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A decision-maker exhibits preference for flexibility if he always prefers any set of alternatives to its
subsets, even when two of them contain the same best element. Desire for flexibility can be explained
as the consequence of the agent’s uncertainty along a two-stage process, where he must first preselect
a subset of alternatives from which to make a final choice later on. We investigate conditions on the
rankings of subsets that are compatible with the following assumptions: (1) the agent is endowed with a

VN-M utility function on alternatives, (2) the agent attaches a subjective probability to the survival of each
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subset of alternatives, and (3) the agent will make a best choice out of any set which becomes available,
and ranks sets ex-ante in terms of the expected utility of the best surviving alternatives within them.
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1. Introduction

The idea that a decision-maker might prefer a set of opportuni-
ties to any of its subsets has a lot of appeal, and it admits different
foundations. Some authors justify this preference as the result of
an intrinsic desire for freedom; the same decision taken out of a
larger set would have a higher value to the decision-maker, which
could not be explained through the consequences of the choice but
because of its circumstances (see, Sen, 1988, 1991; Pattanaik and
Xu, 1990). Another justification for a decision-maker to prefer any
set to its subsets appeals to the higher flexibility associated with a
larger choice set, in the presence of some form of uncertainty. Pref-
erence for flexibility has a long tradition (Hart, 1940; Koopmans,
1964), and it did receive a deep and elegant axiomatic treatment
in Kreps (1979). There, the decision-maker faces uncertainty about
his own future preferences. In the present paper, we adopt a very
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similar framework but we place the decision-maker’s uncertainty
on the availability of alternatives for choice.?

The framework in Kreps is as follows. An agent takes decisions
in two stages. In the first stage, he chooses a subset of alternatives;
in the second stage, he chooses one alternative out of the subset
he decided upon on the first. When making his choice of a set in
the first stage, the agent is uncertain about the preference relation
which will govern his choice of a final alternative in the second
stage.Under this interpretation, it is natural to represent the agent’s
uncertainty on preferences by assuming that he is endowed with
a distribution over Von Neumann-Morgenstern utility functions,
that this uncertainty is resolved in the second period, and that he
chooses his utility maximizing alternative according to his second
period utility among those that are available after the first stage
choice. Under this interpretation, sets of alternatives can be eval-
uated in terms of the expected utility of the second-stage choices
they allow, and such calculations would lead, for any specific lot-
tery over VN-M utilities, to a ranking of sets. But not any ranking
of sets can be explained as the result of an expected utility calcula-
tion of this kind. Kreps provides necessary and sufficient conditions
for a total preordering over sets to be representable (we also say
rationalizable) in terms of the model above.

We consider the same time structure as Kreps, and we restrict
attention for simplicity to total orders of sets; which we also call

2 For a survey of these and other approaches on how to rank sets of objects see
Barbera and Bossert (2004).
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rankings. We propose an alternative source of uncertainty for the
decision maker: he knows that his future preferences will be the
same as the present ones, but he is uncertain about the availability
of the alternatives at the second stage. The decision maker must
still select a set in the first period, and an alternative from this set
in the second. But not all of the alternatives retained in the first
period may be available in the second, and then the agent is bound
to choose from the set of those alternatives that (1) were not dis-
carded at the first stage, and (2) are still available at the time of a
final decision. To motivate this scenario, think of actions with an
environmental impact. Some alternatives may become definitely
impossible after a first action is undertaken, while others may still
be open for future choice. Yet, additional events like a natural dis-
aster can narrow down the set of options for future choice even
further. A similar though less dramatic example is that of a choice
of restaurant. Those meals which are never available in a given
restaurant are definitely discarded by the time one makes a reser-
vation there. But the final selection of dishes will be made upon
arrival at the restaurant, and then some items on the menu may
also be unavailable at that time.

Under our interpretation, it is natural to assume that an agent
will be endowed with some VN-M utility function, and also with a
probability distribution over subsets of alternatives, indicating the
subjective probability that the agent attaches, for each subset, to
the event that the alternatives in this subset do survive, and the rest
of alternatives do not. Such an agent can then attach an expected
utility value to each subset of alternatives, viewed as his screening
choice. He can compute the probability with which he will have
to choose from each of the subsets of his initial choice, and then
the expected utility of his best choices on these subsets. This will
induce a ranking on sets of alternatives, that we term an expected
opportunity ranking. Again, while any VN-M utility function and
any distribution of the survival probabilities for sets will give rise
to a ranking of sets, not all rankings will admit a rationalization of
this kind. Our purpose is to explore the restrictions on rankings of
sets which arise from different specifications of our basic model of
two-stage choice with certain preferences and uncertain survival
probabilities for alternatives.

We first prove (Section 2) that a necessary and sufficient con-
dition for a ranking to be representable in terms of expected
opportunity is that any set should be strictly better than all of
its subsets (the inclusion property). This is the same condition as
Kreps’ in our setting. Indeed, our first model can be treated as a
reinterpretation of Kreps, but this reinterpretation is what allows
us to ask further relevant questions for research. Specifically, our
constructive and simple proof of this first result shows that, in fact,
we cannot learn anything about the utilities underlying a given
ranking of sets satisfying the inclusion property.

Because of the above, we turn to new questions which are spe-
cific to our interpretation and arise very naturally. Suppose that
some further characteristics of the survival probabilities are known
a priori and can be expressed as restrictions on the nature of their
distribution. Say that a ranking over sets is rationalizable as an x-
expected opportunity ranking if and only if there exist a survival
probability distribution satisfying condition x, and a VN-M utility
function generating the given ranking. One can then investigate,
for any restriction x on the class of admissible distributions, what
families of rankings of sets can still be rationalized. Moreover, one
can then also go deeper on the features of the utility functions that
are part of these rationalizations, and see whether something more
can be learned about them in the unrestricted case.

In the rest of the paper we concentrate on the rationalizabil-
ity of set rankings when the survival probabilities of alternatives
are independently distributed. By this assumption, we exclude the
possibility that the decision-makers screening of a given set of

alternatives as his first period choice could have an influence on the
probabilities that each of the retained alternatives remains avail-
able by the time of the final choice. Independence may be a natural
requirement or not, depending on the context. Take the example
of choice of restaurant, and consider the probability that fresh cod
is available in restaurants that have it in the menu. Independence
will be a natural way to express that the availability of fresh cod
depends on the general conditions of the market, while it may be
not be able to express the fact that restaurants with different menus
can try more or less hard to make it available to their clients, even
if they face the same market circumstances.

We find that the additional requirement of independence
significantly restricts the set of rankings which can be rational-
ized. Moreover, expected opportunity rankings with independent
survival probabilities must be rationalized by means of utility func-
tions which are no longer arbitrary. In many cases, we can now
infer some characteristics of the decision-maker’s preferences on
alternatives from his ranking of sets. We can offer a full character-
ization of the rankings which are rationalizable with independent
probabilities for the three alternative case (Section 5). The analysis
of these particular cases should give the reader a feeling for the
general type of restrictions that independent rationalizability does
impose on set rankings, and a measure of the difficulties that lie
on the way of a general characterization that would apply to any
number of alternatives.

2. The model: a representation result

Let A be a finite set and > a total order on 24. Recall that > is
a total order iff it is complete, transitive and antisymmetric. Along
the paper, we may also refer colloquially to such total orders as
rankings. Let 1 =, B)=# {C< 24| C> B} be the rank of B according to
>. Clearly, r( >, B)=0 iff B is >-maximal.3

Let £ be the set of lotteries on 24, i.e. £ £ if £ : 24 - R, and
ZEE ,£(E) = 1. We interpret a lottery as an expression of the sur-
vival probabilities for sets, and I(E) stands for the probability that E
is exactly the set of alternatives that survive in the second period.

For each £e£ and C, De24 define the function £ :24 - R
by £c(D) = Z(EezA‘EmC:D)E(E). When the survival probabilities are
given by ¢, and the agent has chosen the screening set C, then the
probability that an agent will be able to choose from set D is given
by Ec(D).

Using the definition of £¢( - ) we obtain:

Remark 1. Let{e £ and C,De24. Then £ : 24 — R satisfies:

Remark 2. Let £ £. Consider B, Ce2# such that Bc C and the
corresponding lotteries £( - ) and £¢( - ). Then for all D € 24

D)= Y D).

{D’|D'nB=D}

Proof. By the definition ZB(D)=Z{E‘EQB=D}Z(E). However, for
each E€2? such that ENB=D there exists one and only one

D' such that EnC=D’' and D'nB=D. Hence, Z(E|EHB:D)£(E):

3 We use the following notation: Let E, Fe 24. Then E ¢ Fif E is strictly contained in
F,and E CF,if Eis a subset of F. Moreover we shall use the convention that Zg( )=0.
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2=y 2 EEnc=pyEE) = 32 ppippy fc(D'), and the equality
obtains. O

Definition 1. A utility function on AU{@ } is a function u: AU
{@} > Rsuch thatu({= })=0.

Given a utility function u and a lottery fefl, we
define the expected opportunity function V:24 >R by
V(C) =3 paMaxx e puizyu(x)ec(D).

The function V(C) computes the expected utility for the agent
if he screens the set C. We assume that if D is the set of surviving
alternatives in C he will choose the best alternative in D. Yet, we
keep the alternative open, that should all the alternatives in D be
worse than { @ }, then the no choice opportunity x={& } is available
for him.

Hence, maxycpu(z)u(x) is the utility he obtains if the alternatives
in E € 24 survive and EnC=D.

Definition 2. The order > on 24 is an expected opportunity rank-
ingiff there existalottery ¢ € £ and a utility functionu : AU {&} - R
such that the corresponding expected opportunity function V :
24 > R satisfies

B>~C & V(B)> V(C).

Remark 3. Assume that the total order > on 24 is an expected
opportunity ranking with lottery £ € £ and utility function u. Then
V(C) > 0 for all Ce 24. Moreover, for all x € A, u(x) > 0 and there exists
E €24 such that x e E and £(E)>0.

Proof. Clearly V(C)>0 since u({2 })=0. Moreover V({2 })=0.
Hence, since > is a total order, V(E)>0 if E + @. Consequently,
V(X)) =D 5 paMaxy e puie UYL ix) (D) = max(0, u(x))y ", 4(E) >
0 for all x, and the conclusion obtains. O

We now state the condition that characterizes total orders on
24 which are expected opportunity rankings.

Definition 3. An order > on 24 satisfies the inclusion property iff
for all B, Ce 24:

C>B=C>B.

Theorem 1. Let A be a finite set and let > be a total order on 24. Then
the order > is an expected opportunity ranking if and only if > satisfies
the inclusion property.

Before turning to the proof, let us go deeper into the connec-
tion between our model and Kreps (1979). There, the desire for
flexibility is explained by uncertainty about the preference rela-
tion in the second stage. We shall now show that a representation
of the total order with the expected opportunity function V can
be interpreted within the framework of Kreps (1979) Assume that
V(B)=>" DcBMAXxepui o) U(X)Lp(D) represents >. We know from the
definition of a utility function that u({ & })=0 and from Remark 2

that u(x)>0 for all x e A. Hence, V(B) = Z Maxy e pujeyU(x)lp(D) =
De2A

> maxecpux)s(D)= > maxccppu(X)E(E).
(DD + @,DCB} {E|BNE + @}

We shall now reinterpret the expected opportunity function Vin
terms of uncertainty about the preferences in the second stage. Let
the set of states in the second stage be S=24 and let £ be the prob-
ability measure on S. Define the state contingent utility function
ii:Ax 24 > Rby
i(x, E) = { u(x) forxeE

0 forx¢E M

Now, assume that the agent in each state E maximizes {i( -, E).
The expected utility ranking of the subsets will then be the function
K : 24 > R, where
K(B)=> maxecpi(x, E)(E)= Y maxycpogii(x, E)(E)

E

{EIBNE + &}

= ) maxeppuUE) =YY maxeepu(x)U(E)
}

{E|BNE # @} D # 0and DSB{E|BNE=D

=) “maxycpue)u(x)UD) = V(B)
DcB

Hence the expected opportunity function V can be reinterpreted
as a representation in terms of uncertainty of second stage prefer-
ences with the state space S=24 and the state contingent utility
function .

An advantage of explaining desire for flexibility by opportuni-
ties of choice is that it is not based on an arbitrary construction of
the state space. Moreover as we shall see in the next section, an
interpretation of flexibility based on expected opportunity gives
rise to additional interesting questions.

As a consequence of the above remarks, we can see our Theorem
1 as a restatement of Kreps’ results. Just notice that he finds con-
ditions for the representability of complete and transitive binary
relations, while we restrict attention to those rankings of sets
that are also antisymmetric. Then, in the absence of indifferences
between sets, his conditions collapse to the one of set inclusion.

In spite of the above remark, we offer the reader a direct and
constructive proof of Theorem 1, in our own setting.

Proof. Assume that > is an expected opportunity ranking and
assume that Bc C. Then

V(C)=Zmaxxep/u(g,uu)ec(u’):z Z MaXy e oo u(x)ec(D')

De24 DCB (D'|D'NB=D}
> E E Maxyepuyz)U(x)ec(D') = E MaXyepugU(X) E Le(D')
DCSB (D'|D'NB=D} D<B (D'|D'NB=D}

= " maxeepuou(x)ts(D) = V(B)

DcB

where the next to last equality follows from Remark 2. Since we
know that V(C) # V(B) we obtain that V(C)>V(B), and hence C > B.

We shall now show that any total order on 24 which satisfies the
inclusion property is an expected opportunity ranking. We do so by
constructing a representation where the utility of all alternatives is
the same (say 1), and what determines the ranking of different sets
is just the choice of survival probabilities. In particular, a set will
be better than another if it induces a lower probability of having
to face the empty set as the only choice. Set u(x)=1 for all xcA
and u({ @ })=0. Notice, that the expected opportunity function V
corresponding touand £is givenby V(E)=1-(1-£g( 2 ))+0-Le( 2 ).
Hence V represents > iff £ satisfies E~ F < {g( @)<{p( @ ). Thus, we
have to construct £ such thatE > F & Z (D) < Z £(D).

{DSA\E} {DSA\F}

To do that, take any order > on 24 and define the complement

~* by

E-*FiffA\E -~ A\ F.

We construct survival probabilities such that, if E > F, then the prob-
ability that the agent is left with the empty set in the second period
after choosing E in the first is smaller than if he had chosen F. We
do so by ensuring that, in our construction, the probability that the
surviving alternatives are a subset of A\ E is smaller than that of
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Table 1
An example of construction in the proof of Theorem 1.

> = s(+) t(-) Expected utility

xyzw o s(2)=0 t(2)=0 1 = V(xyzw)

xyz w s(w)=1 t(w)=1 28/29=V(xyz)
Xyw z s(z)=2 t(z)=2 27/29 = V(xyw)
xXzw y s(y)=3 ty)=3 26/29 = V(xzw)
Xy zw s(zw) =4 t(zw) =1 25/29=V(xy)
xw yz s(yz)=5 t(yz)=0 24/29 = V(xw)
yzw X s(x)=6 t(x)=6 23/29 = V(yzw)
Xz yw s(yw) =7 tlyw)=3 22/29=V(xz)

X yzw s(yzw) =10 t(yzw) =0 19/29=V(x)

yw Xz s(xz)=11 t(xz)=3 18/29 = V(yw)
yz xw s(xw) =12 t(xw)=5 17/29=V(yz)
zw Xy s(xy)=13 tixy)=4 16/29 = V(zw)
w xyz s(xyz)=18 t(xyz)=0 11/29 = V(w)

y XxXzw s(xzw) =19 t(xzw) =1 10/29=V(y)

z xXyw s(xyw) = 22 t(xyw) =0 7/29=V(z)

o Xxyzw t(xyzw) = 29 t(xyzw) =0 0=V(2)

29=T=3 «(")

the surviving set being a subset of A\ F. We now define two func-
tions s, t : 24 — R recursively after the rank of the sets according
to >*. The function s will calculate a value for each set which, once
normalized, will give us the probability that the set or any of its sub-
sets is the survivor. The function t will calculate a value which, once
normalized, will be the survival probability for the set in question
(Table 1 below provides an example of our construction).

Since > satisfies the inclusion property r( > *, @)=0. We define
s(@)=0and t( @)=0.Now let E € 24 be the set with r{ > *, E) = 1. Since
> satisfies the inclusion property, there exists x € A such that E = {x}.
Lets(E)=r(>*E)=1andlett(E) = s(E) — Z{F|E>*F)S(F) =1-0=1.
Now assume that s and t have been defined for all B € 24 with r{ > *,
B) <k, where k> 1. Let D, E be such that r( ~*, D)=k and r( >*,
E)=k+1. Notice that s and t are already defined for all sets B such
that B C E, since > satisfies the inclusion property. We now define

s(E) = max(s(D) + 1, Zt(B)) and

BCcE

t(E) = S(E) — Zt(B).

BCE

Since 24 is finite the functions s and t are now defined.

Clearly, the construction of S gives
s(B)>s(C) & C>~*Bs&A\C~A\B and hence
C>~B<s(A\B)>s(A\C).

Moreover the construction of s and t yields that for every B € 24:

s(B) = Zr(o.

CcB

Now define the lottery £ : 24 — R by £(B)=t(B)/T for all Be24
where T = ZBGZ"‘ t(B). We shall show that £ has the wanted prop-
erty,i.e. B~ C« £( 2)>£p( @ ). By Remark 1 and the definition of ¢
we get

@)= Y toey= 3 12

De2A\C D e2A\C
Thus, since s(B)=  cct(B) we obtain
S(A\C
te(o) = X A ),

Since the construction of s yields B>~ C <« s(A\ C)>s(A\B) the
conclusion B> C« £c(2)>{p( 2 )obtains. O

Notice that the proposed representation is only based on an
appropriate choice of survival probabilities for sets, while the util-
ity of all alternatives is equal to one. Clearly, this representation is
not unique. In fact, we can argue from its construction that one
cannot infer anything about the agent’s preferences on alterna-
tives from knowledge of its ranking of sets. To see this, consider
any complete preordering R on the elements in A. We can now find
a utility function i : AU {@} — R and a lottery £ such that the cor-
responding opportunity function represents > and moreover @'s
restriction to A represents R. Indeed, let u and ¢ be as in the proof of
Theorem 1 and letv : A — R be any representation of R. Clearly, for
€>0 the function ii : AU {@} — R defined by fi(x) = u(x) + €v(x) for
xeAand ({2 })=0 shall also represents R, as u is constant. How-
ever, as > is antisymmetric then for sufficiently small €, € >0, > can
also be represented by the opportunity function corresponding to @
and £.

3. Independent survival probabilities

In Theorem 1 the lottery £( - ) was an arbitrary lottery on 24, It is

natural to ask whether it is also possible to get arepresentation the-
orem where £(B) can be calculated by using independent survival
probabilities for each alternative in A.
Definition 4. Let ¢:A—[0, 1] be such that ¥¢(B)=
HbeBZ(b)HC¢B(1 —¥c)) for all Be2A. We say that = is an
expected opportunity ranking with independent survival proba-
bilities if there exists a utility function u and independent survival
probabilities 2 such that the corresponding opportunity function
represents >.

The following definition of reversals within a ranking > is cru-
cial in what follows: Given two sets E, F and a third set B with no
elements in common with any of in the first two, we say that B
reverses E and F in > if the ranking of E and F is opposite to that of
EuBand FUB.

Reversals, whose formal definition follows, will be warning sig-
nals that some rankings of sets are not representable, and will help
toimpose conditions on the utilities and the probabilities to be used
in representations, when one exists.

Definition 5. An order > is said to have no reversals if for all E, F,
Be2A with BN (EUF)=@: E> Fimplies EUB > FUB.

Let E, Fe2A. A set Be24 with BNn(EUF)=o reverses E>F if
FUB>=EUB.

Lemma 1 expresses the first of a series of restrictions on rankings
that are imposed by rationalizability with independent probabili-
ties. Specifically, it states a set B which reverses the sets E and F
cannot consist of elements which all have larger utility than the
elements in E and F.

Lemma 1. Assume that the total order > on 24 is an expected oppor-
tunity ranking which can be represented by ? and u. Consider any sets
E, F, Be 24, Assume that E > F and that u(b)>u(x) for all b e B and all
xeEUF. Then EUB>~FUB.

Proof. Since E>F and u(b)>u(x) for all beB and all xeEUF,
V(EUB)=V(B)+ HbeB(l —£(b))V(E) > V(B) + HbeB(l -
2(b))V(F) = V(BUF). Hence EUB~ FUB. O

Corollary 1. If > isrepresentable as an expected opportunity ranking
with independent probabilities and x, y, z € X are such that u(x) > u(y)
and u(x)>u(z), then {x} cannot reverse the order of {y} and {z} in >.

Before we proceed to investigate further requirements imposed
by this type of representability, let us elaborate on the reasons
why reversals can actually occur, by examining the expression that
determines the expected opportunity value.
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To begin with, we characterize the orderings that do not present
reversals.

Consider an alternative x<A and the corresponding set {x}.
Adding an alternative z to {x} has two effects, that we call the utility
gain and the insurance gain. Indeed, we have that

V(ix, 2}) — V({x}) = max{(u(z) — u(x))2(x)€(z), 0} + (1 — L))V ({z}).

The first term is the utility gain, which is obtained when both
alternatives x, z survive. Clearly the utility gain is 0 iff u(x)>u(z) as
£(x)>0 and £(z) >0 by Remark 3. The other term is the pure insur-
ance gain, which is obtained in the event where z survives but not
x. This is positive iff £(x) < 1 since V({z})>0.

Next consider two alternatives x and y and add an alternative z
such that u(x)>u(z) and u(y) > u(z) to both {x} and {y}.

Then in both cases there is only an insurance gain. If z reverses,
the insurance gain from adding z to {y} must be higher than the
insurance gain from adding z to {x}. Therefore y is a more risky
alternative than x, i.e. Z(X) > Z(y).

Remark 4. Let A be a finite set and let > be a total order on 24.
Then > is an expected opportunity ranking with constant utility
function u and independent survival probabilities iff > satisfies the
inclusion property and there are no reversals.

To see the force of Corollary 1 alone, consider the following proof
that some rankings of sets satisfying the inclusion property cannot
be represented as expected opportunity rankings (a more complete
statement of what rankings are representable will come later, but
using additional lemmas that are not needed here).

Remark 5 (The ranking).
x,y,2} = {y,z} > {x, 2} > {x, y} > {x} = {y} > {z} > @.

cannot be represented as an expected opportunity ranking with
independent probabilities.

Clearly, the ranking satisfies the inclusion property. Notice that
{x} reverses {z} and {y}, {y} reverses {x} and {z}, and {z} reverses
{x} and {y}. Therefore, neither {x}, nor {y}, nor {z} can have the
higher utility among these three alternatives. Hence, no utility
function assigning different values to x, y and z can be chosen as
part of a representation of ~. Since our ranking presents reversals,
then Remark 4 completes the proof that no representation at all can
be found for this ranking with independent survival probabilities.

We now return to our study of restrictions imposed by repre-
sentability with independent probabilities.

Lemma 2. Let the total order > on 24 be an expected opportunity
ranking represented by £ and u. Assume that {x} - {y} and that {z}

reverses {x} > {y}. Then u(y)>u(x) and u(y)> u(z). Moreover, £(x) >
L)

Proof. We have to prove that neither x nor z can be the highest in
utility. By Lemma 1, z cannot be highest in utility. Thus, assume that
x is the highest in utility and hence that either u(x)>u(z)>u(y) or
u(x)>u(y)>u(z). We show that both cases lead to a contradiction.

First assume that u(x)>u(z)>u(y). Then {z} cannot create a
reversal to {x} > {y} as

V({xz)) = V(X)) + (1 = LX)V ((2))) =

V({x)) + V({z}) — L)2)u(z) = V(X)) + V(iz}) - Lx)E(z)u(x) =

V({z}) + (1 = L2)V(ix}) = V({z}) + (1 — U)WV () = V(iyz}).

Next assume that u(x)>u(y)>u(z). First notice that if z
creates a reversal to {x}>{y} then as z is lowest in util-

ity we have Z(y) < Z(x). Indeed, V({y})+(1- Z(y))v({z}) =
V({zy) > V(ixz)) = V(i) + (1 - 20)V((z)  and  V({x})>V({y})
imply £(y) < £(x). We now show that if £(y)<€(x) and
also u(x)>u(y)>u(z) then z does not create a reversal and
hence we again have a contradiction. Indeed, we have
V({xz}) = V({x}) + (1 = £(x))V({2}) = €(x)u(x) + (1 - €(x)V({z}) >
u(y) + (1 = £x)V({z}) > Lyuly) + (1 - €WV ({z}) = V({yz});
where the last inequality follows from the facts that
u(y)>u(z)>V({z}) and @(y) < @(x). Thus z does not create a
reversal to {x} > {y}. We conclude that y is highest in utility and
the first part of the lemma obtains.

The second part follows trivially, as {x} > {y} and u(y)>u(x). O

Lemma 1 and Lemma 2 imply

Corollary 2. Assume the total order > on 24 is an expected opportu-
nity ranking with independent survival probabilities. Then for all x, y,
zeA, if {y} reverses {x} > {z} then {z} does not reverse {x} > {y} and
does not reverse {y} > {x}.

Proof. Assume that > can be represented by u and ? and that {y}
reverses {x} > {z}. Then by Lemma 2, u(z) > u(x) and u(z) > u(y) and
Lemma 1 gives the conclusion. O

Lemma 3. Assume that > is an expected opportunity ranking with
utility function u and independent survival probabilities . Let x,y €A
satisfy u(z)>u(y)>u(x) forallze A\ {x, y}. Then

(i) the expected opportunity function V correspondingtou and? only
depends on u(x) and £(x) through u(x)¢(x),

(ii) thereexists arepresentation of - as an expected opportunity rank-
ing with utility function G and independent lotteries ? such that
t(z)>0(x)=10(y) forallze A\ {x,y},

there exists arepresentation of > as an expected opportunity rank-
ing with utility function G and independent lotteries £ such that
ti(z)>G(x)>0(y) forallze A\ {x, y} and Z(y) =1.

(i

~—

Proof. Let V be the representation using u and 2.Forall Ec2” we
have V(E) = V(E \ {x}) + (H(ZEE\(x))(] — £(2)))V({x}). This proves (i).

(ii) follows from (i) as we simply adjust the probability and the
utility of x such that Z(X)ﬁ(x) = V(x) and {i(x)=0(y) and keep the
utility and the probability of all other elements as specified with u
and £.

To prove (iii) we first use the representation from (ii) and make a
sufficiently small increase of the utility of x keeping the probability
of x, and the utility and probability of all alternatives z # x. Then,
we use (i) and set the survival probability of £(y) = 1 and G(y) = V(y).
This can only lower the utility of y and (iii) obtains. O

Lemma 3 shows that if we have a representation of > as an
expected opportunity ranking with independent utilities and we
know which two elements have the lowest utility, then we can find
representations where any of these two elements has the lowest
utility.

4. The case n=3

In this section we provide a full characterization of total orders
which are representable as expected opportunity rankings with
independent survival probabilities when there are only three alter-
natives. To do that, we show that the necessary condition in
Corollary 1 becomes also sufficient in that particular case.

Theorem 2. Assume that #A=3. Then the total order > on 24 can
be represented as an expected opportunity ranking with independent
survival probabilities iff > satisfies:
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1. the inclusion property, and
2. for any labeling x, y, z of the three alternatives in A if {y} reverses
{x} > {z} then {z} does not reverse {x} -~ {y} and does not reverse

{y}>{x}.

The theorem states that in the case with #A=3 the orderings
which cannot be represented as expected opportunity ranking with
independent survival probabilities are exactly the ones where the
two worst singletons in the ordering >~ create reversals. Indeed, let
A={x,y,z}. From now on, and without loss of generality, we assume
that {x} = {y} > {z}. Also we shall for short use the terminology that,
e.g. {y} reverses if {z, y} > {x, y}.

With this terminology the condition in Theorem 2 states that
the orderings which can not be represented with independent sur-
vival probabilities are the ones where {z} and {y} reverse or where
{x} and {z} reverse. However, notice that if x and z reverse, that is
{xz} - {xy} and {yz} > {xz}, then by transitivity of > also {yz} > {xy}
and thus also y reverses. Hence the orderings which can not be
represented with independent probabilities are the two orderings
where {y} and {z} both reverse.

Proof. We already saw in Theorem 1 and Corollary 2 that the
conditions are necessary. We now prove that they are sufficient.
Clearly, we can always multiply all utilities with the same positive
constant and hence we can use the normalization that V({x})=1in
our representations. First, if > has no reversals, Remark 4 implies
that > can be represented using a constant utility function.

Now assume there is at least one reversal, for example {x}
reverses {y} > {z}. The principles we shall use in the construc-
tion of the expected opportunity function are as follows. From
Lemma 2 we know that in any representation z has the highest
utility of the three alternatives x, y, z. Moreover, from Lemma 3
we know that if there is a representation then there is one where
x has the lowest utility. Hence, we can restrict attention to util-
ity functions u, such that u(z)>u(y)>u(x). Lemma 3 also allows
us to choose Z(x) = 1. Hence, we look at z as the risky alterna-
tive (with high utility and small survival probability) and at x, the
alternative which creates the reversal, as the safe alternative. We
shall in the construction let the survival probability of z be very
small. Indeed, we first construct a representation V : 24 — R of
> such that V(E) = V(E ¢ {z}) + V({z}) for all E<24 and where the
restriction of V to {E € 24 | z ¢ E} is an expected opportunity ranking
with independent survival probabilities. Clearly, if such ¥ has been
obtained we can find u(z) sufficiently large and £(z) sufficiently
small with u(z)2(z) = V(z) such that the function V : 24 — R where
V(E) = V(E) if z¢E and V(E) = V({z}) + (1 — £(2))V(E \ {2}) if z€E,
also represents . Obviously, Vis an expected opportunity function
with independent survival probabilities.

We now show that all rankings satisfying (1) and (2) and where
there are reversals can be represented by a function V as described
above. First assume that only {x} reverses. Together with the inclu-
sion property, this identifies the two rankings:

Xy.zb -2 - Xy -y, 2 - X} -y} - {2} > @

and

x,v,2} = {x,2} > X, ¥y} >~ {x} >~ {y, 2} > {y} >~ {2} > @.

We knoyv that z is highest in~utility and we assume t~hat X is
1~owest. Let V({x}) = 1 and choose V({y}) such Ehat V({xl) > V({y}) >
V({x})/2. Now determine V({z}) by V({z}) + V({y}) = V({x}). Notice
that V({y}) > V({z}). Moreover, choose @(y) as the uniquely defined
U(y)e 10, 1] such that V({x}) + V({z}) = V({y}) + (1 = £3))V(ix}).

_ Now consider the first of the two rankings and let V({z)) =
V({z}) + €, where € >0. When is sufficiently small we obtain

V) + V(i2)) > V() + (1 = 2yn))P(ix)) >

V() + V(i) > V({x)) > V() > V(iz).

Now let u(y) = V({y})/8(y), &(x) =1, and u(x) = V({x}). As 0 <
V(1z)) = V(iy}) — 20)V({x)) by construction of £(y), we clearly have
that u(y) > u(x). Hence we have constructed a representation V with
the wanted properties.

The second ranking can be represented exactly in the same way
by defining V({z}) = V({z}) — €.

Now we notice that since > is transitive there is no ranking
where only {y} reverses. There is however one ranking where only
{z} reverses, namely the ranking:

Xy, 21 - X%y} - {y,2} > {x,2} > {X} >~ {y} >~ {2} > @.

We know that y is highest in utility and assume z is lowest. Let
V({x}) =1 and let V({y}) be such that V({x}) > V({y}) > V({x})/2.
Now choose V({z}) such that V({y}) + V({z}) > V({x}) and V({y}) >
V({z}). Define the survival probability of the middle alternative x
by the uniquely defined £(x) e ]0, 1[ such that V({y})+ V({z}) =
V(x}) + (1 = £(x))7({z}). The function ¥ now obtains by defining
V({y}) = V({y}) + €, where €>0 is sufficiently small and by letting

u(x) = ‘2((:)) £(z) = 1, and u(z) = V(z) as before.

Now we consider the rankings with two or three reversals.
Because of part two in the theorem we know that if {z} reverses
then {y} does not reverse, if {y} reverses then {z} does not reverse,
and if {x} reverses then {z} does not reverse. Therefore the only
ranking which is left is the ranking where {x} reverses {y} > {z}

and {x} reverses {y} > {z} i.e. the ranking:

X5,z > {x,2} - {y, 2} - X, y} > (X} > {y} > {2} > @.

We know z that is highest in utility and by arbitrarily focusing on
the reversal by {x} we assume thatxis lowest. Let V({x}) = 1.Choose
V({y}) such that V({x}) > V({y}) > V({x})/2, and V({z}) such that
V(iz}) + V({y}) > V({x}) and V({y}) > V({z}). Moreover, let as before
the probability of the middle alternative y be the uniquely defined
y)e 10, 1[ such that V({y})+ V({z}) = V({y}) + (1 — L)V ({x}).
Now again define V({z}) = V({z}) + € for sufficiently small € >0 and
we have the wanted function V. The representation of this ranking

completes the proof. O

5. Conclusions

Preferences for flexibility are plausible in many decision con-
texts, while not necessarily in others. We have provided what
we think is an attractive justification of it in terms of uncertainty
over the future availability of certain alternatives which are open
today. We have investigated whether this interpretation allows us
to establish a link between set rankings (which can be interpreted
as being revealed through choices) and the underlying (and pre-
sumably unobservable) preferences and probabilities attached to
single alternatives. This formulation does not impose much of a
restriction on the rankings of sets (only the inclusion condition),
and does not imply any particular connection between the utility
of sets and the direct utility of single alternatives.

We have pursued the analysis of further questions suggested by
our model for the case where one has information on the shapes
of utilities or on the probability distributions determining what
alternatives might be available in the future. We have illustrated
the potential of such additional analysis by proving that if we know
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that the survival probabilities of different alternatives are indepen-
dent, then knowledge of the ranking of sets becomes informative
about the underlying utilities and survival probabilities of single
alternatives.
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