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EMPIRICAL LIKELIHOOD AND GENERAL ESTIMATING
EQUATIONS
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For some time, so-called empirical likelihoods have been used heuristi-
cally for purposes of nonparametric estimation. Owen showed that empir-
ical likelihood ratio statistics for various parameters 6(F) of an unknown
distribution F have limiting chi-square distributions and may be used to
obtain tests or confidence intervals in a way that is completely analogous
to that used with parameteric likelihoods. Our objective in this paper is
twofold: first, to link estimating functions or equations and empirical like-
lihood; second, to develop methods of combining information about param-
eters. We do this by assuming that information about F and 6 is available
in the form of unbiased estimating functions. Empirical likelihoods for pa-
rameters are developed and shown to have properties similar to those for
parameteric likelihood. Efficiency results for estimates of both § and F are
obtained. The methods are illustrated on several problems, and areas for
future investigation are noted.

1. Introduction. Likelihood is arguably the most important concept for
inference in parameteric models. Recently it has also been shown to be useful
in nonparametric contexts. For some time it has been used to obtain non-
parametric estimates of distribution functions [e.g., Kaplan and Meier (1958),
Vardi (1985). Recently Owen (1988, 1990, 1991), building on an earlier sug-
gestion of Thomas and Grunkemeier (1975), has introduced an “empirical”
likelihood ratio statistic for nonparametric problems. Owen has shown that
the statistics have limiting chi-square distributions in certain situations, and
has shown how to obtain tests and confidence limits for parameters, expressed
as functionals 6(F) of an unknown distribution function F. Other asymptotic
properties—and the possibility of correcting likelihood ratio statistics or their
signed roots—have been studied by DiCiccio and Romano (1989), Hall (1990),
DiCiccio, Hall and Romano (1989, 1991) and others.

Empirical likelihood, described in Section 2, provides likelihood ratio statis-
tics for parameters by profiling a nonparametric likelihood; the approach is
analoguous to that used for parameteric models, although it is computation-
ally more complex. Owen (1990) showed that for independent and identically
distributed (i.i.d.) data the approach applies to quite general parameters 6(F).
Owen (1991) made extensions to linear regression problems, and Kolaczyk
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(1992) and Owen (1992) have made further extensions to generalized lin-
ear and projection pursuit regression. Although further investigation of this
methodology is needed, especially in small to moderate size samples, it ap-
pears to provide a valuable approach to tests and interval estimation in non-
parametric or distribution-free contexts.

Our objective in this paper is twofold: first, to link estimating equations
and empirical likelihood; second, to develop methods of combining information
about parameters. We achieve both for i.i.d. data as follows. Consider d-variate
i.i.d. random variables xi,...,x, with unknown distribution function F, and
a p-dimensional parameter § associated with F. We assume that information
about 6 and F is available in the form of r > p functionally independent

unbiased estimating functions, that is functions g;(x,9), j = 1,2,...,r, such
that Ep{gj(x,0)} = 0. In vector form, we have

(1.1) g(x,0) = (g1(x,0),....8-(x,0))",

where

We will show how to use such information to estimate 6 and F, in conjunction
with empirical likelihood.

When r = p, our methods are the same as those of Owen (1988, 1990)
and provide (empirical) likelihood-based methods of interval estimation for
parameters with 8(F). Our main interest, however, is in the case where r > p.
This allows us to deal with the combination of pieces of information about a
distribution. For illustration we introduce some examples that we will return
to later.

EXAMPLE 1. Sometimes we have information relating the first and second
moments of a variable [e.g., Godamble and Thompson (1989) and McCullagh
and Nelder (1989)]. For example, let yy, . ..,y, be ii.d., univariate observations
with mean 6, and suppose that it is known that E(y?) = m(6), where m(-) is
a known function. Our aim is to estimate 6. The information about F can be
expressed in the form (1.1), (1.2) by taking

g(v.8) = (y—0,5> —m(0))".

EXAMPLE 2. Let (x1,%1),...,(xs,yn) be bivariate ii.d. observations with
E(x;) = E(y;) = 0. In this case we can take g((x;,y,),0) = (x; — 6,y; — 6). A some-
what similar problem is when E(x;) = ¢ is known and E(y;) = 6 is to be esti-
mated, in which case we would have g((x;,¥,),0) = (x; —c,y; — 0). Such prob-
lems are common in survey sampling [e.g., Kuk and Mak (1989) and Chen
and Qin (1993)].

EXAMPLE 3. Several authors have considered nonparametric estimation of
a distribution F when information about certain functionals of F is available.
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For example, Haberman (1984) and Sheehy (1988) consider estimation of F(x)
based on an i.i.d. sample xy,...,x, when it is known that Er{T(x)} = a, for
some specified function 7(:). Our methods deal with this by taking g(x) =
T(x) — a; that is, r = 1 and the dimension p of 6 is 0.

We show in this paper that empirical likelihood may be brought to bear
on problems such as these. The basic idea is to maximize an empirical like-
lihood (see Section 2) subject to constraints provided by (1.2). We show how
estimators both of parameters 6 and the underlying distribution F may be
obtained and determine asymptotic normal distributions for the estimators.
We also demonstrate that empirical likelihood ratio statistics for parameters
have asymptotic x? distributions. All of these results parallel closely similar
results for parametric likelihood inference. Section 2 reviews Owen’s (1988,
1990) definition of empirical likelihood and the concept of optimal estimating
functions. Section 3 presents our methods and associated asymptotic results;
it is also shown that our method combines information in the form of estimat-
ing functions in an optimal way. Section 4 gives two other asymptotic results.
Section 5 presents several examples, and Section 6 discusses some additional
points. Outlines of proofs of the results in Sections 3 and 4 are provided in
the Appendix. Further details are given in a technical report available from
the authors.

2. Definition of empirical likelihood and optimal estimating func-
tions. We first outline empirical likelihood as discussed by Owen (1988,
1990). Let x1,x3,...,x, be i.i.d. observations from a d-variate distribution F
having mean x and nonsingular covariance matrix. The empirical likelihood
function is

2.1) L(F) = [[dF(x:) = :;
i=1 i=1

where p; = dF(x;) = Pr(X = x;). Only distributions with an atom of probability
on each x; have nonzero likelihood, and (2.1) is maximized by the empirical
distribution function F,(x) = n=!%* I(x; < x). The empirical likelihood ratio

is then defined as R(F) = L(F)/L(F,), and it is easily shown that this may be
written as

@2) R(F) = [ nps
i=1

We remark that formulas here and elsewhere in this paper do not require that
the x;’s be distinct.

Suppose now that we want to estimate a parameter # = T(F): For simplicity
we consider the mean p of F. To obtain confidence regions for i, we define the
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profile empirical likelihood ratio function

n n n
(2.3) Rg(u) = sup{ [Irpi|pi20, Y pi=1, Y piwi= u}-
i=1 i=1 i=1

As noted by Owen (1988, 1990), a unique value for the right-hand side of (2.3)
exists, provided that u is inside the convex hull of the points xj,...,%,. An
explicit expression for Rg(u) can be derived by a Lagrange multiplier argu-
ment: the maximum of I, np; subject to the constraints p; > 0,2 ,p; = 1 and

Y7 pix; = p is attained when

(2.4) pi=pi(p) =n Y148 (2 — )} ",

where ¢ = t(u) is a d x 1 vector given as the solution to
n

(2.5) S {1+t —p)} " (- p) = 0.
i=1

Since II?,p; is maximized unconditionally by F,, it follows that Rg(u) is

maximized with respect to ¢ at & =% and that
(2.6) Rz(p) =f]{1+t*(x,-—u)}"‘.
i=1
The empirical likelihood ratio statistic is Wg(u) = —21log Rg(u), that is,
2.7 We(u) =2znjlog{1+tf(x,-—u)}.
i=1

Owen (1988, 1990) has proved under mild conditions that if 4 = uo, then
WEe(up) converges in distribution to de as n — oco. Approximate a-level confi-
dence regions for u may therefore be obtained as the set of points x such that
Wg(u) < c,, where ¢, is defined such that Pr(xfd) < ¢q) = a. Profile empirical
likelihood ratio statistics for subsets of = (u4,..., 1#q) can also be used to ob-
tain confidence regions for subsets of the parameters, in the usual way. Owen
(1990) has shown that the preceding approach applies to quite general param-
eters 6(F), including multidimensional M-estimates. Owen (1991, 1992) and
Kolaczyk (1992) have extended the methodology to a broad range of regression
problems involving linear, generalized linear and projection pursuit models.

Let g1(x,0),...,g-(x,0) be a set of functionally independent estimating func-
tions, as in (1.1) and (1.2), where 6 is a p-dimensional parameter. If r = p,
estimates 6(x) may be obtained as roots of the corresponding estimating equa-
tion g(x, 6) = 0. More generally, if the g;(x, 6)’s are r specified functions, we may
consider the class of p-dimensional estimating functions

(2.8) U = {4(x,0)|v(x,0) = A(0)g(x,6)},
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where A(f) is a p x r matrix of real functions. In estimating function theory
[e.g., see Goldambe and Heyde (1987)] an estimating function ¢*(x,6) € ¥
is called optimum in ¥ if the estimator 6 from %*(x,0) = 0 has minimum
asymptotic variance.

3. Main results. We assume that x,...,x, are i.i.d. observations from an
unknown distribution F, that there is a p-dimensional parameter 6 associated
with F' and that information about 6 and F is available in the form of r > p
functionally independent unbiased estimating functions, as described by (1.1)
and (1.2). We apply empirical likelihood to this framework by maximizing (2.1)
subject to restrictions

3.1) pi 2 O: sz = 1’ Zptg(xuo) =0
i i

For a given 6, a unique maximum exists, provided that 0 is inside the
convex hull of the points g(x;,6),...,g(x,,0). The maximum may be found via
Lagrange multipliers. Let

H= Zlogpi + )\(1 - Zpi) —nt Zpig(x,-,a)
1 13 12

where )\ and ¢ = (¢1,¢,...,%)" are Lagrange multipliers. Taking derivatives
with respect to p;, we have

oH 1
. _A—nt"g(x,6) =0,
8pz Dpi nt" (i, 0)

——=n-\=0 = A=n
Xi:p,api

and
1

1
3.2) bi= (;) 1+t’g(x,—,0)’

with the restriction from the third part of (3.1) that

1 1
3.3) 0=3 pig(x:,0) =~ ~———0)g(x,~,9),

1+ t"g(x,-,

from which (see below) ¢ can be determined in terms of 6.

Note that it is necessary that 0 < p; < 1, which implies that ¢ and § must
satisfy 1+¢™ g(x;,0) > 1/n for each i. For fixed 6, let Dg = {t: 1 +¢" g(x;,6) > 1/n};
Dy is convex and closed, and it is bounded if 0 is inside the convex hull of the
g(_gc,-, 8)’s. Moreover,

01 1 ) g(xu g (xuo)
8t{n§1+tfg(x,-,0)g(x“ } Z

1-1 {1+t g(xug)}




