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1 The purpose and limitations of this survey

Surveys may have many different uses. I hope this survey on strategy-
proofness in social choice is able to fulfill some of them.

A possible use is informing the general reader about the type of questions
that are addressed by the experts in the area, and the kind of answers that
they look for. In trying to meet this objective I have provided a narrative
that may be read as an introduction to the topic'. It also suggests to the
reader some “boxes” where to classify the many papers on the subject. The
examples used to illustrate this narrative are treated more extensively that
the rest of articles that are also mentioned. This, I hope, allows for this piece
to be more than a list of papers. But the choice of illustrations is largely
personal, includes some of my own work along with other contributions, and
is not meant to signal that the results in question are more important than
others that receive a more succinct treatment.

A second use for a survey is, I think, to provide a perspective of what has
been done in the past. How did the topic come to be attractive to enough
people as to deserve special attention, when and why did this happen, how did
this interest evolve. Every generation may need to rediscover some themes
that were already treated by earlier ones, and this is surely a guarantee that
important issues are not forgotten and get to be analyzed from new angles.
But there is also some tendency to forget earlier works, and economics at
large suffers, I think, from an inability to accumulate established knowledge.
In that respect, I provide an account of how an old remark that voting
methods were manipulable was picked up in the early seventies and became
part of a very successful move to incorporate the analysis of incentives as an
essential part in the study of economic mechanisms. The attention here will
be essentially restricted to the issue of strategy-proofness in the context of
social choice, but I hope it becomes clear that the subject is part of a larger
picture, and an important part indeed. I hope that the survey provides the
reader with a good overview of the path followed until the beginning of this
century.

A third important use of a survey is to suggest important directions for
future work. In that respect, I must admit that the contributions of the
last years are treated here in much less detail than those of the preceding

'Part of this narrative is borrowed from my previous paper “An Introduction to
Strategy-proof Social Choice Functions”, (2001a).



decades, and that the survey is not a good substitute for reading the last
news on the topic, even if I mention enough recent references to provide the
hungry reader with a good start. In fact, there are new developments that
only mention slightly. I will go back and refer to them in the final remarks
(section 11). T have even left out some essential work on mechanism design
that was born and grew in parallel to the contributions in social choice theory
that I emphasize here. Again, the reader will find some comments on this
literature in the text, and some more at the end. My only confort when
admitting these limitations is that any survey gets old, and therefore this
last role is more ephemeral than the other two that I tried to serve primarily.

2 Introduction. A few historical notes

Voting rules have been used since ancient times, and the actors involved
(candidates, voters and designers) have certainly been aware ever since of the
many possibilities that arise to affect their results through strategic behavior,
even when the rules are formally respected.

We have evidence of this awareness through the writings of those thinkers
who discussed and analyzed voting systems in the past, and I shall mention
a few, following the historical materials contained in Black (1948) and in
McLean and Urken (1995).

Already in Roman times Pliny the Younger (A.D. 105) discussed beau-
tifully the possibility of what we would call today agenda manipulation: it
may be that the sequence in which different proposals are put to vote has an
impact on the vote’s outcome, thus giving the chairman, or whoever chooses
the order of votes a clear occasion to act strategically to his advantage.?

The organization of the Church gave rise to many occasions to vote (see,
for example, Gaudemet (1979)), and one of the contributions of Ramon Llull
(1283) was to propose, in separate texts, the use of those rules that have come
to be known as Borda’s and Condorcet’s methods. While not elaborating
on the strategic aspects, Llull’s remarks offer evidence of his awareness of
the possibility that agents might not behave straightforwardly, and also of
the possibility of influencing the behavior of voters through the design of
appropriate rules and procedures. When describing the method to nominate
candidates to become abbess, Llull (1283) requires from the participants that,

2In fact, as noted by McLean and Urken, the case described by Pliny is one where the
order of vote does not actually matter.



before voting secretly, they “all....should take an oath to tell the truth”.
Likewise, in a later writing, where Llull (1299) proposes open, public voting,
he demands that “all voters take an oath that they will elect the better and
more suitable candidate”. Yet, even then he insists that one of the virtues
of the method is that if the voters “do not choose the best, it will be obvious
to everyone in the chapter that they are choosing the worse candidate and
perjuring themselves without any color of an excuse”. To add, later on
that “those who choose openly are so placed as to be in disgrace with their
colleagues if they choose badly. Those who elect in secret are not”.

In spite of having required his voters to “strip themselves of all sins” and
“swearing an oath in the Lord’s altar to elect the person that their free con-
science shall duly judge best”, Cusanus (1434) had to qualify his enthusiastic
defense of the method he proposes. He said that no other method “can be
conceived which is more holy, just, honest or free. For, by this procedure,
no other outcome is possible, if the electors act according to conscience (my
italics), than the choice of that candidate adjudged best by the collective
judgement of all present.”

More than three hundred years later, Jean-Charles de Borda (1784) also
defended the method that took his name under the assumption that voters
would sincerely express their preferences, and when criticized for that as-
sumption just retorted that his election method was only meant to be used
by honest men (see McLean and Urken, Chapter 1, footnote 10). Joseph
Isidoro Morales (1797), who proposed the same method than Borda just a
few years after, discussed much more explicitly the possibility of strategic
behavior under different voting rules. “In the methods of election currently
in use (...) an area lies open to private or personal injustice by the elec-
tors, as, depending on the situation, one, two, three or more of them can
prevent the election of the most deserving candidate if they thus wish to
contravene the course of justice. This system is so well known and occurs so
often that an explanation of it is redundant”. He then defended his proposed
method (Borda’s) along lines that were already expressed in Llull, but at
much greater length: “in such an election, merit and justice are safeguarded
by censorship of other electors in the case of a public election, and pangs of
conscience if it is secret. Even if men’s passions cause them to lean toward
injustice, their pride will lead them to conceal it.”

In spite of Morales’ arguments, which run along a different line, Borda’s
rule is manipulable, in the sense to be used in this survey, which is standard
in the contemporary literature. That had already been argued by Daunou
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(1803), who pointed at the possibility of voters abusing the method by rank-
ing the most dangerous opponents to their favorite candidate as being the
worst, candidates.

The most important predecessor of modern social choice theory, M.J.A.N.
de Caritat, Marquis de Condorcet, wrote on the matter from two different
perspectives. One, associated with the point of view that we now use in devel-
opments related to the “Condorcet Jury Theorem” (Condorcet, 1785). That
is indeed the perspective that better explains the writings of his predecessors
as well. In this perspective, it makes sense to speak about the “true” or “cor-
rect” social ordering?, to refer to malicious deviations from it, and to consider
the possibility of costs for those who are discovered to act maliciously (either
imposed socially or by their own conscience). In other writings, Condorcet
did propose the use of specific rules, and adopted a point of view much closer
to that underlying the Arrowian Tradition, where there is no room for such
thing as the “true” social order, as a separate entity from individual prefer-
ences. Condorcet was aware of the possibilities of manipulation arising from
the simultaneous consideration of more than two alternatives, and that his
insistence on the use of pairwise comparisons responds to this concern, at
least in part. This, coupled with his awareness that these majority compar-
isons can lead to no conclusion, leads him to accept imperfect but operational
methods. Take, for example, Condorcet (1792), where he actually accepts a
second best, after arguing that a first best might not be attained, brings us
very close to what a modern social choice theorist could end up presenting
as an impossibility theorem. In his ideal method, and once all candidates
are nominated, “each voter would then express his complete will, by making
a comparative judgement between all the candidates taken two by two, and
from the majority will on each comparison, we could deduce its general will.
However, this method will often give an unsatisfactory result and will not al-
ways reveal which candidate the majority prefers, since there may sometimes
be no such thing as a majority preference”. Now, since we cannot choose the
only method which usually reveals the candidates considered most worthy

31In the setup of the Condorcet Jury Theorem, there is not only a “true” ranking, but
all voters are assumed to share it as a common goal, while having different information and
perceptions regarding what the common ranking is. Voting rules must then be viewed as
estimators of the common good, given the voters’ revealed information. Even in this ver-
sion of Condorcet’s setup there is room for strategic behavior, this time directed to enhance
the common interest (Austen-Smith and Banks (1996), Coughland (2000), Feddersen and
Pesendorfer (1998), and Rata (2002)).



by a majority (...) we have had to choose the simplest and most practical
one, the one that is least susceptible to factions and intrigue (...)”".

I will take here a huge leap in time, since it took almost two hundred
years after the first golden age of social choice theory* to have a general and
precise statement confirming the extended suspicion that all rules are subject
to some form of strategic manipulation.

The sparse nineteen century authors that worked on electoral systems
concentrated on other topics. Likewise, the emphasis of contemporary social
choice theory, as initiated by Arrow (1951, second edition 1963) was not on
the strategic aspects.

Even then, all major authors in the fifties, sixties and early seventies were
aware of the relevance of the issue, and elaborated on it to some extent.

Arrow devotes Section 2 of his introductory Chapter 1 in Social Choice
and Individual Values to discuss some limitations of his analysis, and says
that “The aspects not discussed may be conveniently described as the game
aspects (....). Once a machinery for making social choices is established, in-
dividuals will find it profitable, from a rational point of view, to misrepresent
their tastes by their actions, either because such misrepresentation is some-
how directly profitable or, more usually, because some other individual will
be made so much better off by the first individual’s misrepresentation that
he could compensate the first individual in such a way that both are better
off than if everyone really acted in direct accordance with his tastes (...)
Even in a case where it is possible to construct a procedure showing how to
aggregate individual tastes into a consistent social preference pattern, there
still remains the problem of devising rules of the game so that individuals
will actually express their true tastes even when they are acting rationally”
(Arrow 1963, page 7)°.

4This is how McLean and Hurkens qualify the times of Borda and Condorcet.

SEven after excluding the subject explicitly, Arrow referred to it in the text, by dis-
cussing the possibility of strategic voting in elections based on pairwise sequential contests.
He cites the following example: “Let individual 1 have ordering x, y, z; individual 2, y, x, z;
and individual 3, z,y,x. Suppose that the motions come up in the order y, z, z. If all in-
dividuals voted according to their orderings, y would be chosen over z and then over .
However, individual 1 could vote for z the first time, insuring its victory; then, in the
choice between z and z,  would win if individuals 2 and 3 voted according to their order-
ings, so that individual 1 would have a definite incentive to misrepresent.” The problem
treated here is similar to, though not identical with, the majority game, and the compli-
cated analysis needed to arrive at rational solutions there suggests strongly the difficulties
of this more general problem of voting. (Arrow, 1951 a, pp. 80-81).



Contemporary to Arrow’s first writings were those of Black (1948a, 1948b).
He explicitly stated that under majority rule, no agent or group could clearly
gain from preference misrepresentation when agent’s preferences are single-
peaked, but he also pointed out that some misrepresentations could lead
to cycles, even if this restriction holds. This is because Black and most of
the authors in the period were trying to reason about manipulability as a
characteristic of binary decision processes, where the chosen outcome is not
directly a function of the preference profile, but arises as the maximal ele-
ment of a social binary relation. Moreover, Black’s statement assumes that
agents, when called to vote in sequence, can reveal preferences that are not
single-peaked®. As a result, Black’s defense of the strategic properties of
majority under single-peakedness is less optimistic than that of later writ-
ers. But his contribution is essential. As we shall see, single-peakedness and
similar conditions have played an important role in defining domains which
admit strategy-proof rules.

Without yet proving any theorem, Vickrey (1960) expressed a neat con-
jecture about the structure of rules that might be strategy-proof. In a section
devoted to “Strategic Misrepresentations of Preferences”, he stated that “so-
cial welfare functions that satisfy the nonperversity and the independence
postulates and are limited to rankings as arguments are (...) immune to
strategy. It can be plausibly conjectured that the converse is also true, that
is, that if a function is to be immune to strategy and be defined over a com-
prehensive range of admissible rankings, it must satisfy the independence
criterion, although it is not quite so easy to provide a formal proof for this”.

Luce and Raiffa’s encyclopedic work on Games and Decisions (1957, pp.
359-362) also touched at the issue of strategic voting (Section 14.8), though
concentrating only on the manipulation of decisions made by majority rule
when alternatives are eliminated sequentially and majority is not transitive,
as already discussed by Arrow. Their remarks point out that transitivity may
also be necessary for non manipulability, and are thus nicely complementary
to those of Vickrey.

The most elaborate analysis of strategic issues in voting at that early pe-
riod was due to Farquharson (1969). Actually, this monograph was published
longer after it was written, in the mid-fifties, and part of Farquharson’s ideas
were transmitted to the profession through his joint work with Dummett
(Dummett and Farquharson (1962)). Much of Farquharson’s monograph is

6This point was taken up later by Blin and Satterthwaite (1976).



devoted to the analysis of game theoretic equilibria of voting games, using
in particular the noncooperative notion of sophisticated equilibrium and a
more cooperative notion of collective equilibrium. But before engaging in
such analysis, he discusses the possibility of what are now called strategy-
proof rules, ones for which expressing the truthful preferences is always a
dominant strategy for all players. He uses the term straightforward to refer
to such rules. I quote: “The only circumstance in which a voter can make
his choice of strategy with absolute confidence are those in which he can be
sure that, whatever contingency eventuates, his strategy will give at least as
desirable an outcome as any other strategy would have done (...). We adopt
the term “straightforward” to describe a strategy which is thus uncondition-
ally best (...). If a procedure affords a voter a straightforward strategy, we
may transfer the epithet and say that the procedure itself is straightforward
for him”.

Farquharson studied, in his Chapter 7, the conditions on individual pref-
erences under which binary procedures, based on the sequential elimination
of alternatives by pairwise comparison, may be straightforward. And he con-
cluded that “if there are three or more outcomes, no binary procedure can
be straightforward for all possibility scales”. This is already a strong and
rigorous statement, even if it only covers a particular class of procedures.
In a a recent article, Dummet (2005) has described the circumstances of his
cooperation with Farquharson and how close they had been on proving the
result which was later attained by Gibbard and Satterthwaite.

Murakami (1968, Chapter 4, Section 10) also discussed the issue of stabil-
ity along similar lines than Dummett and Farquharson. He took one step in
the direction conjectured by Vickrey, showing that satisfying a monotonicity
property is necessary and sufficient for a social decision function based on
pairwise comparisons to be stable.

A fundamental text in the development of social choice theory was Sen’s
“Collective Choice and Social Welfare” (1970). There again, the author was
perfectly aware of the issues, and in fact devoted a section (Section 11.3,
pages 192 and on) to discuss the specific question of sincere preference rev-
elation. Sen’s discussion is in line with those authors, like Vickrey (1960)
and Murakami (1968) who discussed the importance of specific requirements
on social choice procedures in order to control the extent of manipulation.
Sen was aware of the technical difficulty involved in finding conditions that
eliminate all possibilities for manipulation. He pointed out that “non nega-
tive response or even positive responsiveness is no guarantee against insincere
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voting being an efficient strategy” (page 194), and provided an example in-
volving manipulation by groups. But he also qualified the importance of the
issue. While admitting that “honest voting” is often not in a person’s best
interest, he added that: “this is a perfectly general difficulty, but its relevance
will vary greatly with the system of collective choice. As Murakami has ar-
gued, with those collective choice systems that are non negatively responsive
to individual preferences the scope of what voters can achieve by distorting
their preferences is very limited”.

Another important book from that period was Fishburn’s “The Theory of
Social Choice” (1973). It also discusses the issue of voting strategy, again in
the specific context of sequential voting methods (pages 97-99), but mostly
concentrates on other topics.

By this time Allan Gibbard came up with a framework and a result which
gave new strength to all preceding remarks on strategic voting, and started
a much more systematic study of the issue. We turn now attention to this
fundamental contribution.

3 Strategy-proof social choice functions for
unrestricted domains: the Gibbard-Satterthwaite
theorem

3.1 Statement

It was Alan Gibbard (1973) who first published a precise theorem within a
framework that allowed for a sharp and unambiguous statement that all non-
trivial social decision functions are manipulable. The same result was proved
independently by Mark Satterthwaite (1973) in his doctoral dissertation, and
has thus become to be known as the Gibbard-Satterthwaite theorem.

Let us begin by a statement of this celebrated result’.

A will be a set of alternatives (finite or infinite). I = {1,2,...,n} will be
a finite set of agents. Agents in I will be assumed to have preferences on A.

"Unfortunately, social choice theory has not developed a unified notation, or a unified
set of denominations for its basic constructs. Terms like voting schemes, social decision
functions, social choice functions, and the like are often used to name the same construct,
and each one may be used to denote a different one in some other article. I will not try to
use the words of each of the authors, but try to be somewhat consistent within the survey.



Preferences will be always complete, reflexive, transitive binary relations on
A. We denote individual preferences by =, ', =;, etc. The corresponding
symbols =, >, =, will stand for the strict part of the relation. R will stand
for the set of all possible preferences on A. Preference profiles are n-tuples
of preferences, one for each agent in I = {1,2,...,n}.

A social choice function on the domain Dy X ... x D,, C R" is a function
f:Dy x...x D, — A, where each D; is considered to represent the set of
preferences which are admissible for agent 7.

What preferences are admissible, or interesting, or relevant, will change
with the interpretation of A, the set of alternatives. Different economic
situations will give rise to alternative setups, some of which will be considered
along this paper.

We shall focus on social choice functions which are strategy-proof, or non-
manipulable. A social choice function f: Dy x...x D, — A is manipulable
iff there exists some preference profile (=1,...,=,) € D1 x...Xx D,, an agent
1 and some preference =;€ D;, such that

fCrm o mn) =i fCR o 7 2n)

The function f is strategy-proof on Dy x ... x D, iff it is not manipulable.

Different reasons why this is an interesting property of social choice mech-
anisms will be discussed along the text. Let us first introduce a few comments
here. As already noted by Gibbard,“... to call a voting scheme manipulable
is not to say that, given the actual circumstances, someone is really in a
position to manipulate it. It is merely to say that, given some possible cir-
cumstances, someone could manipulate”. From the point of view of voters,
it may pay to learn about others under a manipulable social choice function,
but not under a strategy-proof one. As for the consequences of manipula-
tion, if they occur, there may be many, but the possible loss of efficiency is
particularly worrisome from the point of view of the designer. Social choice
functions which would always select an efficient outcome if voters provide
truthful information may end up recommending an inefficient alternative,
after voters distort their preferences in order to manipulate.

Given a social choice function f, denote by r; the range of f. Given a
complete preference relation = on the set A of alternatives, and a subset B
of A,let C(=,B) ={be€ B | forall c € B,b = c}. The set C (3=, B) denotes
the =-maximal elements in B, and is interpreted as the set of alternatives
that an agent endowed with preferences = would consider best out of those



in B.
A social choice function f is dictatorial iff there exists a fixed agent ¢ such
that, for all preference profiles in its domain,

f(?lw"a?n) S O(%w?ﬂf)

Hence, a dictatorial social choice function is trivial, in that it does not
really aggregate preferences of agents, but simply chooses one of the best
elements of one and the same agent (when it is unique, this fully describes
the rule; otherwise complementary criteria to break ties are allowed, but this
hardly allows to consider the rule anything but trivial).

The following theorem establishes that all non trivial social choice func-
tions on the universal domain of preferences are manipulable. We informally
bunch up, under the term “trivial”, two types of rules: those that are dic-
tatorial, and those which only choose between two alternatives. Indeed, for
the simple case where society must decide between only two alternatives, the
majority rule, or any reasonable variant of it, are strategy-proof. But these
rules break down dramatically when more than two choices are at stake, as
expressed by the following

Theorem 1 (Gibbard (1973), Satterthwaite (1975)) Any social choice func-
tion f : R™ — A, whose range contains more than two alternatives, is either
dictatorial or manipulable.

Notice that choosing by majority over two alternatives (with an appropri-
ate tie-breaking rule) is a nondictatorial and non-manipulable social choice
function. Because of this and other similar examples, Theorem 1 must be
explicit about the requirement that there are at least three alternatives in
the range. Another essential assumption of this theorem is that the social
choice function is defined on the universal set of preferences over A. Much
of the work surveyed here consists in examining how this conclusion may
change when the domain of preferences is restricted in different ways.

Let me briefly comment on the definition of manipulability and on the
implications of the Gibbard-Satterthwaite theorem. Since I elaborate on the
topic at different points, these initial remarks are just introductory, and a
warning about too simplistic a reading of the result.

First of all, notice that the definition of manipulability assumes that
one agent could gain from misrepresenting his preferences if (1) he knew for
sure how others would vote, and (2) that their vote would not change as
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a result of the misrepresentation. Moreover, the definition predicates that
such an opportunity for gain would arise at some profile. Therefore, there are
many qualifications to make about the actual implications of manipulability.
Certainly, the fact that a social choice function is manipulable does in no
way imply that agents will engage extensively in changing their declared
preferences. This is because they cannot always gain. Also because they may
not know whether they can at any given situation, either for ignorance about
the other agent’s preferences, actions or strategies. And, as different authors
have pointed out, also because the potential beneficiary of a manipulation
may have difficulties in determining/computing the implications of his actions
under complex rules. Yet, as soon as an agent understands that a social choice
function is manipulable, he has an interest in knowing whether the conditions
to take advantage from it do hold. It may be in his benefit to know about
the other agent’s preferences, intentions, strategies, and about the intricacies
of the rule. By contrast, a rational agent who knew to be operating under
a strategy-proof rule would know that there is no point in wasting resources
in such quests, since the added knowledge would not yield any potential
gain. Agents under strategy-proof rules will derive no advantage from acting
strategically, that is, from conditioning their behavior on that of others. By
contrast, the possibility of manipulation is an invitation to attach value to
all the considerations above, even in those cases where, in the final analysis,
agents could decide not to misrepresent their preferences for one reason or
other.

3.2 The impact of the Gibbard-Satterthwaite theorem

In fact, this statement, which is standard today, did not appear in that exact
form in the initial work of any of the two authors after whom it is named.
Gibbard’s theorem was stated as a corollary of a more general statement,
regarding game forms. We shall elaborate further on that larger framework.
Satterthwaite’s original work used a different but equivalent notion of ma-
nipulability (Satterthwaite, footnote 5). A statement and proof of the result
in the terms that became more widely know was due to Schmeidler and Son-
nenschein (1976), who also used the term Gibbard-Satterthwaite theorem for
the first time.

Gibbard’s proof was based on connecting the structure of strategy-proof
social choice functions and that of Arrowian social welfare functions. We
shall elaborate on this connection later on, but point it out here to stress
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how ripe the situation was for the theorem to appear, after the different
conjectures and results that had been stated on such connection by authors
like Vickrey, Sen and Murakami, along with the negative partial statements
already proved by Farquharson. Gibbard (1973) remarks that “The theorems
in that paper should come as no surprise (...)Since many voting schemes in
common use are known to be subject to manipulation, writers on the subject
have conjectured, in effect, that all voting schemes are manipulable (...) A
result such as the one given here, then, was to be expected. It does not,
however, turn out to be easy to prove from known results”.

In fact, two important articles on the subject also appeared in 1973, both
written independently from Gibbard’s article and Satterthwaite’s thesis. One
is due to Pattanaik (1973), entitled “On the Stability of Sincere Voting Sit-
uations”. This work, and subsequent articles on the subject, qualify Pat-
tanaik’s contributions among the most salient in the study of manipulation,
as he essentially proved the impossibility of non manipulable rules within the
Arrowian framework. Yet, by concentrating on group decision rules, rather
than the simplest framework of social choice functions, Pattanaik had to face
different technical problems, including the need to break ties in case of social
indifferences, which made his results harder to communicate to larger audi-
ences. Another important paper was Zeckhauser’s “Voting Systems, Honest
Preferences and Pareto Optimality” (1973). That paper considers a different
framework than Gibbard and Satterthwaite’s, by allowing lotteries as out-
comes and letting individuals state their preferences over lotteries. We shall
refer to it later, along with other results in this framework. What I just
want to stress here is that the paper elaborates on the connections between
voting and economic systems, and explicitly discusses the trade-off between
strategy-proofness and efficiency, two conditions that we shall see to be very
hard to encompass by nontrivial decision rules®.

This insistence that the times were ripe for such a result is not to mini-
mize the importance of the Gibbard-Satterthwaite theorem. Rather, it is to
wonder about how important it is for a good result to appear in the right
form, at the right moment.

The moment was right, not only because of the internal developments
in social choice theory that I have already outlined, but also because of the
larger trends in economics. The popularization of the Gibbard-Satterthwaite
theorem coincided with other important discoveries in public economics: the

8For further comments, see section 6.5.3.
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Clarke-Groves mechanisms (Clarke (1971), Groves (1973), Groves and Loeb
(1975)), Green and Laffont (1979), which provided a sharp solution to the
free rider problem as stated by Samuelson (1954), and Hurwicz’s (1973, 1977)
analysis of the incentives dimension within his general framework for the
study of mechanism design. It also coincided with a renewal in the ability
of game theory to provide sharp analytical tools to analyze the strategic
behavior of agents. All of a sudden, then, the incentives for agents to behave
according to the set rules of the economic and political game become a matter
of priority in the research agenda of economists and political scientists. A
clear picture of this state of affairs is provided by J. J. Laffont’s editorial
introduction to the book “Aggregation and Revelation of Preferences” (1979).

The form of the theorem was also crucial for its instant popularity. It is
a sharp statement, formulated within a simple but general framework, and
referring to a single type of strategic behavior, leaving aside other complica-
tions. Previous authors had been getting close to state that all social decision
rules were manipulable, and to connect the condition of strategy-proofness
with some of Arrow’s conditions. But many of these statements were marred
by the fact that authors had in mind a framework where social aggregation
resulted in a social binary relation, which might in turn lead to social cy-
cles (with ill defined choices), or to social indifference (with more than one
choice). The simpler framework used by Gibbard and Satterthwaite allowed
to focus on essentials’.

Gibbard had to express the difference with great force. “Neither voting
schemes nor game forms allow ties. Both take single outcomes as values,
and for a good reason. In questions of manipulability, the final outcome is
what matters (...). In this respect, a voting scheme differs from an Arrow
“constitution”, which it resembles in all other aspects”.

By concentrating on social decision functions, that initial result gained in
transparency and conveyed its message with maximal effectivity. Likewise,
considering manipulability only, and leaving aside other important forms
of strategic behavior, contributed to sharpen the results. And stating the
theorem for functions defined on a universal domain was also essential to get
its strong negative conclusion.

Much of the literature that followed can be seen as a sequence of quali-

91n fact, this framework had already been proposed by Farquharson, who then did not
spend too much time on the issue of straightfordwarness and moved to the analysis of
more game-theoretical questions.
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fications regarding Gibbard and Satterthwaite’s choice of framework. These
results will sometimes show the robustness of the theorem, sometimes show
that it does not hold under certain alternative frameworks. But there is no
doubt that this theorem marks the start of several important lines of re-
search. I will point at several of these directions in the next section, and will
concentrate mostly on those more closely related to social choice theory in
the rest of the paper.

Before anything else, we should look into the different proofs of that
seminal result.

3.3 Proofs of the theorem

Because the theorem is important, it has been the object of much attention,
and many alternative proofs of it have been offered. We shall briefly outline
several of them. To unify the discussion, we concentrate on the case where
the set of alternatives is finite.

3.3.1 Proofs based on the connection with Arrowian social welfare
functions.

The earliest proof is due to Gibbard (1973), and it relies heavily on Arrow’s
impossibility theorem (1951). The latter refers to social welfare functions:
that is, to rules which assign a transitive preference relation to each prefer-
ence profile. It states that a social welfare function over the universal domain
satisfying the properties of Pareto (P) and Independence of Irrelevant Alter-
natives (ITA) must be dictatorial (when there are at least three alternatives).

Gibbard’s proof referred to a wide framework, involving game forms. We
concentrate here in its adaptation to social choice functions. In its simple
form, the argument we provide, which captures Gibbard’s essential insight,
was popularized by Schmeidler and Sonnenschein (1974, 1978), and it runs
as follows.

Start from a strategy-proof social choice function f with at least three al-
ternatives in its range. Construct (in a way to be described) an auxiliary rule,
based on f, that assigns to each profile a binary relation on the alternatives in
the range of f. Prove that, under the given construction, this binary relation
is transitive (if f is strategy-proof), and that the auxiliary rule wy is thus a
social welfare function. Show that, again due to f’s strategy-proofness, wy
must also satisfy the conditions of Pareto and ITA. Conclude (from Arrow’s
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theorem) that wy is dictatorial and (from the construction) that f must also
be.

Different ways to define wy from f can be used to make the above ar-
gument. Gibbard’s is as follows: for any profile (=1, ..., =,), and any two
alternatives = and y in the range, construct a new profile (=77, ..., =),
where each agent i places z and y on the top of his ranking, while keeping
the relative order of x and y as in ’=;, and also respecting the relative orders
of any pair not involving x and y; calculate the outcome f (3=1Y, ..., =*);
if f is strategy-proof, we must get either x or y (this takes an easy proof);
then, declare x socially preferred to y under profile (=1, ..., ,) if x is the
outcome of f for (>=7%,..., =), or y preferred to z if y comes out.

A similar proof is due to Gérdenfors (1977, also see 1976). Instead of
using Arrow’s theorem, he resorted to an analogous result of social choice
functions for multiple agendas due to Hanson (1969).

Batteau, Blin and Monjardet (1981) provided a proof that stresses the
connection between strategy-proof rules and Arrowian social welfare func-
tions, by showing that the distribution of power underlying both types of
rules must have the same structure. Specifically, the family of “preventing
sets” underlying a strategy-proof rule must be an ultrafilter, which is the
structure of “decisive sets” in Arrowian functions.

3.3.2 Proofs by inspection and further induction

A second interesting approach to prove the Gibbard-Satterthwaite theorem
is based on a close examination of strategy-proof social choice rules for three
alternatives and two persons with linear preferences, followed by an extension
to weak orders and by a double induction on the number of agents and
alternatives. Induction had already been used by Satterthwaite (1973) in
his dissertation. Schmeidler and Sonnenschein (1978) provided a simple and
elegant proof along these lines. Concentrating first on the 6 x 6 matrix
corresponding to the combinations of strict preferences for the two agents, a
number of short but subtle arguments lead to the conclusion that strategy-
proofness only allows for social outcomes which always coincide with the
preferred alternative of one of the two agents. Then, a simple reasoning
extends the conclusion to general preferences (admitting indifferences), and
induction does the rest (see Sen (2001)). This proof emphasizes that the
two person, three alternative case contains all the essential elements of the
theorem, in a nutshell. Another proof along similar lines, but limited to the
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two person, three alternative case, is provided by Feldman (1980).

The use of induction on the number of alternatives is limitative, as it
does not allow to extend the result to cases with an infinity of alternatives.
On the other hand, the use of induction on the number of agents is quite
suggestive of a fact that arises in many contexts: solving the problem of
strategy-proofness for two-individual societies is a long step toward solving
it for any society with a finite number of agents!®.

3.3.3 Proofs based on the necessity of strong monotonicity

Monotonicity properties can be predicated from social choice functions, social
choice correspondences, social welfare functions or other models of social
choice. They all try to reflect the idea that, if an alternative is chosen
at some profile, then it must also be chosen at other profiles where that
alternative has improved its position. Because the notion of “improving the
position” is subject to different qualifications, there are several versions of
monotonicity. A strong form of it turns out to be necessary for the strategy-
proofness of social choice function. Moreover, social choice functions whose
range has more than two alternatives can only satisfy strong monotonicity
it if they are dictatorial. This is the line of argument developed by Muller
and Satterthwaite (1977, 1985). See also Peleg (1984, page 33) and Moulin
(1988, Section 9.1).

3.3.4 Proofs that emphasize the role of pivots

In two separate papers, Barbera (1980a, 1983a) provided new proofs of Ar-
row’s and Gibbard and Satterthewaite’s theorems which focused on the role
of pivotal voters in collective decision-making. Essentially, an agent is a pivot
at a preference profile if she can change the social outcome just by chang-
ing her preferences. The proofs consist, both for Arrow’s and for Gibbard-
Satterthwaite’s, in first proving that only one agent can be pivotal at each
preference profile (otherwise, a contradiction to Arrow’s conditions would
arise, or a manipulation would be possible). Then, it proceeds to show that
the agent who is eventually pivotal at some profiles is always the same, and
always pivotal: the dictator. By a very different type of reasoning that of Sat-
terthwaite (1975), these early papers also pointed at the strong connections

10This is not the case, for example, for different forms of implementability, where the
two-person case needs to be handled separately than that with more people.
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between both theorems, in the context of unrestricted domains!!.

3.3.5 Proofs that build on the structure of strategy-proof rules
and option sets

I would like to sketch a proof that was presented in Barbera and Peleg (1990),
and has its roots in Barbera (1983a). While the preceding proofs only apply
when the number of alternatives is finite, the proof I am about to present,
although it is sketched here for the finite set of alternatives, two voter case,
can be adapted to cover the case with a continuum of alternatives'?. It is also
a good starting point for the analysis of strategy-proof rules operating under
restricted domains. Because of that, many of the results to be surveyed later
are proven with techniques similar to those I will now present. As Sprumont
(1995, pp. 98-99) pointed out, this “proof technique has been successfully
applied to other domains of preferences over public alternatives... Moreover,
the bulk of the recent literature on strategy-proofness in private commodity
environments also follows (this) approach”. As we shall see, the crucial notion
in this approach is that of an option set. The role of this concept had been
noticed by Laffond (1980), and by Chichilnisky and Heal (1981).

To be concise, I’ll consider two-agent social choice functions, and assume
that agents have strict preferences. We denote the set of all strict preferences
by P (here again, the extensions to general preferences and to n agents are
quite straightforward). The argument runs as follows.

o Let f:P xP — A be strategy-proof

e Given f, define the notion of an option set. This will be key to our
proof. The options left for 2, given a preference P; for agent 1, are
defined by

02(Py) ={x | 3R, [ (P, P)=x}

'When domains are restricted, Arrow’s conditions need not lead to the same conflicts
that Gibbard-Satterthwaite’s, and vice-versa. See Barbera (1996).

12The reader will see that the version I provide for a finite set of alternatives involves
the use of concepts, like that of the second best alternative, that would not be well defined
for the continuum , and need adaptation. For a careful analysis about the implications
on the range and on the shape of option sets in the continuum case, see Le Breton and
Weymark (1999).
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Notice that this definition is relative to f. We should write o97(P), but
we omit the f for simplicity. These are the outcomes that 2 could obtain, by
some declaration of preferences (truthful or not), should 1 declare preferences
Pl.

The proof now proceeds along five elementary remarks.

e The first remark is that, if f is strategy-proof, then for all preference
profiles f (P, Py) = C(Py,05(P;)). This is just a rewording of the
strategy-proofness condition, but it allows us to think of functions sat-
isfying this property as generated by a two stage process: agent one,
by declaring her preferences P;, narrows down 2’s options to oy(Fy);
then, agent 2 chooses her best alternative out of the options left by
1. (Clearly, the argument is symmetric; the roles of 1 and 2 could be
reversed all along). Notice that, if agent 1 was a dictator, then oy(P;)
would be a singleton and coincide with 1’s preferred alternative. On
the other hand if 2 is a dictator 0o(P;) = 7 for any Py, since 1’s decla-
ration is irrelevant to the function’s outcome, and fixing it does in no
way restrict the possible choice of 2.

Given this first remark, the proof of the Gibbard-Satterthwaite theorem
consists in showing that a strategy-proof social choice function must generate
option sets 09(P;) which always select a singleton (1’s best alternative) or
always leave all of r; for 2 to choose from. This is easily proven through a
sequence of additional remarks, which shed light on the structure of strategy-
proof functions, and whose proofs are really simple. (The reader can try to
prove them directly. If in need, turn to Barbera and Peleg (1990), Section 2).

e The second remark is that, for any P, 0o(P;) must contain the best
element of P in ry. That is, agent 1 should always leave room for 2 to
choose, eventually, 1’s favorite outcome.

e The third remark establishes that whenever C (Py,ry) = C (P, 7y),
then 0y(Py) = 09(P;). That is, only the “top” alternative for agent 1
in 7y can be relevant in determining the options that 1 leaves for 2.

e The fourth remark is that, whenever the range of f contains at least
three alternatives, then o,(P;) must either be, for each Py, equal to r¢
or to C (Py,ry).
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e The fifth and last remark concludes the proof by showing that, in fact,
only one of the two possibilities above can hold. Either oy(P;) is always
equal to 7y, or it is always equal to C (P,7y). Hence, f must be
dictatorial if it is strategy-proof, has at least three alternatives in its
range (this plays a role in proving the fourth remark) and is defined on
a universal domain (this is used to prove the last three remarks).

To end this section, let me insist that strategy-proofness has implications
on the structure of option sets. In the case where preferences are defined on
a continuum, it also has implications on the structure of the range. On that,
see Le Breton and Weymark (1999).

3.3.6 The Gibbard-Satterthwaite theorem as a corollary

In spite of its generality, the Gibbard-Satterthwaite theorem does appear as
a corollary of even more general results, in different frameworks.

We shall see later that one can embed any finite set of alternatives into a
multidimensional euclidean space. General results describing the structure of
strategy-proof rules under different range structures and preference domains
induce the Gibbard-Satterthwaite theorem as a special case (Barbera, Mass6
and Neme (1997), Barbera, Mass6 and Serizawa (1998), Nehring and Puppe
(2002)).

An important model in mechanism design is the one where compensa-
tions via money transfers are allowed. This framework, which was introduced
in the research on strategy-proof allocation initiated by Clarke (1971) and
Groves (1973), does also provide a way toward the Gibbard-Satterthwaite
theorem. This is based on the remark that no non-imposed decisive rule
be implemented in dominant strategies without the use of transfers, which
at some point violate the global feasibility constraints. This argument was
made in an early and important paper of Roberts (1979), which is a start-
ing point for many recent developments in the literature on rules involving
compensation.

One of the intriguing aspects in the Gibbard-Satterthwaite result is that,
even before it was formally proven, some authors did establish its close con-
nection with Arrow’s impossibility theorem (Vickrey (1960)). Satterthwaite
(1975), and Kalai and Muller (1977) went a long way in establishing this
connection (I elaborate further on this point in Section 10.1).

Recently, different authors (Geanakoplos (2001), Reny (2001)), insisted
in the strong parallels between some of the proofs of these two results. Two
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papers by Eliaz (2004) and Barbera (2001b) have provided results which
surpass this approach, by proving both results to be specific instances of
larger, more abstract theorems on preference aggregation.

4 Game forms and the question of implemen-
tation

4.1 Strategy-proofness in a larger picture

As I already pointed out, Gibbard’s (1973) statement and proof of his results
about manipulation do not only refer to social choice functions (which he
called voting schemes), but to a more general framework. In his own words:

“A voting scheme is a special case of what I will call a game form. A
game form (...) is a system which allows each individual his choice among
a set of strategies, and makes an outcome depend, on a determinate way,
on the strategy each individual chooses. A “strategy” here is the same as
a pure strategy in game theory, and indeed a game form is a game with no
individual utilities yet attached to the possible outcomes. Formally, then,
a game form is a function g with a domain of the following sort. To each
player 1 to n is assigned a nonempty set, Si,...S, respectively of strategies.
It does not matter, for purposes of the definition, what a strategy is. The
domain of the function ¢ consists of all n-tuples < sy, ..., s, >, where s; €
S1,89 € Sg, ..., 8, € S,,. The values of the function g are called outcomes. A
voting scheme, it follows, is a game form such that, for each player, his set of
strategies is the set of all orderings of a set Z of available alternatives, where
Z includes the set X of outcomes. (...) For game forms alone (...) there
is no such thing as manipulation. To manipulate a system, a voter must
misrepresent his preferences. To talk about manipulation, then, we must
specify not only a game form, but for each voter and preference ordering P
we must specify the strategy which “honestly represents” P. Manipulability,
then, is a property of a game form ¢(si,...,s,) plus n functions oy, ..., 0,
where for each individual k& and preference ordering P, ok(P) is the strategy
for k which honestly represents P.(...)What we can show is this: however
we characterize honest voting in a system, the system, as characterized, will
be manipulable (...) Here is the result (...) A strategy s* is dominant for
player k and preference ordering P of the set of outcomes if, for each fixed
assignment of strategies to players other than k, strategy s* for k produces
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an outcome at least as high in preference ordering P of the set of outcomes
if, for each fixed assignment of strategies to players other than k, strategy
s* for k produces an outcome at least as high in preference ordering P as
does any other strategy open to k.(...) A game form is straightforward if for
every player k and preference ordering P of the outcomes, some strategy is
dominant for £ and P. The theorem on game forms says that no non-trivial
game form is straightforward” (Gibbard, pages 588 to 591).

I quoted extensively from Gibbard to show that, indeed, his formulation
was very broad, and opened the way to consider, with very small changes of
framework, general issues of incentive compatibility and implementation.

For comparison and perspective, I will provide a framework for imple-
mentation theory, as described by John Moore (1992)'3 in a brilliant survey,
written some twenty years later.

“Consider an environment with a finite set {1,...,4,..., I} of agents, and
a set A of feasible outcomes, with typical element a.

The profile of the agents’ preferences over outcomes is indexed by the
state 0, agent i has preference ordering R; (6) on the set A. Let P, (f) and
I; (0) respectively denote the strict preference relation and the indifference
relation corresponding to R; () .

Each of the agents is assumed to observe the state 6, so there is complete
information among the agents about their preferences over A.

The above formulation allows for any degree of correlation across the
agents’ preferences. © may, for example, comprise all possible vectors of
preference orderings over A: the universal domain. Or there may be perfect
correlation, in which case knowing one agent’s preference ordering over A
would be enough to deduce all the other agents’. We shall say that preferences
in © have independent domains if agent 7’s set of possible preference orderings
over A is fixed -independent of how the other agents j # ¢ happen to rank
A.

A choice rule is a correspondence f : © — A that specifies a non-empty
choice set f (0) C A for each state 6.

The implementation problem is as follows: does there exist a mechanism,
or game form, g such that in any state 6, the set of equilibrium outcomes of
g coincides with f (6)7 If so, then g (fully) implements f. This is a general
notion of implementation, in that we have left open the choice of equilibrium

I3Note: I excerpt literally from Moore’s exposition (pages 214-217), which has become
standard.
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concept.

A natural place to start is with a revelation mechanism, g*, in which
each agent i’s strategy set comprises his set of possible preference order-
ings, {R; (0) | @ € ©}: that is, each agent simply announces what are his
preferences over A. (Arguably, revelation mechanisms make most sense if
preferences in © have independent domains, because then any vector of pref-
erences reported by the agents could in principle be the truth.) If, in each
state 6 truth-telling is an equilibrium, whose outcome is in f (), then g*
truthfully implements f. Notice that this is weaker than (full) implemen-
tation, because there may be other, untruthful equilibria in state ¢ whose
outcomes are not in f ().

The most appealing notion of implementation is the one that makes the
weakest assumptions about the agents’ behavior: implementation in domi-
nant strategy equilibrium.

To discover what can be implemented in dominant strategy equilibrium
(and other equilibrium concepts), a useful ground-clearing result comes from
the Revelation Principle. This provides a set of necessary conditions —in
effect, incentive constraints— which a choice rule must satisfy if it is to be
(fully) implementable. In particular, consider the case where preferences in ©
have independent domains, and where the choice rule f is single-valued (i.e.,
where [ (0) is a single outcome for all #). Then if f is (fully) implementable in
dominant strategy equilibrium, it must also be truthfully implementable in
dominant strategy equilibrium. To see why, replace the non-revelation mech-
anism g which (fully) implements f in dominant strategies by a revelation
mechanism ¢* which mimics it. That is, if, in state 6, the I agents choose the
vector of (dominant) strategies (s; (0)), say, in g, then announcing the truth
in ¢g* leads to the same outcome: ¢g*|R; (6),..,R;(0)] = g[s1(0),...,s1 (6)].
Clearly, for each agent i, announcing the truth R; (f) in ¢* must be a dom-
inant strategy, because s; () is a dominant strategy in g —hence g* truth-
fully implements f in dominant strategy equilibrium, as required. However,
in moving from g to ¢*, we may admit new, unwanted, untruthful dominant
strategy equilibria: ¢* need not (fully) implement f.

Nevertheless, one sense that for a rich enough choice rule and associ-
ated mechanism ¢*, there is unlikely to be a multiplicity of dominant strat-
egy equilibria. In particular, there will only be a gap between (full) imple-
mentation and truthful implementation in dominant strategy equilibrium if
there are indifferences in the agents’ preference orderings. If © only contains
strict preference orderings, then dominant strategies are essentially unique:
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it can easily be shown that a choice rule f is (fully) implementable in dom-
inant strategy equilibrium if and only if it is single-valued and truthfully
implementable in dominant strategies. Laffont and Maskin (1982, pp. 42-
43) present other conditions guaranteeing that if truth-telling is a dominant
strategy equilibrium of the revelation mechanism ¢*, then it is the only one.

Unfortunately, for dominant strategy implementation, the necessary con-
ditions (the incentive constraints) provided by the Revelation Principle are
very demanding. For a single-valued choice rule f to be truthfully imple-
mentable in dominant strategy equilibrium, it must be strategy-proof: for
any agent ¢, if 6,¢ € © are such that R, (#) = R; (¢) for all j # i, then
£ (6) Fi (0) f (6) and, symmetrically,  (9) R; (9) f ().

This follows straight from the definition: if f is truthfully implementable,
then in state 6 agent ¢ cannot gain from misreporting his preferences as
R; (¢), thereby changing the outcome from f(0) to f(¢). Moreover, it
is clear that, if preferences in © have independent domain, then strategy-
proofness is also sufficient for f to be truthfully implementable in dominant
strategy equilibrium: simply use the revelation mechanism g*[R; (0) , .., R; (0)] =
£0).

Under this general framework, the Gibbard-Satterthwaite theorem takes
the following form:

Theorem 2 (Gibbard, 1973; Satterthwaite, 1975). Suppose O includes all
possible strict preference orderings over A. Then no single-valued choice rule
f, whose range contains at least three distinct outcomes, can be truthfully
implemented in dominant strateqy equilibrium unless it is dictatorial.”*

It should be apparent from this formulation that the question of strategy-
proofness is a limited one. The question of implementation can be asked with
reference to many other equilibrium concepts, and that is what implemen-
tation theory has done, while also allowing for multivalued choice functions
and restricted domains. There exist many expository articles, and a vast
literature on the issue. Three good references are Moore (1992), Jackson
(2001) and Maskin and Sjostrom (2002).

4.2 Strengthenings, weakenings and related definitions

Although I will not review results in implementation theory that result from
substituting the requirement of dominant strategies for other standard game

14This is the end of my extensive quote from Moore.
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theoretic equilibrium concepts, I need to mention some variants of the notion
of manipulation, and some definitions close to that of manipulation which
have appeared in the literature, in close connection to the basic ideas we
analyze here.

As we have already seen, Farquharson (1969), and Dummett and Far-
quharson (1961) did analyze the concept of stability. A modified version
of stability was used by Murakami (1968), criticized by Sen (1970) and by
Pattanaik (1973, 1974). The latter author provided a new definition, which
applies to group decision rules, resulting in a social preference relation for
every preference profile, and allowing for the (weak) social preference to se-
lect more than one alternative. Besides the fact that stability is defined for a
different class of objects than social choice functions, its main difference with
strategy-proofness is that it contemplates the possibility of joint deviations
by groups of agents. Similar possibilities of cooperative manipulation can be
defined for social choice functions, and rules avoiding them are termed group
strategy-proof.

In those contexts where only trivial strategy-proof social choice functions
exist, there is little point insisting on a stronger requirements. However, there
are contexts where the strategy-proofness of attractive rules can be attained,
and then group strategy-proofness becomes an additional standard.

Let us provide some formal definitions, in the vein of those we used when
presenting the notion of (individual) strategy-proofness.

A social choice function [ : Dy x ... x D, — A is group manipulable iff
there exists some preference profile (3=1,...,%,) € D; X ... x D,, a group
of agents S C [ and preferences =.€ D; for all agents i € S, such that

[ (rns =5) =i f (Rt oy =i im0)

for all i € S1°.

The function f is group strategy-proof iff it is not group manipulable.

Clearly, this definition allows for many qualifications. A social choice
function may be strategy-proof but manipulable by groups, and in this case
the size of the groups can be relevant. Intuitively, rules that are manipulable
by large groups only can be seen as more robust than other that can be ma-
nipulated by small groups. The extreme case where two agents alone could

1"We use the notation f (s, =) to denote the profile where all agents in I\ retain
the preferences in the original profile (3=1,...,%,) and those in S change preferences to
those =} specified in the definition.
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manipulate rules that are (individually) strategy-proof occurs in several in-
stances (Barbera (1979), Barbera, Sonnenschein and Zhou (1991)). Serizawa
(2006) has studied the issue specifically, and has explored the consequences
of impossing the requirement of pairwise strategy-proofness, which explic-
itly avoids this extreme form of group manipulability. The requirement of
group strategy-proofness, even if very strong, turns out to be compatible
with other interesting properties in different domains, motivated by a va-
riety of economic interpretations. Although we shall mention them later,
let us announce some: house allocation (Ehlers(2002), Takamiya (2001)),
allocation of other indivisible goods (Ehlers and Klaus (2003)), excludable
public goods (Olszewski (2004)), matching models (Martinez, Massé, Neme
and Oviedo (2004)). A similar requirement is that of bribe-proofness, intro-
duced by Schummer (2000), where again two agents can manipulate through
mutually beneficial strategies. This same author, as well as Shenker (1993)
discussed different variants which represent additional demands above that
of strategy-proofness.

Another interesting fact, that was first remarked by Blair and Muller
(1983), is that in different domains the (non-trivial) satisfaction of individual
strategy-proofness precipitates that of group strategy-proofness as well. This
is the case, for example, when preferences are single-peaked (see Moulin’s
(1980) characterization in Section 5 below), or single-dipped (Pereman and
Storcken (1999)), among other cases. I have already mentioned that this
connection does not always hold. Le Breton and Zaporezets (2009), and
Barbera, Berga and Moreno (2009) establish conditions on the domains that
actually do guarantee that rules satisfying the weaker (individual) version on
them will also meet the stronger (group) requirement.

Pattanaik (1976a, 1976b) also considered interesting weakenings of the
notion of strategy-proofness, both in the Arrowian context of group decision
rules and in that of social choice functions. These weakenings were based on
the possibility that some threats of manipulation (either by a single voter or
by a coalition) might be diffused by the existence of counterthreats. Then,
one might only be concerned with (relevant) threats which are not met by
(adequate) counterthreats'®. This idea is very natural, and has its roots
in cooperative game theory, where it is incorporated to different solution

16 Notice that this vague expression leaves room for many different definitions in a similar
spirit, depending of what threats are defined to be relevant, and what counterthreats are
considered adequate to difuse them.
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concepts, like that of the bargaining set (be it in Maschler’, Mas-Colell’ and
Zhou’s version). Unfortunately, Pattanaik’s results did prove that weakenings
of stability or strategy-proofness along these lines do not significantly improve
upon the negative result of the Gibbard-Satterthwaite theorem, for most
cases (see also Barbera (1980b)). Maximin behavior of agents has also been
analyzed, in different versions, within the context of strategic behavior. See,
for example, Moulin (1981), Thomson (1979), Barbera and Dutta (1982)

The general theory of implementation is interested in achieving desirable
outcomes (as expressed by a given social choice function, or by a correspon-
dence), through the agent’s interplay within a mechanism (or game form).
A more specific formulation would not allow for any game form to imple-
ment a given function, but rather examine the equilibria of the game that
is implicitly defined by some given voting rule, and see whether, in spite of
violating strategy-proofness, the rule may be expected to give rise to interest-
ing outcomes. This led several authors to analyze different issues regarding
the equilibria associated to certain types of voting methods. Following Far-
quharson (1969), Moulin (1980b, 1981b, 1983) developed an elaborate theory
of sophisticated voting, showing that some families of voting rules based on
sequential voting would lead to attractive outcomes. Dutta and Pattanaik
(1978), see also Dutta (1980), developed an idea of consistency, which was
later followed up by Moulin and Peleg (1982). See also Peleg (2002).

4.3 Other forms of strategic behavior in voting

The notion of manipulation is quite general. Under appropriate interpreta-
tions, it formalizes many form of strategic behavior that will not literally
consist in misrepresenting preferences. Yet, voting methods are subject to
other possible types of strategic behavior, which exceed the limited frame-
work within which the notion of strategy-proofness is formulated. We should
just mention some of these aspects, as a sample. Blin and Satterthwaite
(1977) pointed out the possibility of an agent manipulating a voting proce-
dure by inducing false beliefs on other agents about his/her true preferences.
Dutta, Jackson and Le Breton (2001, 2002) have analyzed the influence of
strategic candidacy over the outcomes of single-valued voting procedures.
Their work has been extended by Carmelo Rodriguez-Alvarez (2004, 2006)
to the case of correspondences and probabilistic rules.

One important strategic question arises in connection with the choice of
rules that society will use. Different authors have studied the possibility of
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guaranteeing the stability in the choice of rules. Koray (2000) proved its
impossibility under a very demanding definition. His proof builds on the
notion of strategy-proofness in an interesting way. Barbera and Jackson
(2006), Messner and Polborn (2004) and others have also investigated the
issue for restricted situations and a less demanding definition of stability.

Berga, Bergantinos, Mass6é and Neme (2006) have studied the strategies
of entry and exit to and from a voting body whose decisions affect the voters’
satisfaction. Cantala (2004) considers the case of voluntary consumption of
public strategic goods, which also induces additional strategic considerations.
This is an incomplete list of issues which I mention because they are close
to the standard social choice literature, but there are many others, and with
a long tradition. Luce and Raiffa’s (1957) wonderful book already listed a
number.

Other subjects are so important in political economy and political science,
that I will just mention them without references. A very important issue in
practical terms is that of agenda manipulation. Another is logrolling. A
third one is participation and abstention. A fourth is the issue of candidacy:
who participates in an election is an extremely relevant strategic decision.
So is the issue of platforms, and whether agents want to look like others, or
rather differentiate. Unfortunately, these issues exceed the present essay.

4.4 The analysis of specific social choice rules

Since no voting rule is strategy-proof in the universal domain, authors inter-
ested in the strategic performance of specific voting rules must look into their
somewhat more limited properties. Their analysis often suggests properties
that may be specific to the rule in question, or sometimes extend to others.
Brams and Fishburn (2002) contains a complete account of voting procedures
analyzed from different points of view. As an example, consider the study
of approval voting, a method proposed by Brams and Fishburn (1978). Ap-
proval voting is part of a more general class of procedures, called nonranked
voting systems. Fishburn (1978) did also study issues of preference revelation
in that context. While obviously not strategy-proof in large enough domains,
the method satisfies some weaker properties of interest (Brams and Fishburn
(1993)). Moreover, under appropriate domain restrictions, it can not only
attain strategy-proofness but in fact be the only symmetric neutral and effi-
cient rules to do so (Vorsatz (2007). Another example is given by plurality
rule. Early work by Pazner and Wesley (1977, 1978) emphasized that this
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and other rules, which are obviously manipulable, become less so when the
number of voters grows large. Notions of “asymptotic” strategy-proofness,
or others related to the size of society have emerged in other contexts (see
section on Strategy-Proof exchange). More recent work by Slinko (2002)
addresses the asymptotic manipulability of other rules. Another approach
to evaluate rules which fail to satisfy strategy-proofness consists in defin-
ing some degree of approximate satisfaction of the property. An example is
provided by Schummer’s (2004) notion of Almost-Dominant strategy imple-
mentation. Another example is given by the notion of threshold strategy-
proofness, which bounds the gains from manipulation (Ehlers, Peters and
Storcken (2004)). Other authors are more interested in comparing different
rules among themselves, rather than highlighting any specific one. Then,
again, it is useful for them to have a standard different than manipulability,
for which all nontrivial rules would fail to meet. One of the concepts that
have been used is that of susceptibility to manipulation. In fact, the idea
that there one can measure the degree of manipulability of different rules was
developed by Kelly (1993) and further studied by Aleskerov and Kurbanov
(1999). These works concentrate on the relative size of the subdomains where
the rules do satisfy the exact version of strategy-proofness. Another way to
measure departures is in Campbell and Kelly (2002, 2003a, 2003b). One can
also investigate the minimal size of profiles where manipulation possibilities
will arise: Mausa, Peters and Storcken (2007) have established lower bounds
on this size.

Work by Campbell and Kelly (2003a) and Merrill (2007) has also ex-
plored the limits of the intuition that choosing Condorcet winners would
be a strategy-proof rule if it was always well defined. Saari (1990, 2001)
has argued that the Borda count is the one member of the general class of
scoring rules which has the best relative performance in terms of incentives.
The Borda count can be strategy-proof for adequately restricted domains, as
shown in Vorsatz (2007) and more generally in Puppe and Tasnddi (2008)
and Barbie, Puppe and Tasnadi (2006). Another measure related to ma-
nipulation is the degree of complexity required in order to compute a ma-
nipulative misrepresentation, which varies from rule to rule. Bartholdi et
al (1989) started a literature that has now, years later, become extremely
popular among computer scientists. I will not attempt to survey this recent
and important literature here.
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5 The search for strategy-proofness: an out-
line

In spite of the limited scope of the issue as compared with the broader ques-
tion of implementation, this survey concentrates on strategy-proofness.

We shall see that there is much to say on the subject, beyond the most
abstract results, when one concentrates on specific concepts, models and
interpretations.

It is important to ask under what circumstances it would be possible to
design non-trivial strategy-proof decision rules, because strategy-proofness,
when attainable, is an extremely robust and attractive property.

The clear-cut conclusion of the Gibbard-Satterthwaite theorem is ob-
tained at some costs. One of them is the assumption of universal domain,
according to which all possible preferences over alternatives are admissible
for all agents. The other is to assume that there more than two alternatives
to choose from, and that at least three of them will eventually be chosen for
some admissible state of opinion.

In many cases, the nature of the social decision problem induces a spe-
cific structure on the set of alternatives and this structure suggests, in turn,
some restrictions on the set of admissible individual preferences. It is then
natural to investigate how much does the negative conclusion of the Gibbard-
Satterthwaite theorem change, when social choice functions are only required
to operate on restricted domains of preferences.

Much of the research on strategy-proofness can be seen as an investi-
gation on the structure of alternatives, the existence of domain restrictions
on such alternatives which allow for nontrivial strategy-proof social choice
functions, and the characterization of such functions, when possible. There
are many domain restrictions that had been studied for purposes other than
the analysis of strategy-proofness, especially in the context of public deci-
sion making, and that also turn out to be interesting for our purpose. For
example, domains where preferences are single-peaked, single-plateau, single-
dipped, single-crossing, or others where individual preferences are expected
to exhibit indifferences between certain alternatives. Let me mention some
other types of natural restrictions: that of representability in terms of Von
Neumann-Morgenstern utility functions become natural when alternatives
are lotteries; or strict convexity that may be appropriate as a preference
restriction when dealing with exchange economies, etc. In these and many
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other cases the restriction of preferences to such classical domains, or to oth-
ers arising from different models and their interpretations may allow for the
existence of nontrivial strategy-proof social choice functions.

Much of what we have learnt about strategy-proofness responds to the
following pattern.

First, consider some wide class of social decision problems, and formu-
late a model that formalizes them. We survey work that addresses, among
others, the following issues: how to choose the levels of provision of one or
several public goods, elect candidates or locations characterized by a variety
of characteristics, how to ration the usage of different production factors,
how to match students to colleges, or how to allocate private goods through
markets.

Second, discuss under what domain restrictions, defined within each spe-
cific model, would it be possible to design non-trivial strategy-proof social
decision rules. Notice that there are several levels at which such a discussion
may be set and resolved. Impossibility results may be attained, even in spe-
cific contexts, if meaningful and stringent enough domain restrictions cannot
be found. Partial possibility results may be attained, describing rules that
are strategy-proof for specific domains. But the ideal result would be one
that jointly characterizes domains that admit strategy-proof rules, and the
family of rules that have this property for such domains. When such knowl-
edge can be attained, it is very informative, and it allows for further inquiries.
Take, for example, the question of efficiency. If we know that strategy-proof
rules exist under some restrictions, and how they look like, then one may ask
whether some of these rules can guarantee efficiency. Even if none can achieve
it, one can study how far from efficiency they are, and thus measure the effi-
ciency costs of strategy-proofness under specific circumstances. Eventually,
such costs should be compared with those arising from incorrect preference
revelation under alternative rules not satisfying strategy-proofness.

In addition to strategy-proofness, there are several other requirements
of interest that one may impose on social choice rules. One is coverage:
rules are interesting only to the extent that they operate on rich enough
preference domains. Another is nondictatorship: although within the scope
of conceivable mechanisms, dictatorial procedures are formally trivial and
normatively unattractive. A third requirement is efficiency, which I have
already mentioned. It is worth referring to two related conditions that may
help understand why strategy-proof rules may fail to be efficient. One is the
extent of their range. Social choice functions may or may not have the whole
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set of alternatives as their images. Some functions may become strategy-
proof at the expense of never choosing some a priori feasible alternatives,
regardless of individual preferences. An extreme case is that of functions
whose range has two alternatives only, but for restricted domains there may
be others. Hence, the flexibility of a social choice function, as measured by
the extension of its range, will be an important property to check!”.

Feasibility of the social choices is another concern. Some rules may be
focused on partial decisions, and one should then worry about the compati-
bility between these decisions and the overall resources held by society. For
example, the traditional problem of choosing an optimal level for a public
decision, along with some transfers of a private good, as studied by Clarke
(1971), Groves (1973), and so many other authors, does not a priori require
that such transfers should balance. In this survey I will briefly comment on
this important line of work, but will mostly concentrate in studying rules
that always guarantee that the recommended outcome is feasible.

In what follows, I will describe different groups of articles. All of them
deal, in some way, with the trade-offs between strategy-proofness, domain
extension, nondictatorship, efficiency, range dimensionality or similar other
properties of social choice rules. In order to classify them, I adopt a double
criterion.

On the one hand, I distinguish between the case of “common preferences”,
and that of “personalized preferences”. In some social choice situations, it
is natural to assume that if a ranking of alternatives is admissible for one
agent, then it is also admissible for all others. This is the case, for example,
when voters have to rank a number of candidates for office, or if they all have
to indicate their desired level for a single variable (the amount of a public
good, say). I classify problems where all agents are entitled to have the same
preferences into the “common preferences” case. In other cases, the nature of
the alternatives and of agent’s preferences are such that what is admissible
for an agent is not for others. For example, alternatives may be feasible
allocations of private goods, and under the assumption of selfishness each

17For example, when the domain of preferences contains all those that are single-dipped
relative to a given order, the range of strategy-proof rules can only consist of two alter-
natives, regardless of the number of those on which agents can express their preferences.
Other bounds apply for any subdomain of single-dipped preferences (see Peremans and
Storcken (1999), Barbera, Berga and Moreno (2009), Manjunath (2009)). This is in sharp
contrast with the case where the range consists of single-peaked preferences, where the
functions can be onto the set of alternatives under very mild assumptions on the domains.
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of the agents will contemplate these allocations from their own perspective.
What is an admissible preference for one agent on the alternatives is not
admissible for others. But the same happens when alternatives consist of
allocations involving some public and some private goods. Even the classical
model where decisions consist in determining one level for a public good and
a transfer of a private good for each agent belong to this second class, because
each agent evaluates transfers to her differently than transfers to others. I
call these the “personalized preferences” cases'®.

Probably the most important limitation of this survey is that it does not
include a systematic treatment of the very important family of models where
the objects of choice are combinations of allocation decisions involving the
allocation of goods and of money transfers, and where typically (though not
always) the preferences of agents are quasilinear in money. I had to establish
some bounds for this survey on Social Choice, and I decided to concentrate
on models where money transfers among agents do not play a fundamental,
explicit role (although the definition of alternatives may include them im-
plicitly). There will still be some mention to them in specific contexts where
the boundaries are hard to establish, as in the analysis of assignment and
cost sharing models (see Sections 9.3 and 9.4. But I exclude very impor-
tant and extensive work on public goods allocation, in the line of Vickrey
(1960), Groves (1973), Groves and Loeb (1975), Green and Laffont (1979), or
Roberts (1979), and also ignore the very relevant subject of auctions, where
economists and, more recently, computer scientists as well, have examined a
host of questions related to incentives, in general, and to strategy-proofness
in particular.

The second criterion I use to organize the rest of the survey has to do
with the formal models, and also with the leading interpretation that each
model is given.

I will start (Section 6) with an exhaustive description of models in-
volving sets of alternatives defined by a finite combination of attributes,
on which agents hold strict preferences satisfying some form of generalized
single-peakedness. These models can be viewed as formalizations situations
where alternatives can be described in terms of a finite set of characteris-
tics, measured in units on which individual preferences are not necessarily
monotonic. Although these models were mostly developed in the nineties,

18These cases are often referred to as the public good case and the private good case,
but it should be clear from my discussion that I consider this a misnamer.
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and were preceded by many other studies on strategy-proofness, their se-
quence will provide me with a good example of how a family of questions
relating to strategy-proofness can be thoroughly analyzed. These models
cover the case where agents must choose among public projects, or establish
the level of one or several public goods, but no money transfers are envisaged.

Sections 7 and 8 turn attention to models where the outcomes of the
social choice process adopt special structures. In Section 7, I consider rules
whose outcomes are lotteries. In Section 8, I consider outcomes to be sets of
alternatives. This formulation takes us away from the realm of social choice
functions to that of social choice correspondences, and will need a detour
regarding the framework and the interpretation of these models, as well as
the definition of strategy-proofness within them.

Then, in Section 9, I will describe different models where preferences
are definitely personalized and which arise in economic contexts: division
problems, exchange, matching and cost sharing. These are examples of setups
where the question of strategy-proofness gives rise to interesting analysis and
conclusions.

In Section 10 I turn to more abstract domain restrictions, which were ex-
plored quite soon after the Gibbard-Satterthwaite theorem were formulated,
in order to tie the new result with the traditional Arrowian framework in
which many of the developments of social choice theory had taken place.
Some of these restrictions applied to the common preference case, while oth-
ers examined similar questions for personalized preferences. I also refer to
the technical but important question of maximality.

6 Common domains. Strategy-proof rules for
the choice of multiattribute alternatives

In this section I will thoroughly review the progress in understanding the do-
main restrictions allowing for non-trivial strategy-proof rules, and the type
of rules which preserve this property in such domains, for a specific class of
models. The models arise naturally as one considers the problem of decid-
ing among the possible levels for £ public goods, the location of facilities on
the nodes of a grid, the choice of candidates who can be described by their
performance regarding k different criteria. As we shall see, a natural twist in
the model does allow to see it as a canonical way to formalize any collective
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decision problem involving a finite set of alternatives. Because of this, and
since many of the ideas and techniques which have been developed in ana-
lyzing the issue of strategy-proofness within this model are also extensible to
other cases, I will describe the results in this section at length.

6.1 Two alternatives

Although rather special, the case of choice between two alternatives 0 and
1 is important and, well studied'®. Strategy-proof rules can be described as
choosing 1 unless there is enough support for the opposite, in which case 0
will be selected. What do we mean by “enough support”? We could establish
the list of coalitions that will get O if all their members prefer it to 1; and
it is natural to require that, if a coalition can enforce 0, then its supersets
are also able to. Such a family of “winning” coalitions will fully describe the

rule; it corresponds to what is called a monotonic simple game?’.

6.2 Linearly ordered sets of alternatives

We now consider situations where a finite set of alternatives can be linearly
ordered, according to some criterion (from “left” to “right” in political appli-
cations, from smaller to greater according to some quantitative index, etc.).
In this context, it makes sense to say that one alternative x is between two
others, z and w, say. And it is sometimes natural to assume that the prefer-
ence of agents over alternatives is single-peaked, meaning that (1) each agent
has a single preferred alternative 7 (=;), and (2) if alternative z is between
x and 7 (=), then z is preferred to x (intuitively, this is because z can be
considered closer than z to the ideal 7 (%=1)). single-peaked preferences were
first discussed by Black (1948a, 1948b) and they arise naturally in many
contexts. As we shall see later, the same basic idea can be extended to more
complex cases, where the betweenness relation does not necessarily arise from
a linear order. But we start from this simple case?!.

Part 1 of Fishburn’s book (1972) is devoted to “Social choice with two alternatives”;
Murakami (1968) devoted a chapter to study “Democracy in a world of two alternatives”;
many recent works on voting start from the analysis of choices between two alternatives,
in order to avoid some of the problems we deal with here, and to concentrate on others.

20References on simple games and their use in social choice theory are Peleg (1984,
2002), Abdou and Keiding (1991).

21 Another important domain restriction in many types of analysis is that of single-
crossing. An analysis of its consequences for the existence of strategy-proof rules is found
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To be specific, we’ll concentrate on the case where the number of alter-
natives is finite, and identify them with the integers in an interval [a,b] =
{a,a+1,a+2,...,b} = A. (All the results we describe also apply to the
case where A is the real line, ordered by the = relation. In fact, that is
the context of Moulin (1980a), whose results we adapt here). We assume
throughout that the preferences of all agents are single-peaked.

Under these assumptions, there exist non trivial strategy-proof social
choice functions. Here are some examples:

Example 1 There are three agents. Allow each one to vote for her preferred
alternative. Choose the median of the three voters.

To see that the rule is not manipulable, consider the options of one agent,
say 1, when the other two have already voted for some alternatives ¢ and d
(without loss of generality, let ¢ < d). Then, 1 can determine any outcome
between ¢ and d, and none other (if ¢ = d, then this is the outcome regardless
of 1’s vote). If 1’s top alternative is in the integers interval [c, d], then 1 gets
her best without manipulating. If her top alternative is below ¢, then c is
the outcome and, by single-peakedness, this is better for 1 than any outcome
in [c,d]. Similarly, if the top for 1 is above d, d is 1’s best option. Notice
that the same rule would not be strategy-proof for larger domains, allowing
preferences not to be single-peaked.

Example 2 There are two agents. We fix an alternative p in |a,b]. Agents
are asked to vote for their best alternatives, and the median of p, T; and T
18 the outcome.

Again, the median is well defined, because it is taken from an odd number
of values: two of them are the agent’s votes, while the third one is a fixed
value. We'll call this value a phantom.

Example 3 For any number of agents, ask each one for their preferred al-
ternative and choose the smallest.

This is another strategy-proof rule. Notice that the options left to any
agent are those smaller than or equal to the smallest vote of others. Hence,
if this agent’s ideal is still lower, she can choose it. Otherwise, the outcome

in Saporiti and Tohmé (2003) and Saporiti (2009).
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of voting for her best (which is the lowest vote of others) cannot be improved
either.

Remark that this rule, which might appear to be quite different from the
preceding ones, can in fact also be written as a median. To do so, when
there are n agents, place n — 1 phantoms and n alternatives on the lowest
alternative a. Then the function can be described as choosing the median
between these n — 1 phantoms and the n alternatives supported by actual
voters.

Up to here, those rules are anonymous: interchanging the roles of agents
(along their votes) does not change the outcome. The following and last
example describes a strategy-proof rule where different agents play different
roles.

Example 4 There are two agents. Fix two alternatives wy and ws, (w; < wy).
If agent 1 votes for any alternative in [wy,ws], the outcome is 1’s vote. If 1

votes for an alternative larger than wo, the outcome is the median of wy and

the votes of both agents. If 1 votes below wy, then the outcome is the median

of wi and the votes of both agents.

Notice that this rule can also be described in other ways.

One way is the following. Assign values on the extended real line to the
sets {1},{2},{1,2}. Specifically, let a; = wy, a2 = wy , a1 2 = a (the lowest
value in the range). Now, define the rule as choosing

Fom = i T s TG).

Se{{r21,{1{2}} |ies

We shall state immediately that this formula generalizes. There are also
other ways to write the same rule. These are described in the next pages.

Moulin (1980a) characterized the class of all strategy-proof social choice
functions on single-peaked domains. Actually, he worked on the extended
real line. He also assumed that the rules were only based on the preferred
elements for each voter. This is an unnecessary assumption, because strategy-
proof social choice rules in these (and in many other) domains are restricted
to only use information on what each agent considers best. This was proven
in Barbera and Jackson (1994) in a context of public goods, and also in Spru-
mont (1991) in a context of allocation rules. As a result, we can express the
structure of all strategy-proof social choice functions (defined on the full set
of single-peaked preference profiles), even if the actual rules we discuss only
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use information about the peaks. An adaptation of Moulin’s characterization
is as follows.

Construction. For each coalition S € 2\ , fix an alternative as. Define
a social choice function in a such a way that, for each preference profile

(?17 R >F_n)7

f(r1,- ) = inf [sup <as,T<>i>>]

SCN | ies

The functions so defined will be called generalized median voter schemes.

The values ag, appear here just as parameters defining functions in this
class. Their role becomes more clear under the alternative definition of gen-
eralized median voter schemes proposed in Definition 2 below.

Theorem 3 (Moulin, 1980a) A social choice function on profiles of single-
peaked preferences over a totally ordered set is strategy-proof if and only if it
18 a generalized median voter scheme.

This characterization can be sharpened if we restrict attention to anony-
mous social choice functions. In this case, the only strategy-proof rules are
those which are indeed based in calculating the medians of agents’ votes and
some fixed collection of phantoms.

Theorem 4 (Moulin, 1980a) An anonymous social choice function on pro-
files of single-peaked preferences over a totally ordered set is strategy-proof
if and only if there exist n + 1 points p1,...,pnr1 in A (called the phantom
voters), such that, for all profiles,

f(%l,...,%n) :med(pl,...,an;T(&l),...,T(kn))

(A similar statement, with f defined with only n — 1 phantoms, charac-
terizes strategy-proof and efficient social choice functions)®?.

Generalized median voter schemes are an important class of voting rules,
and it will prove useful to provide a second definition of that class. This

22The statement of this result by Moulin without his tops only requirement must be
carefully qualified in the case of a continuum of preferences. The version we provide for
expository purposes should be finessed. Two ways to do it would be either assuming
a further condition that the range is connected, or a unanimity requirement on f. See
Barbera and Jackson (1994) and Le Breton and Weymark (1999).
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second definition is equivalent to the one given above. It is useful when
stating and proving some results. It also provides an alternative view on
how these rules operate.

To motivate this new definition, let us remember the case when we must
choose among only two alternatives, 0 and 1. Strategy-proof rules can be
described as choosing 1 unless there is enough support for the opposite, in
which case 0 will be selected, where “enough support” is given by the list of
those coalitions that will get 0 if all their members prefer it to 1. If that list
defines a monotonic simple game, then the rule is strategy-proof.

This same idea can be extended to cases where we must select among a
finite set of values on the real line (as opposed to only two). Without loss
of generality, we can identify these values with a list of integers, from a to
b. Let each voter declare her preferred value. Now, we can start by asking
whether a should be chosen. If “enough” people have voted for a, then let
us choose a. To determine what we mean by “enough”, we can give a list
of coalitions C(a). If all agents in one of these coalitions support a, then
a if chosen. If not, go to a + 1. Now ask the question whether “enough”
agents support values up to a + 1. That is, look at all agents who support
either a or a + 1, and check whether they form a group in the list C'(a + 1).
If they do, then choose a + 1. If not, go to a + 2, and check whether the
agents who support a, a + 1 and a + 2 form a group in C'(a +2). If so, choose
a + 2; if not, proceed to a + 3 , etc. Given appropriate lists of coalitions
C(a), Cla+1),...,C(b—1), C(b) , the rules described above should lead us
to choose some value between a and b, for each list of the agents’ preferred
values. These lists of coalitions will be called left coalition systems, because
the first value to the left of the interval to get enough support is declared to
be the choice. (One can similarly describe the rules by a set of right coalition
systems, and then start by checking first whether b has enough support,
then b — 1, then b — 2, etc. In this description, the first value to the right
which gets enough support should be chosen). To complete the description
of a left coalition system, we need to add a few requirements on the lists
of values for C(.), in order to guarantee that the above description makes
sense. These requirements are that (1) if a coalition is “strong enough”
to support an outcome, its supersets are too; (2) if a coalition is “strong
enough” to support the choice of a given value, it is also “strong enough”
to support any higher value; and (3) any coalition is “strong enough” to
guarantee that the choice will not exceed the maximum possible value b.
(Similar requirements must hold for right coalition systems). All of this is
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summarized by the following formal definitions. Definition 1 formalizes the
description of left(right) coalition systems. Definition 2 describes how each
of these coalition systems can be applied to produce a generalized median
voter scheme. Notice that the parameters as in Moulin’s definition of a
generalized median voter scheme (Section 5.3.1) correspond to the minimum
(or maximum) value of a at which coalition S appears in C'(a).

Definition 1 A left (resp. right) coalition system on the integer interval
B = [a,b] is a correspondence C assigning to every o € B a collection of
non-empty coalitions C («), satisfying the following requirements:

1. ifceC(a)and ¢ C ¢, then ¢ € C(a);
2. if 8> a (resp. 8 < a) and ¢ € C («), then ¢ € C (8); and
3. C(b) =2N\0 (resp. C (a) = 2N\D).

We’ll denote left coalition systems by £, and right coalition systems by
Z. Elements of £ will be denoted by [ (-), and those in Z by r (-).

We can now proceed with our definition of generalized median voter
schemes.

Definition 2 Given a left (resp. right) coalition system L (resp. XZ) on

B = [a,b], its associated generalized median voter scheme is defined so that,
for all profiles (=1, ..., =)

fCr1, ) = BUE{i | T (=) < B} € L(B)

and
{i|TC=)<B-1}¢L(B-1)
(respectively,
fCr1 =) = Bt {i | T (=) > B} € Z(B)
and

{i|T(=)>B+1}¢2(B+1))

Clearly, we could have just referred to either left (or right) coalition sys-
tem as the primitives in our definitions. To every generalized median voter
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scheme we can associate one system of each type. Referring to both simul-
taneously will be useful later on.

Notice that, in order for these rules to be well defined, we only need the
alternatives to be linearly ordered and the agents to have a unique maximal
alternative. Whether or not the rules have good properties depends then on
the domain of preferences over which they operate.

The description of generalized median voter schemes was first proposed
by Barbera, Gul and Stacchetti (1993). It is easily extended to the case
where the choices must be made not on a finite ordered set, but on the real
line (Barbera, Mass6 and Serizawa (1998)).

These two expression of the form of strategy-poof rules on the real line
(or on integer intervals) are not the only ones. Others are due to Kim and
Roush (1984), and to Ching (1992, 1994, 1996, 1997), who provided another,
representation of the same object. He maintained Moulin’s idea of using
medians and defined “augmented median rules”, which allow for variable
phantoms and can thus relax the anonymity that is implicit in the original
version.

For clarification, I propose a couple of simple examples

Example 5 Let B=1,2,3], N = {1,2,3}. Let L(1) = L(2) = {S € 2V\0 :
#S > 2}.

Define f to be the generalized median voter scheme associated with L.
Then, for example

£(1,2,3) =
f3,2,3) = 3

f(1,3,1) =
This is, in fact, the median voter rule.

Example 6 Let now B = [1,2,3,4], N = {1,2,3}. Consider the right coali-
tion system given by
R(4)=R(3)=R(2)={Cec2V\P:1€Cand2c C}

In that case, both 1 and 2 are essential to determine the outcome.
Let g be the generalized median voting scheme associated with % .
Here are some of the values of g:
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g9(1,4,4) =
9(3,3,1) = 3
9(3,2,2) =

Other, earlier authors, had also introduced alternative descriptions of
the rules leading to strategy-proof choices on the line. These were less con-
structive, and relied on the properties that actually characterize the rules.
Chichilnisky and Heal (1981, 1997) proved that these rules must be “locally
simple”, that is, they must be locally constant or locally dictatorial. Border
and Jordan (1981, 1983), and then Peters, van der Stel and Storken (1991)
identified another property that is common and exclusive to such rules. They
named it uncompromissingness: it means that no changes in the peak of any
agent has any impact on the value of the function unless that agent’s peak
changes from the right of this value to its left (or vice-versa).

A few authors have considered how to extend the results to the case
where alternatives can be assumed to be located on a graph, and preferences
on the voters of this graph satisfy an extended notion of single-peakedness
due to Demange (1982). Results are positive when the graph is a tree, and
become negative when loops are allowed. See Schummer and Vohra (2000)
and Danilov (1994).

Notice that although single-peaked preferences do not preclude indiffer-
ences among other alternatives, they are defined so that there is a unique
maximal element for each agent.

As it turns out, allowing for indifferences in this and in other models
tends to complicate the analysis of strategy-proof rules. In the present case,
the basic result of Moulin is essentially preserved if one allows for “single-
plateaud” preferences, having several contiguous maximal elements, in addi-
tion to single-peaked ones. Berga’s (1998) careful discussion of this extension
clearly illustrates how indifferences complicate the essential picture, even in
such a simple model.

An interesting extension of the model we have discussed arises when
agents must choose more than one point in the line. This problem was
first described by Miyagawa (1998, 2001) and it accommodates, among other
possible interpretations, the idea that the location (and modes of use) of
several public facilities have to be jointly decided upon. Miyagawa (2001),
characterizes a class of rules that are coalitionally strategy-proof, under the
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assumption that preferences over simple facilities are single-peaked, no con-
gestion effects and the use of only one facility. Bogomolnaia and Nicolo
(1999), characterize rules that are strategy-proof efficient and stable rules for
the case where facilities congestion affects individual preferences.

6.3 n-dimensional grids
6.3.1 Strategy-proofness for generalized single-peaked domains

The assumption that social alternatives can be represented by a set of lin-
early ordered values is a very fruitful one. But a multi-dimensional repre-
sentation of social alternatives would allow for a much richer representation
of the choices open to society. You can think of those characteristics which
are crucial to distinguish among alternatives. For example, when choosing
among political candidates, you may decide that they can be fully described
by their stand on economic, human rights and foreign policy issues, say.
Then, candidates could be described by a three dimensional vector, whose
first component would describe the candidate’s position on the economic di-
mension, with the second and third standing for the candidate’s stand on
the other two issues. On each issue, that is, on each of the three dimensions,
you should decide how the candidates’ stands can be attached a value, from
lowest to highest. The same formalism applies to the more classical problem
of choosing simultaneously the level of provision of k different public goods.
And many other interpretations are possible, including location decisions.
Yet, each particular interpretation may suggest what are “natural” or rele-
vant restrictions on the agents’ preferences of these k-dimensional objects.
At some levels, generality prevails while, at others the particulars derived
from interpretation of the model do matter.

The following framework will allow us to formalize multi-dimensional so-
cial choices of a rather general sort.

Let K be a number of dimensions. Each dimension will stand for one
characteristic that is relevant to the description of social alternatives. Allow
for a finite set of admissible By = [ay, b;] on each dimension k¥ € K. Now
the set of alternatives can be represented as the Cartesian product B =
ITX_| By. Sets like this B are called K-dimensional boxes. Representing the
set of social alternatives as the set of elements in a K-dimensional box allows
us to describe many interesting situations. With two dimensions, we can
describe location problems in a plane. We can describe political candidates
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by their positions on different issues. We can describe alternative plans for
a municipality, by specifying which projects could be chosen in each of the
different dimensions of concern: schools, safety, sanitation, etc.

There still remains a number of limitations in this specification. One is
that we keep assuming that the projects are linearly ordered within each
dimension. Another one is that, by assuming that any point in the Cartesian
product is a possible choice for society, we are implicitly saying that there are
no further constraints on the choices faced by society. We shall later comment
on how to relax these assumptions. But the multidimensional model can
represent a variety of interesting situations. We first consider what can be
said about strategy-proof rules in this setting and will then proceed to other,
maybe more realistic ones. Again, we start with a specification that assumes
a finite set of alternatives.

Similar results can be expressed in a continuous setting, and will be dis-
cussed in parallel. But the continuos setting also allows for new questions,
regarding the connection of the model with the standard economic treatment
of preferences on public goods. We shall consider these additional questions
in the next section.

Before we proceed, we must be specific about the type of restrictions to
impose on preferences over such sets of alternatives. We shall maintain the
spirit of single-peakedness, by requiring every preference to have a unique
top (or ideal) and then assuming that, if z is between x and 7 (=), then z is
preferred to x. But in order to make the “betweenness” relationship precise,
we must take a stand. Following Barbera, Gul, and Stacchetti (1993), we
endow the set B with the L; norm (the “city block” metric), letting, for each
a € B, |lal| = S35, |ax|. Then, the minimal box containing two alternatives
o and @ is defined as MB (a, 8) = { € B | [la — 8 = lla — 7| + |y — BI}.

We can interpret that z is “between” alternatives z and 7 (=), if z €
MB (x,T (*#:)). Under this interpretation, the following is a natural exten-
sion of single-peakedness.

Definition 3 A preference =; on B is generalized single-peaked iff for all
distinct B,y € B, f € MB (7 (=;),7) implies that  >; .

This definition collapses to that of standard single-peakedness when the
set of alternatives is one-dimensional. It implies, and it is in fact equivalent
to, the following two conditions: (a) the restriction of generalized single-
peaked preference to sets of alternatives that only differ on one dimension
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is single-peaked, and (b) the projection of the best element on each of these
sets is the best element within them.

One possible way to choose from K-dimensional boxes consists in using K
(possibly different) generalized median voter schemes, one for each dimension.
Then, if each agent is asked for her best alternative, the £ component of her
ideal can be combined with the k" component corresponding to other agents,
and used to determine a choice, by means of the specific generalized median
voter scheme that is attached to this £ component. Similarly, the values
for any other component can also be computed, and the resulting K-tuple of
values be taken as social outcome.

Formally, we can define (K-dimensional) generalized median voter schemes
on B =1 B, =1L | [ay, by, as follows:

Let £ (resp. Z) be a family of K left (resp. right) coalition systems, where
each Ly (resp. %) is defined on [ay, bg]. The corresponding k-dimensional
generalized median voter scheme is the one that, for all profiles of preferences
on B, chooses

fCr1sma) = B {i | T(=) < By} € Li(Py)

and

{i | T (=) < 5k-1} ¢ L (ﬁk—l) ;
forallk=1,..., K
(or respectively,

O, mn) = Bt {i | T () < Bi} € Zi(Br)
and

{i|T (=) <Bra} &% (Bra))

Example 7 We can combine examples 5 and 6 in the preceding section, and
give an example of a generalized median voter scheme.

Let B = [1,2,3] x [1,2,3,4],N = (1,2,3). Let Ly be as L in example
5. Let %5 be as Z in example 6. Let h be the two-dimensional generalized
median voter scheme associated to this coalition system. Then, for example,

>
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Moulin’s theorem generalizes nicely to this context. We just need to add a
condition on the social choice function, which is usually referred to as voters’
sovereignty. This condition requires that each one of the alternatives should
be chosen by the function, for some preference profile.

Theorem 5 (Barbera, Gul, and Stacchetti (1993)) A social choice func-
tion f defined on the set of generalized single peaked preferences over a K-
dimensional box, and respecting voters’ sovereignty is strategy-proof iff it is
a (K-dimensional) generalized median voter scheme.

Results in the same vein had been obtained by previous authors for a va-
riety of contexts and under different assumptions regarding individual pref-
erences.

Border and Jordan (1981, 1983)* did characterize strategy-proof rules for
the k-dimensional problem with a continuum of choices on each dimension,
under different assumptions regarding the preferences of agents. They got
positive results, close in spirit to that of Theorem 5, for narrow and sym-
metric enough classes of preferences, which they call separable star-shaped,
and include the quadratic case. Their characterization is in terms of the
properties they had discovered to be required for one-dimensional rules to
be strategy-proof under single-peakedness. It is based on the fact that the
projections of these highly symmetric preferences on each of the axis does in
fact induce a subclass of (symmetric) single-peaked preferences®*.

A similar extension to k-dimensional spaces, but expressed in terms of
the local simplicity of the rules to be used on each of the axis, was obtained
by Chichilnisky and Heal (1981, 1997).

In that same context, a very special case arises if one restricts attention
to euclidean preferences, whose indifference classes are hyperspheres. In that
case, the choice of axis on which to project the different preferences becomes
an additional issue. Laffond (1980) gave an early treatment of this case, which

23] mention the working paper, as well as its published version, because the latter is
quite incomplete and requires constant reference to the original version.

24 Notice that in k-dimensional settings with continous preferences, these will systemati-
cally contain indifference classes. I have already remarked that indifferences may introduce
complications in the analysis. Such complications do not arise in these contexts because
only the projections of the general preference on the axis matters, and these projections
are single-peaked for restricted enough domains.

25 Their 1981 paper remained umpublished until 1997, when an improved version ap-
peared in Social Choice and Welfare.
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was also, tackled by Kim and Roush (1984), van der Stel (2000), Peters, van
der Stel and Storcken (1991). Additional results on preferences generated by

strictly convex norms are contained in van der Stel (2000), and Peters, van
der Stel and Storcken (1992, 1993)2°.

6.3.2 A special case: voting by committees

Theorem 5 above applies to the general case where alternatives are elements
of any K-dimensional box and voters’ preferences are generalized single-
peaked. A specific instance of this general setup can help us to describe
what we have learned. The example is interesting on its own, and it was
studied in Barbera, Sonnenschein, and Zhou (1991). Consider a club com-
posed of N members, who are facing the possibility of choosing new members
out of a set of K candidates. Are there any strategy-proof rules that the club
can use?

We consider that the club has no capacity constraints, nor any obliga-
tion to choose any pre-specified number of candidates. Hence, the set of
alternatives faced by the present members consists of all possible subsets of
candidates: they can admit any subset. Because of that, it is natural to
assume that the preferences of voters will be defined on these subsets: every
member of the club should be able to say whether she prefers to add .S, rather
than S’, to the current membership, or the other way around.

What is the connection between this example and our n-dimensional
model? Observe that, given K candidates, we can represent any subset S of
candidates by its characteristic vector: that is, by a K-dimensional vector
of zeros and ones, where a one in the I** component would mean that the
I'™ candidate is in S, while a zero in the J** component indicates that the
J" candidate is not in S. Hence, the set of all subsets of K candidates can
be expressed as the Cartesian product of K integer intervals. Each of these
intervals would only allow for two values now: a = 0, and b = 1. The “char-
acteristics” of the alternatives are known once we know what candidates are
in and what candidates are out. Therefore, choosing members for a club can
be seen as a particular problem within our general class of K-dimensional
choice problems.

What about strategy-proofness? We certainly should not expect a general
positive answer unless we assume some restriction on preferences. Consider,

20For a more complete treatment of this point, see Sprumont (1995).
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for example, that there are two candidates x and y, and that I am a voter.
I prefer x to y, but since these two candidates would always be fighting if
both elected, I prefer nobody to be elected rather than both being in: the
latter is my worst alternative. Suppose that, under some voting rule, y will
be elected even if I don’t support it, while x would only be elected if I add my
support to that of other voters. Then, I might not support x, which I like,
in order to avoid the bad outcome that both candidates are in! This type
of manipulation is almost unavoidable, unless the preferences of voters are
restricted in such a way that these strong externalities from having several
candidates can be ruled out. One way to do it is by restricting attention to
separable preferences.

To check whether a given preference order on sets of candidates is sepa-
rable, say that a candidate is “good” if it is better to choose this candidate
alone than choosing no candidate at all; otherwise, call the candidate “bad”
(this, of course, refers to the given preference order). Now, we’ll say that the
overall order is separable, if whenever we add a “good” candidate g to any
set S of candidates, the enlarged set is better than .S, and whenever we add
a bad candidate b to S, then the enlarged set is worse than S.

In Barbera, Sonnenschein, and Zhou (1991), it is shown that there exists
a wide class of strategy-proof social choice rules when the preferences of club
members over sets of candidates are separable. In fact, this is a corollary of
Theorem 5 above. This is because, when there are only two possible values
for each dimension, the separability assumption we just stated is equivalent
to the assumption of generalized single-peakedness for the general case. Then
the class of strategy-proof rules we are looking for is the one formed by all
possible generalized median voter schemes. But, as we already remarked
at the beginning of Section 6.1, the left coalition systems corresponding to
the case with only two possible values are given by committees, that is, by
monotonic families of winning coalitions. As a result, here is the way to guar-
antee strategy-proofness in our clubs. For each candidate, determine what
sets of voters will have enough strength to bring in that candidate, if they
agree to do so. Make sure that if a set is strong enough, so are its supersets.
Then, ask each voter to list all the candidates that she likes. Choose all
candidates that are supported by a coalition which is strong enough to bring
him in. This is a full characterization. In particular, it contains a family of
very simple rules, called the quota rules. Fix a number ¢ between 1 and N.
Let each agent support as many candidates as she likes. Elect all candidates
which receive at least ¢ supporting votes. These rules are not only strategy-
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proof under separable preferences. They are also the only ones to treat all
candidates alike (neutrality) and all voters alike (anonymity).

Taking up from this particular model, where each proposal takes two pos-
sible values in each dimension, Ju (2002a, 2002b) considered the case where
three possible valuations of an object, as being “good”, “bad” or “null” no-
tice that this is a way to introduce indifferences in that simple model. He
provides characterization of strategy-proof rules satisfying some additional
properties. Larson and Svensson (2006) have also elaborated on the conse-
quences of indifference in this and other contexts.

6.3.3 The issue of strategy-proofness for broader domains

As T already pointed out, Moulin’s (1980a) seminal paper was written for a
general framework where agents could have preferences on, and choose from
a one dimensional continuum of possible values. These can be interpreted in
many ways. A leading interpretation is that agents must choose the level of a
public good. Because of this, different authors soon tried to extend Moulin’s
analysis to k dimensional spaces.

I have started to describe these extensions in Section 6.3.2, with the analy-
sis of results on generalized single-peakedness. By doing that, I have given
precedence to positive results that are possible in these restricted domains,
and not in larger ones. But I have not respected the temporal sequence of
the literature on the subject. It is now time to refer to earlier attempts
to explore the issue of strategy-proofness on broader domains, which led to
different negative results.

An early paper on strategy-proof choice in environments where prefer-
ences satisfy standard economic assumptions was due to Satterthwaite and
Sonnenschein (1981). They examined the issue for different types of goods,
and in the case of public goods they came up with an analog of the Gibbard-
Satterthwaite theorem. Their analysis was based on some additional restric-
tions regarding the smoothness of allocation rules under consideration, and
it only established that these rules should be locally dictatorial, a property
that does not imply global dictatorship.

Several of the papers I will refer to did also contain some positive results
for particular subclasses of preferences. To that extent, they have already
been mentioned in the preceding section, and I will only emphasize their
impossibility results here.

Border and Jordan was a major article in this direction (1981, 1983).
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They explored different classes of saturated preferences, and proved that
an impossibility arises as soon as the domain includes some which are not
separable. Another early paper by Chichilnisky and Heal (1981, 1997) also
proved negative results for large domains of preferences.

These papers had assumed that preferences satisfied some k-dimensional
version of single-peakedness, and showed that the route to avoid impossibil-
ities was to use preferences satisfying, in addition, some strong form of sep-
arability. This additional property, whose essence we have already imposed
in the preceding section, was later proven to be essential in establishing the
borders between possibility and impossibility results. This is addressed in
the following section.

More in general, one could wonder about the possibility to extend Gibbard
and Satterthwaite’s result to environments where preferences satisfied some
of the assumptions that are standard in economics. A paper by Barbera
and Peleg (1990) tackled this issue in a larger setting that contains our k-
dimensional spaces as a particular case.

Letting the set of alternatives be any metric space, and the admissible
preferences be the set of all continuous utility functions on such alternatives,
they proved that all nondictatorial rules whose range has more than three
alternatives will be manipulable. This result opened the door to many oth-
ers, since it had to develop new techniques of proof: indeed, prior proofs
of the Gibbard-Satterthwaite result were based on arguments requiring the
use of discontinuous utilities, and were not applicable. As we have already
mentioned in Section 2.3.5, these new techniques are quite useful in proving
that classical result as well. Yet, Barbera and Peleg’s result on continuous
preferences is neither implied nor implies Gibbard and Satterthwaite’s. As
soon as we have continuous preferences and an infinity of alternatives on a
multidimensional space, more work is needed to attain results.

A paper by Zhou (1991a) continued the same line of research. He con-
sidered the set of alternatives to be any convex (non-empty) subset of the
k-dimensional real space. The admissible preferences were those satisfying
continuity and convexity. The latter is a strong requirement missing in Bar-
bera and Peleg. Hence, Zhou’s result is stronger to that extent, though it
needs of some additional requirements. He established that the only strategy-
proof nondictatorial rules on such domain had to operate on an extremely
rigid range, whose dimension had to be less than two. This dimensionality
condition is closely related to the condition that the range contains at least
three alternatives: here, the only way in which three or more alternatives
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belong to a space of dimension less than two is by all lying on the same line.

Bordes, Laffond and Le Breton (1990) also obtained impossibility results
in the k-dimensional setting.

Interesting variants of Zhou’s results were attained by Moreno (1999) and
Moscoso (2001), who used different domains, more amenable to economic
interpretations.

Barbera and Jackson (1994) looked for a more constructive approach.
They built on Zhou’s remark on the special form of ranges that allow for
strategy-proof rules in k-dimensional spaces and did provide their character-
ization for convex preferences. Essentially, they are rules that only use the
restriction of these convex preferences on the linear range. Because these
restrictions are typically single-peaked, Moulin’s characterization for one- di-
mensional ranges and single-peaked preferences applies, with some technical
qualifications.

6.4 Constraints. A first approach

Many social decisions are subject to political or economic feasibility con-
straints. Different feasible alternatives may fulfill different requirements to
degrees that are not necessarily compatible among themselves. A community
may have enough talent to separately run a great program for the fine arts,
or a top quality kindergarten, but not to maintain both programs simulta-
neously at the same level of excellence. We can still model these constraints
within our model, where alternatives are described by K-tuples of integer val-
ues, as long as we do no longer require the set of alternatives to be a Cartesian
product. For example, if a firm must choose a set of new employees out of
K ={1,2,...,k} candidates, the alternative sets can be identified with the
elements in the box B = Hle [0, 1]. But if only three positions are open, and
at least one of them must be filled, the feasible set—consisting of K-tuples
with at least a nonzero and at most three nonzero components—is no longer
a Cartesian product. Similarly, the location of two facilities in some pair of
sites out of a set of five municipal plots (pi, ps,...,ps) can be formalized as
a choice from [1,5] x [1,5], excluding (by feasibility) the elements with the
same first and second component.

Here is how I will formalize the distinction between feasible and conceiv-
able alternatives. Start from any set Z. Let B be the minimal box containing
Z. ldentify Z with the set of feasible alternatives. Restrict attention to func-
tions whose range is Z. Then by exclusion, interpret the elements of B\ Z as
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those alternatives that are conceivable but not feasible. Let the agents’ pref-
erences be defined on the set Z. Specifically, consider domains of preferences
which are restrictions to Z of multidimensional single-peaked preferences on
B, with the added requirement that the unconstrained maximal element of
these preferences belongs to Z. (This is a limitation, since it rules out inter-
pretations of our model under which preferences would be monotonic on the
levels of characteristics. For example, these levels cannot be such that, for
all agents, the higher is always the better.)

Two major facts can be established in this context (see Barbera, Masso,
and Neme (1997); also Barbera, Mass6, and Serizawa (1998) for a version
with a continuum of alternatives). One is that, regardless of the exact shape
of the set of feasible alternatives, any strategy-proof social choice function
must still be a generalized median voter scheme. Notice, then, that not all
generalized median voter schemes will now give rise to well defined social
choice functions, because some of these schemes, by choosing the values on
different dimensions in a decentralized way, could recommend the choice of
non feasible alternatives. Our second result characterizes the set of all gener-
alized median voter schemes that are proper social choice functions, for any
Z C B. This characterization is based on the intersection property, a con-
dition which states that the decision rules operating on different dimensions
will be coordinated to always guarantee the choice of a feasible alternative.
Before stating it, let us remark that it is not a simple condition, but it pro-
vides a full characterization, and it can orient our research for strategy-proof
rules for any specification of feasibility constraints.

All of the above is expressed in the following results (Barbera, Masso,
and Neme (1997))

Definition 4 A generalized median voter scheme f on B respects feasibility
onZ CBif f(=1,...,%n) CZ forall (3=1,...,%n,) such that T (=;) € Z.

Definition 5 Let Z C B and let f be a generalized median voter scheme on
B, defined by the left coalition system L or, alternatively by the right coalition
system Z. Leta ¢ Z and S C Z. We say that f has the intersection property
for (a, S) iff for every selection r (ay) and I (ay) from the sets Z (cu) and
L (o), respectively, we have

Mpes [(UkeM+(a,B)l(ak)) U (UkeM*(aﬁ)r(O‘k))} # 0
where M* (o, ) ={k € K | 8, > ay.} and M~ (e, ) ={k € K | B, < a}-
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We will say that f satisfies the intersection property if it is does for every
(a,5) € (B—Z,2%).

Theorem 6 (Barbera, Massd, and Neme (1997)) Let f be a generalized me-
dian voter scheme on B, let Z C B, and f respect voters’ sovereignty on
Z. Then f preserves feasibility on Z if and only if satisfies the intersection
property.

Denote by S the set of all single-peaked preferences with top on Z C B.
Let f be an onto social choice function with domain S} and range Z.

Theorem 7 (Barbera, Massd, and Neme (1997)) If f : S} — Z is strategy-
proof, then f is a generalized median voter scheme.

Theorem 8 (Barbera, Massé, and Neme (1997)) Let f : 8% — Z be an onto
social choice function. Then f is strategy-proof on S iff it is a generalized
median voter scheme satisfying the intersection property.

6.5 The structure of strategy-proof rules

6.5.1 A surprising twist. Back to the Gibbard-Satterthwaite the-
orem

One may by now feel to be walking on very narrow grounds. We have specified
the alternatives to be a subset of K-dimensional space. We have required the
preferences to be single-peaked with their top on the pre-specified subset. We
have seen that strategy-proofness requires to use very specific voting rules,
satisfying a general and not always easy to interpret condition (the intersec-
tion property). The Gibbard-Satterthwaite theorem is an elegant result, even
if it only applies to a specific situation, where all conceivable preferences are
admissible. Our last theorem can be interpreted either as a possibility or an
impossibility theorem, depending on the range restriction. Indeed, when the
set of alternatives is Cartesian, our theorems are quite positive. True, re-
specting strategy-proofness restricts us to choose among generalized median
voter schemes, but these are quite versatile, and different ones can be chosen
for different dimensions. On the other hand, for some special shapes of the
range, the intersection property becomes highly restrictive, and only very
special rules are eligible. Moreover, our theorems apply to preferences which
are restrictions to feasible sets of more general preferences, which in turn
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we assumed to be single-peaked on the minimal box containing our feasible
alternatives, and to have their best element within this set. Hence, while
the universal domain assumption is quite invariant to the specification of al-
ternatives (modulo their total number), our domain restriction are specific,
varying with the set of alternatives under consideration.

Because of all these ifs and buts, it is particularly pleasant to remark
that our theorem is, in fact, a very general one, and includes the Gibbard-
Satterthwaite as a corollary. The apparent specificity can be otherwise in-
terpreted as a source of versatility, as allowing us to cover many different
environments, and the one envisaged by Gibbard-Satterthwaite theorem in
particular.

Consider any finite set of alternatives, with no particular structure. We
can always identify them with the k& unit vectors in a k-dimensional space.
The minimal box containing them is the set B = II~_, [0,1]. Since no third
element in the set of unit vectors U is “between” any other two, any arbitrary
order of these unit vectors can be obtained as the restriction to U of a pref-
erence with peak on U which is single-peaked on B. Hence, our last theorem
applies to social choice functions defined on all preferences over U, with range
U. Any strategy-proof social choice function must be a generalized median
voter scheme satisfying the implications of the intersection property. These
implications are that the same scheme must be used for all dimensions, and
that it must be dictatorial. This is the Gibbard-Satterthwaite theorem. It is
not a separate entity, but the consequence of a much large characterization
involving special shapes for the range, specific domain restrictions, and the
general structure of the strategy-proof rules.

This application of the general results in Barbera, Mass6 and Neme (1997)
does appear in the same paper.

6.5.2 Embedding alternatives in a grid

In the preceding subsection we have seen how an appropriate identification
of any abstract set of k£ alternatives as k points in a k dimensional grid
could precipitate the Gibbard-Satterthwaite theorem. The theorem can be
obtained as a corollary of results we already know regarding the structure
of strategy-proof rules on grids when preferences are single-peaked and fea-
sibility constraints may be required. This is just an example of a larger set
of questions that one may ask regarding strategy-proof rules with the aid of
our previous knowledge.
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To see what is the more general nature of these questions, let us recapit-
ulate. Essentially, we have learned that, whenever the domain of preferences
for a strategy-proof social choice rule includes all the single-peaked prefer-
ences on the range of this rule having their top on that range, then the
rule in question must be a generalized median voting scheme satisfying the
intersection property.

One could boldly state the following converse of the statement. “Take
any strategy-proof social choice function. There will always exist a method
that identifies the alternatives in its range with some points in a grid, in such
a way that: (a) the rule is a generalized voter scheme, and (b) the preferences
in the domain of the rule are single-peaked for that embedding”. As far as I
know Faruk Gul stated this conjecture for the first time in the late eighties,
and attempts to make it precise have been quite productive even if, as I
shall comment, it cannot be exact. But I like to comment on it, even if only
because it introduces a new point of view, connecting results on “abstract”
alternatives with others regarding rather structured environments. In the
context of grids, each alternative can be viewed as the conjunction of certain
characteristics (one for each dimension of the grid) satisfied at some level of
performance (determined by the position of the alternative on the scale that
refers to that characteristic in particular).

Hence, in some way, each strategy-proof rule would be associated with
an appropriate embedding in a grid, and that embedding would reveal the
structural characteristics around which one should organize the choice of
alternatives.

In fact, as we shall see, the conjecture is not exact, but inspiring. Even
getting close to an appropriate statement needs many qualifications, each of
which provides some insights. Let us consider them in turn. To do that,
assume we are given a strategy-proof social choice function. First of all, can
we always embed into a grid the set of abstract alternatives belonging to the
range of this function? The answer is obviously yes, unless we impose any
further restrictions on the embedding. So, let us formulate the question in a
way closer to Gul’s conjecture. Can we embed the range of the function in
such a way that all the preferences in the domain are single-peaked? Again,
the answer is trivial: yes we can. Just identify each alternative, as suggested
in the previous section, with the unit vectors in a grid where each alternative
accounts for one dimension. Since any preferences are single-peaked in that
space, then all preferences in the domain, however small it is, should be
single-peaked. Of course, this identification would be a dead end, because our
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characterization results require not only that some single-peaked preferences
should belong to the domain, but that all single-peaked preferences should
be admissible. So, let us start again. Can we embed the range of the function
in such a way that all the preferences in the domain are single-peaked, and so
that all single-peaked preferences with top on one of the alternatives (relative
to the embedding) are in the range? Now, we are closer. Because if the answer
is yes, we know that the rule will be a generalized median voter scheme.
Moreover, we know that it will have to satisfy the intersection property.

Gul’s conjecture cannot be completely true. We have no guarantee that
the set of preferences in the range of strategy-proof social choice function
will coincide with a rich enough set of single-peaked preferences, relative to
any embedding, let alone with the whole set of them. And yet, some richness
of domain is needed to guarantee that only median voting rules can satisfy
strategy-proofnessness.

Even so, it has driven research by different authors, some of whose partial
results are indeed enlightening.

For example, even when an embedding guarantees that preferences in the
domain are single-peaked, it will seldom be the case that the set of alterna-
tives consists of a full box. (Not, for example, if the number of alternatives is
a prime, except for the most favorable case when they can be embedded on a
line). Therefore, the discovery of the intersection property by Barbera, Massé
and Neme (1997) was essential in allowing the very statement of the conjec-
ture to have some meaning. Bogomolnaia (1998) studied carefully conditions
under which one could properly speak of median voting (after an appropri-
ate embedding of alternatives) when the initial setup lacks structure. The
interest of the approach was indicated in Barbera (1996), along with several
examples. Two recent papers by Nehring and Puppe (2005, 2007) have made
a systematic search of several aspects related to the conjecture. In Nehring
and Puppe (2007b) they extend the notion of generalized single-peakedness
to cover a variety of structures, based on abstract notions of “betwenness”.
They also provide useful procedures that one could try when attempting to
actually “construct” an appropriate space where to embed the alternatives
in the range of a function. In Nehring and Puppe (2005) they exploit the
requirements imposed by the intersection property in order to characterize
the shapes of ranges that allow for “nice” strategy-proof rules, and to set
them apart from other range forms that precipitate dictatorship.
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6.5.3 The general structure of strategy-proof rules

Some essential features of strategy-proof rules emerge again and again in dif-
ferent contexts. Although they are not necessarily held by all such rules in
all possible contexts, I find it convenient to discuss them here, because the
results we just discussed regarding rules on K-dimensional grids are paradig-
matic.

One first characteristic of strategy-proof rules in several contexts is that
they are only responsive to a limited amount of the information contained
in the preferences of agents. Specifically, rules that only use the information
regarding what is the preferred alternative of each one of the agents emerge
as the only candidates to respect strategy-proofness in many different cases.
Remember that proving this “tops only” requirement (Weymark (1999) calls
it nontop-insensitivity) is the first step in one of the proofs of the Gibbard-
Satterthwaite theorem (Barbera and Peleg (1990)). The same requirement
is proved to be necessary for strategy-proof rules defined over single-peaked
preferences in k-dimensional grids. Sprumont (1991) and Barbera and Jack-
son (1994) showed that it was necessary in the one-dimensional case (Moulin
(1980) had a priori restricted attention to the class of rules satisfying the
property). The different papers involving the use of generalized median voter
schemes start by showing some version of the “tops only property”, even if
the same basic idea may require slight additional qualifications depending on
the context. For example, in those contexts where the best alternatives of
agents might not be feasible (See Barbera, Mass6 and Neme (1997), or Wey-
mark (1999)), then the condition still holds but now requires that the rules
should process information about those feasible alternatives that are best. In
other terms, the rules should only use information about those alternatives
that are top on their range. Weymark (2006) explores the possibility of find-
ing general conditions under which the “tops only” condition is a necessary
condition for strategy-proofness.

A second important property of strategy-proof rules operating on k-
dimensional alternative spaces is that they must be decomposable: that is,
they should be possible to express as the combination of k rules, each one
operating on one of these dimensions, each one being itself strategy-proof.
This decomposability is quite independent of the particular set of preferences
that are admissible in each of these dimensions. When preferences on each
dimension are single-peaked, then the rules can be decomposed in k rules,
each one of them being of the type described by Moulin (1980). But if the
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set of admissible preferences on each dimension is broad enough, then only
dictatorships on each dimension may be strategy-proof, and only compo-
sitions of dictatorial rules may emerge. The bottom line is that, although
decomposability comes along with single-peakedness in positive results, it is a
more general requirement for strategy-proof rules operating on k-dimensional
spaces.

Decomposable rules must be such that the combination of characteristics
chosen in each dimension generates a feasible outcome. This is no problem
when the ranges of functions are full k-dimensional boxes: any combination
of choices, dimension by dimension, generate an element in the box. No
coordination is needed between what are the choices in one dimension and
what emerges in another. However, in contexts where the ranges are not full
boxes (due to constraints, for example), then decomposability is not the final
requirement. The rules in each one of the dimensions must be “coordinated”
enough to ensure that they will never recommend the choice of unfeasible
combinations of characteristics. This is the role played by the intersection
property.

These are basic features that appear in all their neatness under special
conditions. Specifically, they require the existence of a single top alterna-
tive in each of the relevant dimensions of the problem, and the possibility
to identify these “partial” tops from just knowing what the global top al-
ternative is for an agent. Thus, complications arise in contexts when agents
may be indifferent among several possible top alternatives. Even then, and
sometimes using additional restrictions (like non-bossiness), results regarding
the simplicity of inputs and the decomposability of strategy-proof rules may
still hold for these more complex environments. Another aspect to watch
for, because it is determinant for these general features to arise, is that the
domains of definition of the functions should be rich enough.

The first results on decomposability were due to Border and Jordan (1983)
and Chichilnisky and Heal (1981, 1977). Different papers developed their own
separability results as they worked along to get specific results. A systematic
application of the principles evoked here appear in Barbera, Sonnenschein
and Zhou (1991) and in Barbera, Mass6é and Neme (1997).

More specifically, different authors have carefully studied the general con-
ditions under which each of these properties become necessary for strategy-
proofnessness. Le Breton and Sen (1995, 1999) and Le Breton and Wey-
mark (1999) studied separately the cases when preferences are strict and
the additional complications induced by the presence of indifferences. Wey-
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mark (1999) concentrated on decomposability and obtained additional results
based on a variety of domain conditions.

A superb account of these structural features and their discovery is found
in Sprumont (1995).

A major issue we have already hinted at in section 3.2 is that of the
difficult compatibility between efficiency and strategy-proofness. Two well
known domains where these two conditions can be jointly satisfied by non
trivial rules involve extensions of the notion of single-peakedness to appropri-
ate sets of alternatives. One is the case when one candidate or one location
has to be elected, and preferences are single peaked (Moulin, 1980). Another
case arises when one good must be rationed and the agent’s preferences over
shares are single peaked (Sprumont, 1991). See Sections 6 and 9.1. A third
case, this time in a two-dimensional space, is considered in Kim and Roush
(1984). Nehring and Puppe (2007a) discuss the trade-off between efficiency
and strategy-proofness in a very constructive way, by concentrating on a large
class of preference domains and characterizing the rules that can meet both
requirements. The analysis of these rules proves that compatibility requires
either a low dimensional space of alternatives (as in the above mentioned
references) or the rule to be “near” dictatorial.

6.6 Constraints revisited

Until now, the papers I have described on the issue of constrained ranges
were based on the assumption that the domain of preferences only included
those satisfying two conditions:

1. That the preferences on the range were the restriction on the alter-
natives in the range of some single-peaked preferences on the minimal box
containing them.

2. And that the preferences on the range had their top in the range.

I will now discuss how the consequences of dropping this second condition.
Before I do, let me briefly argue that it is sometimes appropriate to use it,
while in other cases it seems unnecessarily restrictive.

We have mentioned two scenarios under which it seems natural to concen-
trate in social choice functions whose range is not a box. One such scenario
comes from considering any social choice function on abstract sets of alter-
natives and then embedding them in a k-dimensional space. In that case, it
is perfectly natural to think of the preferences on alternatives in the range as
the primitives, and assumption 2 just assumes that there is one best feasible
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alternative. We can then see assumption 1 as a restriction on the domain
that is sufficiently rich to provide characterization results, and sufficiently
restrictive to allow for non-trivial strategy-proof rules.

The second scenario is one where the structure of the set of alternatives
comes naturally with the k-dimensional model, so that in principle prefer-
ences can be defined on all alternatives, feasible or not. In that context, we
may study the consequences of additional constraints, precluding some alter-
natives from being chosen. Under this interpretation, assumption 1 is still
perfectly acceptable, but it seems unnatural to exclude the possibility that
agents might prefer most some alternative that happens to be unfeasible.

Barbera, Massé and Neme (2004) studied the impact of feasibility con-
straints when the top of agent’s preferences may be out of the range. They
provide a characterization of all possible strategy-proof rules for all conceiv-
able constraints. Since this is a complex task, they do it for the simplified
world that was first described in Barbera, Sonnenschein and Zhou, (1991),
as described in Section 6.3.2 above. This is the world where each alternative
can be described by a collection of characteristics, each of which is binary.

In that context, rules that satisfy strategy-proofness are still voting by
committees, with ballots indicating the best feasible alternative for each
agent. Yet, the committees for different objects (or combinations of char-
acteristics, depending on the interpretation that we give to vectors of values)
must now be interrelated, in precise ways which depend on what alterna-
tives are feasible. Specifically, each family of feasible subsets (in one of the
interpretations) will admit a unique decomposition , which in turn dictates
the exact form of the strategy-proof and onto social choice functions that
can be defined on it. One important feature arising in that context is that
results are more sensitive to the domain of admissible preferences than they
are in all the contexts we described till now. Specifically, the class of rules
that can be strategy-proof when preferences are additively representable is
substantially larger than the set of rules having that property when all sep-
arable single-peaked preferences are allowed. This is in contrast with the
results in the preceding literature on k-dimensional grids, where the same
characterizations obtain for both sets of restricted preferences.

The characterization of strategy-proof rules for the case where all sep-
arable preferences are allowed is quite negative. The decomposition result
implies that, except for very special cases, non-dictatorial rules will be manip-
ulable. In contrast, the result for additively representable preferences leaves
a wider slack. Depending on the shapes of feasible alternatives, results with a
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positive flavor may arise, and strategy-proof non-dictatorial rules may exist.

The contrast between these results, allowing for restricted preferences
whose best element need not be feasible, and the preceding results, is quite
striking. The result in Barbera, Massé and Neme is complex, even if re-
stricted to the case where each dimension admits two values only. Not much
could be gained by considering the more general case where multiple levels
are allowed for in each of the relevant dimensions of an alternative. An ex-
ploration in this direction is to be found in Svensson and Tortensson (2008).

7 Common domains. Probabilistic voting schemes

Voting and chance have been combined as collective decision devices since
ancient times. In one extreme, certain public officials were in the past and
are even now chosen at random among those eligible for office. In the other,
voting determines the outcome of the election to the last detail. But there
are many variants in between, where agents vote and chance also plays a role
to determine the final choice. In this section I will review work that explicitly
models the outcomes of voting as lotteries. In the next section I will review
social choice correspondences: while these admit different interpretations,
many authors have actually analyzed them under the implicit or explicit
assumption that the final choices among the different alternatives pre-selected
by the correspondence will eventually be made by resorting to chance?”.

The study of methods which combine voting with chance has a long tra-
dition, but I shall restrict my account relating to incentive theory and start
with the pioneering work of Zeckhauser (1973). The author provides a frame-
work where agents are endowed with Von Neumann-Morgenstern preferences
over lotteries, and rules determine a lottery over alternatives as a function of
preference profiles. He proposes a good definition of strategy-proofness and
discusses some of the characteristics of his proposed methods. His results
on strategy-proofnessness are partial and not fully correct, (as shown years
later by other authors), but the paper is inspiring and generated a number
of follow-ups, in different directions.

In fact, when modelling the interaction between voting and chance, one
must be specific about the range of objects that will result from the interac-

2TThere is a substantial literature where social preferences are modeled as fuzzy relations.
We shall not survey it here, especially because not much of it addresses the issue of strategy-
proofness. An exception is Perote and Piggins (2007).
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tion among voters, and also on the domain of preferences that the rule will
elicit.

In my opinion, the neatest choice, for a range is to describe the outcomes
of the voting process as lotteries (probability distributions) over outcomes.
And the most natural choice for a domain, in that case, is to allow voters
to express their preferences on such lotteries. This was Zeckhauser’s initial
proposal, and one that we shall explore.

Of course, not much mileage is to be gained from such a model unless
some domain restrictions are predicated. Notice that, in the case of lotteries,
it is natural to assume that their range contains a continuum of alternatives,
even if they are based on a finite number of prizes, and this case is not fully
covered by the Gibbard—Satterthwaite theorem. Yet, other results in the
same spirit suggest that models that do not restrict the agent’s preferences
over lotteries would simply fall into the same kind of impossibility that is
announced by the theorem.

Yet, a very natural restriction arises in that context, and it is to assume
that agents” preferences over lotteries satisfy the Von Neumann-Morgenstern
axioms (or some variant of them) and are therefore representable by utility
functions satisfying the expected utility property.

To make things simpler, we’ll deal with lotteries over a finite set of alter-
natives A, and denote their set by L(A).

Utility representations of preferences over L(A) will be denoted by u, v, .. .,
and their set by U. We’ll assume that they are normalized, in such a way
that each preference is represented by one and only one function. In order to
fix ideas, we’ll assume that the normalization is such that the most preferred
alternative is assigned utility 1, the worse alternative has utility 0, and that
not all alternatives can be indifferent to all others.

Then, our first object of study will be functions of the form f : U" —
L(A), where n stands for the number of voters.

I shall call them probabilistic rules. As for a definition of strategy-
proofness in that context, it is just a re-writing of the same notion we have
discussed until now. Namely, a probabilistic rule f is strategy-proof iff, for
all utility profiles all (uy, ..., 1, ...,u,) € U, all i € {1,...,n} and all u; € U
we have that

Wi f (U, ooy Wiy ooy Uy ) 3= e f (U oy W oy Uy

Notice that this is, in a different notation, the same definition we have

been using all along: the lottery resulting from any agent declaring his/her
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true preferences is at least as preferred (i.e. provides as much expected
utility) as any one attainable by declaring any other preference (i.e., any
other admissible utility function).

Even if this is a very natural setup, some early literature departed from
this general model and considered an alternative scenario (which can in fact
be re-interpreted as a particular case), where the outcomes are lotteries over
outcomes and preferences are rankings of these outcomes.

According to the logic underlying this survey, these models appear to be
poorly specified, since the preferences expressed by the voters do not refer
directly to the objects to be chosen. Yet, the models are attractive from a
less formal point of view, since they can be considered the natural expression
of voting rules which rely on the ordinal preferences of voters over outcomes,
but introduce a chance element by determining that the result of the process
is a lottery over these outcomes. Formally, they take the form

g:R"— L(A)

Where R stands for the set of preorders over A (alternatively, in some
cases, for the set of strict orders).

This was the setup of a pioneering contribution by Gibbard (1977), who
gave these functions the name of decision schemes. He also proposed the
following definition of strategy-proofness in that context.

A decision scheme g : R" — L(A) is strategy—proof iff, for all preferences
profiles (Ry,...,R;, ..., R,), all i € {1,..,n}, all R, € R, and all “u; € U
fitting R;”,

Uig (R, ooy Riy ooy Ry) = wirg (Ruy oo Ry, ooy Ry)

This definition, due to Gibbard, may seem to incorporate an additional
and somewhat extraneous element in the definition of strategy—proofness.
Indeed, the expression “u; fitting R;” refers to any VN — M utility function
that respects the ranking of alternatives established by R; and it appears as
an added element in the valuation of outcomes.

However, as I already mentioned, there is a way to re-interpret voting
schemes as a particular subclass of probabilistic rules. And Gibbard’s defini-
tion will become equivalent to the standard one under this re-interpretation,
which I now offer.

Notice that, given preferences over lotteries (v € U), they determine
uniquely a preorder over outcomes (R € R). Conversely, each order over
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outcomes can be identified with an equivalence class in U, naturally defined
as the set of utility functions that give rise to the some order or even with a
single one, if we accept the normalization suggested for the preceding class of
models. In fact, given a v, the elements in its class are all the (normalized)
utility functions which result from a monotone transformation of it. With this
in view, we can consider that a voting scheme ¢ is a particular probabilistic
rule satisfying the following invariance property:
Invariance:
For all n-tuples of monotonic transforms

@i : U — Uand all (v, ...,v,) € U™,
g(vi7 ) Un) =4 (901' (Ul) 7o P (Un))

This is equivalent to say that such functions do not process any cardinal
features of the VN — M utility functions, but just the order of final outcomes.

Under this identification, Gibbard’s definition becomes standard, if we
think that the image of a scheme g will be the same for all of the utilities
belonging to a given class, and yet it will suffice that one of the preferences
over lotteries within the class recommends manipulation in order to violate
the condition of strategy-proofness class function.

We now turn to the known results about decision schemes. Even if the
more general framework is that of probabilistic rules, it is good to start
with Gibbard’s (1977) results, since his characterization of strategy—proof
decision schemes is particularly elegant, and its knowledge will facilitate the
presentation of other facts.

Gibbard provides the following definitions, which I present somewhat
informally.

- A decision scheme is unilateral if its image is exclusively determined by
the preferences of one agent alone. Notice that a dictatorial rule, where the
dictator’s preferred outcome gets probability one, is unilateral. But another
example is the rule where an agent’s favorite alternative gets %, her second
best gets %, and her third best another %.

- A decision scheme is duple if its image always consists of a lottery which
attaches positive probability to at most two alternatives, which are always the
same. An example of a duple scheme is one that pre-selects two alternatives x
and y, never attaches any probability to any other, and determines the choice
probability of each of these two alternatives as a function of the support that
agents give to one of them over the other.
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- A decision scheme is non-perverse if switching the place of an alternative
upward in an agent’s ranking never decreases the weight attached to that
alternative.

- A set X of alternatives heads a ranking Py if all alternatives in X are
preferred to those in V' — X according to Py. A decision scheme d is localized
iff for any agent £ and any pair of preference profiles (P, ..., Py, ..., P,) and
(R- ...,P,;, ...,Pn), which only differ in ks preference, if X heads both P
and P,; , the total weight attached by the scheme to alternatives in X is the
same for both profiles.

We can now state Gibbard s elegant characterization of strategy—proof
decision schemes.

Theorem 9 (Gibbard 1977). A decision scheme is strategy proof if and
only if it is a probability mizture of decision schemes, each of which is non-
perverse, localized and either unilateral or duple.

The above statement uses the term “probability mixture” to describe the
combination of rules attaching to each profile a convex combination of the
lotteries obtained by each of the decision scheme that would be “mixed”.
Since the outcomes of each of this decision are lotteries over the same set of
alternatives, convex combinations of these lotteries are well defined.

An important corollary of the above characterization is due to Sonnen-
schein (cited in Gibbard).

Corollary 1 A decision scheme is strateqy-proof and ex-post efficient if and
only if it is a random dictatorship (for #A = 3).

Ex-post efficiency requires that no alternative which is Pareto dominated
ever gets a chance of being chosen. Clearly, ex-post efficiency rules out the
possibility of duple schemes being part of the decomposition of a strategy-
proof scheme. It also rules out the possibility of unilateral schemes allowing
for a positive probability to dominated alternatives. What is left is random
dictatorship: the probability mixture of dictatorial schemes.

Gibbard “s characterization, and its corollary, have been usually inter-
preted as rather negative, but this involves some fallacy of composition.
While unilateral and duple schemes are certainly unattractive, their prob-
ability mixtures need not be. In fact, Barbera (1979b) provides a number
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of results proving that Gibbard’s class contains rather attractive methods,
which result from the natural extensions to a probabilistic framework of the
two basic properties used in making deterministic choices: majority and po-
sitional (or point) voting. These positive results, in turn, must be taken with
a grain of salt, since all these schemes could be manipulated to the benefit
of two-agent coalitions (Barbera (1979a), Dutta (1980b)).

A necessary qualification to Gibbard “s characterization result is that it
only applies when individual preferences over alternatives are strict. When
indifferences are allowed, the same general idea still applies, but hierarchies
of agents enter the picture in a complex manner (see Gibbard (1978) and
Benoit (2002)).

Gibbard “s proof is constructive and elegant, but complicated. Nandeibam
(1998) and Duggan (1996) provided simpler proofs of the main corollary of
the result, for the special case where efficiency is also required.

I have already noted in Sections 1 and 2 that the connections between
Arrow’s and Gibbard and Satterthwaite’s results were the subject of a lot of
attention. An analog parallel was established by Pattanaik and Peleg (1986)
and by McLennan (1980) among Gibbard’s strategy-proof decision schemes
and the probabilistic analogues of Arrow’s social welfare functions studied in
Barbera and Sonnenschein (1978).

A few papers have investigated the properties of rules that choose lotteries
over more structured alternatives. Ehlers, Peters and Storcken (2002) studied
rules which choose lotteries over the real line, when the ordinal preferences of
agents are single-peaked. They proved that an extension of Moulin’s results
for social choice functions does characterize the decision schemes satisfying
strategy-proofness. In this extension, fixed probability distributions play the
role that phantom voters (or fixed ballots) play in the deterministic case.

A further extension is due to Dutta, Peters, and Sen (2002). In that
case, lotteries are defined over a convex set of Euclidean spaces, and agents
are endowed with strictly convex, continuous single-peaked preferences on
that set. Their main result is that all unanimous mechanisms satisfying
strategy-proofness in the sense of Gibbard (1977) must be random dictator-
ships. Ehlers (2002) analyzes probablilistic methods when preferences are
single-dipped. In this work, and also in Ehlers and Klaus (2003b) applica-
tions of probabilistic rules to assignment problems are discussed.

I now turn to the study of probabilistic rules, which assign a lottery to any
profile of preferences over lotteries satisfying the axioms of expected utility.

To my knowledge, a full characterization of strategy-proof probabilistic
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rules is not available, but it is possible to go a long way in the understanding
of such rules by following the path of the previous result by Gibbard (1977),
and adapting its definitions to the present (and larger) framework.

Let us first extend the notion of a unilateral rule.

Select any subset of lotteries, and consider the function obtained by let-
ting a single fixed, agent to select the best lottery from that set, (given any
profile). Such a function (if well defined) will be a unilateral probabilistic rule,
and it will obviously be strategy-proof. Depending on the set’s characteris-
tics, the chosen agent’s best set may contain several lotteries. In that case,
we may extend the notion to that of hierarchically unilateral rules. These
are defined by some fixed set of alternatives and a given order of agents, in
such a way that, for any profile, the first agent in the list selects her best
lotteries, the second chooses her best among those, the third agent picks her
best among those still left, etc. Eventually, a fixed tie-breaking rule may be
appended to guarantee that a unique choice is finally made.

Gibbard’s notion of a duple scheme can also be extended. Now, one
can fix any two lotteries?® and declare that a probabilistic rule is duple if it
always selects a convex combination of the two. Clearly, if the choice is made
in such a way that the probabilities attached to each of the basic lotteries
responds “adequately” to the preferences of agents over them, this gives
rise to strategy-proof rules. For the purpose of the following statement, we
incorporate into the definition of a duple the notion that it properly responds
to agent’s preferences.

Proposition 1 (Barbera, Bogomolnaia, van der Stel (1998)). All prob-
abilistic miztures of (hierarchically) unilateral and duple probabilistic
(social choice) functions are strategqy-proof.

Notice that this falls short of a characterization & la Gibbard, because
the converse is not present. Proving that all strategy-proof rules are in that
shape is a hard task. To begin with, the set of alternatives in this context
is a continuum, and the type of constructive proof provided by Gibbard is
a non-starter. Moreover, hierarchical versions of duples are also strategy-
proof and hard to describe. At any rate, the proposition above allows for a
number of interesting qualifications. One is that, in this context, it makes
sense to extend the notion of probabilistic mixtures to even consider integrals
of probabilistic rules. Another one is that some rules may now be expressed

28Notice that duples, in Gibbard’s sense, can only be based on degenerate lotteries.
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as combinations of duples and also as combinations of unilaterals (an added
difficulty for a full characterization). Most importantly, it allows to prove a
partial result which explains the difficulties to design well-behaved strategy-
proof functions, even when they exist.

Proposition 2 (Barbera, Bogomolnaia, van der Stel (1998)). If a strategy-
proof probabilistic social choice function is twice continuously differen-
tiable, then it is a convex combination of unilaterals.

This result was improved by Bogomolnaia (1998), who relaxed the conti-
nuity requirement. It shows that strategy-proofness requires, in a deep sense,
some form of discontinuity, as also shown in other contexts. In fact, early re-
sults by Freixas (1984) had already bumped into this kind of difficulty, when
applying the standard techniques developed by Laffont and Maskin (1979).

Again, if one requires efficiency, the only possible rules to satisfy strategy-
proofness collapse to random dictatorship, as in the case of decision schemes.
This was proven by Hylland (1980). For a new proof and some additional
results in this context, see Dutta, Peters and Sen (2007).

8 Common domains. Social choice correspon-
dences

The Gibbard-Satterthwaite theorem and many of the results that ensued,
apply to social choice functions. That is, to rules which select one alterna-
tive, and only one, for each preference profile. Yet, in many cases, collective
decision processes are formalized by means of correspondences. These allow
for nonempty sets of alternatives, not necessarily singletons, to be associated
with each preference profile. That formalization may be natural under dif-
ferent interpretations. If we view social choices as the maximal elements of
some social preference relation, then sets will be chosen if more than one al-
ternative is best. If we seek some symmetry in the treatment of voters and/or
alternatives, sets should be chosen under preference profiles that are highly
symmetric. But this formalization also requires an appropriate interpreta-
tion. Since alternatives are mutually exclusive, the images of a social choice
correspondence cannot be interpreted as giving a final social outcome. Some
different interpretation must be provided, to connect the choice of a set of
alternatives with the choice of a single social outcome, and the most common
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is as follows. The set is interpreted as the result of a first screening process,
after which every alternative in the set, and no other, is still a candidate to
be the final choice. Different assumptions about the process to be used for
the final selection will result in different methods to evaluate the individual
preference for sets. And, as we shall see immediately, these evaluations are
crucial to make sense of the notions of manipulation and strategy-proofness,
when applied to correspondences.

Many models in economics and in politics formalize collective decision-
making by means of multi-valued rules, or correspondences. The Walrasian
correspondence assigns to each economy the set of allocations that are sus-
tained as equilibria of this economy, for some price vector. Typically, there
will be several such allocations for the same economy. Similarly, the core
correspondence in economic or political games assigns to each relevant game
the set of imputations in its core. Again, this set is seldom a singleton. Ar-
rowian social welfare functions assign a social preference to each profile of
individual preferences, and it is usually understood that the social preference
will be used to choose the socially preferred among the feasible alternatives.
Once more, there may be several of them, once we accept that the social
preference might be a preorder.

As a matter of fact, most of the analysis of incentives in public decision-
making does benefit from formalizing such processes by means of correspon-
dences, rather than functions. Implementation theory, with its multiple pos-
sibility results, would collapse to little if one restricted attention to social
choice functions alone.

Yet, the study of strategy-proofness for social choice correspondences has
been quite problematic, especially because different authors interpret these
objects in different manners. In social choice theory, alternatives are de-
fined as being mutually exclusive: if an alternative a occurs, then any other
alternative b cannot occur. Hence, the meaning of having more than one
alternative socially chosen must be clarified. In general terms, there is agree-
ment to interpret the set of alternatives resulting at a given preference profile
as the result of some screening process: alternatives not selected do not qual-
ify as adequate. But it is unusual to specify how a final choice is to be made
among those that pass the screening.

In many cases, being silent about the resolution of this indeterminacy
does not pose any problems. Which competitive allocation or what core
allocation will prevail when there are several are not essential issues in eco-
nomic analysis. But this silence becomes a problem when trying to define
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strategy-proofness.
Consider social choice correspondences, of the form

c:R" — 2‘4\(2)

Intuitively, this correspondence is manipulable iff for some profile of pref-
erences, some agent can obtain a better result by misrepresenting her pref-
erences than by declaring them truthfully. Yet, the outcomes at the truthful
and the nontruthful profile may both be sets of alternatives, and who knows
when a set is better than another? Certainly not the analyst who studies
the model, unless additional assumptions are made, allowing to extend the
voter’s preferences from the set of alternatives to its power set.

A possible reaction to this difficulty is to declare social choice correspon-
dences as being poorly specified. If agents choose sets of alternatives, they
should be asked about preferences on sets, not on alternatives in isolation.
I shall go back to this point of view when describing the work of Barbera,
Dutta and Sen (2001). However, the use of social choice correspondences is
pervasive, and it is worth pursuing the issue as we have formulated it. One
should keep in mind, though, that all the literature on strategy-proof cor-
respondences must include some implicit or explicit assumption about the
way in which agents rank sets of alternatives, even if this information is ex-
traneous to the description of the correspondence, when its domain simply
contains rankings of alternatives.

Because of the instant success of the Gibbard-Satterthwaite result, there
was an early literature concerning the possibility of extending it to the case
of correspondences.

Different authors took different paths in doing it.

The essential difference among them was in regard to their assumptions
about preferences over sets. Clearly, there was no need to be specific about
the complete extension of preferences from alternatives to their power set. It
was enough to allow for some partial comparisons in order to get manipula-
bility of correspondences.

To illustrate the nature of these assumptions, let us consider three of the
routes taken by early papers in this field.

Gérdenfors (1976) based his analysis on the following assumption on how
these preferences were connected:

Girdenfors’ partial extension

“For all nonempty subsets A and B of X, AR B iff one of the following
conditions is satisfied:
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(i) AC B,and for allz € Aand y € B— A, zRy.

(ii) BC A, and for all z € A — B and y € B, zRy.

(iii) Neither A C Bnor B C A, and forallz € A— B andy € B — A,
xRy.

From the general definition of the strict relation it follows that APsB
iff either (i) and there exist © € A and y € B — A such that xPy or (ii)
and there exist z € A — B and y € B such that Py or (iii) and there exist
r € A— B andy e B — A such that xPy.”

Another early proposal was due to Kelly (1977):

Kelly’s partial extension

“For all nonempty subsets A and B of X, ARgB iff zRy for all x € A
and y € B.

From this definition it is easy to show that ARy B iff AR B and there
exist x € A and y € B such that xPy.”

A third proposal was made by Barbera (1977a):

Barbera’s partial extension

If x Py, then < x > Pp < zy > Pp < y >.

Notice that these three criteria imply that some comparisons among sets
are possible, once we know the agent’s preferences, while they do not assume
all sets to be comparable. Each one of them was used to obtain an impos-
sibility result that was analogue to the one by Gibbard and Satterthwaite,
under some additional conditions

Before turning to the rest of the literature, let me mention some of the
difficulties associated with these early attempts, and with many later ones.

First of all, how should one judge the merits of some suggested extension
vis a vis those of another proposal? From a formal point of view, the weakest
the extension, the stronger the impossibility result that one would obtain. In
that respect, ceteris paribus, an impossibility obtained under Barbera’s ex-
tension would be stronger than one obtained by using any of the other two,
since it would require less assumptions about the voter’s way to rank sets.
However, the results in any of these three papers are not strictly comparable.
This is because each of the authors had to introduce some additional assump-
tion in order to get an impossibility result: Girdenfors assumed anonymity
and neutrality conditions on its rules. Barbera assumed a positive response
property. Kelly imposed a consistency requirement across the choices that
the rule would make if some alternatives would be dropped.

In balance, the literature on strategy-proof social choice correspondences
confirms the robustness of the Gibbard-Satterthwaite impossibility result.

70



Although some additional requirements are needed, and technical problems
tend to marr the sharpness of their statements, most contributions end up
proving some analogue of the classic result for functions in the multi-valued
case. From that point of view, the different results reinforce each other: any
combination of conditions which induces an impossibility is informative, and
all of them taken together establish that there isn’t any significant room for
strategy-proofness that results from relaxing the single-valuedness assump-
tion.

In spite of that, some authors have explored the general issue from a
more relativistic viewpoint. Alan Feldman (1979a, 1979b, 1980), in a series
of interesting articles, investigated the extent to which different definitions
of strategy-proofness for social choice correspondences would precipitate im-
possibilities or rather allow for some possibility results. In particular, he
examined the question for the Pareto rule under a variety of definitions. He
concluded that this important rule would be considered manipulable under
some definitions, and not for others.

One author who deserves special mention again here is Pattanaik. As I
have already mentioned, he was close to the same result that Gibbard and
Satterthwaite did attain, but his results were not as neat because he was
working in a context similar to that of Arrow: he considered rules whose
outcomes were binary relations, and this led him to also deal with the con-
nections between the choices that such relations would induce under different
agendas, or subsets of alternatives. One of the questions that arises naturally
in that context, if one follows Arrow’s tradition to allow for social preorders
is that social choices are often multivalued. Hence, Pattanaik (1973, 1974,
1978) usually assumed that, when comparing different sets, agents would use
some form of the maximin rule. Another issue in that context is the con-
sistency of choices across agendas, an issue that Gibbard and Satterthwaite
did avoid by only dealing with functions that choose an alternative from the
complete agenda, and being silent about choices when not all alternatives are
available. Part of the early literature on strategy-proofness of social choice
correspondences inherited from Arrow and Pattanaik’s formulation in requir-
ing some consistency conditions. See Kelly (1977) and Barbera (1977b), for
example, as well as many of the results surveyed in Muller and Satterthwaite
(1985). We'll go back to that issue in Section 10.1.

Until now I have referred to different proposals on how to make assump-
tions regarding preferences of sets which are not explicit in the model, but
described them as purely formal. A richer point of view is to discuss the mer-
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its of each of these extension proposals by referring to specific interpretation
of correspondences. In fact, people may rank sets of alternatives in many
different ways, depending on the meaning of such sets. Barbera, Bossert and
Pattanaik (2004) contains an extensive review of several strands of literature
about set rankings based and their connections with underlying rankings of
singletons. Parts of that literature are of interest to those attempting to
define strategy-proofness for correspondences.

What are the leading interpretations for a correspondence? Not all au-
thors are explicit about it, but one very common assumption is that some
random device will eventually be used to “break the ties” and choose one of
the alternatives in the image of the correspondence. In an early survey of
different criteria to partially rank sets, Gérdenfors (1976) was quite explicit
about the fact that many of the proposals had this interpretation in the
background. However, other authors insist that this interpretation is only
one among several.

After a period when the issue was not much under discussion, the ques-
tion of manipulation of social choice correspondences made a comeback. As
we shall see, the interpretation of sets of alternatives as the basis for some
unspecified lottery was quite explicit in that later work.

But there were exceptions. As I already mentioned, some authors re-
ject quite explicitly the interpretation that the images of social choice cor-
respondences are the basis for lotteries. Campbell and Kelly (2002, 2003a,
2003b) are papers which propose other alternative interpretations and define
manipulability under set comparisons which are justified by other means.
Specifically, leximin orderings of sets are used to establish a number of im-
possibility results regarding the existence of strategy-proof non-resolute so-
cial choice procedures. In a similar spirit, see also Sato (2008). His results
are extended by Rodriguez-Alvarez (2009). Nehring (2000): discusses the
relationship between the properties of monotonicity and a generalized ver-
sion of strategy-proofness for correspondences. Ozyurt and Sanver (2009)
provide a general impossibility result when preferences over sets are based
on lexicographic orderings. Other variants of the topic include the analysis
of group strategy-proof correspondences (Umezawa (2009)), or the study of
the consequences of imposing restrictions on the size of the chosen sets of
alternatives (Oyzurt and Sanver (2008)). The latter is connected with the
analysis of multi-dimensional alternatives discussed in Section 6.3.

Duggan and Schwartz (2000)) worked within the classical framework of
social choice correspondences. They define a correspondence to be manipu-
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lable if there exists an individual, a “true” preference and a “false” ranking
such that for every lottery over the set obtained by lying, and for every lot-
tery obtained from telling the truth, there is an expected utility function
consistent with the voter’s true ranking of basic alternatives for which the
expected utility of the first lottery exceeds the expected utility of the second.

This definition is quite demanding, and it is not easy to prove an im-
possibility result without, again, some additional conditions. Duggan and
Schwartz manage to keep such conditions at a minimum, by showing that
there will always be such type of manipulation when there are at least
three alternatives, for all correspondences satisfying citizen sovereignty, non-
dictatorship and what they call residual resoluteness. This last named condi-
tion requires the correspondence to choose singletons for some special profiles.
Rodriguez-Alvarez (2007) provides an alternative proof and extension of the
result.

Ching and Zhou (2002) also consider social choice correspondences. Their
definition is also based on interpreting their images as the basis for some
lottery, and on the explicit assumption that individuals will be “Bayesian
rational”, in the following sense.

“He has a priori a subjective probability measure y, over A as well as a von
Neumann-Morgenstern utility function u; over A. Then for any subsets X
and Y of A, he can compare X and Y by calculating the expected values of u;
conditional on X and Y: he ranks X over Y if and only if E, xu; > E,yu;.
This actually induces a complete ranking of subsets of A. Of course, this
ranking depends on both p,; and u;, and information of neither is contained
in R;. Hence, if only R; is known, then X might be ranked above Y for one
particular set of choices of u; and u;, consistent with R;, but below Y for
some different choices of p; and u; also consistent with R;. Nonetheless, for
some pairs of subsets X and Y, such comparisons always lead to the same
ranking.”

In fact, they proceed to characterize the cases where the comparisons of
sets are unambiguous, in that the ranking of one above the other is indepen-
dent of the chosen expectation and utility. A subset X of alternatives will
always be preferred in that sense to a subset Y if and only if

(i) aR;b for all a € X\Y and a € Y if X\Y #0, and

(ii) cRid for all c € X and d € Y\X if Y\X #0.

After this observation, they define a correspondence to be strategy-proof
if it is not unambiguously manipulable by a Bayesian rational voter.

With this definition in hand, they prove that any social choice correspon-
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dence is either dictatorial or constant (of course, when there are at least three
alternatives).

This paper avoids the need any further assumptions regarding the cor-
respondence, and it is thus one of the closest in spirit to the Gibbard-
Satterthwaite result. This neat result is obtained with a definition of manip-
ulation that is less stringent than the one used by Duggan and Shwartz.

The analysis of strategy-proofnessness for social choice correspondences
which we have reported above departs a bit from the standard approach,
where the preferences of agents are defined over the classes of objects to be
socially elected. Barbera, Dutta and Sen (2001) did propose a framework that
allows to tackle the same issues within a framework that is closer to that of the
rest of the literature. The starting point is that, if social choices are sets, then
one may want to study those functions where agent’s inputs are preferences
over sets. This is in line with the approach in the preceding section, where
social choice functions whose outcomes are lotteries are defined on preferences
over lotteries. Hence, they study functions of the form f : D — A, where D
is the family of nonempty subsets of A and D is some collection of preferences
over A. Notice that, because of this change in domain, we are back to the
realm of social choice functions, with the explicit specification that their
outcomes are sets of basic objects.

Because of that, it is unnecessary to re-define strategy-proofness: the
standard notion applies.

Obviously, the Gibbard-Satterthwaite impossibility applies if no domain
restriction is assumed. But again, the special structure of the outcomes,
the fact that they are sets of objects, allows for specific interpretations of
the model, and these in turn suggest that some domain restrictions become
relevant.

I feel that this approach opens the door for many different inquiries re-
garding rules that choose among sets. Each interpretation will suggest some
natural restriction for preferences over sets. This will allow to study the
possibility of designing procedures which satisfy strategy-proofness, or some
other properties, within such domains.

In particular, Barbera, Dutta and Sen explored the consequences of adopt-
ing the interpretation that these sets are the basis for some lottery, and as-
suming different degrees of information on the part of voters regarding the
random device to be used in selecting the final result.

They define a preference over sets to be conditionally expected utility
consistent if there is a utility function over basic objects and a lottery on
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these objects, with the following property: the expected utility of each set,
calculated over the given distribution, conditional to this set being chosen,
generates the same given preference ranking.

They also consider a narrower domain of preferences, called conditionally
expected utility consistent with equal probabilities, where the above expected
utility calculations are always made with respect to equal chance lotteries.

These two domains are important per se. Specifically, restricting the do-
main of definition to the first class of preferences over sets, and then apply-
ing the standard definition of strategy-proofness for social choice functions
is equivalent to applying Ching and Zhou’s (2002) definition of strategy-
proofness for social choice correspondences. In both cases it is assumed that
an agent can manipulate when forming preferences over sets by attributing
a given lottery to this set and a given utility to its elements. The further
restriction to even-chance lotteries conforms with an old tradition,for which
the natural way to resolve the uncertainty among the alternatives chosen by
a correspondence is to give all of them the same chance to be elected.

The results of Barbera, Dutta and Sen refer to social choice functions that
respect unanimity. Under the first domain restriction, only dictatorial rules
can be strategy-proof. Under the second domain, a new but very restricted
set of nondictatorial rules can also emerge: those where the chosen set con-
sists of the best elements of two pre-determined agents. These functions are
called bi-dictatorial.

The first result is very close to Ching and Zhou’s. But these authors
do not impose unanimity, and this is why they do not rule out constant
functions. As for bi-dictatorial rules, Feldman (1979b) had already referred
to them in one of his extensive analysis of different rules under different
definitions of strategy-proofness.

Benoit (1999) also studied the manipulation of rules where agents reveal
preferences over sets in order to choose sets. But his assumptions on individ-
ual preferences are not based on expected utility maximization. He requires
that certain orderings should be within the domain: he calls them “top”
and “bottom” orderings, because they are based on the value of their best
(or worst) alternative. With the help of a strong unanimity assumption, he
also obtains an impossibility result. It is worth noting that these domain re-
strictions are completely different than those considered by Barbera, Dutta
and Sen: different interpretations suggest different restrictions on the same
models.

Since the basic conclusion of this analysis is that no attractive rules
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emerge, I also take this line of research as further confirmation of the ro-
bustness of the basic impossibility result.

9 Strategy-proofness in personalized domains

In the case of common preferences we have modelled situations where agents
do care for alternatives in ways that are potentially the same for all. The
same preferences on A can be held by all agents; unanimity is not required,
but it is not precluded.

In other cases, the views of agents are necessarily conflictive. When we
must split a dollar, distribute a bunch of desirable objects, decide who will
perform an indivisible and unpleasant task, alternatives have to specify how
much each one of us may get, or who is to work. Then, alternatives which are
best for an agent will typically rank low for others, and unanimity is not to
be expected. The sets of admissible preferences for agents over alternatives
will not be common, but specific to each agent. In addition it will often be
natural to assume that different alternatives assigning the same consequences
to one agent are indifferent to her, even if they affect others in quite varied
forms. This is the assumption of selfishness, which involves a particular form
of specific preferences. Many different collective choice situations are well
described by models where the set of agent’s preferences over alternatives
are specific. The analysis of strategy-proof social choice functions in these
context is more intricate that for cases as those considered till now. This is
partly due to the fact that unanimity can play a much weaker role in proofs.
Another added complication, which we have skipped until now, is that strict
preferences over the whole set of alternatives may not be admissible.

I will illustrate the analysis of strategy-proof rules in the personalized
preferences case by describing results referring to four types of allocation
problems.

9.1 Strategy-proof rationing

We’ll now consider cases where a group of agents must share a task or a good.
Examples include division of a job among individuals who have collectively
agreed to complete it, distributing assets among creditors in a bankruptcy,
sharing the cost of a public project or the surplus of a joint venture, or
rationing goods traded at fixed prices. Since shares of the total task, or of
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the total amount of good, are the specific objects of choice, individuals are
assumed to have preferences on shares®”.

Notice here that the alternatives are the distributions of the total among
all agents. Since we’ll be modelling situations where each agent only cares
about her share of the total, preferences will not be common. Agent ¢ will be
indifferent among any two alternatives that give her the same share, but j will
not be, if these two alternatives give her different amounts. We shall not be
insisting on this, and just refer to agents’ preferences over their own shares,
rather than over complete alternatives. But it is worth making the point here,
since the fact will make a difference on the results. We’ll examine the class of
problems where preferences of agents are selfish and single-peaked over their
own shares. This is well justified if we think of a reduced model, where the
task assignment carries some reward, or the share of good one obtained must
be paid for. It is then perfectly natural to prefer some amount of the task
or good over all other amounts (and their accompanying rewards/costs), and
to consider other amounts the better the closer to their ideal. In fact, this
would be a consequence of assuming convex, increasing preferences in the
effort /reward on good/cost space, and of having the agent choose her share
on a convex bounded set.

Formally, for finite set of agents N = {1,...,n}, allotments will be n-
tuples a in the set A = {a €[0,1]" | >,_y a; = 1}. Preferences being selfish
and continuous, they can be identified with continuous utility functions on
0,1], denoted by w;, u}, uj,.... These utility functions will represent single-
peaked preferences. That is, for each u; there will be some z* € [0, 1] such
that, for any y, z € [0, 1],

<y <z=u(x¥) > u(y) > u(2),
and,
>y >z=u () > u(y) > u(2).
Denote by S the set of all continuous single-peaked utility functions on
[0,1]. We'll be interested in allotment rules of the form

f:S8"—10,1"
with
Zfl(u) =1forallu € S"

1EN

29 An analysis of a similar problem when the good to share is not homogeneous can be
found in Thomson (2007).
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Notice that u stands for a profile of preferences, (uy,...,u,). The value
of f; (u) is the share that goes to ¢ under preference profile u, given rule f.

Some standard requirements, like efficiency and anonymity, can be ap-
plied to allotment rules. Efficiency requires that the selected allotment be
Pareto efficient at each preference profile. When coupled with the require-
ment that preferences are single-peaked it is equivalent to the following: at
each preferences profile, agents that do not get exactly their ideal point must
either all get less than what they wished, or all get more.

Anonymity is a property of symmetric treatment for all agents: for all
permutations 7 of N (7 is a function from N onto N) and u € S™, fru (u™) =
fi (u), where u™ = (uﬂfl(l), e ,uﬂfl(n)). As we shall discuss, anonymity may
or may not be an attractive property of allotment rules, depending on the a
priori rights of the agents involved.

Finally, in our context, strategy-proofness can be written as the require-
ment that, for all i € N, u € S" and v; € 5,

wi (fi () 2 s (fi (us, 03))

An elegant result due to Sprumont (1991) provides a full characterization
of allotment rules satisfying the three requirements above. Actually, only
one rule can satisfy all three simultaneously.

Theorem 10 (Sprumont (1991)) An allotment rule is efficient, strategy-
proof and anonymous if and only if it is the uniform rule f* defined by

ey omin [zt (u) A (w)] i Y0y 2t (u) > 1
fii (u) = { max o () (W) Sy @ (1) < 1

where A(u) solves Y . min[z*(u;), A(u)] = 1 and pu(u) solves Y, max[z*(u;),
p(u)] = 1.

Notice that Ching (1992, 1994), Schummer and Thomson (1997), Thom-
son (2003) and Weymark (1999) have provided alternative characterizations
of this rule. Ehlers (2000) has extended the analysis to the case of single-
plateau preferences.

In order to relate this result to previous ones, as well as to understand its
possible extensions to the non anonymous case, let us take a second look at
the case where only two individuals must share. This case does not capture
all the features of the problem, but gives us some interesting hints. With
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two agents, the allotment is fully described by a; since as = 1 — a;. Hence,
the preferences of agent 2 can be expressed as preferences on a;, as well,
by letting s (a1) = uz (1 — aq). Clearly, s is continuous and single-peaked
whenever uy is. The allotment problem is now reduced to choosing a single
point in [0, 1] when both agents have preferences which are single-peaked
over the same variable. We have already seen that anonymity and strategy-
proofness force us to use the rule that chooses medians among the agents’
peaks and one phantom. By symmetry, this phantom must be at % in our
case. It is easily seen that this is exactly the uniform rule for this simple
case.

We can interpret the rule as giving each agent the implicit right to guar-
antee herself the (one half-one half) distribution. From this guaranteed level,
mutually desired improvements can be achieved. A similar interpretation for
the n-person case would start by guaranteeing the egalitarian share (% of
the total) to each agent. Changing these guaranteed levels, while keeping
the possibility of mutually consented changes away from them, would be a
natural way to eliminate anonymity while keeping efficiency and strategy-
proofness. In particular, for the two person case, this would be equivalent
to maintain the median rule, but have a phantom at any point p € [0,1]
different than %, thus guaranteeing agent 1 the share of p, and the agent 2
the share 1 — p.

But, why drop anonymity at all? The reason is that, in many situation,
people may have different rights or entitlements: these may be respected,
while allowing agents who do not want to use them to pass on their rights
and allow others to enjoy what they don’t need. Age, seniority, previous
contribution, all are examples of criteria calling for possibly non-symmetric
treatment of agents, while efficiency and strategy-proofness are still desir-
able. Surprisingly, there is only one anonymous rule satisfying efficiency and
strategy-proofness, but there is a continuum of non-anonymous rules with
the two latter properties. One of the apparent reasons, is that implicit rights
can vary; moreover, they can change quite independently in the cases of ex-
cess demand from these of excess supply. To see this, let us take a final look
at the uniform allotment rule, and at its possible modifications. This time
we can look at an example, with n = 5 agents with ideal points x] = 23—0,
xy = %, x5 = %, Ty = %, xrE = ;—3 . The outcome prescribed by the uniform
rule can be reached through the following algorithm (see Stnmez 1994):

Step 1. Determine whether ), \ 2* (u;) equals, exceeds, or falls short
of 1. If >, y2*(u;) = 1, then allot shares equal to the ideal points. If
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Y ien T (u;) > 1, allot their ideal points to those agents who demand no
more than +. If 3~ «* (u;) < 1, allot their ideal point to those agents who
demand at least L. In our case, Y,y 2* (u;) > 1, and agent 1 and 3’s ideal
points are less than é Thus, a; = 23—0 and az = %.

Step 2. Determine the remaining number of agents to be allotted and
the remaining share to be allotted. Say, there are k agents and an amount s
to be shared. Perform the same procedure as in Step 1, letting s replace 1
and considering only the k agents. Iterate this step until all the £’ remaining

agents have ideal points exceeding (or falling short of) Z—l/

In our case, k = 3 and s = %. Agent 2 is allotted as = %. There are
now k' = 2 agents remaining with s’ = %. Each has an ideal point which
exceeds & = 2.

Step 3. Allot the remaining Z—/, each.

In our case a4y = a5 = 25—0.

We conclude that agents are allotted the shares (=, =, 2, 2 2) which

207 207 20°_207 20

corresponds to the outcome of the uniform rule with A(u) = 55 = }1.
The above description suggests possible ways to create new non anony-
mous allotment rules in similar ways (and thus with good chances to still

buy strategy-proofness and efficiency).

1. Rather than have % as a starting reference point, choose any collection
of shares ¢; such that >, ¢ = 1.

2. Rather than having the same reference point for the cases of 3, 2* (u;) <
1 and >,y 2* (u;) > 1, choose different reference points ¢* and ¢”.

3. Let the reference levels depend on the share remaining in each iteration
of step 2 (with enough qualifications on the form of this dependence,
in order to preserve strategy-proofness).

The above remarks can lead to a characterization of wide classes of effi-
cient and strategy-proof allotment rules. This is done in Barbera, Jackson,
and Neme (1997), although the article also presents examples which indi-
cate the need for qualifications of the suggested steps for technical reasons.
But the essence is in what we have described: there are many reasonable and
quite satisfactory ways to design allotment rules, if we can expect preferences
on shares to be single-peaked.

Several extensions of the model allow for the use of probabilistic pro-
cedures in order to allocate indivisible goods, and provide characterizations
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that combine strategy-proofness and additional properties. Ehlers and Klaus
(2003b) establish the connection between this probabilistic framework and
Sprumont’s results. Other papers in this vein are Kureishi (2000) and Sasaki
(1997).

The same positive message is conveyed by Moulin (1999). He proves that
strategy-proof rationing schemes can be defined, satisfying three other desir-
able conditions: efficiency, resource monotonicity and efficiency. Moreover,
he shows that these four properties characterize the family of fixed path
mechanisms. These procedures are defined by certain pairs of monotonic
paths, and they include the uniform rule, the priority rule, and many possi-
ble combinations of them.

Unfortunately, this property cannot be expected to hold for agent’s pref-
erences on richer types of alternatives, and in particular in the traditional
case of exchange economies, where more than one good is to be distributed.
We discuss this in the next session.

9.2 Strategy-proof exchange

One of the most classical models in economics is that of an exchange econ-
omy. Typically, there are n consumers holding initial endowments of [ private
goods (however, some models keep silent about the distribution of endow-
ments to the extent that some negative arise even when this is unspecified).
No production takes place. Consumers can exchange among themselves and
reallocate the existing amounts of goods. This model emphasizes that pref-
erence diversity is an important basis for the existence of mutually advanta-
geous trade among economic agents. Because of that, it is also an important
testing ground for questions on preference revelation.

The cost of strategy-proofness in exchange economies is efficiency. It has
been shown that in exchange economies strategy-proof social choice functions
which are efficient are also dictatorial. Hurwicz (1972) proved that result for
two agents and two goods, for functions satisfying the added requirement
of individual rationality with respect to the initial endowment. The result
was largely extended in Hurwicz and Walker (1990) who identify classes of
preferences for which efficiency and strategy-proofness do conflict. Zhou
(1991b) proved that this negative result holds for two people even without
the assumption of individual rationality. Some of his further conjectures in
this paper have been qualified by Kato and Ohseto (2002). Serizawa (2002)
extended Hurwicz’s result to economies with any finite number of agents.
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Zhou’s theorem has been extended by Schummer (1997), Ju (2003, 2004,
2005) and Hashimoto (2008) to more restrictive domains. These small do-
mains results are especially interesting methodologically, because they ex-
hibit very clearly what are the essential features that precipitate impossibil-
ities. Ju considers several domains of interest, including the linear and the
CES preference domain and also risk averse preferences in the context of risk
sharing. Schummer’s impossibility obtains for the domain of homothetic,
strictly convex preferences.

This is in apparent contrast, but in fact nicely complementary with the
results of Nicolo (2004). Under the assumption that individual preferences
are only of the generalized Leontieff form, he produces possibility results,
which are however very useful in understanding the difficulties of extending
them to larger classes.

When there are at least three individuals, Satterthwaite and Sonnenschein
(1981) provided examples on how to construct efficient, nondictatorial social
choice functions for the domain of classical preferences. But in their examples
someone is bossy: that individuals can change the consumption bundle of
someone else by misrepresenting her preferences, yet without affecting her
own consumption bundle. In fact, this is one of the few papers we know that
can accommodate results on economies with production. Another example
of this scarce literatures is a paper by Shenker (1993b).

Again, to the extent that bossiness implies a costless interference of some
agents on the allocations of others, one may inquire about what rules are left
once non-bossiness is required. And a new impossibility arises.

Serizawa and Weymark (2003) have refined these findings. They prove
that for an exchange economy with classical preferences, an efficient, strategy-
proof social choice function must generate unacceptable distributions of the
goods on some circumstances. Specifically, under such rules there must be
someone who must sometime be allocated a consumption bundle arbitrarily
close to zero.

Papers by Moreno (1994), and Moreno and Walker (1991) also attain
impossibility results without resorting to the condition of nonbossiness, and
by simply requiring a responsiveness property or a weak unanimity condition.
Notice that these authors do not work only in a private good setting, but
also admit a mix of public and private goods. This is enough to introduce
the personalized preference domains that I use in this survey for taxonomic
purposes.

These negative results are important, because they point at some un-
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avoidable trade-offs between efficiency, strategy-proofness and the use of rules
providing some minimal guarantees to agents. But, if we now want to go be-
yond, and perform any kind of second best analysis, it is worth pursuing
matters a little further. Suppose we can characterize all the social choice
functions that are strategy-proof in exchange economies, as we already have
done in voting contexts. Clearly, no reasonable rule within this class will be
efficient (we exclude dictatorial rules as unreasonable). But some may be
more efficient than others, or less inefficient. This may also be qualified in
reference to some additional information, regarding the number of agents,
the distribution of preferences, or any other relevant parameters. There is a
subtle difference between strategy-proofness and implementability in domi-
nant strategies, related to the existence of multiple equilibria. I do not take
the route of implementation theory here, but let me mention Mizukami and
Wakamaya (2007) as an example of a paper bridging this gap in the con-
text of exchange economies. See also Yi (2007). Cason, Saijo, Sjostrom and
Yamato (2006) also consider the consequences of multiplicity of equilibria in
a theoretical and experimental analysis.

I will report on some of the existing characterization results for strategy-
proof social choice rules in exchange economies. They are important be-
cause they give us a catalog of those mechanisms which can satisfy strategy-
proofness in full. Then, we may want to choose among them those that
satisfy other interesting properties to some satisfactory extent. Of course,
one could start by characterizing the set of rules that satisfy some alternative
properties, and then select among them those which are “closest” to satisfy
strategy-proofness. While this is also possible, it raises the question of what
we mean by “approximate strategy-proofness.” We shall not go deeply in
that direction, but this is a good moment to mention the issue, in connection
with the possibility of using the Walrasian mechanism, or some procedure
related to it, and expect them to have good incentive properties, especially
for economies with a large number of agents. Roberts and Postlewaite (1976)
provide conditions under which the gains from manipulating the Walrasian
mechanism become small as the economy grows large. Other comments in the
same line include Hammond (1979) or Dasgupta, Maskin, Hammond (1979).
However, small gains will still justify deviations by maximizing agents, and
these deviations may have meaningful impacts when aggregated across a large
population. Jackson (1992) and Jackson and Manelli (1997) investigate the
size and impact of these deviations on the final equilibrium outcome, relative
to the truthful one. They show that, under general conditions, each agent’s
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deviations, as well as their aggregate impact, will again become small as the
economy grows large. Let me also mention two related papers, one by Cor-
doba and Hammond (1998), the other by Kovalenkov (2002). Rather than
concentrate on the Walrasian mechanism, which is manipulable for any finite
economy, the latter papers describe variants of this mechanism that would
be strategy-proof (although not always balanced) for finite economies. Then,
each of these strategy-proof mechanisms are shown to be “approximately bal-
anced” and “approximately Walrasian” when the number of agents is large.
These papers nicely complement the previous ones in their attempt to capture
the incentive properties of the Walrasian mechanism. One set of papers tends
to support the statement that, for large economies, the Walrasian mechanism
will perform approximately as if it was strategy-proof. The other set supports
the statement that, again for large enough economies, some strategy-proof
mechanisms will become approximately Walrasian.

Makowski, Ostroy and Segal (1998) have established the equivalence be-
tween efficient and dominant strategy incentive compatible mechanisms, on
the one hand, and what they call perfectly competitive mechanisms. They re-
fer by this expression to mechanisms where no agent is able to influence prices
or anyone’s wealth. What they prove is that perfectly competitive incentive-
compatible mechanisms are non-generic (although they form a non-vacuous
set), while they are generic (yet not universal) in continuum economies. This
result about conditions for exact price taking behavior contrasts with Sat-
terthwaite’s (2001) discussion of strategy-proofness in markets. Rather than
insisting in the Walrasian mechanism, he studies the consequences of opera-
tionalizing the supply and demand interactions as a double auction market
with Bayesian players under incomplete information. He proves that the
ensuing mechanism is approximately strategy-proof, and he interprets this
result as providing a possible rationale for the fact that price theory seems
to approximate real markets quite well, in spite of the negative results we
reported above.

As announced, we’ll consider economies with [ private goods and n con-
sumers. The endowment of goods is denoted by e = (¢!,...,e") € R%. An
allocation is a list z = (z',...,2") of goods received by each agent, and the
set of balanced allocations constitutes the set of alternatives to choose from

A:{xERT}Hin:ZeZ}.

i
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To keep within our general framework, agents should be endowed with
preferences over the set of alternatives, that is, on the set of full allocations.
But since we’ll limit ourselves to the analysis of situations when preferences
are selfish, we’ll resort to the traditional formulation in general equilibrium
theory, where agents are attributed preferences over the set of admissible
consumption vectors (elements in Rﬂr, in our case). We assume that the
preferences satisfy some further restrictions of convexity and monotonicity.
But selfishness itself is also a restriction: all together, these conditions on
preferences define the restricted domain for which we’ll discuss the possibil-
ity of strategy-proof social choice functions. The preferences of agent i are
represented by a utility function u® : Rl+ — R. U denotes the set of all
continuous, strictly quasi-concave and increasing u”s.

9.2.1 Two agent, two goods exchange economies

This is a particular case which turns out quite easy to analyze completely,
and ties in the specific preference case with the common preference one.

To get a feeling for the general results, let us first consider a specific set
of rules that will result in a strategy-proof social choice function (the rules
define a game under which declaring the truthful preferences is a dominant
strategy; the social choice rule is then the one assigning to each preference
profile the outcome of this game under truthful strategies).

Example 8 Fix a positive price p, and allow each agent i to select her best
alternative out of the set B(p,e;) = {(xi1, xi2) | pri1 + T2 = pes + e }. This
describes the supply/demand of both the agents for both goods. If both agents
have excess demand/supply of the same good, the final allocation is e. If the
excess demand/supply allow for mutually advantageous trade at price p, then
the prescribed allocation is the one where the agent who is less inclined to
trade mazximizes her utility.

This rule of voluntary trading at fixed prices and with rationing on the
short side offers no advantage to manipulation. Since prices are fixed and
the rationing rule is not sensitive to the size of unsatisfied demands, it is
best for all agents to express what they want. The associated social choice
rule is clearly strategy-proof. In what follows, we’ll describe other strategy-
proof rules for exchange economies. But the essential insights can always be
referred back to this simple example.
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Remark that, in this simple case, we can identify the exchange economies
problem with one of choosing the level of a public good (hence connecting
the problem of common preferences with those of specific preferences). This
is because, once we have fixed a price ratio p and endowments e, choosing
the level of one good for one agent, say z1, fully determines the levels of z3,
2?2, z2. Moreover, the preferences of agent 1 over values of z} compatible
with allocation on the budget line are single-peaked (because u' is quasi-
concave and monotonic), and so are the preferences of agent 2 over the same
x1 values (which automatically determine 2's consumptions). Therefore, our
allocation problem reduces to the choice of one value on a totally ordered set,
with two agents and single-peaked preferences. Our rule above can be simply
rewritten as one picking the median between the best values of z} for 1 and
2 and the value e;; of 1’s endowment for good 1. With e;; as phantom voter,
this is one of the median voter rules we have already identified in Section 5.

Trading at one fixed price has some features that are essential to any
strategy-proof rule. Others can be dispensed with, to get a some general
result. Remark that any budget line corresponding to a positive price ratio
defines a diagonal set within the set of allocations, in the following sense:

Definition 6 A set D C A is diagonal iff for each agent ¢ and for all x,y €
D,(x#y), 2 2y andy" £ a".

Diagonality of the range rules out the possibility of some agent i getting
more of all the goods in one allocation in the range than ¢ would get at
another allocation also in the range.

In our case, the budget line corresponding to the fixed price is, indeed,
the range of our social choice function. Diagonality of the range is necessary
for a social choice function on 2 x 2 exchange economies to be strategy-proof.
The use of only one price is not, as shown by the following examples.

Figure 1.
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2
x =(0,0)

fu'od = e

x'=(0,0)

We begin by a numerical example.

Example 9 (See Figure 1) Agent 1 is endowed with ten units of each of the
two goods and agent 2 is endowed with five units of each of the two goods.
Agent 1 may offer to buy good one at a price of 2 (units of good two per unit
of good one) and sell good one at a price of % If, for instance, agent 1 finds
buying 3 units of good one most preferred (u' in Figure 1), then agent 1’s
dominant strateqy is to offer to buy up to 3 units of good one. If agent 2
has the utility function u® in Figure 1, then his or her dominant strategy is
to offer to sell up to 2 units of good one (at a price of 2) and buy up to 1
unit of good one (at a price of %) In this case, the outcome of the fixed-price
procedure would be that agent 2 sells 2 units of good one to agent 1 at a price
of 2. The final allocation for u is (12,6) for agent 1 and (3,9) for agent 2.
If instead, agent 2 has the utility function u® (see Figure 1 again), then he
or she will not offer to sell good one, but will offer to buy up to 2 units of
good one. In this case, no goods are exchanged and the final allocation is the
wnitial endowment.

The principles underlying the case above can be rewritten in a more
general form. This is the purpose of our next example.
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Example 10 A two-price rule. Endow agents with any initial endowments
et . Select one of the two agents, say 1. Choose two prices for the first good
in terms of the second good. Interpret the first (and lowest) as the price at
which agent 1 can offer to sell good 1; the second (and highest) as the price at
which he can offer to buy the same good. Given her preferences, agent 1 can
then choose to offer some amount of the first good (up to her endowment),
or else post an offer to buy some amount (only one of these choices will
be optimal, given that preferences are quasi-concave and the selling price is
not higher than the lower one; agent 2, given these prices, might have had
two best strategies—one of them selling and the other buying—but we do not
allow this to be relevant). If agent 1 has made an offer to buy and 2 is
ready to sell at the buying price, exchange takes place to the extent of the
lowest willingness to transact (and up to 2’s endowment). The same occurs
if agent 1 wants to sell and 2 is ready to buy.

Examples 9 and 10 implicitly describe, again, a strategy-proof social
choice function. Their ranges are still diagonal. Also, the preferences of each
agent over their option sets (given the declared preferences of the others)
are single-peaked (our previous remark on two maxima already hinted that
overall preferences of agent 2 on the whole range may no longer be single-
peaked). In these two examples, as well as in example 8, each agent can
guarantee herself, by declaring the true preferences, that the social outcome
will be at least as good as her initial endowment. The rules are individu-
ally rational. Subject to this qualification, the second class of rules we just
described through examples 9 and 10 (to be called the double fixed price
rules) are the only ones to guarantee strategy-proofness in 2 x 2 exchange
economies. Example 8, which is a special case where the selling and the
buying prices coincide (to be called the single fixed price rule) constitutes
the subclass which, in addition, respects anonymity (i.e., allows both agents
to play symmetric roles), provided the initial endowments of both agents are
also identical.

Theorem 11 (Barbera and Jackson (1995)) A social choice function on a
two-good, two-agent economy is strateqy-proof and individually rational iff it
s the outcome of a double fixed price exchange mechanism. If, in addition,
the function is anonymous, then it is the outcome of a single fived price
mechanism from the egalitarian endowment.
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The above theorem would need some qualifications to be rigorously stated
(a more precise statement of the next theorem will cover this one as a special
case). Some bounds on the traded amounts can be exogenously fixed, and
a formal definition of what we have presented informally as examples would
be in order. The interested reader is referred to Barbera and Jackson (1995).
But the essentials are laid down.

Notice that all the functions covered by the theorem have very narrow
ranges, and that these are formed by linear prices. This is a consequence
of the fact that the domain of preferences includes all strictly quasi-concave
utility functions and that both agents play a role in determining the outcome.
Dictatorship is excluded by individual rationality. Since dictatorial rules
are obviously strategy-proof, a full characterization of rules satisfying this
property would require to drop the individual rationality assumption (for
this, we refer again to Barbera and Jackson (1995)).

9.2.2 Two agents, | goods

Having learned about the 2 x 2 case, we can now ask whether the same basic
ideas extend to exchange economies with more than two goods. We still
retain the case of two agents, since this (plus our focus on distributing all
the resources) allows us to describe the full allocation once we know what
one agent gets.

Fixed prices were the key to strategy-proof exchange with two goods: the
range is a line. But fixed prices, when there are more than two goods, de-
scribe budget sets whose boundaries are hyperplanes. However restrictive,
these rules allow too much flexibility. Strategy-proofness cannot be satisfied
if agents are allowed to express their preferences on such large sets. What
happens is that, for two goods, the notion of fixed prices and fixed propor-
tions are equivalent. For more than two goods, strategy-proof social choice
functions can be based on limited trades, along some collection of fixed pro-
portions satisfying some additional properties. In fact, they must be of this
particular form if they are to satisfy individual rationality.

Let us express these ideas more formally, after an example.

Example 11 There are two agents and three goods. Endowments are e* =
e? = (5,5,5), for a total (10,10, 10) resource vector. Agent 1 can buy units
of any of the goods from agent 2, provided she pays one unit of each of the
remaining two goods. Hence, agent 1 can offer multiples (but not combi-
nations) of the trades (1,—1,—1), (—=1,—-1,1), (—=1,1,—1). The range of
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f in terms of 1's final allocation, is ry = {xz | Iy € [0,1] st. 2 =
v(5,5,5) + (1 —~) (10,0,0), or 2’ = ~(5,5,5) + (1 —~v) (0,10,0) , or a’ =
v(5,5,5) + (1 —~v)(0,0,10)}. If agent 1’s must preferred point in the range
is, say, (7,3,3), then the allocation is 2’s most preferred point from the con-
vex combination of (5,5,5) and (7,3,3) (allocations are expressed in terms
of what agent 1 gets. Then 2 gets (10,10,10) — ).

Notice that, given the structure of the range, agent 1 always has a unique
most preferred point, and that all convex combinations of that point and the
endowment are preferred to all other points on any other segment. It is this
property, that the agent who actually chooses the possible trades actually
prefers these trades to any other, that makes the fixed proportion trading
strategy-proof.

We now provide, after some preliminaries, a more formal definition of
fixed proportion trading.

Preliminaries

Given points a and b in A, we write ab to denote the set of points lying
on the segment with endpoints a and b, so ab = {z | Iy € [0,1], z =
va + (1 —7)b}. We write ¢ >* ab if ¢ > ya' + (1 — ) b* for some v € [0,1].
Then ¢ >} ab indicates that ¢ lies above the segment ab from agent i's
perspective.

Given a set B C A and a utility profile v € U2, let T (B, u) denote
the set of allocations in B which maximize u!. This set is non empty if
B is closed. A function t!, which is a selection from 7%, is called a tie-
breaking rule. A tie-breaking rule ¢’ is j—favourable at B € r if for any u,
t'(B,u) # t* (B,u™,v7) only if v’ (' (B,u™,v7)) > v (t' (B, u)).

Definition 7 A social choice function f defined on a two-agent exchange
economy 1is the result of fixed proportion trading if r¢ the range of f , s
closed, diagonal and contains e, and there exists an agent i such that the
following holds:

1. for all distinct x and y in ry either x € ey, y € ex or e > xy;

2. there exist tie-breaking rules t* and t/ such that t' is j—favourable at r¢
and 7 is i—favourable at ea Ny , for all e € 1y

3. f(u) =t (eanrp,u), where a =t (ry, u).
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Condition (1) assures that ¢ lies along k& < [ diagonal line segments, each
having the endowment as an endpoint. If one chooses x from one segment
and y from another segment, then e >F xy. Condition (2) states that tie-
breaking rules either are constant or choose in favor of the other agent. This
condition only comes into play if the range is not connected, since then agents
might have two possible utility maximizing choices. (This is an aspect that
we have not emphasized in our previous informal discussion; it is needed
for complete characterization and certainly complicates matters, but does
not change anything essential). Condition (3) states that the outcome of
f is agent j’s most preferred point in the range, which lies between the
endowment and agent i's most preferred point in the range. We can now
state

Theorem 12 (Barbera and Jackson (1995)) A two-person social choice func-
tion s strategy-proof and individually rational iff it is the result of fized pro-
portion trading.

9.2.3 Three or more agents

With three or more agents, it is no longer the case that what one of them
gets is determinant of the global allocation. This opens up new possibilities
for strategy-proof rules, some of which are not necessarily attractive. For
example, agent 1 might be offered to choose her best among some feasible
baskets of goods. Then, either agent 2 or agent 3 might get the remaining
resources, with the beneficiary being determined, say, according to which one
of the rejected baskets agent 1 declares to be her worst. This rule is clearly
strategy-proof, since agent 1 guarantees herself the best attainable basket,
and does not care who gets the rest; while the other two agents cannot help
1’s choice of who will be the lucky one.

This is an example of a bossy social choice function, i.e., one where some
essential part of the allocation is trusted to an agent who is unaffected by
the choice, while affecting the utility of the others. Bossy functions were
described by Satterthwaite and Sonnenschein (1981). They are usually con-
sidered unattractive, and efforts to characterize strategy-proof social choice
functions have concentrated on finding rules not in this class, called non-
bossy.

Barbera and Jackson (1995) provide a characterization of non-bossy strat-
egy-proof social choice functions satisfying a version of anonymity and some
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additional technical conditions. Although the characterization becomes rather
involved, it is in the spirit of the results we have described for two agent ex-
change economies: strategy-proofness requires a limited range of possible
exchange, does not allow from trade to be exploited, and thus enters in con-
flict with efficiency.

9.3 Strategy-proof matching and assignment

Gale and Shapley (1962) and Shapley and Scarf (1974) proposed a number
of fascinating allocation problems and provided initial solutions for each one
of them. We shall comment on two of them, the matching problem and the
house assignment problem, and on some extensions.

Although these authors were perfectly aware that their proposed solutions
to the problems were open to strategic manipulation, they did not concen-
trate in eliminating such behavior. Thus, it was left for others to establish
results on the possibility of designing strategy-proof rules in these contexts.

The simplest matching problem is one where pairs must be formed, in-
volving one element in a given set, and one element in another set. These
two sets are called the two sides of the matching market, and the problem
is usually known as the marriage problem. This is because one can think of
elements on one side of the market as men, elements on the other side as
women. It is assumed that men have preferences over the women to whom
they might be assigned, and also on the possibility on remaining unmatched.
Likewise, women have preferences regarding men as possible partners, and
also about remaining single. A matching is given by a set of pairs, each
composed by a man and a woman, and by a list of those agents who are
unmatched. Each agent is listed once and only once, either as part of a pair
or in the list of singles.

A matching is stable if it is individually rational (each agent who is
matched to someone prefers his or her partner to remaining alone) and no
pair could be formed whose members would both prefer their partner in that
pair to those they have in the given matching. Gale and Shapley established
many important results concerning the marriage market for a given set of
preferences. Stable matchings always exist. They are the members of the
core of the market. They form a lattice. The extreme elements of that lat-
tice can be computed through simple algorithms called the men’s optimal
and the women’s optimal algorithm.

Given the number of agents on each side of the market, the notion of
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a social choice function in that context arises naturally, as a rule that as-
signs one matching to each specification of the preferences of all the agents
involved. Clearly, these social choice rules operate on personalized domains,
since different agents value the final outcomes, i.e., the resulting matchings,
on the basis of what partner they get. Examples of social choice rules for a
marriage market are those that choose, for each preference profile, the out-
come computed by the men’s optimal (or by the women’s optimal) algorithm.
These rules are obviously manipulable by elements on one side of the market:
Yet, the agents on the other side have the truth as a dominant strategy.

One may ask, then whether there exists any strategy-proof social choice
rules for matching markets. Without further requirements, the obvious an-
swer is yes. Different quasi-dictatorial methods satisfy this requirement. For
example, consider the following rule based on serial dictatorship. Order one
side of the market. Then, let the first agent choose his or her preferred ele-
ment on the other side. After that, let the second ranked agent choose his
or her preferred match among the remaining agents on the other side, etc.
It is obvious that such method is both strategy-proof and highly uninterest-
ing. Notice that the negative flavor is maintained, but that the Gibbard-
Satterthwaite theorem does not apply directly, because the model implies
clear restrictions on the preference domain.

Hence, one should inquire whether there are strategy-proof social choice
rules for matching markets satisfying additional conditions.

Given the importance of stability in the matching literature, the first
question is whether there is some rule guaranteeing strategy-proofness and
stability under the standard domain restrictions implicit in Gale and Shap-
ley’s formulation of the problem. This question was answered in the negative
by Roth (1982). It is also the case that all strategy-proof social choice func-
tions on this standard domain violate the milder requirements of efficiency
and individual rationality, as proven in Barbera and Alcalde (1994).

These two authors then turned to a formulation that should by now be
very familiar to the reader: Is it possible to identify domains of preferences
admitting strategy-proof stable social choice functions in the context of mar-
riage problems? They identified different families of preferences allowing for
a positive answer to that question. These are the families of preferences that
satisfy a “top dominance” condition. Barbera and Alcalde proved that the
men’s optimal and women’s optimal algorithms, when applied within these
restricted classes of preferences, do indeed define stable and strategy-proof
rules. Moreover, they showed that these domains are maximal, in a precise
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sense. Recent work on matching has studied more specific models and estab-
lished many different conditions under which strategy-proofness holds. See
Alcalde and Revilla (2004) on team formation, Martinez, Mass6, Neme and
Oviedo (2004) on many-to-one matchings, Roth, Sonmez and Unver (2005)
and Hatfield (2005) on kidney exchange, Abdulkadiroglu and Stnmez (2003)
and Abdulkadiroglu, Pathak and Roth (2009) on school choice, among many
others.

An analysis of the men’s optimal and women’s optimal algorithm, and of
the possibilities they open to manipulation, easily reveals that these possi-
bilities never arise at profiles where when there is a unique stable matching.
That is, to use the more general language of game theory, when the core of
the matching game is a singleton.

Ledyard (1977) had already remarked and exploited the fact that environ-
ments with a single-valued core allow for mechanisms that perform well from
the point of view of incentives. Using the language of that early literature,
he started from the remark, due to Hurwicz (1972, 1973), that “no organi-
zation which selects Pareto optimal allocations and which allows for a “no
trade” option to the participants can be both incentive compatible and de-
centralized”. Then he added a conjecture: that core-selecting organizations
are incentive compatible in particular environments if and only if the core of
that environment is single valued (in utility terms). He finally proved that
such conjecture is true in one direction, but needs of an additional condition
on that single allocation to be exact. Given a set of technical assumptions,
Ledyard proves that a core selecting organization is incentive compatible if
and only if the environment possesses an allocation which is the unilaterally
best unblocked allocation for all participants.

Sonmez (1999) exploited a similar fact to provide a simple and general
result that applies to matching models and to many other cases, including
housing markets, roommate problems, indivisible goods exchange economies,
coalition formation problems and networks. He showed that for any model
in these classes, there exists a Pareto efficient, individually rational and
strategy-proof solution only if all allocations in the core are Pareto indif-
ferent (that is, unique in utility space, when they exist) for all problems. In
fact, any such solution selects an allocation in the core whenever the core is
non-empty. This result precipitates the negative results we have discussed
for matching markets, and it is at the same time compatible with more pos-
itive results in other cases. Takamiya (2003) has provided a converse of this
result.
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A set of circumstances allowing for positive results arise in the context
of housing markets and other assignment problems involving the allocation
of heterogeneous indivisible goods to individuals without any possibility of
monetary compensations.

Let us begin with a description of Gale’s top trading cycle procedure,
which was first described by Shapley and Scarf, who introduced the housing
market. Each individual owns an indivisible object (a house) initially, and
objects may be reallocated. Gale’s procedure gives a constructive way of
finding a core allocation for such markets. Let all individuals point to the
person who owns their favorite home. A top trading cycle consists of individ-
uals such that each one in the cycle points to the next one. A single person
may also constitute a cycle, by pointing to herself, if the top choice is the
house she owns. Since there are a finite number of individuals, there always
is at least one top cycle. Give each individual in a top cycle their favorite
choice, and remove them from the market with their assigned houses. Re-
peat the process until each individual receives her assignment. The resulting
allocation is unique if preferences are strict (Roth and Postlewaite (1977)),
and it is the core allocation. Roth (1982) proved that the core solution, and
thus the rule assigning to each profile of preferences the outcome of the top
trading cycle procedure, is strategy-proof. Furthermore, Ma (1994), Sénmez
(1996), Svensson (1999a), and Takamiya (2001) have provided different char-
acterizations of this rule in terms of natural requirements. Bird (1984) and
Moulin (1995b) proved that the core solution is also group strategy-proof.
Ehlers (2002) explores the maximal domains that allow for the definition of
strategy-proof rules for housing markets. Miyagawa (2001) and Schummer
(2000) consider strategy-proofness in variants of the problem for the case
where monetary transfers would be allowed.

Papai (2000a) considers a family of rules for assignment problems where
no individual has any property right, the number of objects is not necessarily
the same as the number of individuals. She characterizes the set of group
strategy-proof, Pareto optimal and reallocation-proof rules that provide each
individual with at most one indivisible object. The method she identifies is
called the hierarchical exchange rule, and it is described as the result of a
recursive process. Individuals have an initial individual “endowment” of ob-
jects such that each object is exactly one individual’s endowment. Otherwise,
the initial distribution of these endowments is arbitrary, and some individuals
may not be endowed with any objects. Apply the top trading cycle proce-
dure to this market. Agents who leave the market and held more than one

95



object as endowment leave the rest of their endowment. That “inheritance”
is redistributed among individuals who have not yet received their assign-
ment, and then the top trading procedure is started again. The procedure
converges in finite steps, and the resulting allocation is unique if individual
preferences are strict. Different hierarchical rules are therefore defined by
the original assignment and by the rules to distribute the inheritance. It is
interesting to remark that some proxy for initial endowments emerge as a
necessary component of these assignment rules, even when property rights
are not assumed to exist.

Papai extended her analysis to general markets with indivisible goods,
where agents may be endowed with several goods. She defines an extension of
the preceding rules, now requiring that not all conceivable trades are allowed,
and shows that under her trade restrictions markets arise with a unique
core allocation. Then she proves that the fixed deal exchange rules that
select this unique allocation are the only exchange rules that satisfy strategy-
proofness, individual rationality and a weak form of efficiency. These results
are reminiscent of the restrictions to trade that need to be imposed on more
general markets in order to obtain strategy-proofness, as discussed in Section
9.2.1. They also point at the housing market as a very particular case where
trade restrictions become unnecessary, and where better general properties
can be attained.

Papai (2003) also proves that, under additional assumptions on individ-
ual preferences, it is possible to identify new allocation rules, called the seg-
mented trading cycle rules, that provide some additional flexibility for ex-
change. Other pieces on this topic are Miyagawa (2002), Konishi, Quint and
Wako (2001), Svensson and Larsson (2005)

Papai (2000b, 2003, 2007), Klaus and Miyagawa (1999), Ehlers and Klaus
(2003a), Ehlers, Klaus and Papai (2002), Amorés (2002) have studied strategy-
proof rules for assignment problems where no individual has any property
right, the number of objects is not necessarily the same as the number of
individuals, and these may desire to consume more than one object. They
have provided characterizations under different domains and for different ad-
ditional sets of conditions. A general result about consistent strategy-proof
assignment rules is given in Ehlers and Klaus (2007).

I conclude this section by mentioning other related subjects that I will
not review. One involves the use of random procedures in assigning indi-
visibles, and it has been extensively treated by Moulin (2000), Crés and
Moulin (2001), Bogomolnaia and Moulin (2001), Abdulkadiroglu and Sén-
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mez (1998). Another refers to the assignment of heterogeneous individuals
to different tasks. An example in this direction is Barbera and Dutta (2000).

9.4 Strategy-proof cost sharing

As I already explained in previous Sections, Clarke and Groves identified the
class of strategy-proof mechanisms for a particularly interesting family of
problems, involving a public decision and the possibility of monetary trans-
fers among agents. Their model did not restrict attention to procedures that
guarantee the feasibility of outcomes, because it allowed for transfers of vary-
ing size, making no explicit reference to the availability of resources necessary
to make these contributions. This modeling choice makes their work a bit
difficult to fit within a social choice framework. Because of this, I will not
review the literature that ensued.

However, I will describe other related work, also involving economies
where decisions about levels of private and public goods are combined. These
works explicitly consider feasibility constraints.

Consider the simple context where a single public good can be produced
with a single private good according to a given cost function. Assume that
each agent cares about the level of the public good and the amount of private
good that she is assigned. Let preferences satisfy standard conditions of
continuity, strict convexity and strict monotonicity.

In this simple world, a mechanism determines how much of the pub-
lic good must be produced, and how much of the private good unused for
production goes to each one of the agents. When individuals are assumed to
hold some initial amounts of the private good, then the mechanism implicitly
determines the contributions of each agent to the production of the public
good. Or, in others words, closer to the language used in the literature,
the mechanism determines the amount of public good to produce, and how
agents share its cost.

It is useful to consider the partial problem faced by each agent if she
knows exactly the cost sharing rule, and thus the amount of private good
that she will have to pay for each level of public good, which we can call
her “individual” cost function. In that case, the agent knows her ex-post
holding of private good for each potential level of production for the private
good. Therefore, her preferences on the two dimensional space of public and
private goods translates into a preference on one dimension, say that of the
public good decision. Thus, we can refer to the preferences of each agent for
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the amount of the public good, given the sharing rule. The shape of these
preferences will depend on the initial cost function, on the specific sharing
rule and, of course, on the preferences of each agent for combinations of the
two goods.

Notice that, if the preferences over the amount of the public good were
single-peaked for each of the agents, then we would know how to choose it
in a strategy-proof manner. These are the ones I discussed extensively in
section 6.2.

Also notice that there are simple conditions under which single-peakedness
will hold. This happens if the “individual” cost functions of agents and their
preferences are both strictly convex on the range of values that the rule may
choose from.

It should by now be clear what is the role of the cost sharing rule and of
the method to choose the level of the public good. The sharing rules alter
the “individual” cost functions and thus the preferences for the amount of
the public good. Therefore, they determine whether we are at all in a world
where designing strategy-proof rules to choose the level of a public good is
possible. Then, when there is room for such possibility, that choice must be
made through some of the methods that we know to be strategy-proof.

In that context, Moulin (1994) defined and characterized what he called
the “conservative equal-costs mechanism”. The mechanism recommends
sharing the costs of production equally, and to produce at the lowest level
demanded by some agent. He proved that the rule enjoys, among others,
the very strong property of coalitional strategy-proofness. I will state his
characterization result below.

Before that, let me refer to Serizawa (1999). This paper contains several
characterizations of rules that satisfy strategy-proofness. The author takes
care of several complications derived from relaxing strict convexity to convex-
ity. This weakening allows for agents to be indifferent between several levels
of provision, and requires a careful treatment of the sharing and decision
rule when ties arise. Rather than being precise in all details, I'll reproduce
Serizawa s informal description of the main terms he uses, state Moulin’s
and Serizawa’s theorems, and provide some comments on each one.

I quote from Serizawa, pp. 122-123. “The production range of a social
choice function is the set of the production levels that can be obtained as the
outcome of the function for some preference profile. A cost sharing scheme
is a social choice function under which agents share the cost of the public
good according to predetermined cost share functions depending only on the
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production level of the public good. A cost sharing scheme is equal if all
the agents always pay an equal cost share. A cost sharing scheme is convex
if its cost share functions are all convex on the scheme’s production range.
Given the cost sharing functions, agents are faced with nonlinear budget
constraints, from which their demands of the public goods are derived. We
consider cost sharing schemes which select the production levels of the public
good depending on such demands of agents. The median voter rule is the
decision rule on production level such that the public good is produced as
much as the median value of the demands. In the median voter rule, given
any level of the public good, say Yj, a coalition of agents whose cardinality
is greater than 7 has the power to push the production level higher than
Yy by unanimously demanding higher than Y. A coalition owning such
power is said to be winning at Y. A quota rule, or simply a g-rule is an
anonymous generalization of the median voter rule. In a g-rule, for each
production level of the public good, an integer is assigned such that a coalition
is winning at Y if and only if the cardinality of the coalition is not less than
the assigned number. Minimax rules (Moulin (1980), Barbera and Jackson
(1994)) are non-anonymous generalizations of g-rules. In a minimax rule,
for each production level Yj a class of coalitions is specified, all of which are
winning at Yp. A minimum demand rule is a public good production rule
such that the minimum amount demanded for the public good is produced,
that is, it is a ¢-rule such that the assigned level is n for all production levels.”

The reader will notice that these are rules falling in the general classes
discussed in Section 6.2. With this terminology at hand, we start by stating
Moulin’s early characterization result.

Theorem 13 (Moulin (1994)) Let the cost function be convex and the pro-
duction range of the social choice function be equal to the set of possible
production levels. Then, the social choice function is group strateqy-proof,
budget balancing, symmetric and individually rational if and only if it is an
equal, convex cost sharing scheme determined by a minimum demand rule.

Notice that the incentives for individuals to reveal their preferences under
this rule will be very strong. Not only they will not find any advantage
in misrepresenting their preferences individually. They cannot find any in
coalescing for joint manipulations, either.

The first result in Serizawa’s paper includes Moulin’s method and many
others, by enlarging the class of methods that can be used to select the level
of the public good.
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Theorem 14 (Serizawa (1999)) Let the cost function of the public good be
convex. A social choice function is strateqy-proof, budget balancing and sym-
metric if and only if it is an equal and convex cost sharing scheme determined
by a minimax rule.

Notice that Serizawa uses as part of his characterization an equal-treatment
property that he calls symmetry. The latter requires that, if two agents de-
clare the same willingness to pay for the public good, they should be assigned
the same share of its cost.

In the next result, the requirement of symmetry is substituted by the
stronger condition of anonymity, while the assumptions on the cost function
are weakened.(For a definition of regularity, see Serizawa)

Theorem 15 (Serizawa (1999)) Let the cost function of the public good be
increasing, continuous and reqular. A social choice function is strateqy-proof,
budget balancing and anonymous if and only if it is an equal and conver cost
sharing scheme determined by a q-rule with anonymous tie-breaking rules.

Serizawa’s third result is an extension of Moulin’s

Theorem 16 (Serizawa (1999)) Let the cost function of the public good be
increasing, continuous and reqular. A social choice function is strategy-proof,
budget balancing, symmetric and individually rational if and only if it is an
equal and convex cost sharing scheme determined by a minimum demand
rule.

Notice that requiring strategy-proofness only does not change the fact
that Moulin’s method is also coalitionally strategy-proof. But it reinforces
the strength of the characterization, and shows that coalitional strategy-
proofness is a “bonus” that we may get for free, once we are ready to require
the weaker property.

Other results for the same model are obtained in Serizawa (1996).

I have spent time in the simplest versions of the public good production
model because they tie neatly with what we have learned about choosing
the level of one public good when costs are not considered explicitly, as in
Section 6. The condition for this link to work is to control for conditions
under which the preferences induced by the cost-sharing rules bring us back
to some version of the simplest model for choosing in a linear space.
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Characterization results are explicit about the properties that one can
guarantee by using a given class of rules, but keep silent about their draw-
backs. The important condition of efficiency is not satisfied by the rules
we have described. Schummer (1997) has proven that even when agents are
restricted to have linear preferences over one private good and one public
good produced from the private good (the Kolm triangle), strategy-proof
rules cannot be efficient. This result is in line with this author’s strategy of
proving the strength of some impossibility results by showing that they hold
on small domains.

Another, closely related problem, to the one considered until now, is that
of deciding the levels of production of an excludable public good. The previ-
ous results referred to the case where all agents do necessarily participate in
the financing of the public good, and cannot be excluded from its enjoyment.
When agents can be excluded from the consumption of the good, then new
mechanisms arise satisfying strategy-proofness, and even coalitional strategy-
proofness. Moulin (1994) first described the remarkable properties of serial
cost sharing, and then continued the exploration of the incentive properties
of cost sharing mechanisms in different contexts, when agents use a com-
mon technology but may consume different amounts of the produced good.
Contributions to this literature include Moulin and Shenker (1999, 2001),
Mutsuwami (2000, 2005), Yu (2007), Jackson and Nicol6 (2004), Ohseto
(2000 and 2005). Cantald (2004) analyzes a related model where agents may
excude themselves due to the existence of outside options. This literature
is too large to be thoroughly surveyed here. Moulin (1995a, 2002) are good
starting points.

10 Further comments on preference domains

10.1 Some special domains

We have now examined a wide gallery of models. Each one carries, along with
one or several economic and political interpretations, some strong hints of
what might be reasonable restrictions on the preferences of individuals. Just
to mention some, we have studied the consequences of assuming that prefer-
ences are single-peaked, that they satisfy the axioms of expected utility, or
that they are defined over sets of alternatives, for the common preference case.
We have also examined the implications of several classical economic assump-
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tions, like continuity, additivity, (weak or strong) convexity, or monotonicity
in different contexts involving common as well as personalized preferences.
All these are examples of domain restrictions suggested by particular models
and by their interpretations.

Another quest for domain restrictions did start from more abstract con-
siderations, and led to a good number of papers. It was motivated by the
strong parallel between the contexts where Arrow’s impossibility theorems
obtain, and those where the negative results a la Gibbard-Satterthwaite arise.
Notice that strategy-proofness has been defined in most of the works consid-
ered here as a property of rules that choose one alternative for each profile of
preferences, given a fixed set of alternatives. Yet, Arrow’s social welfare func-
tions are equipped to choose one (or several) alternatives out of each possible
subset of a given universal set. In order to emphasize this parallelism, it is
convenient to think of strategy-proofness as a property that can also be held
by rules defined on all such subsets, requiring that the standard requirement
does hold for any restriction of the rule to any of the subsets. This was the
point of view which allowed Satterthwaite (1975) to put a strong emphasis
in the correspondence between Arrow’s theorem and his own results. Under
this definition, strategy-proofness applies to mechanisms that may also be
required to satisfy some form of consistency, or rationality (in the sense that
the choices over different subsets may be required to be rationalizable by
some order).

Muller and Satterthwaite (1985) describe in detail the literature that
explores the following question. Without fixing a priori any domain, nor any
specific rule, investigate the necessary and sufficient conditions on preferences
such that the resulting domain permits the construction of a strategy-proof
mechanism satisfying the Pareto criterion, non-dictatorship (and, eventually,
some additional requirements).

A characterization of this type was provided by Kalai and Muller (1977).
It involves a requirement which restricts the distribution of decisive power of
different sets of agents over different combinations of alternatives. I will not
describe the condition, which leads them to define a concept of decompos-
ability (quite unrelated with other uses of this word in the present survey).
But in order to get the flavor of their result, I will provide its statement.

Theorem 17 For n > 2, the following three statements are equivalent for
every domain of admissible preferences ).
a. §) is decomposable.
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b. The equivalence class of ) permits construction of an n-person weakly
nondictatorial, rational, strategy-proof mechanism that satisfies the Pareto
criterion.

c. The equivalence class of §2 permits construction of an n-person weakly
nondictatorial, social welfare function that satisfies the Pareto criterion and

IIA.

The preceding theorem applies to environments where the common do-
main assumption holds. For the case of private goods, results in a similar
vein, but requiring combinations with further properties, were obtained by
Kalai and Ritz (1980) and Ritz (1981, 1983). Again, without entering in
details about its exact meaning, they identify a new condition regarding de-
cisiveness implications and attain the following result.

Theorem 18 For the private goods case, when n > 2, the following three
statements are equivalent for every domain of admissible preferences €):

a. € is decomposable over private alternatives.

b. The equivalence class of €2 permits construction of an n-person, weakly
nondictatorial, social welfare function that satisfies the strong Pareto crite-
rion and IIA.

c. The equivalence class of ) permits construction of an n-person, weakly
nondictatorial, rational, noncorruptible strategy-proof mechanism that satis-
fies the strong Pareto criterion.

Notice that in both theorems, attention is restricted to strategy-proof
mechanisms satisfying rationality. Another early analysis of alternative struc-
tures for domains admitting non-dictatorial strategy-proof rules is found in
Kim and Roush (1980). Their domains are defined by structures which are
different than those in Kalai and Muller (1977), and their results do not
depend on the rationality requirement imposed by these previous authors.
An overview of domain restrictions of this and other sorts can be found in
Chapter 4 of Gaertner (2001).

10.2 Maximal domains

In Section 6, I discussed the characterization of all strategy-proof social choice
functions when alternatives can be described as K-tuples of integer numbers
and agents’ preferences are single-peaked. What if we allow for a richer class
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of preferences? Certainly no new rules will arise, but will all generalized
median voter schemes still be strategy-proof? If not, we could claim single-
peakedness to be a maximal domain admitting non-trivial, strategy-proof
rules (notice that we can always express dictatorship as an extreme exam-
ple within the class; hence our reference to nontriviality). In fact single-
peakedness does not exactly fit the requirement (see Berga (2002), Barbera,
Mass6, and Neme (1998)). But the sharper results on the subject are remarks
on fine points, and the basic message one can derive from them is that the
hunch that single-peakedness provides a maximal domain is not far off the
mark.

Similar questions can be posed in many other contexts. To the extent
that any positive results (however weak) regarding strategy-proofness must
be obtained under some kind of domain restriction, it is important to discuss,
for every specific restriction, whether or not it could be relaxed. Research on
the maximality of specific domains represent attempts to deal with this issue.
In general, they start from some class of preferences that must be included
among the admissible ones, and then try to push the restrictions in order
to characterize the largest set of preferences which include the originally
specified class and still allow for strategy-proofness. Results in this vein
have been obtained in different contexts. An important initial contribution
was due to Serizawa (1995), in the context of voting by committees, following
some remarks on the issue in Barbera, Sonnenschein and Zhou (1991). Also in
the context of common domains, but referring to public goods, see Berga and
Serizawa, (2000). An interesting approach to the question is found in Bochet
and Storcken (2008). Maximality results can also be obtained for special
rules, like the Borda rule (Puppe and Tasnddi (2008)), or even combining
the study of special rules with special domains, as in Vorsatz (2007).

The issue of maximality also arises as one way to test the robustness of
the results obtained for some classes of preferences, in those contexts where
these preferences are personalized. For the case of rationing and division,
maximality results have been obtained by Ching and Serizawa (1998), and
extended by Massé and Neme (2004), and by Mizobuchi and Serizawa (2006).
In a different framework Ehlers (2000) explores the maximal domains that
allow for the definition of strategy-proof rules for housing markets.
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11 Some final remarks

As announced in the introduction, I have attempted to depict the process
by which the subject of strategic voting, that was known for centuries, but
had never been central in social choice, became a very relevant one in the
nineteen seventies, continued to grow in importance for the rest of the XXth
century, and has become a major object of active attention not only by
economists and political scientists, but also by philosophers, mathematicians
or computer scientists.

My analysis has been limited, in different ways. I did not consider in depth
the economic literature involving money transfers, notably the work on auc-
tions and public goods allocation involving compensations or taxes. I also
touched very lightly on developments in other important areas of application.
I did not attempt to cover the literature generated by computer scientists in
connection with mechanism design, or the recent progress in judgment ag-
gregation, where the issue of strategy-proofness is still at an early stage of
study. The latter ties in very naturally with a line of research on abstract
aggregation introduced by Wilson (1975), whose most recent expression is
Nehring and Puppe (2010). In this paper, the link between judgment aggre-
gation theory and more traditional social choice is lucidly discussed, and the
issue of strategy-proofness is presented as a part of a larger set of results.
Their treatment ties in well with the contributions (included their own) that
are discussed in our section 6.

At any rate, the description of the literature in the most recent years is
sketchy, for the reasons I discussed in my initial remarks on the purposes
of the survey. Yet, the reader can see that the works I have reviewed are
still abundant. I hope they provide a fair account of what was done in the
first thirty years following Gibbard’s seminal paper, and enough hints for the
reader to draw a personal study guide.

Massive interest in strategy-proofness within the economics profession was
prompted by a fundamental negative result, but its development has been
increasingly associated with the analysis of restricted domains admitting non
trivial strategy-proof rules, and the study of interesting economic problems
that give rise them. Much has been learned over the years about the general
structure of strategy-proof rules and about the specific forms that they take
for different environments.

Specific rules have been analyzed, properties different than strategy-proofness
but related to the general issue of incentives have been proposed, alternative
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interpretations of formal models have arisen, different techniques of analysis
have developed. All of this knowledge is part of what we have learned about
incentives and mechanism design. Maybe a small part, but a solid part, as
it refers to the most compelling form of incentive compatibility.
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