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1 General Information, Grading, Etc.

Prof. M. Farell
Office: B3-192
Tel. 581-2932

1.1 Suggested texts

Berndt, E., The Practice of Econometrics: Classic and Contemporary (1991), Ed.
Addison Wesley. This book focuses on applications and empirical implementations
of econometrics. It is especially designed for first-year graduate econometrics as a
suplementary textbook.

Creel, M., Lecture Notes in internet (2002). http://pareto.uab.es/omega/Project_001/.

Green, W., Econometric Analysis, Third Edition (1997) Ed. Prentice Hall. This is
a book that covers a wide range of topics at an intermediate level.

Hayashi, F., Econometrics (2000). This book covers all topics from OLS through
cointegration from a modern perspective. It contains also empirical applications and

simulation exercises.

More advanced references are Davidson, R. and J. Mackinnon, Estimation and
Inference in Econometrics (1993), Oxford Univ. Press, and Hamilton, J., Time Series

Analysis (1994), Princeton Univ. Press.

1.2 Requirements

There will be 7 or 8 problem sets that will provide 30% of the grade and a final exam

70%.



1.3 Web page

There is a class web page which will serve as the distribution point for the class
notes and materials for the problem sets. To access it, point your favorite browser
at par et 0. uab. es/ nfarel | / graduat e. In addition to the department’s com-
puter room, the Facultat has a computer room in Aules 21-22-23 where you can find

plenty of computers connected to the internet.



2  Economic and econometric models

Economic theory postulates a mathematical relashionship between some economic

variables

y = f(X),

say x is a kxlvector. It is a parametric relationship which describes the economic
agents’ behaviour, and when applying economic analysis to policy questions one can
get estimations of the parameters of interest using econometric technics. For example,

we can be interested on:

the input elasticities of substitution in a production or a cost function

the direct eleasticity quantity-price in a demand function

the returns to scale a technology exhibits in a production or a cost function

the marginal propensity to consume in a consumtion function, among others.

Economic theory tells us some characteristics that f should have.
Economic theory tells us which are the vaiables in x.

The econometrician will try to ”guess” f and, the parameters of the function from
the data gathered of y and x.

The econometric model will be the representation of the economic model. We will
consider first that this relation is linear (or that we can make it linear).

y=f(X,B)+e
e yisa (nxl) vector
e x is (nxk)vector

e Bisa (kxl1) vector



e cisa (nx1) vector. It is the error term and is interpreted as the sum of several

independent effects (variables ) not controled by the econometrician.

For the economist the most interesting cases will be the ones where y and X are highly
quality data and y = f(X) has a solid theoretical base. Examples can come from two
big pieces in the economic theory literature:

a) the theory of the consumer

b) the theory of the firm
a) From utility maximization we obtain the demand functions xj = (p, M), the demand
function should satisfy some regularity conditions, such as homogeneity of degree zero
on p and M, symetry effects etc.
b) From cost minimization we obtain the indirect cost function C;j = f(p,Q), itis a
representation of the technology, from duality theory it recovers all the parameters of
the production function. The cost function also should satisfy some conditions, such as
homogeneity of degree one on input prices, p, non-decreasing on p, continuous with
respect to p etc.

When doing econometric modelling: y = f(X, ) + € the econometrician needs to
specify:

e Which variables X belong to the model
economic theory

common sense

e Which is the functional form f
economic theory gives us the regularity conditions but there are a lot of func-

tional forms that satisfy those conditions

e Which is the error specification e~

analysis of the context



Origin of the word regression

The linear model presented nowadays, what is understood by the Gauss linear
model or the linear regression model has its main contributions on the work of Hal-
ley (1656-1742), De Moivre (1667-1754), Bernoulli (1700-1782), Bayes (1702-1761),
Lagrange (1736-1813), Laplace (1749-1827), Legendre (1752-1833), Gauss (1789-
1857). Afterwards, with Galton (1822-1911), Edgeworth (1845-1926), Pearson (1857-
1936) and Yule (1871-1951) the convergence of descriptuve statistics and the calculus
of probabilities in the context of the Gauss linear model was a reality (Spanos 1986;
Statistical foundations of Econometric Modelling. A brief historical overview. Cam-
bridge University Press).

But the use of the word regression in this context has its origins in the experiments
of Galton, when trying to see the relationship between hight of parents and hight of
their children. It was clear that tall parents had tall children and short parents had
short children. Nevertheless, he discovered that the hight of children from unusually
tall or unusually short parents would have the tendency to go to the average of the
polpulation hight. He did the experiment fitting the line through the data points that
would minimize the sum of the squared of the distances between the points and the
line. He called the phenomenon explained above “regression to the mean” in his words

”regression to mediocrity” (1886) that is the unconditional mean.
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3 Ordinary Least Squares: small samples

3.1 The classical linear model

The econometric model is a representation of the economic model.

y=*f(X,B)+e

the variable under study is the left-hand side, the dependent variabley.

this variable is explained by (related to) several other variables, the right-hand

side, the independent, explanatory, variables, the regressors X.

yi is the i —th value of the dependent variable.

Xi = (Xi1,Xi2, ---, Xik) IS the i —th observation of the k regressors.

Draw a two variable case to motivate the graphical representation of the E(y/x;).
Data in economics is not experimental so, y and x can be both treated as random

variables or y is random and x are fixed values.

e the model is a linear function of the parameter vector 3 :

Vi = BaXi1 + BoXi2 + ... + BrXik + i,
i=1,2,....n

o BiXi1 + B2Xi2 + ... + BkXik is the regression line, the B's are the regression coeffi-

cients

e B = g%'] ; 1=1,2...,k because of linearity the marginal effect does not depend

on the level of the regressors.

10



e the error term is the part unexplained by the regressors. It is the sum of the

variables not under the control of the econometrician.

Example 1: The consumption function

con; = B1+ B2Dli +&;

consumption is a linear function of disposable income. In the general notation we used
Xj1 = 1for every i. Question: why is it important to introduce a column of ones?

Example 2: A semi-log or log-linear wage equation

wage; = eP1aB2S gBsTENi oB4EXP o8
e wage; is the wage rate for individual i

e S eduction in years for individual i

e TEN; is tenure, number of years in the current job.

e EXP, is experience, number of years on all previous and current job.

Taking logs in both sides leads to the semi-log model:

log(wage;) = B1+ B2Si + B3TEN; + B4EXPs + ¢

the coefficients in this model are percentatge changes, in a general two variable case

we have:

log(yi) = B1+ BoXi2 + &

o
Bo = 6'322") %=a‘)’(i =relative change in y; / absolute change in xi»

Example 3: A Cobb-Douglas cost function

11



By duality a cost function is a dual of a production function and it represents the
technology. The indirect cost function gives us, for every level of output and a set of

prices, the minimum cost you can produce that output with the represented technology.

c=f(pk, p1,Q)

the Cobb-Douglas econometric model representation is:
c=Ax pE"* plBI * QP x gf

for a set of firms i = 1,2...,n and taking logarithms in both sides we obtain the follow-

ing log. model

log(ci) = logA + Bklog(pik) + Bilog(pir) + Bglog(Qi) + &i

in a general two varaible case model

log(yi) = B1+ B2log(xiz) + &

0y

— Ologlyi) _ v _ 0% . X2 _ ici i -
B2 = dMog0iz) — Pz % * Y= & an elasticity. In the particular case above, it can

2
be proven that the invers of the direct elasticity

e dooe) S
"9 dlog(Qr) — & O
are the returns to scale this technology exhibits,
1 _Rrs= -
€cQ Ba

12



Observe that RTS donot depend on the level of Q. Is that a restriction that comes
from Economic Theory? Think of the commonly assumed U-shape average and marginal
cost curves. Does that assumption lead to RTS in this technology to be independent of
the level of output? Draw a cost function, as a function of out put to see the U-shape
curves.

Example 4: Consider an extension to the Cobb-Douglas cost model

log(ci) = logA + Bilog(pik) + Bilog(pil) + Balog(Qi) + Bag(109Qi) %+ &

in this case the direct elasticity cost — out put is

_olog(ci) .
&cQ = m = Bo + 2BqologQ;

in this representation RTS will be a function of the level of output

All these are examples were the linearity assumption holds after a certain transfor-
mation of the model. Also non-linearities on the regressors can be accomodated. Other
non-linearities on the parameters, for example, would require non-linear estmation.

Matrix Notation

e X; and 3 are two k — dimensional vectors:

-Xil- -[31-
Xi2 B2
xi=| |:B=
| Xik | | B |

13



e the inner product is the linear combination,

XiB = BaXi1 + BaXiz + --. + BrXik

The classical linear model is based upon several assumptions:
ASSUMPTION 1: linearity.

The linear model can be written

/
Yi = XB+¢
1=1,2,...,n
Y1 €1
Y2 &
y= €= ;
Yn €n
Xg_ X11 - . . X1k
X5 X21 . . . Xok
X = =
Xn Xnt Xnk
y=XB+¢

14



ASSUMPTION 2: X has rank k.
That means there is no perfect multicollinearity, p(X) =k, X is full rank.

ASSUMPTION 3: strict exogeneity of X.

E(&i/X)=0

this states that no observations in X can give information about the expected value of

the disturbance. And this conditional expectation implies

E() = 0

i = 1,2,...,n

because of the Law of Total Expectations E[E (€;/X)] = E(&;)

E(Xjkﬁi) =0
j=12,...,n;
1=12,...,n
and those imply
E(X'e) =0
E(y/X) =XB

strict exogeneity implies orthogonality between the regressors and the error term for

15



all observations®.
ASSUMPTION 4: espherical disturbances.

E(g¢//X) = 02l
ASSUMPTION 5: Independent Identically Distributed (11D) with Normality.

g/X ~ N(0,0°lp)

Assuming that the error term is the sum of independent effects not under the con-
trol of the analist it is considered that the conditions of the Central Limit Theorem will
generally apply. So the normality assumption will be reasonable in most settings. A
usefull implication of normality is that €/s are not only uncorrelated but also indepen-

dent.

It is very common to assume that X’s are non-stochastic. That would be the case in
experimental data, where the analyst chooses the values of x; and observes y;. Itis an
unrealistic assumption in some cases, for example with time series data but it is reason-
able in cross-section analysis. If they are stochastic then we need strict exogeneity (X's
uncorrelated with any €) or predetermination (X’s uncorrelated with contemporaneous
errors) in order to get nice properties of the estimator like unbiassness and consistency.

An alternative interpretation is that observations x; are the same in repeated sam-
ples, that is fixed”. And this is equivalent to doing the analysis conditional on the
sample observed, thus as if X was non-stochastic.

For now, we will make the assumption of fixed X’s and we will derive the properties
of the estimator from there. If one is interested on unconditional results, a convenient
method of obtaining the statistical properties of ﬁ unconditioned on the sample is to
obtain the results conditioned on X first (see Green or Hayashi for formal results) take
the conditioned distribution and average over X (integrate over X)(for results see Green

pg. 260-270).

For formal proofs and discussion see Hayashi (Chapter 1)

16



With fixed regressors the assupmtions can be stated as follows:
Al: linearity

A2: full rank of X

A3: E(X'e) =0

A4: E(gg') = 0?l,

A5: e~ N(0,0%l,)

A6: X are fixed

3.2 Estimation by least squares
Definitions:
e [3 the vector of unknown parameters
° E any value for the parameters
° ﬁthe OLS estimate for 3

e & =Y — x/B residual for observation i

n

B = agminssR(B)= 3 (y ~xp)°
sB)=SR®) = (y-xB) (y-xB)

= Yy—2yYXB+BX'XB

To minimize the criterion SSR([NS), take the f.0.n.c. and set them to zero:

Dﬁs(ﬁ) _ OSSR _ —2X'y+2X'XB =0

B

properties used

17



.. 0a'x

) x
.. OX'Ax _
i) x = 2Ax;
if A symetric,
SO

B = (X'X)"Xly.
To verify that this is a minimum, check the s.0.s.c.:

_ OZSSR(B)
D~ = = ZXIX
s(B) e

Since p(X) = k, this matrix is positive definite, since it’s a quadratic form in a p.d.

matrix (identity matrix of order n), so B is in fact a minimizer.

e The fitted values are in the vector y = X ﬁ
e The residuals are in the vector € =y — Xf3

e Note that

y = XB+¢

= XB+é

3.3 Finite sample properties of the OLS estimator (H-W # 1: simulation)
3.3.1 Unbiasedness
Under assumptions A1-AG6:

18



B = (XX)"XYy
= (XX) X' (XB+e)
= B+ (X'X) X'e
@) = B

You can see in Hayashi pg. 29 the treatment of this proof when considering the

conditional distributions:
E(B/X) = B+E((X'X)1X"e/X)

by linearity of conditional expectations and the fact that conditional on X, E ((X'X)~1X/) =

(X'X)~IX’ = A; a matrix of constants
E(B/X)=B+(X'X) *X'E(e/X)

by strict exogeneity (A3)
E(B/X) =B.

3.3.2 Efficiency (Gauss-Markov theorem)

The variance-covariance matrix of the OLS estimator

~ ~

V() =E(B-PB)(B-B))

19



V@) = E(B-PBE-B))
= E((XX)"X'e)(X'X)"IX'e)")
= E((X'X) X'eg’X(X'X)™h
= (X'X)"IX'E(ee")x(X'X)7?
= (X'X)"IX'GPIX (X'X) ™t

= o?(X'X)!

therefore the distribution of B is N (B, a2(X'X)~1).

Asside: A usufull way to derive the distributions of vectors of random variables
which are linear combinations of a normaly distributed random vector is aplying the
following proposition:

If x is a nxlrandom vector where

X~ N(M,Z)

B=a+Ax ~ N(a+AyAZA)

Again, in the case of considering the conditional distributions we would have

20



(Hayashi, chapter 1):

V(E/X) = V(B-8)/X)
= V((X'X)"Xg/X)
= V(Ag/X)
= AE(e€//X)A
= AG’IA

= o?(x'x)™?

Efficiency:
We say thatﬁ is efficient for 3 ifﬁ is unbiassed for 3 and

V(@) <V(P)

where E is any other unbiassed estimator of [3.
The Gauss-Markov Theorem:
The OLS estimator is a linear estimator, which means that it is a linear function of

the dependent variable, y.

B = [(XX)XTy

It is also unbiased, as we proved above. One could consider other weights W in place

of the OLS weights. We’ll still insist upon unbiasedness. Consider E:Wy. If the

21



estimator is unbiased

EWy) = EWXB+We)
= WXB
= B
=
WX = Ik
The variance of [~3 is
V(B) =Ww'c%
Define
D=W — (X'X)" X’
SO

W =D+ (X'X)"Ix’

SinceWX = Ix, DX =0, so

V(B) = (D+(XX)"IX') (D+ (X'X)"1X") 02

_ (DD’+(X’X)_1> 02

So
V(B) >V (B).

This is a proof of the Gauss-Markov Theorem.

Theorem 1 (Gauss-Markov) Under the classical assumptions, the variance of any

linear unbiased estimator minus the variance of the OLS estimator is a positive semidef-

22



inite matrix.

e |t is worth noting that we have not used the normality assumption in any way
to prove the Gauss-Markov theorem, so it is valid if the errors are not normally

distributed, as long as the other assumptions hold.

For the version of the Gauss-Markov theorem considering conditional expectations see
Hayashi pg. 29.
Estimation of 02 :

For 62 we have

o

Il

< =
|

£(0?) = ﬁz(e'Ma)

1
= — E(TrMee’
— ( )

1
= TrE(Mee/
—r (Mee’)

1 5
= ——0o°TrMI
n—K :

1 _
= —KOZ (n—TrX(X’x)~X")

1 -
= —KOZ (n=Tr(X’X)"1X’X)

= 0'2

23



62 is an unbiassed estimator for o2.

24



3.4 Geometric interpretation of least squares estimation
3.4.1 The least squares problem in the context of matrix algebra

(see Green chapter 2) or (Davidson and Mackinon chapterl).

e Given a vector y and a matrix X we are interested on expressing y as a linear

combination of X. Say XE.
e if y lies in the column space of X, we just find [AB

e if y does not lie in that space we can still write

€ is the difference (the distance) between y and XB

e We want to find E such that y is the closest” as possible to X[AB. In this case we

choose to minimize the Euclidian norm or L2 norm.
€| = VEE
the problem is to find E for which:

€]l = lly —XBll

is as small as possible. The solution is ﬁ such that ELXﬁ this is a mistake
in Greene pg. 27 what needs to be orthogonal is €.LX since the orthogonality
condition is to find E such that there is a minimum distance between the span of

Xandy

25



e by the orthogonality condition this is not the way to find [3

(XB)E = 0
BX'(Y-XB) = 0

= BIXY —B'X'XPB

= (XY ~'X'xB)
since[AS # 0
XY —'X'XB = 0

B = (X'X) XYy
let’s do it right:

(X)& = 0

B = (XX)7XYy

3.4.2 Projection Matrices

e \We have that X[§ is the projection of y on the span of X, or

XB=x (X'x)"*

X'y

Therefore, the matrix that projects y onto the span of X is

Px = X (X'X)~ X’

26



XB = Pxy.

e £ is the projection of y off the space spanned by X (that is onto the space that is

orthogonal to the span of X). We have that

o>
I

y—Xp
= y—X(XX)"IX'y

= [ln—XX'X) XTy.

So the matrix that projects y off the span of X is

My = In—X(XX)"IX’
- In - PX.
We have
€ = My
e Therefore
y = Pxy+Mxy
= XB+&

e Note that both Px and My are symmetric and idempotent.

— A symmetric matrix A is one such that A = A’.
— An idempotent matrix A is one such that A = AA.

— The only nonsingular idempotent matrix is the identity matrix. It is easy to

27



see it from the property of idempotent matrices that their trace equals their

rank.

3.5 Goodness of fit

The fitted model is

<
Il
X
-
+
(92}

Take the inner product:

yy = BX'XB+2B'X'E+ &8

But the middle term of the RHS is zero since X'e =0, so

The uncentered R2 is defined as

| E%
y'y
BX/Xf
y'y
| Pxy I?
|y 2

= cos*(q),

where @ is the angle between y and the span of X (show with the one regressor, two

observation example).

e The uncentered R? changes if we add a constant to y, since this changes @. An-
other, more common definition measures the contribution of the variables, other

than the constant term, to explaining the variation in y.

28



e Leti=(1,1,...,1)",an -vector. So

M, = Ih—t1()~ 4

= Ih—u'/n

M,y just returns the vector of deviations from the mean.

The centered R? is defined as

Supposing that X contains a column of ones (i.e., there is a constant term),
X'E=0 = Zét =0
so M,€ = &. In this case

yIMly = BIX/MIXB‘}‘é/é

- VM|V+Q,§
So
RZZ — élé :y\,MIIy\
¢ yYMy  yYMy
yMy = TSS
FMy = ESS
¢Me = RSS

29



3.6 Linear Hypothesis testing under normality (H-W # 2: Hedonic prices for

computers, Berndt Chap. 4)

We have now, one or more linear equations on the parameters of the model. These
equations are often motivated by the same economic theory on which the model is
based or they are based on statements about the explanatory capacity of the variables

in the model.

e the restriction to be tested is called the null hypothesis, Ho.
e the model is "the mantained hypothesis”, a set of assumptions.

e the model together with the null produces some test-statistic with a known dis-

tribution.

e too large of a value of the test statistic is interpreted as a failure of the null. This

interpretation is only valid if the model is correctly specified.

e the test statistic may not have the supposed distribution when the null is true but

the model is false.

3.6.1 Exact linear restrictions

In many cases, economic theory suggests restrictions on the parameters of a model.
For example, a demand function is supposed to be homogeneous of degree zero in

prices and income. If we have a Cobb-Douglas (log-linear) model,

Ing=Bo+PBrInp1+PB2lnpa+Balnm+e,

30



then we need that

k%Ing = Bo+ B1Inkpy + B2Inkpz + BsInkm + &,

SO

Bilnpr+B2lnp2+Bzlnm = Bilnkpy+PB2Inkpa+PBzInkm

= (Ink) (B1+ B2+ B3) +B1Inp1+PB2Inpz+PBzinm.

The only way to guarantee this for arbitrary k is to set

B1+B2+B3=0,

which is a parameter restriction. In particular, this is a linear equality restriction,

which is probably the most commonly encountered case.

3.6.2 Imposition

The general formulation of linear equality restrictions is the model

y = XP+e

RB =r

where Risa Q x K matrix, Q < K and r isa Q x 1 vector of constants.

e We assume R is of rank Q, so that there are no redundant restrictions.

e \We also assume that 33 that satisfies the restrictions: they aren’t infeasible.

Draw a picture for two var. model with 3 = 1 as a restriction to motivate the
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relevant distances for an statistic to test the restrictions.

Let’s consider how to estimate [3 subject to the restrictions R = r. The most obvious

approach is to set up the Lagrangean

mﬁin s(B) = (y — X[~3)/ (y — Xﬁ) + 2N (RB—T).

The Lagrange multipliers are scaled by 2, which makes thing less messy. The f.o.n.c.

are

D=s(B,A) = —2X'y+2X'XBr+2RA=0

D)\S(B7 )\) = RBR_ r= 07

which can be written as

X'X R || Br X'y

R 0 A r
We get

. -1

Br X'X R X'y

A R O r

Aside:Partition inverse matrices
a b c

Consider the following partitioned matrix: | d e f

g h i
Let’s define pivot elements the elements in the main diagonal:

1) Construct the first tableau, pivot element is 1,1 (a):

- element a becomes a—1

32



- in pivot row do:(pivot—element)_l*(pivot—row—element) 1 al alb alc
-in pivot column:—(pivot — column — element) * ( pivot — element) 2 :
alt al alc
—da?!
_ga!
-off elements: (of f — elements) — [(element — in — same — pivot — row) * (pivot —

element) 1

*(element — same — pivot — col)]:

a1 a—1lb a—1lc

—da! e—dalb f-dalc

—ga !l h—ga i—galc
i) Construct the next tableau with element 2,2 (e) as the pivot element.

iii) Construct the last tableau with element 3,3 (i) as the pivot element. This will be
the final partitioned inverse.

Another way to do it is the following:

Stepwise Inversion:

note that

xXx)™t o X'X R
AB

—RXX)! g R 0

Ik (X'X) R
0 —R(X'X) 'R

Ik (X'X)"IR!
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and

SO
DAB
DA
B-1
SO

o
> 5

Ik (XX)"RPL| | Ik (XX)'R

= DC
—p-1 0 —-P
= lk+qQ
lk+Q
Bfl
Ik (X'X)"RP? xXx)*t o
0 —p-1 —R(X'X)™ g

(X'X) = (X'X)"RPIR(X'X) T (X/X)RPE

PIR(X'X) —p1

X'X) "t = (XX)TIRPTIR(XX) T (X'X)TIR'PL | | XYy
PIR(X'X)~! _p-t ;

B—(x'X)~RP1(RB-r)

P—l(RB—r)
(Ik = (XX)"RPIR) | . (XX)R'P~1r
B+
PR —P~1r

The fact that fSR and A are linear functions of [3 makes it easy to determine their dis-

tributions, since the distribution of ﬁ is already known. Recall that for x a random

vector, and for A and b a matrix and vector of constants, respectively, Var (Ax+b) =
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Avar(x)A'.
Though this is the obvious way to go about finding the restricted estimator, an
easier way, if the number of restrictions is small, is to impose them by substitution.

Write

y = Xif1+XoB2+¢€

[ ] B1
R1 R» =T
B2

where Ry is Q x Q nonsingular. Supposing the Q restrictions are linearly independent,

one can always make R1 nonsingular by reorganizing the columns of X. Then
B1=Ryr—R7IR:By.
Substitute this into the model

y = XiRyr—XiR7'RoB2+XoB2+€

y—XR{lr = [xz — X1R;IRo| Bo+e
or with the appropriate definitions,

YrR= XrB2+E¢.

This model satisfies the classical assumptions, supposing the restriction is true. One

can estimate by OLS. The variance of ﬁz is as before

A

V(B2) = (X&Xr) L 0?
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and the estimator is

A

V(B2) = (XXR) 6

where one estimates 0(2) in the normal way, using the restricted model, i.e.,

— (yR = XREZ)I (yR = XREZ)
R (e)

To recover ﬁl, use the restriction. To find the variance of Bl, use the fact that it is a

linear function of (32, so

V(B1) = RI1R2V(I§>2)R'2(RI1)I

_ -1 —1\
= R™R: (X9%2) 'Ry (R;?) of

3.6.3 Properties of the restricted estimator

We have that

A

Br = B-(xX)RP~!(RB-)

= B+ (X'X) WP Ir— (X'’X) RP IR(X'X) Xy

= B+ XX)"Xe+ (XX)TIRPHr —RB] - (X'X)IRPIR(X'X)"IXe
Br—B = (X'X)7'X'e
+ (XX)"'R'P[r-Rp

— (XX)TIRPTIR(X'X)"X'e
Mean squared error is
MSE (Br) = Z[(Br— B)(Br— B)’]
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Noting that the crosses between the second term and the other terms expect to zero,
and that the cross of the first and third has a cancellation with the square of the third,

we obtain

MSE(Br) = (X'X) '0?
+ (XX)"IR'PHr—RpB][r—RA]'PIR(X'X)7L

— (XX)"IR'PIR(X'X) 102

So, the first term is the OLS covariance. The second term is PSD, and the third

term is NSD.

e |f the restriction is true, the second term is 0, so we are better off. True restric-

tions improve efficiency of estimation.

e If the restriction is false, we may be better or worse off, in terms of MSE, de-

pending on the magnitudes of r — RB and o2.

Observe that the MSE allows the compareson between biased and unbiased estimators.

Consider a scalar

MSE (8;) =V (8;) + (E(6;

=
I
D
N—r
N—r
N
Il
<
—
)
-
_|_
=
QD
wn
N

make a picture of the two suposed distributions.

3.6.4 Testing

In many cases, one wishes to test economic theories. If theory suggests parameter
restrictions, as in the above homogeneity example, one can test theory by testing pa-

rameter restrictions. A number of tests are available.
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3.6.5 t-test

Suppose one has the model

y=XB+¢€

and one wishes to test the single restriction Ho :RB =r vs. Ha :RB # r . Under Ho,

with normality of the errors,
RB—r ~N (0,R(X'X)"IR'c?)

S0 A A
RB—r . RB—r
R(X’X)~1R'a?2  a2,/R(X'X)~1R’

N (0,1).

The problem is that 62 is unknown. One could use the consistent estimator o2 in place

of 62, but the test would only be valid asymptotically in this case.

Proposition 2

~t(q) 1)

as long as the N(0,1) and the x?(q) are independent.
We need a few results on the x? distribution.
Proposition 3 If the n dimensional random vector x ~ N(0,V), then X'V ~1x ~ x2(n).

We’ll prove this one as an indication of how the following unproven propositions
could be proved.

Proof. Factor V1 as PP’ (this is the Cholesky factorization). Then consider y =
P’x. We have

y ~N(0,P'VP)
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but

VPP = I,

PVPP' = P’

so PVP/ = I,.

y ~ N(07 In)

yy = xPP'x

A more general proposition which implies this result is

Proposition 4 If the n dimensional random vector x ~ N(0,V ), then

XBx ~ X*(P(B)) (2)

if and only if BV is idempotent.
An immediate consequence is

Proposition 5 If the random vector (of dimension n) x ~ N (0, 1), and B is idempotent
with rank r, then

x'Bx ~ x2(r). (3)
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Consider the random variable

g'e £'Mxe
o2 ~ o2
£\/ €
= () W (5)
o o
2
~ X“(n=K)

Proposition 6 If the random vector (of dimension n) x ~ N(0, 1), then Ax and x'Bx are

independent if AB = 0.

Now consider (remember that we have only one restriction in this case)

RB—r .
oy/RX'X)" IR RB—r

2 6 /R(X'X)~IR!

This will have the t(n — K) distribution if B and €& are independent. But P =B+

(X'X)~1X’e and
(X'X)~IX'Mx =0,
SO R R
RB—r B RB—r
GvR(X'X) IR" Op

In particular, for the commonly encountered test of significance of an individual coef-

t(n—K)

ficient, for which Ho : Bj = 0 vs. Ho : Bj # 0, the test statistic is

ABAj ~t(n—K)
Op;

Note: the t— test is strictly valid only if the errors are actually normally distributed.
If one has nonnormal errors, one needs asymptotic results to justify taking critical

values from the N (0, 1) distribution, since t(n — K) 4N (0,1) as n — oo. In practice, a
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conservative procedure is to take critical values from the t distribution if nonnormality
is suspected. This will reject Hg less often since the t distribution is fatter-tailed than
is the normal.

3.6.6 p-value (as a decision rule)

Instead of finding the t-statistic you can calculate

p—value = Pr(t> [tj])*2
Pr(—|tj| <t<]tj] )= 1-p
3.6.7 F test

The F test allows testing multiple restrictions jointly.
Interpretation of test statistics

Now that we have a menu of test statistics, we need to know how to use them.

Proposition 7 If x ~ x?(r) and y ~ X(s), then

X/r
y—/s ~F(r,s) 4

provided that x and y are independent.

Proposition 8 If the random vector (of dimension n) x ~ N(0,1), then x’Ax and x'Bx

are independent if AB = 0.

Using these results, and previous results on the x? distribution, it is simple to show

that the following statistic has the F distribution:




A numerically equivalent expression is

(RSSR—RSSy) /q

Rssy/(n—K) ~ F@n=K.

3.6.8 Confidence intervals

Confidence intervals for single coefficients are generated in the normal manner. Given

the t statistic A
Bj—a

t —statistic = ——<
Oj.
Bj

a 100 (1 — a) % confidence interval for (3 is defined by the bounds of the set of a such

that the t — statistic does not reject Hp : 3 = a, using a a significance level:

A

a
Cla) = {Bj:—tazmn-x < B%; <ta/2,(n-Kk)}

Bj

A

i—a
BJ&\ <ty2,n-x) = 1l-a

B

Pr(—tq/2,(n-k) <

inside the expression of the probability, multiply by 6[;] subtract Bj , multiply by —1
and reorder.

The set of such (3 is the interval
Bj + Cff;jta/z

A confidence ellipse for two coefficients jointly would be, analogously, the set
of {B1,B2} such that the F (or some other test statistic) doesn’t reject at the specified
critical value. This generates an ellipse, if the estimators are correlated. Draw a picture

here.

e The region is an ellipse, since the CI for an individual coefficient defines a (in-
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finitely long) rectangle with total prob. mass 1 — a, since the other coefficient is
marginalized (e.g., can take on any value). Since the ellipse is bounded in both
dimensions but also contains mass 1 — a, it must extend beyond the bounds of

the individual CI.

e From the pictue we can see that:

— Rejection of hypotheses individually does not imply that the joint test will

reject.

— Joint rejection does not imply individal tests will reject.

Example: (Hayashi pg 45) assume k = 2 and consider:

Ho:B1 = 1

B = 0

this can be written as a linear hypothesis RB = r for R = I, and r = (1,0)/ so the
F test should be used. It is tempting, however, to conduct the t — test separately for
each individual coefficient of the hypothesis. We might accept Hoif both restrictions

B1 = 1and (32 = 0 pass the t —test. This amounts to using the confidence region of:

CI[(B1,B2) : (ﬁl_gﬁ,\lta/z,(n—k) <B1< (Bl"‘éﬁ,\lta/z,(n—k))

(B2 G, ta/2,(n-k) < B2 < (B2+ G, tas2,(n-k))]

which is a rectangular region in the (1, B2) plane.
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On the other hand, the confidence region for the F —test is

(BuBo): (B BrB—BI V) 1| T |1 < 2P
B2— B2

the acceptance region is an elipse in the (31,[2) plane.

3.6.9 Examples

When considering a set of restrictions we have to be careful about not stating redundant
or inconsistent equations. Let’s consider the wage equation in the example of the
introduction

log(wage;) = B1+ B2Si + B3TEN; + BsEXPs + ¢

We might wish to test that education and tenure have equal impact on the wage rate

and that there is no experience effect:

Ho:B2 = B3=P2—PB3=0

B4 = 0

since the two rows are linearly independent the rank condition is satisfied.
Suppose now that additionally we write 32 — B3 = B4 If you construct the R matrix
you will see that is a 3x4matrix but the rank is 2. This are called redundant restrictions.

You can have also inconsistent restrictions That happen when there is no 3 that can
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satisfy those restrictions example

Ho:B2 — B3=0
B4 = 0

Bs = 05

3.7 Maximum Likelihood estimation (brief review)

Motivation:

o We will see that [A30Ls attains the Cramer-Rao lower bound, BOLS is the Best

Unbiased Estimator (BUE).

e The F —test is a likelihood ratio test when errors are normal.

3.7.1 The log-likelihood for the regression model

Since we have the assumption of N of the errors we can use the maximum likelihood

(ML) principle to estimate the parameters of the model

y = XB+e

g ~ N(0,0%l,)

e we will see that the ML estimator of the regression model EMLis the same as the

BoLs

e and that 63, differs slightly from 63 <.

The ML primciple:
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We want to choose the parameter estimates that maximize the probability of ob-
taining the observed sample.

Definitions:

0 is the true parameter vector

y is a random vector of sample size n, y = (y1,Y2, --,Yn)

f(y;0) is the joint density characterized by a parameter vector 6.

e the likelihood function is just this density evaluated at any other values 0

L(y;8) = f(y;6)

asside: here again we are considering X's fixed, if X’s are stochastic then we

have

fy,X;n) = f(y/X;0).f(X;p)

we don’t know f(X;W), we can find §ML if there is no functional relationship

between 0 and ), that is X’s are exogenous.

e the likelihood function gives us the value that the density takes when we intro-

duce our sample observations given any hypothetical value 3

e the ML estimate of the true parameter vector 0 is §ML the value for the parame-

ters that maximizes the likelihood given the data.
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The log-likelihood

y = XB+¢
e ~ N(0,0%l,)

y ~ N<X[37 02'1’1)

we have observed

® Y1,¥2,...,¥n

e y's are independent

e consider f(y1,Y2, ...,Yn;8), where 8 = By, B2, ..., Bk, 02, in matrix notation

() = (@nod) " exp—s 5 (y—XB)(y —XP)

replacing the true parameters B, 02 by the hypothetical parameters E, 62 and tak-

ing logs, we obtain the log-likelihood function

l0gL(B,5%) = ~Jlog(216?) — o (y~ XP)r(y - XP)

the ML estimator of (B,0?) is the (B, 3°)mL that maximizes this log-likelihood.

F.O.N.C:

define: Y= 62

dlnL 1 ~
olnL —n 1
@ % = %+ zp —XBIY—XB) =0
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let’s rewrite the log-likelihood

IL@,6%) = -gmem-gm@-;vu-xa)«y-xa)
@ % = ~3+ a2 - XBYY-XP

1 1 ~ ~
2 =5+ 5 (Y= XBYy—XP)

from (1)
Xy = XIXEML
EML = (XIX)_1XIy
from (2)
n_ (Y=XByy—XB)
02 o4
N4 o~ o~
o —y  EMLIE
o - &= ML/EML
o n
and since
BoLs = BML = EmL/EML = EpLsEOLS
O = "-KG2) 4 it is a biased estimator of 62 (not when n goes to infinity latter).

3.7.2 The Cramer-Rao Bound for the Classical Regression Model

The Cramer-Rao Inequality
Let z be a vector of random variables (not necessarily independent ) which joint
density is given by f(z;0) where 8 is an m-dimensional vector of parameters in some

parameter space ©. Let L(6) = f(z;0) be the likelihood function and let @(z) be an
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unbiased estimator of 8 with a finite var-cov matrix. Then under some regularity con-

ditions on f(z;0)

Var[(6(z)] > 1(8)~* = Cramer — Rao Lower Bound

where 1(0) is the information matrix

'O =E5em

those regularity conditions are to guarantee that operations of differentiation and taking

expectations can be interchanged.

For the classical regression model it can be shown that the regularity conditions are

satisfied for the normal density.

92InL ()

0InL(8)
0006y

]

I lg_e= —El

The parameter vector 8 is (B, 02)/ therefore 6 = (B/,V)/

2InL(6)
9600y

d2InL(8) 92InL(B)
OBIp/ EIEN
92nL(6)  02InL(6)
Vo 0%y
1
——XN(y—X
y (y—XB)
Ly XByy—Xp)
1
—— (XX
y( )
n 1
2 (y—=XB)/(y—XB)
1
B X1y —XB)
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Since evaluated at the true parameters y — X3 = € and E (&) = 0 and E (g/€) = no?

2 XXy 0

1(8) = _E[a IDL~(6)] _ | 2(XX)
9000/ 0 n
204

this block diagonal matrix can be easily inverted to obtain the Cramer-Rao lower bound

a’(XrX)=t 0
0 20*

n

C—Rbound=1(8) 1=

4 Ordinary Least Squares: large samples

The importance of OLS in econometrics is that it has good properties for a class of
models different than the classical. This is useful in economics since often the assump-
tions of the exact distribution are not satisfied. The finite sample properties cannot be
claimed if the errors are not normal or if the model is not linear. We will relax now
the assumption of normality of the error term and we will derive an approximation to
the distribution of the estimator and its associate statistics suppossing that the sample
is sufficiently large. This is the asymptotic or large-sample theory approach.

We will see that ﬁOLS in large samples is:

e consistent
e asymptotically normal

e asymptotically efficient (definition only)

Some results needed:

Lemma 1: (preservation of convergence for continuous transformations)

50



Supose a(.) is a continuous vector-valued continuous function that does not depend

onn

(@)

Z—pa = a(zn) —pa(a)

plima(zy) = a(plim(zn))

provided the plimexists

(b)
In—4d 2= a(zn) —q a(2)
Lemma 2:
(a)
Xn—)dx, yn—)pa = Xn+yn—)dX+G
(b)
Xn—>d X, Yn—p0 = Yyn/Xn—p0
(©

Xn —>d X, An —>pA = Aan+yn _>d AX

provided Apand xhare comformable, in particular

if X~ N(0Z) then Apxn —q N(0, AZA7)
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(d)
Xn —d X An—=pA = XnlAg Xy —g XIATIX

provided Anand xpare comformable and Anon-singular.

Law of Large Numbers (a version of the Chebyshev WLLN)

e {z;}is a sequence of random scalars (extendable to vectors)

e independent

il
In=="——
n n pH
Central Limit Theorem (a version of the CLT, the Lindeberg-Feller theorem)

e {z;}is a sequence of random vectors

e independent
e E(zi) =W

e Var —cov(x) =Z;

VN(Zn—p = %_i(zi—w)
\%_i(zi—ui) —d N(0,2)

where = = liMn e (Zn) = liMnse 2 514 5
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4.1 Asymptotic properties of the OLS estimator (H-W # 3: simulation)

We can view estimators as sequences of random variables (Hayashi chapter 2):
Let Bnbe an estimator of a parameter vector 0 based on a sample size n. The

sequence {Gn}is an example of a sequence of random variables:

° @nis a consistent estimator for Oif pIimn_ﬂ,oén = 0. And the asymptotic bias is

defined as pliMn_e0n — 6.
e If an estimator is consistent then the asymptotic bias is zero.

e Byis asymptotically normal if \/n(8,—8) —4 N (0, ). This is a definition and the
estimator is called \/n — consistent. The acronim is CAN. The matrix Zis called
the asymptotic variance Avar(bn). Some authors use Avar(bn) = Z which is zero

in the limit (not useful for seing the properties of the limitting distribution before

A A

it collapses). We will follow the definition of Avar(6,,) = asymptotic variance(y/n(8n—

0)).

4.1.1 Consistency of OLS

Define:

Sxx = —=XIX

then

B = (X;XH(X1y) = SxxSxy

Assumptions:

Al: Linearity
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A2: full rank of X

A3: E(Xre) =0

Ad: E(sgr) = 0?l,

AS5: e~ |ID

A6: X are fixed

A7 liMpe % = 2Zxx a positive definite (finite) matrix.

See that:

1 n
Sxx = — ZlXiXi/
=

notation that will be useful latter.

B = B+(XiX L (Xry)
(X/X)_1X/s
= B+|— —

n n

we want to find plim(ﬁ— B)

oy - (XX) e

n n

-1
plimB-p) = p|im<¥) olim %

n

By assumption limn_,e X% = Zxx, by lemma L.a.iv

] XX
XX\ 1 B
(T) —p Zxx
plimB—-p) = Zxxplim
Xe 19

= — )X
n n.&
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Define g; = x;€jthen % S, xi& =7 . Applying the law of large numbers (LLN) for 11D
random variables,

g —pE(9i)
since X's are non-stochastic E(g;) = xE(&j) = 0; therefore
B—B = Sxx3

plim(B—B) = plim(Sxx)plim(g)

plim(B—B) = Zxx0=0
[3 IS consistent

4.1.2 Asymptotic Normality of OLS

Definition: A consistent estimator is asymptotically normal if
V(B —8) =4 N(0,5).

Such an estimator is called /n — consistent. The acronim used is CAN estimator
(consistent and asymptotically normal). The variance X is by definition the asymptotic
variance Avar(8p). It is the variance of the limiting distribution of /n(6, — 6).

We want to see the limiting distribution of

~

V(B —B) —4?
we can write
-1
viB-p = (") %%
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XX\t
(T) TR A

XIe —

\m=ﬁ (@—0) —a N(0,%)

by the CLT stated above. And

~

VAB-B) —a N(O,Z3%zxi)

and by lemma 2(c). Where X = Iimn_mv(%)

Xre (L
= 25 x¢g
n i;

V(xie) = Z=E(xg&ixs) = E(e2Xixir) = 0(xixi/)

ixisi) = %Zoz(xixi/)

1
= Zg%XIX
n
XX
n
) = limV(yng)
. Xre
= JmVR)

. XIX
= GzpllmT

>

Avar (

)

= O'ZZXX
therefore

XX\ L Xre _ _
—) T S N(0, I 0%3xx Zxd)

vig-p = (%)

VA(B—B) —a N(0,0%5,3)

In summary the OLS estimator is normally distributed in small and large samples if
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epsilons are normal. If epsilons are not normal [3 is asyptotically normally distributed.

4.1.3 Asymptotic Efficiency

Definition: An estimator 8 for Bis asyptotically efficient if it is CAN and Avar(8) —

Avar(@) is a posotive semidefinite matrix for 8 any other CAN estimator.

e if gare non-normal we need nonlinear estimation to achieve asymptotic effi-

ciency.

4.2 Hypthesis testing
4.2.1 Wald-type tests

The Wald principle is based on the idea that if a restriction is true, the unrestricted
model should “approximately” satisfy the restriction. Given that the least squares esti-

mator is asymptotically normally distributed:
5 d _
Jn (B . B) 94N (o, ozzx}()

then under Hog : RB =r, we have

A

Vi (RB=1) SN (0,0°RE4R)
so by Proposition [3]
n (Rﬁ— r)l (0(2)RZ;O1(R’) - (Rﬁ— r) 4 x2(q)

Note that =y or o2 are not observable. The test statistic we use substitutes the con-

sistent estimators. Use (XX /n)~1 as the consistent estimator of 5. With this, there
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is a cancellation of n’s, and the statistic to use is
A " ! 10"\ L (oA d 2
(RB— r) (ogR(x X)~ R) (RB—r) 94 %2(q)
e The Wald test is a simple way to test restrictions without having to estimate the

restricted model.

e Note that this formula is similar to one of the formulae provided for the F test.

4.2.2 Score-type tests (Rao tests, Lagrange multiplier tests)

In some cases, an unrestricted model may be nonlinear in the parameters, but the model

is linear in the parameters under the null hypothesis. For example, the model
y=(XB)'+e

is nonlinear in 3 and v, but is linear in 3 under Hop : y = 1. Estimation of nonlinear
models is a bit more complicated, so one might prefer to have a test based upon the

restricted, linear model. The score test is useful in this situation.

e Score-type tests are based upon the general principle that the gradient vector of
the unrestricted model, evaluated at the restricted estimate, should be asymp-
totically normally distributed with mean zero, if the restrictions are true. The
original development was for ML estimation, but the principle is valid for a

wide variety of estimation methods.

We have seen that

>
I

(R(X'X)~1R) " (Rfs— r)
- pl (R[E— r)
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Given that

under the null hypothesis,
VA SN (0,0%P REERP )

Show as an exercise:

~ (ROX'X) IR\ - ¢

since the powers of n cancel. To get a usable test statistic substitute a consistent esti-

mator of o2.

e This makes it clear why the test is sometimes referred to as a Lagrange multiplier
test. It may seem that one needs the actual Lagrange multipliers to calculate this.
If we impose the restrictions by substitution, these are not available. Note that
the test can be written as

(R'X)'(x'x)—lR'X .
= X(a)

02

However, we can use the fonc for the restricted estimator:
X'y +X'XBr+R'A
to get that

RA = X'(y—XBRr)

1~
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Substituting this into the above, we get

ELX(X'X)IX'ER ¢

2
52 — X(q)
but this is simply
~ Px. d
EIRO_);sR = X2(0).

To see why the test is also known as a score test, note that the fonc for restricted least
squares

X'y + X'XBr+R'A
give us

RA = X'y — X'X PR

and the rhs is simply the gradient (score) of the unrestricted model, evaluated at the
restricted estimator. The scores evaluated at the unrestricted estimate are identically
zero. The logic behind the score test is that the scores evaluated at the restricted esti-
mate should be approximately zero, if the restriction is true. The test is also known as

a Rao test, since P. Rao first proposed it in 1948.

4.2.3 Likelihood ratio-type tests

The Wald test can be calculated using the unrestricted model. The score test can be
calculated using only the restricted model. The likelihood ratio test, on the other hand,

uses both the restricted and the unrestricted estimators. The test statistic is
LR =2(InL(8) —InL(B))
where @ is the unrestricted estimate and 8 is the restricted estimate.
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Final commments:
It can be shown, for linear regression models subject to linear restrictions, and if

% Is used to calculate the Wald test and elR% is used for the score test, that
W > LR > LM.

For this reason, the Wald test will always reject if the LR test rejects, and in turn the
LR test rejects if the LM test rejects. This is a bit problematic: there is the possibility
that by careful choice of the statistic used, one can manipulate reported results to favor
or disfavor a hypothesis. A conservative/honest approach would be to report all three
test statistics when they are available. In the case of linear models with normal errors
the F test is to be preferred, since asymptotic approximations are not an issue.

The small sample behavior of the tests can be quite different. The true size (proba-
bility of rejection of the null when the null is true) of the Wald test is often dramatically
higher than the nominal size associated with the asymptotic distribution. Likewise, the

true size of the score test is often smaller than the nominal size.

4.2.4 Non-linear Hypothesis Testing (the Delta Method)

Testing nonlinear restrictions of a linear model is not much more difficult, at least
when the model is linear. Since estimation subject to nonlinear restrictions requires
nonlinear estimation methods, which are beyond the score of this course, we’ll just
consider the Wald test for nonlinear restrictions on a linear model.

Lemma 3: Suppose {x,} is a sequence of k — dimrandom vectors such that

Xn—p B
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and

VN(Xn—B) —4q 2

Consider a(.) a g-vector valued function. Suppose a(.) has continuous first deriva-

tives that we evaluate at 3

Dpa(B)|, = AB)

We suppose that the restrictions are not redundant in a neighborhood of 3, so that

P(AB))=q

then

vn(a(xn) —a(B)) —a A(B)z

In particular

Vi —B) =g N(O,3)
Vi@ —a(®) —a  N(O,AB)ZAB))

Application: consider the set of gnon-linear restrictions a(f) =0

vn (f&— B) —q N (0,022;01()
V@B —a(B) —a N(O,A(B)I%Zx:A(B))

by proposition 3:

na(®) (ABIExEAB®)) a®) %X
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substitute the unknown parameters for consisitent estimators:

Sxx —p Zxx

AB) —p A(B)

then

~ o~ _l N
na(@) (ABPEABY) B0

The above result is based on a first order Taylor’s series expansion of a(fB) about 3

A A

a(B) =a(B) +AR)(B-P)

where 3* is a convex combination of ﬁ and (. Under the null hypothesis we have

Due to consistency of f& we can replace 3* by 3, asymptotically, so

vna(B) 2 VrAB)(B—B)

e This is known in the literature as the Delta method, or as Klein’s approximation.

e Since this is a Wald test, it will tend to over-reject in finite samples. The score
and LR tests are also possibilities, but they require estimation methods for non-

linear models, which aren’t in the scope of this course.

Note that this also gives a convenient way to estimate nonlinear functions and associ-
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ated asymptotic confidence intervals. If the nonlinear function a(p3) is not hypothesized

to be zero, we just have
Vi (a®) —a(®)) N (0.AB)ZRAP) o)
S0 an approximation to the distribution of the function of the estimator is
a(B) ~ N(a(B), A(B)(X'X) *A(B)'c?)
For example, the vector of elasticities of a function f(x) is

:6f(x) X

E() ox f(x)

where 1I’m using element-by-element multiplication and division. Suppose we estimate

a linear function

y=xB+c¢.
The elasticities of y w.r.t. x are
B.
OB
The estimator of the ith elasticity is
~v) — ﬁi .
ni(x) = @x.
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To calculate the estimated standard errors of all five elasticites, use

on; (x)

op’

[0 0 0 x; 0XB—x(xjBj)
(XB)?

AiB) =

to obtain the j th row of A(f3), and apply the above formula. Note that the elasticity

and the standard error are functions of x.

4.3 Bootstrapping

When we rely on asymptotic theory to use the normal distribution-based tests and
confidence intervals, we’re often at serious risk of making important errors. If the
sample size is small and errors are highly nonnormal, the small sample distribution
of \/ﬁ(ﬁ—B) may be very different than its large sample distribution. Also, the
distributions of test statistics may not resemble their limiting distributions at all. A
means of trying to gain information on the small sample distribution of test statistics
and estimators is the bootstrap. We’ll consider a simple example, just to get the main
idea.

Suppose that

y = XBo+e
€ ~ 11D(0,63)

X is nonstochastic

Given that the distribution of € is unknown, the distribution of [3 will be unknown in

small samples. However, since we have random sampling, we could generate artificial
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data. The steps are:

1. Draw n observations from € with replacement. Call this vector & (it’san x 1).
2. Then generate the data by §i = X3+ &l

3. Now take this and estimate
Bl = (X/X)~Ix'yi.

4. Save I

5. Repeat steps 1-4, until we have a large number, J, of f&i.

With this, we can use the replications to calculate the empirical distribution of Bj.
One way to form a 100(1-a)% confidence interval for 3o would be to order the Bj
from smallest to largest, and drop the first and last Ja /2 of the replications, and use
the remaining endpoints as the limits of the CI. Note that this will not give the shortest

ClI if the empirical distribution is skewed.

e Suppose one was interested in the distribution of some function of ﬁ, for example
a test statistic. Simple: just calculate the transformation for each j, and work

with the empirical distribution of the transformation.

e If the assumption of iid errors is too strong (for example if there is heteroscedas-
ticity or autocorrelation, see below) one can work with a bootstrap defined by

sampling from (y,x) with replacement.

e How to choose J: J should be large enough that the results don’t change with
repetition of the entire bootstrap. This is easy to check. If you find the results

change a lot, increase J and try again.
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e The bootstrap is based fundamentally on the idea that the empirical distribution
of (y,x) converges to the actual sampling distribution as n becomes large, so
statistics based on sampling from the empirical distribution should converge in

distribution to statistics based on sampling from the actual sampling distribution.

e In finite samples, this doesn’t hold. At a minimum, the bootstrap is a good way
to check if asymptotic theory results offer a decent approximation to the small

sample distribution.
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5 Generalized least squares

One of the assumptions we’ve made up to now is that

& ~ 11D(0,02),

or occasionally

g ~ 1IN(0,02).

Now we’ll investigate the consequences of nonidentically and/or dependently dis-

tributed errors. The model is

y = XB+e¢
E(e) = 0
V() = =

E(X'e) = 0

where Z is a general symmetric positive definite matrix (we’ll write 3 in place of 3¢ to

simplify the typing of these notes).

e The case where Z is a diagonal matrix gives uncorrelated, nonidentically dis-

tributed errors. This is known as heteroscedasticity.

e The case where Z has the same number on the main diagonal but nonzero el-
ements off the main diagonal gives identically (assuming higher moments are

also the same) dependently distributed errors. This is known as autocorrelation.

e The general case combines heteroscedasticity and autocorrelation. This is known

as “nonspherical” disturbances, though why this term is used, | have no idea.
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Perhaps it’s because under the classical assumptions, a joint confidence region

for € would be an n— dimensional hypersphere.

5.1 Effects of nonspherical disturbances on the OLS estimator

The least square estimator is

(X'X)7*X'y

b
|

= B+ (X'X)"IX’e
e Conditional on X, or supposing that X is independent of €, we have unbiased-
ness, as before.
e The variance of B supposing X is nonstochastic, is

Z|B-BB-B| = E[xX)XeX(X'%)7]

= (XX) X=X (x'x)t

Due to this, any test statistic that is based upon o2 or the probability limit o2 of
is invalid. In particular, the formulas for the t, F,x? based tests given above do

not lead to statistics with these distributions.
. [3 is still consistent, following exactly the same argument given before.

e If € is normally distributed, then, conditional on X
B~ N (B, (XX) IX'ZX (X'X) Y

The problem is that = is unknown in general, so this distribution won’t be useful
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for testing hypotheses.

e Without normality, and unconditional on X we still have

vilp-g) = (X)X

we now have to look at the limitting distribution of XT’ri The CLT will still apply

if dependencies between the €’s are not so strong and/or variances are not very

big. Therefore

=vn(@-0) —d N(©.Q)

. XreerX
= lim E(

Q =limneV(3E) = lim )

assumming X’s non-stochastic

/
Q= limgX*%

n—00 n

)

e by lemma 2(c)

A

Vi (B-B) —a N(O.ZXQ%%)

Summary: OLS with heteroscedasticity and/or autocorrelation is:

e unbiased in the same circumstances in which the estimator is unbiased with iid

errors
¢ has a different variance than before, so the previous test statistics aren’t valid

e is consistent
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e is asymptotically normally distributed, but with a different limiting covariance

matrix. Previous test statistics aren’t valid in this case for this reason.

e is inefficient, as is shown below.

5.2 The GLS estimator

Suppose X were known. Then one could form the Cholesky decomposition

PP =51

We have
PP's =1,

SO

P (PZP') =P/,

which implies that

P'SP =1,

Consider the model

P'y = P'XB+P',

or, making the obvious definitions,

y* — X*B+€*
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This variance of £* = Pg is

E(P'ee’P) = P'ZP

Therefore, the model

V' o= XB+e
() = 0
V(E) = Iy

E(X¥e*) = 0

satisfies the classical assumptions (with modifications to allow stochastic regressors
and nonnormality of €). The GLS estimator is simply OLS applied to the transformed

model:

stLS — (X*IX*)—lX*Iy*
= (X'PP'’X)"IX'PP'y

— (Xlz—lx)—lxlz—ly

The GLS estimator is unbiased in the same circumstances under which the OLS

estimator is unbiased. For example, assuming X is nonstochastic

EBos) = E{(X'=X)"X'z-1y}
= ()X T K e)

=B.
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The variance of the estimator, conditional on X can be calculated using

SO

ﬁGLS — (X*IX*)—lx*ly*
— (X*IX*)—lx*/ (X*B-l‘ﬁ*)

— B+ (X*Ix*)—lx*ls*

s { (BGLS_ B) (ﬁGLS— B)I} = f{(X*/X*)flx*ls*e*lx*(X*/X*)fl}
— (X*lx*)—lx*lx*(x*lx*)—l
— (X*lx*)—l

— (Xlzflx)fl

Either of these last formulas can be used.

e All the previous results regarding the desirable properties of the least squares

estimator hold, when dealing with the transformed model.

e Tests are valid, using the previous formulas, as long as we substitute X * in place
of X. Furthermore, any test that involves 62 can set it to 1. This is preferable to

re-deriving the appropriate formulas.

e The GLS estimator is more efficient than the OLS estimator. This is a conse-
quence of the Gauss-Markov theorem, since the GLS estimator is based on a

model that satisfies the classical assumptions but the OLS estimator is not. To
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see this directly, not that(Hayashi pg. 92)

Var(B) —Var(BeLs) = (X'X) IX'EX(X'X)~1— (X'£71x)1

e As one can verify by calculating fonc, the GLS estimator is the solution to the

minimization problem

BoLs = argmin(y — XB)'=~X(y — XB)

so the metric =1 is used to weight the residuals.

5.3 Feasible GLS estimation

The problem is that X isn’t known usually, so this estimator isn’t available.

e Consider the dimension of £ : it’san n x n matrix with (n>—n) /2+n= (n*+n) /2

unique elements.

e The number of parameters to estimate is larger than n and increases faster than
n. There’s no way to devise an estimator that satisfies a LLN without adding

restrictions.

e The feasible GLS estimator is based upon making sufficient assumptions regard-

ing the form of X so that a consistent estimator can be devised.
Suppose that we parameterize = as a function of X and 6, where 6 may include 3 as

well as other parameters, so that

> =35(X,0)
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where 6 is of fixed dimension. If we can consistently estimate 8, we can consistently
estimate X, as long as (X, 0) is a continuous function of 6 (by the Slutsky theorem).
In this case,

$=3(X,0) B 5(X,0)

If we replace Z in the formulas for the GLS estimator with f, we obtain the FGLS
estimator. The FGLS estimator shares the same asymptotic properties as GLS.

These are

1. Consistency
2. Asymptotic normality
3. Asymptotic efficiency if the errors are normally distributed. (Cramer-Rao).

4. Test procedures are asymptotically valid.
In practice, the usual way to proceed is

1. Define a consistent estimator of 6. This is a case-by-case proposition, depending

on the parameterization (8). We’ll see examples below.
2. Form = = 5(X,0)
3. Calculate the Cholesky factorization P = Chol (X 1).

4. Transform the model using

By = PIXB+Pe

5. Estimate using OLS on the transformed model.
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