of course she may not always utilise
all the information. Leta' = (al,...,a!) be a typical report of worker, with
a]-i = 1 denoting thai declares to be inT;. Similarly, a]-i = 2 represents the
statement that declaresj to be inT,. Leta = (al,...,a") denote a typical
vector of announced type profiles. Liet= (A, r) be any mechanism whereis
the assignment rule specifying whether workeis in J; or J, given workers’
announcementa. Letting A(a) denote the structure produced when workers an-

11 Actually, we are interested in a stronger requirement. In line with traditional implementation
theory, we also want to ensure that truthtelling and strategies equivalent to truthtelling amythe
equilibria.
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nouncea and the principal uses the mechanism the payoff function of the
corresponding game is given By

i _ [ rik@),l(@) ifi is assigned ti
R, m)‘{ r(k(a).1(2) otherwise (12)
where k(a), l(a) are the number of skilled ad uskilled workers assigned;to
respectively corresponding to the anouncementy vexidr

Definition 5. Given a mechanismm, an announcement‘lais undominated for
worker i if there is no announcemealt such that for all a', R ((@,a™"),m) >
R'((@",a™"), m) with strict inequality for somé&".

Definition 6. Given a m_echanisrm, two announcement vectoesand & are
equivalent if R(a, m) = R'(a, m) for all i.

Notice thatall announcement vectors will be equivalent if the principal uses
an assignment rule which is completely insensitive to workers’ announcements.
Hence, in order to ensure a satisfactory or non-trivial solution to the incentive
problem, we need to ensure that only “sensible” assignment rules are used. This
provides the motivation for the following definition.

Definition 7. An assignment rule is seemingly efficient if corresponding to any
announcement vecta satisfying a = a' foralli,j € N, up to K workers
declared to be in Thy all workers are assigned tq &nd all the rest are assigned

to J.

The principal of course has no way of verifying whether workers have told
the truth or not until the output has actually been realized. However, if all workers
unanimously announce the same type profile, then the principal has no basis for
disbelieving this announcement. The assignment in this case should assign only
workers declared to be im; to J;. Of course, at mosK such workers can be
assigned td;. Notice that the definition places no restriction on how assignments
are made when workers do not make the same anouncement. So, it is a very weak
restriction.

In this section, we are interested in the Nash equilibria and undominated
strategy equilibri#* of mechanisms which use seemingly efficient assignment
rules. LetNE(m) andUD (m) denote the set of Nash equilibria and undominated
strategy equilibria of the mechanism.

Definition 8. A reward scheme is implemented in Nash equilibrium (respec-
tively undominated strategies) with a seemingly efficient assignment rule A if there
is a mechanisrm such that form = (A, r), NE(m) (respectively Um)) consist

of truthtelling and strategies which are equivalent to truthtelling.

12 Note that in contrast to the incomplete information framework, the principal does have some
freedom about the assignment rule. That is why we have explicitly introduced the mechmarirsm
the notation.

13 To simplify notation, we will omit the dependence lofl on the announcement vectar

14 An undominated strategy equilibrium is one in which no worker is using a dominated strategy.
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Let r be implemented in Nash equilibrium with a seemingly efficient as-
signment rule according to the definition given above. Then, at any equilibrium
announcement, the “correct” or “efficient” assignment will be made. Furthermore,
workers inJ; will be paidr(k, 0) while workers inJ, will be paidr,(k, 0) where
|31] = k. An exactly similar interpretation is valid if is implemented in un-
dominated strategies. Thus, if the class of implementable reward schemes is rich
enough, then the principal can ensure payments according to various desirable
principles, apart from achieving the maximum possible output given workers’
true types and the production function.

In our first proposition in this section, we identify sufficient conditions on the
production function which ensure that a rich class of anonymous reward schemes
are Nash implementable with a seemingly efficient réte.

Proposition 5. Suppose either (i) k< n or (i) M < f(k—1,n—K) for all
k. Letr satisfy the following:

() ri(k,0)>ryo(k —1,0)forall k <K
(i) ra(k,1)=0and (k1) = & v > 1

Then,r is implementable in Nash equilibrium with seemingly efficient assign-
ment rule.

Proof. Letr be any reward scheme satisfying (i) and (ii). Consider the following
assignment ruleA. For all a, let Ty(@) = {i € N|a = 1}. Without loss of
generality, letT1(a) = {1,2,...,L}. If L < K, then alli € Ty(a) are assigned
to J;. If L > K, then{1,2,...,K} are assigned td;. So, the assignment rule
only depends on what each individual reports about herself. If no more than
K workers claim to be inT, then they are all assigned 8. If more thanK
workers claim to be skilled, then the firkt workers are assigned .

It is easy to check that this assignment ruleségmingly efficient

Let a* = (af,...,a;) be the vector of true types. We first show that any
such thata! = a* is a Nash equilibrium.

Suppose < Ti. Then, either (i) is assigned td; or (ii) T1(a) contains more
thanK workers and is assigned td,. Now consider any deviatioa' such that
a # a*. If (i) holds, theni’ payoff is ry(k,0) before the deviation, and either
ra(k,0)!8 or ry(k — 1,0) after the deviation. In either casiés deviation is not
profitable. If (i) holds, theri’s deviation does not change the outcome.

Suppose now thdt € T,. Then,i’s payoff when all workers tell the truth is
r2(k, 0). Consider any deviatioa' such thata| = 1. Either this does not change
the assignment (if is not amongst the firdk workers who declare they are in
Ty) ori is assigned td;. But, then since;(k, 1) = 0 vk, i will not deviate.

Now, we show that ang € NE(m) must produce the same payoff vector as
the truth.

15 We are most grateful to A.Postlewaite for suggesting the mechanism used in the proof of the
proposition.
16 j's payoff could ber,(k, 0) if more thanK workers had originally declared themselves to be

skilled. Of course, in this cade=K.
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Assume first thaK < n. Let a € NE(m), and suppose that thereiis= T,
such thaiaii = 1. If i is not assigned td,, theni’s announcement cﬁi‘ instead of
the truth does not change the outcoma. i§ not assigned tdy, thenRi (a, m) =
ri(k,1) = 0. But,i can deviate by announcirg = 2. Then,i’s payoff would be
strictly positive.

So, ifa € NE(m), thenT, must be assigned t&. Consider now € T, and
supposes! = 2. If i deviates and announce$ = 1, then either (i) is assigned
to J; or (ii) i is not amongst the firdl workers inT;. If i is not assigned td;
after the deviation, then she must be better off, so that in casa ¢gnnot be a
Nash equilibrium. In case (iig gives the same outcome as the truth.

So, this shows that wheld < n, anya € NE(m) is equivalent to the truth.
Suppose now tha =n, but "&0=K  f (k — 1,n — k) for all k.

The only remaining case we have to consider & i 1 for alli € N. Then,
for all i € N, Ri(a,m) = "&2=% for somek. But, then somé < T; can deviate
and announca' = 2. Then,i’s payoff will be f (k — 1, n —k). This is a profitable
deviation fori. O

Remark 2An anonymous referee has pointed out that the reward schemes incor-
porate very heavy punishment singék, 1) = 0 for all| > 1. However, note that
this provision will apply only out of equilibrium. Thus, the only stipulation on the
reward scheme applying to equilibrium messages is iti{lt 0) > ro(k — 1,0)
for all k < K. Since this is a very weak requirement, Proposition 5 shows that
the planner can implement a large class of anonymous reward schemes.

Notice that the smaller is, the more restrictive is the condition that
Men=k < f(k — 1,n — k). In our next proposition, we show that practically
all reward schemes can be implemented in undominated strategies without this
restriction on the production function, providéd=n.

Proposition 6. Let K = n. Letr satisfy the following.

(i) ri(k,0)and r(k,0) are increasing in k.
(i) ra(k, 1) =rak,1) ="®D forall | > 1.

Then,r is implementable in undominated strategies.

Proof. Consider the following assignment rufe For anya, defineU;(a) = {j €
N \a]-‘ =1Vi € N}. So, the setJ;(a) is the set of workers who are unanimously
declared to be inT;. Then, A(a) assigns all workers itJ,(a) to J;, all other
workers being assigned tb.

Let a* be the vector of true types.

Step 1.Leti € T;. Then, the only undominated strategyiof to announce*.

To see this, suppos# ¥ a*. There are two possible cases. Either (i) there
is j such thata* = 1 anda' = 2 or (ii) there isj such thata® = 2 anda/ = 1.

In all cases, we need only consider announcement vectors in which all other
workers have declaregdto be inT;. Otherwisej cannot unilaterally changes
assignment.
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In case (i), consider firgt=1i, that isi lies about herself. Them,is assigned
to J,. If some unskilled worker is assigned g then the “average rule” applies.
Then, i does strictly better by announcing the truth about oneself since this
increases aggregate output and hence the average.

If no unskilled worker is assigned th, then the same conclusion emerges
from the fact that;(k, 0) > r(k,0) > ra(k — 1,0).

Suppose now thgt # i. Then,i’s deviation to the truth aboyt is strictly
beneficial when some unskilled worker is assigneditoFor then the average
rule applies and aggregate output increases \yhemssigned td;. To complete
this case, note that never loses by declaring the truth abgusincery(k, 0) is
increasing ink.

Consider now Case (ii). Suppose some unskilled worker other jtharas-
signed toJ;. Then,i’s truthful declaration about increases aggregate output,
and hence’s share through the average rule. If no unskilled worker other than
j is assigned td, then agairi gains strictly since(k, 0) > [&9 » fkD)

This completes the proof of Step 1.

Step 2If i € T», and ifa' is undominated, thelaji =1forallj € Ty.

Supposea]-i =2 forsomg € T;. Again, we need only consider announcement
vectors in which all other workers declgr¢o be inT;. If some unskilled worker
is assigned tal;, theni gains by declaring the truth abouytsincef (k,1) >
f(k — 1,1) and the average rule applies. If only skilled workers are assigned to
Ji, theni cannot lose by telling the truth sincg(k, 0) is increasing irk.

This completes the proof of Step 2.

From Steps 1 and 2),(a) = T; whenever workers use undominated strate-
gies. Hence, all workers iii; will be assigned ta; ad all workers inT, will be
assigned tal,. O

Remark 3.Notice that while truthtelling is thenly undominated strategy for
individuals in Ty, individuals in T, may falsely declare amnskilled worker i

to be skilled at an undominated strategy. However, this lie or deception does
not matter since somg € T, will reveal the truth about. Hence, Proposition

6 shows that for a very rich class of anonymous reward schemes, the outcome
when individuals use undominated strategies is equivalent to truthtelling. Of
course, this remarkably permissive conclusion is obtained at the cost of a strong
restriction on the class of production functions since the proposition assumes that
K =n. If K < n, then workers inT; may have to “compete” for the positions

in J;. This implies that declaring another Type 1 worker to b&4ris no longer

a dominated strategy for some workerTipn

5 Conclusion
In this paper, we have used a very simple model in which incentive issues raised

by adverse selection can be discussed. The main features of the model are the
presence of two types of workers as well as two types of jobs. We conclude by



Incentive compatible reward schemes for labour-managed firms 127

pointing out that our results do not really depend on there beimgtypes of
workers and jobs. The model can easily be extended to the cdsaypies of
workers and jobs, provided an assumption analogous to Assumption 1 is made.
What we need to assume is that workers of Tymre most productive in jobs

of type i. They are as productive as workers of Typet() in jobs of type

(i +j), andlessproductive in typei(—j) jobs than in typei(+j) jobs. With this
specification and the assumption that despite possible capacity restrictions on jobs
of a particular type , the first best assignment never places a worker of ippe

a job of type { —j), the principal can still detect whether workers of a particular
type have claimed to be of a higher type. Notice that except in Proposition 1,
the specification of the reward schemes did not need knowleddgmwfmany
workers had lied. It was sufficient for the principal to know that realized output
was lower than the expected output. Hence, obvious modifications of the reward
schemes and assignment rules will ensure that Propositions 2, 5 and 6 can be
extended to thé type case. Of course, Propositions 3 and 4 are true since they
are in the nature of counterexamples. It is only in the case of Proposition 1 that
the reward scheme needs to use detailed information omuhgberof people

who have lied. This came for free in the two-type framework, given assumption
1. In the generak type model, we would need to assume that the principal can
on the basis of the realized output, “invert” the production function and find
out how many workers of each type have lied and claimed to be of a higher
type. Note that this will be generically true for the class of production functions
satisfying the extension of Assumption 1 outlined above.
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