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xt = f y1; y2; :::; yt � 1; ztg

•¸’

x1 = z1; x2 = f y1; z2g
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Ò˜ŠI‰‹ŠO‰‹ŠÔû Tq™‹•H�p¢=•<E�Ö,•¶¡V•�ÆuÇ�¢O¢I•�—�¡V•I™‹¢�Š

Ð�—6¦6¦V’+•¸™ª‘

¤

Ÿm‘Õ¿¥™bŸe˜š™ÝÚ\•W¦6¦0•W®6–RŸÇ¬›’e•W®ñ‘

¤

Ÿr‘

­)Ÿ9¾Ö V™· 0•¹Ÿe•š™›«�øK•¸’G‘

¤

Ÿm‘
‘

¤

™ý¦6˜¸’+ 6Ÿe 6•W¡O•O‘Ì¾Á’m“jŸ

¤

™›Ÿe«6•Z­)Ÿ�¾Ï®6’e‘b K™·È0§oÛ�§�ÔYŸ�¾� V™·¿¥™#�»˜š™

•W®3‘¸™›˜¸™±•š‘¸™›«À•O®G™›•�‘�•O­GŸm‘¸•W®6–Ç‘

¤

™b¦0˜¸’+ \Ÿm 6•W¡O•O‘Ì¾�’m“ÄŸ

¤

™›Ÿe«6•±§jŽÄ™d‘

y = 1(heads)
 V™ZŸÓ 6•W®\Ÿm˜š¾

ÆmŸe˜¸•WŸe 6¡O™¥‘

¤

Ÿr‘j•W®6«6•O¬�Ÿm‘¸™›••¿

¤

™d‘

¤

™±˜I’e˜Õ®6’e‘UŸ

¤

™�Ÿm«6•I•O•Õ’+ 6•š™›˜šÆe™›«�§jž

¤

™C’+—8‘�¬›’e­)™ª’e“EŸ�‘�’+•š•

•W•CŸ�Ê¥™±˜¸®6’e—6¡W¡O•�˜�Ÿe®0«6’+­îÆmŸe˜š•¹Ÿe 0¡W™eÍ

f Y (y; p0) = py
0 (1 � p0)

1� y ; y 2 f 0; 1g

= 0; y =2 f 0; 1g

Ð8’�Ÿ�˜¸™›¦0˜¸™›•š™›®3‘"Ÿr‘�•OÆe™Ó‘¸™›˜š­ ‘
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pi � p(x i ; � ) = (1 + exp(� x0
i � )) � 1 ¿
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@�
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pi (1 � pi )
pi (1 � pi ) x i

= (yi � p(x i ; � )) x i
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2� � 2
exp

�
�

(yt � x0
t � )2

2� 2

�
:

ž Ÿeé>•W®6–�¡W’e–+•›ø

ln L(� ; � ) = � n ln
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�

s(� ) =
1
n

(y � X � )0(y � X � ) + 2� 0(R� � r ):
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D � s(�̂ ; �̂ ) = � 2X 0y + 2X 0X �̂ R + 2R0̂� � 0

D � s(�̂ ; �̂ ) = R�̂ R � r � 0;
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2

4
X 0y
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3

5

� 1 2

4
X 0y

r

3

5 :



�U‚ 
g‚0ä

³

„Và6ã

!#"

â�ä‘„

*ž*

ä8å±ã

*u"

à6ã

"

áEâ�å �[


bqÆ�¡Ô—Mœ˜•®•Ÿ™‹’GÆqŽ#œ�•I’G—M’�E

$

—�•C�)ÅÔ•O’G•Þ"G•|Îu•‘¡V’j•=Æu•

ç
’e‘�™Ç‘

¤

Ÿm‘

2

4
(X 0X )� 1 0

� R (X 0X )� 1 I Q

3

5

2

4
X 0X R0

R 0

3

5 � AB

=

2

4
I K (X 0X )� 1 R0

0 � R (X 0X )� 1 R0

3

5

�

2

4
I K (X 0X )� 1 R0

0 � P

3

5

� C;
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4
I K (X 0X )� 1R0P � 1

0 � P � 1

3

5

2

4
I K (X 0X )� 1 R0

0 � P

3

5 � DC

= I K + Q;
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DAB = I K + Q

DA = B � 1

B � 1 =

2

4
I K (X 0X )� 1R0P � 1

0 � P � 1
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5

2

4
(X 0X )� 1 0

� R (X 0X )� 1 I Q

3

5

=

2

4
(X 0X )� 1 � (X 0X )� 1R0P � 1R (X 0X )� 1 (X 0X )� 1R0P � 1

P � 1R (X 0X )� 1 � P � 1

3

5 ;
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3

5 =

2

4
(X 0X )� 1 � (X 0X )� 1R0P � 1R (X 0X )� 1 (X 0X )� 1R0P � 1

P � 1R (X 0X )� 1 � P � 1

3

5

2
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r
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5
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2

6
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�

R�̂ � r
�

P � 1
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R�̂ � r
�

3

7
5
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4
(I K � (X 0X )� 1R0P � 1R)

P � 1R

3

5 �̂ +
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4
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2ŷ2]

ðC™›¬�Ÿm¡W¡E‘

¤

Ÿm‘ª‘

¤

™·µÇŽwÐÀ“ì’+®6¬RŸe˜š™

X 0X �̂ = X 0y



	U‚

ß

‚†‡

"

å±å

"

â

&

á�ƒ6å±ä

*

µ²„�ã

"

áEâ�å 
��a	

•¸’�•O“Ä¿I™ý˜š™›–+˜š™›•š•¸™›«½—6•¸•O®6–�’+®6¡°¾G‘

¤

™RÜ6˜¸•š‘·÷ì¬›’+­�¦6¡W™d‘�™�ù¥’+ 6•¸™±˜šÆmŸm‘¸•W’+®6•±ø0¿I™Ó¿I’+—6¡O«

¤

Ÿ9Æe™

X 0
1X 1�̂ 1 = X 0

1y1:

ŽA•Wém™±¿C•W•š™eøLŸe®YµÇŽwÐÖ˜š™›–+˜š™›•¸•š•W’+®Ï—6•š•W®6–�’+®6¡°¾À‘

¤

™Ó•š™›¬±’+®6« ÷ Ü\¡W¡O™›«Á•O®Lù¥’+ 6•š™›˜šÆmŸm‘¸•W’+®0•C¿I’+—6¡O«

–+•°Æ+™

X 0
2X 2�̂ 2 = X 0

2ŷ2:
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ŷ2 = X 2�̂ 1

= X 2(X 0
1X 1)� 1X 0

1y1

ç
’z¿RøI‘

¤

™Ö’9Æ+™±˜�Ÿe¡O¡ª™›•š‘¸•W­)Ÿm‘�™Á•O•�Ÿ ¿I™›•O–

¤

‘�™›« Ÿ�Æ+™›˜¸Ÿe–+™Ï’e“

�̂ 1
Ÿe®6«

�̂ 2;
Ùš—6•�‘ÀŸm•

Ÿe V’9Æ+™møV 0—0‘C¿¥™

¤

Ÿ�Æ+™

�̂ 2 = (X 0
2X 2)� 1X 0

2ŷ2
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Ŷ1 X 1

i 0h
Y1 X 1

i
=

2

4
Y 0

1PX PX Y1 Y 0
1PX X 1

X 0
1PX Y1 X 0

1X 1

3

5

=
h
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With uniform convergence, the maximum of the sample
objective function eventually must be in the neighborhood
of the maximum of the limiting objective function
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With pointwise convergence, the sample objective function
may have its maximum far away from that of the limiting
objective function
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Ÿm‘C™›®6•š—6˜¸™R•O«6™›®3‘�•°Ü\¬�Ÿzè
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™Ï«6•W•�‘�˜¸•O 6—0‘¸•W’+® ¿

¤

•O¡W™½×ýÔYÔ —6•¸™±•ÀŸg¡W•W­�•O‘¸™›« ®>—6­� V™›˜)’e“�­�’+­�™›®3‘�•±§ ¨ª¬±‘¸—\Ÿe¡W¡°¾+ø

ŸY«6•O•š‘¸˜¸•W 0—0‘�•O’+®g¿C•°‘

¤

P
¦\Ÿm˜�Ÿe­�™±‘¸™›˜¸•ý¬�Ÿe®T K™À—0®6•WÑ>—6™±¡O¾g¬

¤

Ÿe˜¸Ÿe¬±‘¸™›˜¸•Oû›™±«ú 3¾

P
­)’e­)™±®>‘

¬›’e®6«6•O‘¸•W’+®0•›§Áþ
’z¿I™±Æe™›˜±ø••¸’+­�™�•¸™±‘¸•·’e“

P
­)’+­�™›®3‘Ó¬›’e®6«6•O‘¸•W’+®0•Ó­)Ÿ�¾ ¬›’+®3‘�Ÿe•W®g­)’e˜¸™�•W®8è

“ì’+˜š­GŸm‘¸•W’+®Ï‘

¤

Ÿm® ’e‘

¤

™±˜¸•±øA•¸•W®0¬›™·‘

¤
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D � ln f (yt jYt � 1; �̂ ) = 0;
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1 )� 1 §

£

’+®0•¸•W•�‘�™±®>‘b™›•�‘�•O­GŸm‘¸™›•ª’e“wÆmŸe˜¸•WŸe®6¬±™Ç¬›’+­�¦K’e®6™›®3‘�•
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nX
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K [(x � xt ) =
 n ]
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1 :

Z
K (x)dx = 1:
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z� = (x � z)=
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•¸’
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 nz� Ÿm®6«

j dz
dz�0 j = 
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E
h
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=
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 � k

n K (z� ) h(x � 
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=
Z

K (z� ) h(x � 
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1
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 n ]g

�
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V(x) = E(x2) � E(x)2 ¿I™
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Ÿ�Æ+™

n
 k
nV

h
ĥ(x)

i
= 
 � k

n E
�

(K [(x � z) =
 n ])2	
� 
 � k

n f E (K [(x � z) =
 n ])g2

=
Z


 � k
n K [(x � z) =
 n ]2 h(z)dz � 
 k

n

� Z

 � k

n K [(x � z) =
 n ] h(z)dz
� 2

=
Z


 � k
n K [(x � z) =
 n ]2 h(z)dz � 
 k

nE
h
bh(x)

i 2

ž

¤
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bh(x)

i 2
! 0;
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¤
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n
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h
ĥ(x)
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n K [(x � z) =
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n
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h
ĥ(x)
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Z
[K (z� )]2 dz� :

Ð8•O®6¬›™G K’e‘
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R
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! 0:
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¤
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¤
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R
yf (x; y)dy;

¿I™C®6™›™±«

Ÿe® ™±•š‘�•O­GŸr‘�’+˜Ó’e“

f (x; y):
ž

¤

™À™±•š‘�•O­GŸr‘�’+˜

¤

Ÿe•·‘

¤

™À•¸Ÿe­)™)“ì’+˜¸­�Ÿe•·‘

¤

™À™±•š‘�•O­GŸr‘�’+˜Ó“ì’+˜

h(x);
’+®6¡°¾G¿C•O‘

¤

’+®6™R«6•W­�™›®0•¸•W’e®Á­)’+˜š™eÍ

f̂ (x; y) =
1
n

nX

t=1

K � [(y � yt ) =
 n ; (x � xt ) =
 n ]

 k+1

n

ž

¤

™Rée™±˜¸®6™±¡

K � (�)
•W•ª˜¸™±Ñ>—6•W˜š™›«Ö‘�’

¤

Ÿ�Æ+™Ó­)™›Ÿe®Öû›™±˜¸’6Í

Z
yK � (y; x) dy = 0

Ÿe®6«Ö‘�’�­)Ÿe˜¸–e•W®\Ÿe¡O•Wû±™
‘¸’�‘

¤

™R¦6˜¸™dÆ�•W’+—6•Cém™›˜¸®0™›¡A“ì’+˜

h(x) :

Z
K � (y; x) dy = K (x):

õ�•O‘

¤

‘

¤

•O•ªée™›˜š®6™›¡ƒø6¿¥™

¤

Ÿ�Æ+™

Z
yf̂ (y; x)dy =

1
n

nX

t=1

yt
K [(x � xt ) =
 n ]
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n

 3¾Á­)Ÿe˜¸–+•O®\Ÿe¡O•Wû�Ÿr‘�•W’e®)’e“w‘
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™Óém™›˜š®6™›¡ƒø\•¸’�¿¥™Ó’+ 0‘�Ÿe•W®

ĝ(x) =
1

ĥ(x)

Z
yf̂ (y; x)dy

=
1
n

P n
t=1 yt

K [(x � x t )=
 n ]

 k

n

1
n

P n
t=1

K [(x� x t )=
 n ]

 k

n

=
P n

t=1 ytK [(x � xt ) =
 n ]
P n

t=1 K [(x � xt ) =
 n ]
:
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