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EMPIRICAL LIKELTHOOD METHODS WITH
WEAKLY DEPENDENT PROCESSES!

By YuicHr KiTAMURA

University of Minnesota

This paper studies the method of empirical likelihood in models with
weakly dependent processes. In such cases, if the likelihood function is
formulated as if the data process were independent, obviously empirical
likelihood fails. We propose to use empirical likelihood of blocks of obser-
vations to solve this problem in a nonparametric manner. This method of
“blockwise empirical likelihood” preserves the dependence of data, and the
resulting likelihood ratios can be used to construct asymptotically valid
confidence intervals. We consider general estimating equations, for which
an efficient estimator is derived by maximizing blockwise empirical likeli-
hood. We also introduce “blocks-of-blocks empirical likelihood” to conduct
inference for parameters of the infinite dimensional joint distribution of
data; the smooth function model is used for such cases. We show that
blockwise empirical likelihood of the smooth function model with weakly
dependent processes is Bartlett correctable. A wide variety of problems,
such as time series regressions and spectral densities, can be treated
using our methodology.

1. Introduction. The method of empirical likelihood, introduced by
Owen (1988), is a technique which has many parallels with the bootstrap.
Both are based on nonparametric likelihood; while the bootstrap assigns 1/N
probability mass to each observation, the empirical likelihood method
“chooses” probability mass under linear constraints. The former uses simula-
tions, while the latter uses numerical calculation to obtain confidence inter-
vals. These confidence intervals calculated by the two methods share similar
properties. In fact, as Hall [(1992), page 161] puts it, empirical likelihood
provides confidence regions “that have coverage accuracy properties at least
comparable with those of bootstrap confidence regions.” Efron and Tibshirani
(1993) provide a nice discussion on the two methods [see also Hall and La
Scala (1990)]. Chen (1994a) compares the power of the two methods in the
context of mean parameter tests in terms of higher order asymptotics.

Empirical likelihood has been studied extensively in the literature because
of its generality and effectiveness. It has many applications: smooth function
models, regression models [Owen (1991), Chen (1993, 1994a, b)], generalized
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linear models [Kolaczyk (1994)], quantiles [Chen and Hall (1993)], biased
sample models [Qin (1993)], general estimating equations (GEE) [Qin and
Lawless (1994)], to name a few. Recent studies suggest desirable properties of
empirical likelihood; see DiCiccio, Hall and Romano (1989, 1991), DiCiccio
and Romano (1989, 1990) and Hall (1990), for example. The empirical likeli-
hood ratio statistic has much in common with its conventional parametric
counterpart. In particular, it has a chi-squared limiting distribution as in
Wilk’s theorem. Furthermore, its confidence interval is Bartlett correctable;
thus the coverage error can be reduced to the order of O(N~2).

It should be noted, however, that the existing literature seems to focus on
independent data generating processes. If one wishes to use empirical likeli-
hood for general stationary time series, it seems that a new device is called
for. To realize the problem of empirical likelihood in a dependent data setting,
consider the following simple example. Suppose the researcher’s parameter of
interest is the mean 6, of identically distributed random vectors X,, ¢ =
1,..., N. Treating X, as if they were independent, the empirical likelihood for
6 is the value of the likelihood of the multinomial distribution IV ;p,
maximized under the constraints X, p, = 1 and ¥, p, X, = 6. Let L(6) denote
the maximum value. Without the second constraint, clearly the likelihood is
maximized at the empirical distribution p, = 1/N for all ¢, thereby yield-
ing the estimate X = N" !X X,. Writing this L(X), the empirical likelihood
ratio is

R(0) = L(0)/L(X).

Under mild regularity conditions, the following approximation result can be
shown to hold for possibly dependent processes:

—2log R(8,) = N(X — 0,)'S7 (X — 6,) + 0,(1),

where 3 = N7 'L (X, — 0,X(X, — 6,)". If in fact X, is iid, clearly the above
likelihood ratio statistic is asymptotically chi-squared distributed. If, how-
ever, X, is a dependent (and stationary) process, the matrix 3 provides a
“wrong metric” for the score VN (X — 6,); 3 converges to Var(X,) in probabil-
ity, instead of the desired term X~ , Cov(X,, X,_;). In this case the empirical
likelihood method fails.

Obviously this failure occurs because the empirical likelihood was con-
structed ignoring the dependence structure of the data. In this aspect, again
there is a similarity between the empirical likelihood and the bootstrap. Since
the remark by Singh (1981), it has been recognized that independent resam-
pling generally leads to results which are not consistent if dependence is
present in the data series. One possible remedy is to fit a parametric model
(typically, an ARMA model) so that the transformed innovations become iid;
such a parameterization is often too restrictive, and the result can be quite
sensitive to the specification of the unknown data dependence structure. (In
fact, the problem of dependent processes in empirical likelihood can be
treated in the same way, leading to the same problem.) Thus the recent
studies of the bootstrap in stationary time series mainly utilize blockwise
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resampling [see Hall (1985), Carlstein (1986), Kiinsch (1989) and Bithlman
and Kunsch (1993)], which preserves the dependence property of the data
nonparametrically by appropriately choosing blocks of data.

Observing the close connection between the empirical likelihood and the
bootstrap, one might conjecture that the blocking technique could be effec-
tively adapted to the method of empirical likelihood. In this paper we show
that this conjecture is correct. Empirical likelihood of blocks of observations,
not observations themselves, is proposed. We shall call it the method of
blockwise empirical likelihood. The sample blocking allows us to treat (weak)
dependence of time series in a nonparametric way.

Our methodology is quite general. Its applications include the following.

1. Time series regression. In this example the parameter of interest is the
coefficient vector in the following regression model:

Y,=X,0+¢, t=1,...,N,

where {(X,, £,)} is weakly dependent and E(X,¢,) = 0.

2. Spectral density. Consider a weakly dependent time series {X,}, with the
Jth autocovariance yx(j). The parameter of interest is the spectral density
of {X,} at the frequency w € [~ 7, 7]: 6 = 2m) 'I7__yx(jle '

Note that example (1) deals with a parameter of a finite dimensional
distribution, and example (2) is concerned with a parameter of an infinite
dimensional joint distribution.

The paper is organized as follows. In Section 2 some basic concepts that
will be used repeatedly throughout this paper are laid out. Section 3 consid-
ers the empirical likelihood for GEE, originally analyzed by Qin and Lawless
(1994) in an iid framework, and extends their results to blockwise empirical
likelihood with weakly dependent processes. This model is chosen because of
its extreme generality. The weak consistency and the asymptotic normality of
the maximum blockwise empirical likelihood estimator are proved and vari-
ous likelihood ratios are shown to be asymptotically chi-squared approx-
imable. In Section 4 the smooth function model is discussed. We first show
that we can conduct empirical likelihood-based inference regarding parame-
ters of the infinite-dimensional joint distribution of the data series by using
“blocks of blocks” techniques. Then we show that the blockwise empirical
likelihood ratio statistic is Bartlett correctable. Section 5 offers some conclu-
sions. Proofs of theorems are included in the Appendix.

2. Weak dependence and data blocking. In this section we state
some important concepts that are used throughout the subsequent develop-
ment. In this paper we allow for weakly dependent processes; in particular,
we consider the following form of dependence. Throughout the paper, {X,}
denotes an Rvalued stationary stochastic process, satisfying the following
strong mixing condition:

aX(k)_)Oy k_)oo,
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where ay(k) = sup, z[P(A N B) — P(A)P(B), A€F°,, BeF and F =
o(X;: m <i < n). Further, we assume Y;_,ax(k)'" /¢ < « for some con-
stant ¢ > 1.

We use blocking methods that have been used in the bootstrap literature;
the reader is referred to Politis and Romano (1992) for an example. Let M
and L be integers that depend on N, where M — o, M = o(N'/2), L = O(M)
as N—> o, and L<M. We let B;,, i € N be a vector of M consecutive
observations (X; _1y7,41,---» X(i— 1y + u)- Note that M is the “window width,”
whereas L is the separation between block starting points. Also define
Q@ =[(N - M)/L] + 1, where [-] is the integer part of -. We further consider
mapping each block by a function ¢,, and define “observations” T; = ¢,,(B,);
we discuss details regarding the 7 in later sections. Define A, = QM /N.

We introduce a more general blocking scheme to deal with inference
regarding parameters of the infinite dimensional joint distribution. Define the
sth “block of blocks” B, = (B,_1,+1,--+> B(s—1yn+3)- Then b and h are depen-
dent on @ or N. Let ¢ = [(@ — b)/h] + 1 and ay = ¢b/Q; they are analogs
of @ and Ay above.

3. General estimating equations (GEE).

3.1. Overview. Recently Qin and Lawless (1994) considered the applica-
tion of empirical likelihood to general estimating equations (GEE) with iid
data. They allow for a situation in which the number of estimating equations
may exceed the number of parameters; such models, often said to be “over-
identified,” are typical in econometric applications [see, e.g., Hansen and
Singleton (1982)]. They showed that the maximum empirical likelihood esti-
mator (MELE) is asymptotically efficient, assuming iid samples. Qin and
Lawless also proposed statistics based on empirical likelihood to test parame-
ter restrictions and “overidentifying restrictions” (i.e., whether the moment
condition holds or not). In both cases the statistic converges to a chi-squared
distribution, where the degrees of freedom are equal to the number of
restrictions (in the former case) or the number of overidentifying restrictions
(in the latter case). In this section we consider the same model, but allowing
for weakly dependent data generating processes.

When the underlying processes are dependent, the original MELE point
estimator is indeed consistent under regularity conditions, but not efficient if
the model is “overidentified.” More importantly, the empirical likelihood ratio
statistics as originally defined generally are not asymptotically chi-squared
distributed. (This is true for other empirical likelihood ratio statistics; see
Section 1). We solve these problems by using blockwise empirical likelihood.

3.2. Blockwise empirical likelihood for GEE. Consider the estimating
function f: R? X ® —» R’, which is assumed to satisfy the moment condition

(3.1) Ef(X;, 6,) =0,



