
6. TRENDS AND UNIT ROOTS1

1These lectures are based on those by Laura Mayoral.
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1 Trends

• Most economic and business time series are nonstationary and, therefore, the type of models that

we have studied cannot (directly) be used.

• Nonstationary can occur in many ways: non constant means, non-constant variances, seasonal

patterns, etc.

• Many economic series are trended. The usual approach to model trends is to consider models

that after some transformations become stationary.

1.1 Deterministic vs stochastic trends

Two approaches have been used to capture the trend component:

• Deterministic trends: the trend is a non-random function of time. Typically, it will be a polyno-

mial in t:

τ (t) = β0 + β1t + ... + βst
s,

• Stochastic trends: Here the trend is random, varies over time and depends on past values of the

process.
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1.2 Models with trends: Trend stationary and Unit root processes.

Trend stationary model

xt = τ (t) + ψ(L)εt.

where ψ(L)εt is a stationary process. In most applications τ (t) = β0 + β1t, is a polynomial of degree

1. This process is called trend-stationary because if one subtracts the non-random trend from xt the

result is a stationary process.

Unit root process:

xt = xt−1 + β + ψ (L) εt (1)

where ψ (1) 6= 0. xt can also be written as (1− L)xt = β + ψ (L) εt and is said to be a unit

root process because L = 1 is a root of the autoregressive polynomial. The transformed process

(1 − L)xt = ∆xt = xt − xt−1 is stationary and describes the changes (or the growth rate if xt is in

logs) in the series xt.
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2 Unit root processes: examples

Random walk. If ψ (L) =1 and β = 0 in (1) , then {xt} is a random walk sequence,

xt = xt−1 + εt, (2)

Assuming that xt = 0 for all t < 0 and that x0 is a fixed finite initial condition then, by back-

substitution,

xt = x0 +

t∑
i=1

εi.

and E (xt) = x0 and var(xt) = tσ2.2

Random walk with drift. To introduce an upward or downward trend component it is only needed

to include a constant in (2) . The random walk with drift model is

xt = β + xt−1 + εt (3)

and by back-substitution

xt = β + (β + xt−2 + εt−1) + εt = ... = x0 + βt +

t∑
i=1

εi.

2Notice that if the starting point is in the indefinite past rather than at t = 0, then the mean and the variance are undefined.

4



The random walk model can be seen as the limit of an AR(1) model when φ→ 1. Since the ACF of

the AR(1) is ρ (h) = φh, then the closer φ is to 1, the slower the decay of this function to zero. In

particular, the sample ACF of a random walk is characterized by large slowly vanishing spikes and

insignificant zero ACF for the differenced series (1− L) yt.

ARIMA (autoreggressive integrated moving average) models. If in (1) ψ (L) = θq (L) /φp (L) , then

an ARIMA(p,1,q) is obtained

φp (L) (1− L)d xt = β∗ + θq (L) εt, (4)

where d = 1 in this case, φp (L) = 1 − φ1L − ... − φpLp and θ (L) = 1 + θ1L + ... + θqL
q are the

autoregressive and moving average polynomials.
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3 Some implications/problems of Unit root processes

In addition, processes with unit root give rise to some problems, these are:

1. Autoregressive coefficients are biased toward zero. Implication: the forecasts based on AR(1)

models may perform quite badly in comparison to forecasts when the unit root is imposed and

the true model contains a unit root.

2. Standard inference does not hold. In particular, the asymptotic distributions are non-standard

since they do not correspond to any standard distribution (Normal, χ2, t or F distributions) and

they require specific tabulation. Hence, if one uses standard critical values, the corresponding

inference will be wrong.

3. The problem of spurious regressions: two independent unit root processes may look related.

That is, if xt and yt are independent unit root variables, the estimate of the coefficient β in the

regression yt = α+βxt + at does not tend to zero (see Granger and Newbold, 1974 and Phillips,

1986).
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Consider the following AR process

xt = φxt−1 + εt, (5)

where εt is a martingale difference sequence with E
(
ε2t
)
<∞. The OLS estimator of φ is given by:

φ̂ =

∑
xtxt−1∑
x2t−1

= φ +

∑
xt−1εt∑
x2t−1

(6)

Under the hypothesis of |φ| < 1, the LLN and the CLT can be applied to obtain the asymptotic

distribution of the OLS estimator of φ. Notice first that xt−1εt is a m.d.s. too. Recall that under

certain assumptions3 the CLT for martingale difference sequences implies that

T−1/2
∑
xt−1εt

d→ N
(
0, limT→∞E

(
x2t−1ε

2
t

))
= N

(
0, σ4

1−φ2

)
and if xt is ergodic for second mo-

ments4 then T−1
∑
x2t−1

p→ E(x2t−1) = σ2

1−φ2 . It follows that

T 1/2
(
φ̂− φ

)
d→ N

(
0, 1− φ2

)
. (7)

Notice that in order to obtain this distribution the assumption of |φ| < 1 is crucial. Moreover, if

φ→ 1, T 1/2
(
φ̂− φ

)
p→ 0!

• This suggests that when φ = 1, the asymptotic theory developed for the stationary case does not

hold anymore. In fact, the relevant asymptotic theory is non-standard.

3More specifically, E
(
|xt−1εt|2+δ

)
<∞ for some δ > 0, and T−1

∑
x2t−1ε

2
t−1 − E

(
x2t−1ε

2
t−1
) p→ 0.

4This happens if
∑∞
n=1 |γn| <∞.
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4 Unit root tests

• Unit root tests are hypotheses testing procedures whose objective is to determine whether a

process contains a unit root or not.

• One of the hypothesis, thus, is that the process contains (one or several) unit roots.

• One of the most popular test for unit roots is the pioneer Dickey-Fuller (DF ) test. It is based on

a simple t− test associated to the coefficient of xt−1 in a regression of xt on xt−1 and, possibly

(although not always) lags of ∆xt and some deterministic components.

It is important to bear in mind that:

• the asymptotic distribution of the relevant statistics is not standard,

• whether the true model contains or not deterministic components and whether the regression

model contains or not determistic components changes the asymptotic distributions and then,

different tables of critical values should be used in each case.
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4.1 Unit root tests with uncorrelated ut : the Dickey- Fuller test

Consider the following Data Generating Process (DGP):

xt = α + xt−1 + ut.

Let us consider first the simple case where ut = εt is iid. As mentioned before, the asymptotic

distribution of the test depends on whether α is different from zero or not and whether the regression

contains or not deterministic components.

We will distinguish four cases.

Case 1.

Estimated process: xt = φxt−1 + εt
True process xt = xt−1 + εt, εt ∼ iid

(
0, σ2

)
Hypotheses: H0 : φ = 1 H1 : φ < 1

T (φ̂− 1) has the distribution described under the heading Case 1 in Table B.5 in Hamilton.

(φ̂− 1)/σ̂φ̂ has the distribution described under the heading Case 1 in Table B.6 in Hamilton.

Example (17.3 p.489 H) The following AR(1) process for the nominal three-month U.S. Treasury
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bill rate was fitted by OLS regression to quarterly data:

ît = 0.99694
(0.0.010592)

it−1 T = 168 (8)

The test statistic is

T (φ̂− 1) = 168(0.99694− 1) = −0.51

which is well above the critical value of the Table B.5 (case 1) around -8 for this sample size. We do

not reject the null of unit root.

Case 2.

Estimated process: xt = α + φxt−1 + εt
True process xt = xt−1 + εt, εt ∼ iid

(
0, σ2

)
Hypotheses: H0 : φ = 1 H1 : φ < 1

T (φ̂− 1) has the distribution described under the heading Case 2 in Table B.5 in Hamilton.

(φ̂− 1)/σ̂φ̂ has the distribution described under the heading Case 2 in Table B.6 in Hamilton.

Example (17.6 p.511 H) When a constant is included the result is

ît = 0.211
(0.112)

+ 0.96691
(0.0.019133)

it−1 T = 168 (9)

The test statistic is

T (φ̂− 1) = 168(0.96691− 1) = −5.56
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Which is well above the critical value of the Table B.5 (case 2) around -13 for this sample size. We

do not reject the null of unit root. The OLS t statistic is

(0.96691− 1)/0.019133 = −1.73

From table B.6 (case 2) the critical value is -2.89 so given that−1.73 > −2.89 we do not reject the null.

Case 3.

Estimated process: xt = α + φxt−1 + εt
True process xt = α + xt−1 + εt, εt ∼ iid

(
0, σ2

)
Hypotheses: H0 : φ = 1 H1 : φ < 1

(φ̂− 1)/σ̂φ̂
d→ N(0, 1).

Case 4.

Estimated process: xt = α + φxt−1 + δt + εt
True process xt = α + xt−1 + εt, εt ∼ iid

(
0, σ2

)
Hypotheses: H0 : φ = 1 H1 : φ < 1

T (φ̂− 1) has the distribution described under the heading Case 4 in Table B.5 in Hamilton.

(φ̂− 1)/σ̂φ̂ has the distribution described under the heading Case 4 in Table B.6 in Hamilton.
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4.2 Unit root tests with correlated ut.

In the previous section we have assumed that the innovation ut = εt was an iid sequence. This

framework is very narrow since most real processes do not fall in this category. However if ut is a

general stationary process, the distributions described above do not longer hold.

To solve this problem we can use the Augmented Dickey and Fuller Test.

Augmented Dickey-Fuller test Suppose that the true process is

(1− φ1L− φ2L2 − ...− φpLp)xt = εt

with εt iid(0, σ2) and with finite fourth moment. We can rewrite the regression in a different way.

Let

ρ = φ1 + φ2 + ... + φp

ζj = −(φj+1 + φj+2 + ... + φp)

for j = 1, ..., p− 1. Then

xt = ζ1∆xt−1 + ζ2∆xt−2 + ... + ζp−1∆xt−p+1 + ρxt−1 + εt (10)

This expression is very convenient to test the presence of a unit root. Again we will consider four cases.

Case 1.

Estimated process: xt = ζ1∆xt−1 + ζ2∆xt−2 + ... + ζp−1∆xt−p+1 + ρxt−1 + εt
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True process: same but with ρ = 1

Hypotheses: H0 : φ = 1 H1 : φ < 1

T (φ̂− 1)/(1− ζ̂1− ζ̂2− ...− ζ̂p−1) has the distribution described under the heading Case 1 in Table

B.5 in Hamilton.

(φ̂− 1)/σ̂φ̂ has the distribution described under the heading Case 1 in Table B.6 in Hamilton.

Case 2.

Estimated process: xt = ζ1∆xt−1 + ζ2∆xt−2 + ... + ζp−1∆xt−p+1 + α + ρxt−1 + εt
True process: same but with ρ = 1 and α = 0

Hypotheses: H0 : φ = 1 H1 : φ < 1

T (φ̂− 1)/(1− ζ̂1− ζ̂2− ...− ζ̂p−1) has the distribution described under the heading Case 2 in Table

B.5 in Hamilton.

(φ̂− 1)/σ̂φ̂ has the distribution described under the heading Case 2 in Table B.6 in Hamilton.

Case 3.

Estimated process: xt = ζ1∆xt−1 + ζ2∆xt−2 + ... + ζp−1∆xt−p+1 + α + ρxt−1 + εt
True process: same but with ρ = 1 and α 6= 0

Hypotheses: H0 : φ = 1 H1 : φ < 1

φ̂ converges at rate T 3/2 to a Gaussian random variable. All the other coefficients converge at rate

T 1/2
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Case 4.

Estimated process: xt = ζ1∆xt−1 + ζ2∆xt−2 + ... + ζp−1∆xt−p+1 + α + ρxt−1 + δtεt
True process: same but with ρ = 1 any α and δ = 0

Hypotheses: H0 : φ = 1 H1 : φ < 1

T (φ̂− 1)/(1− ζ̂1− ζ̂2− ...− ζ̂p−1) has the distribution described under the heading Case 4 in Table

B.5 in Hamilton.

(φ̂− 1)/σ̂φ̂ has the distribution described under the heading Case 4 in Table B.6 in Hamilton.
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5 On the observational equivalence of Unit root and covariance-stationary pro-

cesses

• Several authors have argued that the question of whether a process contains a unit root is

inherently answerable on the basis of a finite sample.

• Two arguments:

– For any unit root process there exists a stationary processes that will be impossible to

distinguish from the unit root representation for any given sample size T. One can consider

a stationary AR processes with one of the roots arbitrarily close to 1 in such a way that it

displays very similar characteristics.

– The converse proposition is also true: for any stationary process and a given sample size T ,

there exists a unit root process that will be impossible to distinguish from the stationary

representation.

Consider the process

(1− L)xt = (1 + θL)εt

The model implies that

xt = εt + (1 + θ)ξt−1 + θε0 + x0

where ξt−1 = ε1 + ε2 + ...+ εt−1. Now if θ is close to −1 then the process will behave like a

white noise plus a constant θε0 + x0.
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– Then: Unit root and stationary processes differ in their implications at infinite time horizons,

but for any given finite number of observations, there is a representation from either class of

models that could account for all the observed features of the data.

• Thus, if both the unit root and the stationary repretations are equally possible, what is the

meaning of unit root tests??

– The goal of unit root tests is to find a parsimonious representation that gives a reasonable

approximation to the true process, as opposed to determining whether or not the true process

is literally I(1).
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