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AN INFORMATION-THEORETIC ALTERNATIVE TO
GENERALIZED METHOD OF MOMENTS ESTIMATION

By YuicH! KITAMURA AND MICHAEL STUTZER!

While optimally weighted GMM estimation has desirable large sample properties, its
small sample performance is poor in some applications. We propose a computationally
simple alternative, for weakly dependent data generating mechanisms, based on minimiza-
tion of the Kullback-Leibler Information Criterion. Conditions are derived under which
the large sample properties of this estimator are similar to GMM, i.e., the estimator will
be consistent and asymptotically normal, with the same asymptotic covariance matrix as
GMM. In addition, we propose overidentifying and parametric restrictions tests as
alternatives to analogous GMM procedures.
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1. INTRODUCTION

FOLLOWING HANSEN (1982), the following model is used throughout the paper.
There is a stochastic vector process x,, t = 1,2,..., a parameter vector 8 from a
set @ of possible parameter vectors, and an r-component vector of observable,
real-valued functions f(x, 8) = (fi,...,f,), where ' denotes the transpose opera-
tion.> We denote the observed time series (i.. the sample) of these functions by
f(xy, B),..., f(xg, B). Also following Hansen (1982, p. 1032), theory is repre-
sented by the prediction:

63) E[f(x, B*)]= [f(x, B*) du(x) = 0

where B* is a parameter vector from O, E, is the expectation with respect to
the probability measure w, and 0 denotes an r-component vector of zeroes.
Empirical content is given to (1) by assuming that

1 T
lim — ) f(x,,8*)=0
To= Tt=l

for most realizations x, =x,, t =1,2,..., of the process. Hansen’s GMM estima-
tor of B* satisfying (1) is then achieved by finding 8 which makes the observed
vector of sample means f(B)=1,/T)X!_, f(x,, B) close to 0. More precisely,

) B=arg gggfr( BYWir(B)

'we gratefully acknowledge the early encouragement of Halbert White and conversations with
Chuck Whiteman, Narayana Kocherlakota, Mike Keane, John Geweke, Marty Eichenbaum, and
Larry Christiano. Lewis Segal and Re-jin Guo conducted simulations that corroborated our interest
in developing this paper’s results.

2 Throughout this paper, vectors are columns unless transposed.
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where W is a symmetric, positive definite weighting matrix used to measure the
closeness of the sample moment vector to 0, via closeness of the quadratic form
(2) to zero. A

Hansen and Singleton (1982) showed how to estimate a weighting matrix Wy
which makes (2) a consistent estimator B* (when B* exists) with minimum
asymptotic covariance matrix among the class of estimators defined by (2), as
well as among the somewhat larger class of minimum discrepancy estimators
analyzed by Bates and White (1993, pp. 644-645). Use of this optimal weighting
matrix in (2) is thus sometimes termed an optimal minimum distance (OMD)
estimator. Hansen also derived a y>-test for the existence of B*, i.e. a test of
the moment conditions (1).

However, there are good reasons to explore alternatives to this OMD estima-
tor. For example, a simulation study by Altonji and Segal (1994) demonstrated
that OMD is biased in small samples when used to estimate covariance models.
In their words (p. 3) “The bias arises because sampling errors in' the second
moments are correlated with sampling errors in the estimate of the covariance
matrix of the sample moments. The latter is the weighting matrix for OMD.”
Under these circumstances, it seems reasonable to pursue alternatives which do
not require the data-dependent tuning which causes this problem. Confirming
this intuition, Altonji and Segal found that the use of (2) with an identity matrix
for W (i.e. equal weighting of the moments) outperformed OMD and some
other alternative estimators, despite the fact that OMD would be asymptotically
more efficient than equal weighting.

Section 2 of this paper presents an alternative estimator which has the same
data requirements and computational feasibility as the OMD estimator. Section
3 shows that this alternative is asymptotically as efficient as OMD, unlike the
equally weighted GMM estimator. Also in Section 3, we use our estimator to
construct a y2-specification test of the moment conditions (1), as well as Wald,
Lagrange Multiplier, and Likelihood Ratio-like tests of parametric restrictions,
analogous to those commonly used in applications of OMD.

2. AN INFORMATION-THEORETIC ALTERNATIVE

In order to stay as close as possible to Hansen’s formulation of the problem,
the alternative described in this paper also utilizes just the sample values of the
observable vector f and the restriction (1). For each parameter vector B € 0,
define the following set of probability measures:

3) P(B)={P: Ep[f(x,B)] =0}

which additionally are absolutely continuous with respect to the measure w in
(1). Selection of a particular probability measure in () is a form of linear
inverse problem (Jones (1989)). Consider the following convex optimization
problem, which is an important nonlinear projection problem frequently used to
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solve linear inverse problems:?

(4) min D(P| x) = min f log(dP/d ) dP
Pe(B) P

subject to  E,[ f(x,8)]=0.

In (4), D(P|| w) = [ log(dP/du) dP is the Kullback-Leibler Information Cri-
terion (KLIC) distance from P to u (White (1982)). It is well-known that
D(P|| n) = 0, with equality if and only if P = u (a.e.). Thus, the existence of a
B* satisfying (1) implies that u €( 8*), in which case u solves (4) and realizes
a minimized KLIC value of D( ul|l ) =0. The model fails when w is not an
element of #( B) for each B € O. In this case, for each B, there is a positive
KLIC distance D(P(B)Iln)> 0 attained by the solution P(B) to (4). The
solution has a density dP(B)/du # 1. Thus, as an alternative to GMM, it seems
reasonable to search for a B making D(P(B)|l n) as close to zero as possible, in
sample. In addition, we will show that the deviation from zero can be used in a
specification test of the moment conditions (1), based on the size of the
minimized value of (4).

2.1 Discussion

GMM estimators, like others in the class of discrepancy estimators defined by
Bates and White (1993), focus attention on the inability of parameter vectors
B+ B* to satisfy the moment conditions (1) defined by the fixed measure wu.
They thus try to get sample moments close to the (zero) vector of population
moments fixed by u. Our “duality” approach focuses attention on a change of
measure, dP( 8)/du, which enables B+ B* to satisfy the transformed moment
conditions (3). The correct parameter value B* is the only one also able to
satisfy (1), in which case P(B*) must equal w (a.e.). It thus uses closeness
between measures, rather than closeness of moments, to find B*. As noted by
Robinson (1991), the KLIC is extremely sensitive to any deviations of one
measure from another. It thus is very sensitive to even small deviations of the
transformed measure P(B) from u, induced by small deviations of 8 from B*.
So it is not surprising that this procedure leads to an estimator, defined in the
following section, which has good asymptotic properties.*

This paper arose out of earlier work by one of the authors. Subsequently,
independent work by Imbens (1993) came to our attention, which describes a
similar use of the KLIC. However, his approach did not use duality theory to
drastically simplify the implementation, as described in the following section. In
addition, Imbens did not show how to modify his procedure to treat the
important case of serially dependent data generating mechanisms, as we do, nor

3 See Csiszar (1975) for key results about this projection problem, and Stutzer (1995) for a related

application.
*In fact, it is possible to derive GMM as a quadratic approximation of our estimator (derivation

available upon request). '
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did he derive the parametric hypothesis testing framework that we developed in
Section 3.1. An early contribution of Haberman (1984) used the KLIC criterion
to select a probability measure satisfying a vector of moment conditions, but did
not consider the parameter estimation problem at all. Qin and Lawless (1994)
estimate parameters by maximizing the “empirical likelihood” subject to the
moment conditions. It is not hard to show that after substituting D( ullP(B))
for D(P(B)|l ) in our problem, the empirical likelihood method results. This
estimator is also asymptotically normal, and can be used to construct tests of the
moment conditions and other parametric hypotheses. The work of Imbens et al.
(1995) is similar to this paper and to ours. None of these authors considered
serially dependent data generating mechanisms, as we do.

2.2 The Estimator

This estimation concept is quite easy to implement. The solution to (4) is
well-known (see, e.g., Csiszar (1975, Sec. 3(A)) to have the following Gibbs
canonical density:

dP( .B) eV(BYf(x, B)

) dp E [ PP

To compute the coefficient vector y( 8) in (5), define the function #(B,y) =
E,[e” /%P, and solve the following unconstrained, convex problem:’

(6) y(B) =arg min.z(B,v)
Y

which can also be used to obtain the following formula for the minimized value
of KLIC in (4):

@) D(P(B)lIp) = —log.#(B,y(B)).

Estimation of the true parameter vector 8* is numerically simple. To see this,
first note that (6) and (7) show that

B* =arg r'ngn —log #(B,y(B)) =arg m[?x/(ﬁ,v(ﬁ))-

We thus must estimate a saddle point of the function #(B,y)=E,[e"®P)].

To estimate this saddle point, one might just substitute the sample time
average for the expectation under the unknown measure w. We will show that
while this estimator is consistent, it is asymptotically inefficient relative to an
alternative estimator when there is a dependent data generating mechanism.

5 For a proof, see Ben-Tal (1985, Sec. 3), noting that his dual variable y is our y(8), that his
right-hand side constants a are zero in our problem, that his problem (H) may be transformed to our
problem (6) by taking the supremum over the exponential of his problem, and that our equality
constraints leave our dual variable y unconstrained. If the moment constraints were inequalities,
Ben-Tal’s proof shows that our approach would still work with y constrained to be nonnegative.
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The alternative estimator smooths the observations first. More precisely, we
replace the observation f(x,, 8) by

K

€ i = .
) f(tyﬁ)=k=Z_KT+1f(xt—kyB)

where K2 /T —0,and K- ® as T— «% and compute the estimator

A A 1T .
9 (BT,?T)=arg max min [ Q,(B,y) == ) e’ /A,
B Y T t=1

A variety of unconstrained numerical minimization algorithms could be used
to solve (9). The performance of these algorithms is enhanced by using a good
initial guess (B°,y°) reasonably close to the solution of (9). For example, one
could use the unsmoothed observations (i.e. K=0 in (8)), set y° =0, and use
the identity matrix W in (2) to produce a consistent estimate B°. Let us next
consider the computational burden of solving (9) by finding a zero of its gradient
through, say, Newton-Raphson iteration. First, the number of components in the
solution of (9) equals the number of parameters plus r, the number of con-
straints. It may seem that this makes it somewhat harder to solve than the
GMM problem (2), where the r variables y do not explicitly occur. But the
exponential form of (9) yields simple analytical formulae for its first and second
derivatives with respect to vy, considerably easing the computational burden.
Still, in high dimensional problems, one could compute just one Newton-Raph-
son step on the gradient of (9) to find an approximate saddle point. Under
regularity conditions in Robinson (1988), this two-step estimator will also be
consistent and asymptotically normal, with the same asymptotic covariance
matrix as Hansen’s OMD.’

3. ASYMPTOTIC RESULTS

To prove the consistency of the estimator B, in (9), we make use of the
approach suggested by Wald (1949) and Wolfowitz (1949) for proving the
consistency of maximum likelihood estimation. Though we only prove weak
consistency, a strong consistency result may be available by utilizing Wald’s
approach.

In what follows, I"( B, 8) denotes an open sphere with center B and radius 8,
and O, and o, are the stochastic order symbols of Mann and Wald (1943). Let

6 Though various kernels can be used to weight the observations, we adopted the flat function to
simplify the derivation of properties.

7 This suggestion was made by Peter Robinson. In addition to Assumptions 1-6 made later in this
paper, sufficient conditions for application of this result are that the first three derivatives of f with
respect to B be dominated by integrable functions in the neighborhood of B*. In addition, Guo

. (1995) utilized the simulation of Ferson and Foerster (1994) to show that this two-step estimator had
less bias than a comparable two-step GMM estimator. Their root mean squared errors were almost
identical.



