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BOOTSTRAP CRITICAL VALUES FOR TESTS BASED ON
GENERALIZED-METHOD-OF-MOMENTS ESTIMATORS

By PeTER HALL AND JOEL L. HorOwITZ!

Monte Carlo experiments have shown that tests based on generalized-method-of-
moments estimators often have true levels that differ greatly from their nominal levels
when asymptotic critical values are used. This paper gives conditions under which the
bootstrap provides asymptotic refinements to the critical values of ¢ tests and the test of
overidentifying restrictions. Particular attention is given to the case of dependent data. It
is shown that with such data, the bootstrap must sample blocks of data and that the
formulae for the bootstrap versions of test statistics differ from the formulae that apply
with the original data. The results of Monte Carlo experiments on the numerical
performance of the bootstrap show that it usually reduces the errors in level that occur
when critical values based on first-order asymptotic theory are used. The bootstrap also
provides an indication of the accuracy of critical values obtained from first-order asymp-
totic theory.

KeywoRrbDs: Block bootstrap, asymptotic refinement, Edgeworth expansion, dependent
data.

1. INTRODUCTION

THE GENERALIZED METHOD of moments (GMM) estimates parameters that are
identified through moment conditions stating that the mean of a vector-valued
random function of the parameters is zero. Under regularity conditions, GMM
estimators are n'/2-consistent and asymptotically normal (Hansen (1982)). How-
ever, Monte Carlo experiments have revealed that first-order asymptotic theory
often provides poor approximations to the distributions of test statistics obtained
from GMM estimators. It is not unusual for the true and nominal levels of the
test of overidentifying restrictions and of ¢ tests of hypotheses about parameters
to differ greatly from one another when asymptotic critical values are used
(Kocherlakota (1990), Tauchen (1986)).

This paper investigates the ability of the bootstrap to provide improved
critical values for the test of overidentifying restrictions (henceforth the J test)
and ¢ tests based on GMM. The bootstrap amounts to treating the estimation
data as if they were the population and carrying out a Monte Carlo experiment
in which pseudo data are generated by randomly sampling the estimation data
(bootstrap sampling). The distributions of test statistics are estimated by their
empirical distributions under bootstrap sampling. When the estimation data are
an independent random sample from some distribution, the bootstrap often
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provides critical values for test statistics that are more accurate than those
provided by asymptotic theory (Beran (1988), Hall (1986a, 1992), Singh (1981)).
In some cases, the use of bootstrap critical values instead of asymptotic ones
produces spectacular reductions in the finite-sample errors in the levels of test
statistics (Horowitz (1994)).

The situation is more complicated when the data are dependent and (as in
GMM) one does not have a structural model that reduces the data-generation
process to a transformation of independent random variables (e.g., an AR model
as in Bose (1988)). The bootstrap sample must be drawn in a way that suitably
captures the dependence of the data-generation process, but this dependence
cannot be replicated exactly in the bootstrap sample. As a result, correct
bootstrap versions of the J and ¢ statistics cannot be obtained by applying the
familiar formulae for these statistics to the bootstrap sample. To obtain asymp-
totic refinements, it is necessary to develop special bootstrap versions of the
statistics. These must have the same distributions as the sample versions
through O,(n~1).

A further source of complication is establishing the existence of the Edge-
worth expansions that are used to show that the bootstrap provides improve-
ments over first-order asymptotic theory. Proving that Edgeworth expansions
exist with dependent data requires satisfying regularity conditions that are
stronger and more complex than those required with independent data.

When the data are dependent, the bootstrap can be implemented by dividing
the sample into blocks and sampling the blocks independently with replacement.
The blocks, whose lengths increase with increasing size of the estimation data
set, may be nonoverlapping (Carlstein (1986)) or overlapping (Kiinsch (1989)).
Hall (1985) also suggested these approaches in the context of spatial data. Lahiri
(1992) showed that with dependent data and Kiinsch’s blocking scheme, the
bootstrap provides second-order asymptotic refinements to the distributions of
normalized functions of sample moments and, if the data are m-dependent,
studentized sample moments. These results are not applicable to GMM test
statistics, however, for several reasons. First, the J and ¢ statistics are not exact
functions of sample moments, although they can be approximated by functions
of sample moments, as will be discussed below. Second, the J and ¢ statistics are
studentized, but an assumption of m dependence is undesirable in many
economic settings. Third, asymptotic refinements for J and symmetrical ¢ tests
are of size OP(n‘l) (third order), not OP(n‘l/ 2) (second order) as considered by
Lahiri (1992).

This paper gives conditions under which the bootstrap provides asymptotic
refinements to the critical values of J and symmetrical ¢ tests in GMM
estimation with dependent data.? It will be clear from the discussion that the
results also apply to independent data, coverage probabilities of symmetrical

2 Brown and Newey (1992) give conditions under which the bootstrap provides asymptotically
valid critical values for GMM test statistics with independent data. Brown and Newey do not treat
either dependent data or the possibility of obtaining asymptotic refinements.
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confidence intervals, and, with obvious modifications, one-sided and equal-tailed
t tests and confidence intervals. We use the block bootstrap with nonoverlapping
blocks. We conjecture that similar results can be obtained with Kiinsch’s
blocking scheme, which is more difficult to analyze owing to its use of overlap-
ping blocks.

The paper also reports the results of a small-scale Monte Carlo investigation
of the numerical performance of the bootstrap for the J and symmetrical ¢ tests.
For the models and sample sizes that were investigated, the bootstrap usually
reduces but does not eliminate the finite-sample distortions of level that occur
when asymptotic critical values are used. The bootstrap also provides an
indication of the accuracy of critical values obtained from first-order asymptotic
theory. The Monte Carlo results reported here are quite limited. Further
investigation of the numerical performance of the bootstrap for GMM is needed
but is beyond the scope of this paper. Here, our main objective is to establish
the theoretical basis for using the bootstrap to obtain asymptotic refinements of
critical values for GMM test statistics with dependent data. Because special
formulae are needed for the bootstrap versions of the test statistics, the
development of theory must precede Monte Carlo or other investigations of
numerical performance. The results presented here provide the theoretical
foundation for further numerical as well as analytical investigation of the use of
the bootstrap for GMM estimators with dependent data.

The remainder of the paper is organized as follows. Section 2 gives a heuristic
explanation of why the bootstrap yields asymptotic refinements to the critical
values of test statistics when the data are independent. This material is not new
but provides intuition for the conceptually similar but technically more compli-
cated analysis that is required with dependent data. Section 3 presents the
sample and bootstrap versions of the J and ¢ statistics, gives our assumptions,
and provides theorems stating the theoretical results. Section 4 presents the
results of the Monte Carlo investigation. Concluding comments are presented in
Section 5. All proofs are in the Appendix.

2. WHY THE BOOTSTRAP PROVIDES ASYMPTOTIC REFINEMENTS

This section gives a heuristic explanation of why the bootstrap provides
asymptotic refinements to the critical values of test statistics. It is assumed in
this section that the data are a random sample of size n from a probability
distribution whose cumulative distribution function (CDF) is F. The empirical
distribution function based on the sample is denoted by F,. To minimize the
length and complexity of the discussion we consider only the symmetrical ¢ test.

Let 6 be a parameter and 7, be the ¢ statistic for testing H: 6 = 6,. Suppose
the exact finite-sample CDF of T, is H,(z, F) = P(T, <z). The symmetrical ¢
test rejects H, at the a level if |T,| > z,, where the critical value, z_, satisfies
H(z,,F)-H(-z,F)=1-a.
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Under regularity conditions, H, has an asymptotic expansion of the form
21 H(z,F)=®(z) +n "?*p(2z,F) +n 'p,(z,F) +o(n™1)

uniformly over z, where @ is the standard normal CDF, p, and p, are
functionals of (z, F), p,(z, F) is an even function of z for each F, p,(z, F) is an
odd function of z, and p,(z, F,) = p,(z, F) almost surely as n — « uniformly
over z. It follows from (2.1) and the symmetry of @, p,, and p, that for any
z>0

(22)  P(T|>2)=2[1-@(2) —n~'p,(z, F)] +o(n1).

Now consider the bootstrap. With independent data, the bootstrap samples a
population whose CDF is F,. Let 6, be a consistent estimate of 6. The
bootstrap analog of H, is Hy: 0= 6,. Let T, be the ¢ statistic for testing Hg
under bootstrap sampling. The CDF of T,* conditional on the estimation data is
H(z,F,). Under regularity conditions

(23)  H}(z,F)=®(2) +n"?p)(2,F,) +n"'p,(z,F,) +0,(n™")

uniformly over z. The leading terms of (2.1) and (2.3) are identical. Therefore,
because p, is even and p,(z, F,) = p,(z, F) almost surely, the distributions of
|T,,| and |T,}| are identical through O,(n~"). This is the source of the bootstrap’s
ability to provide asymptotic refinements.

To obtain the refinement for the critical value of the symmetrical ¢ test, let z*
denote the a-level critical value for testing H;.> This can be computed with
arbitrary accuracy by repeated bootstrap sampling. It follows from (2.3) and the
almost sure convergence of p,(z*, F,) — p,(z*, F) to zero that

(24)  2[1-®(zF) —n"'p,(z*, F)] =a+o,(n71).
Combining (2.2) and (2.4) yields z¥ =z, +0,(n~"). Therefore,
P(T,|>z¥)=a+o(n™").

Thus, with the bootstrap critical value z*, the level of the symmetrical ¢ test is
correct through O(n~1). In contrast, first-order asymptotic theory ignores all but
the leading term in (2.1). Therefore, when critical values based on first-order
asymptotic theory are used, the error in the level of the symmetrical ¢ test is
o(n™1).

In the next section, the foregoing ideas are formalized and extended to
dependent data and the J test. The technical details of the formal treatment are
complex, but the essential ideas are the same as those just outlined.

*Since F, is the CDF of a discrete random variable, the exact a-level critical value of T} may
not exist. However, as discussed by Hall (1992, Appendix I), the error made by ignoring discreteness
is an exponentially decreasing function of n and, therefore, can be ignored.
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3. THE MAIN RESULTS
a. Estimators and Test Statistics

We consider GMM estimation based on the moment condition Eg(X, 6) =0,
where X € R+ is a L, X1 random variable, g is a L, X1 function, 6 is a
L, X 1 parameter whose true but unknown value is 6,, and L, >L,. Denote the
data by {X;:i=1,...,n}. We assume that {X,} is a stationary, ergodic stochastic
process and that Eg(X;, 6,)g(X, 6,)' =0 if |i —j|> « for some integer « <ot
Set N=n—«. Write the sample as y={X;:i=1,...,N}, where X, =
{X],..., X/, }'. This makes the estimator of the asymptotically optimal weight
matrix a sample moment, which enables us to use results of Gotze and Hipp
(1983) to prove the existence of Edgeworth expansions of the distributions of the
J and ¢ statistics.’

We consider two forms of the GMM estimator, one with a fixed weight matrix
and one with an estimate of the asymptotically optimal weight matrix. In the first
form, the estimator, 6,, solves

N 4 N
(3.1) znigJN(O)E [N‘l Y g(Xi,O)] Q[N‘1 > g(x,.,o)],
€ i=1 i=1

where @ is the parameter set and 2 is a L,XL,, positive-semidefinite,
symmetrical matrix of constants. In the second form, 6, solves

N 4 N
(3.2 gligJN(O,éN)E [N-l Y g(X,-,O)] nN(éN)[N-l h g(X,.,o)],
< i=1 i=1

where 6, solves (3.1),

N K -1
QN(O) = {N_l Z g(X,', B)g(X“ 0), + Z H(XlaX,+],0):|} 2

i=1 j=1

and H(X,, X;,;,0)=g(X,,0)g(X,,;,0) +g(X,,,,0)g(X,6). Equation (3.2)
can be iterated by replacing 6, at each iteration with the solution to (3.2)
obtained in the previous iteration. Although we do not treat multistep GMM

4 See Hansen (1982) and Hansen and Singleton (1982) for examples of applications that satisfy
this condition. The condition is not equivalent to assuming m-dependence because it does not
restrict the covariances of products of components of g(X;, 8,) (e.g., ARCH). It is an open question
whether the bootstrap delivers asymptotic refinements when {g(X;, 6,)} has an unknown covariance
structure. The main problem is that when the covariance is unrestricted, the estimator of the GMM
covariance matrix is not a function of sample moments and converges at a rate that is slower than
n~1/2 (Andrews (1991)). Existing theory of Edgeworth expansions with dependent data (Gétze and
Hipp (1983)) does not apply to such estimators.

> The cost of this notational device is that only n — k observations are used to estimate 6. In
Lahiri (1992), where asymptotic refinements through O(n~!/2) are obtained for the ¢ test of a
hypothesis about a population mean, this cost is avoided by making an approximation whose error is
O(n~"/12). This error is too large for the O(n~1) refinements developed here.



