
1 Introduction to Multivariate Models



Beyond univariate models...

• Consider the following AR(2) process for inflation (yt)

Yt = a1Yt−1 + a2Yt−2 + εt εt ∼WN

In this course we study multivariate generalizations of the above model. Let Xt be the GDP

growth we will study model of the form(
Yt

Xt

)
=
(
a1

11 a1
12

a1
21 a1

22

)(
Yt−1

Xt−1

)
+
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a2

11 a2
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)(
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)
+
(
ε1t

ε2t

)
Both Yt and Xt are endogenous and depend on lagged values.

• Multivariate time series models are useful for many kinds of analysis and applications.

1. Forecasting macroeconomic variables of interest.

2. Studying the dynamic interrelationships between a number of variables.

3. Studying the effects of some economic shock of interest. What are the effects of

monetary policy shocks? What kind of shocks drive the business cycle?

In general the empirical evidence obtained using these models can provide useful information

to policymakers and macroeconomic theorists.



Some Preliminary Definitions and Concepts

Random Vector: A vector X = (X1, ..., Xn)′ whose components are scalar-valued random

variables on the same probability space.

Vector Random Process: A family of random vectors {Xt, t ∈ T} indexed by t where T

is a set of time points. Typically T is the set of natural or integers numbers.

Time Series Vector: A particular realization of random process.

White noise: A n-dimensional vector white noise ε′t = [ε1t, ..., εnt] ∼ WN(0,Ω) is such if

E(εt) = 0 and E(εtε′τ) = Ω (Ω a symmetric positive definite matrix) if t = τ and 0 otherwise.

If also εt ∼ N the process is a Gaussian WN.

Important: A vector whose components are white noise is not necessarily a white noise.

Example: let ut be a scalar white noise and define εt = (ut, ut−1)′. Then E(εtε′t) =
(
σ2
u 0

0 σ2
u

)
and E(εtε′t−1) =

(
0 0

σ2
u 0

)
.



Matrix of polynomials in the lag operator: Φ(L) if its elements are polynomial in the lag

operator, i.e.

Φ(L) = Φ0L
0 + Φ1L

1 + Φ2L
2 + ...+ ΦpL

p

and by definition of L when applied to vector the Xt

Φ(L)Xt = Φ0Xt + Φ1Xt−1 + Φ2Xt−2 + ...+ ΦpXt−p

Note that Φ(0) = Φ0 and Φ(1) = Φ0 + Φ1 + Φ2 + ...+ Φp

Example

Φ(L) =
(

1 −0.5L

L 1 + L

)
= Φ0 + Φ1L

where

Φ0 =
(

1 0

0 1

)
, Φ1 =

(
0 −0.5

1 1

)
, Φj>1 =

(
0 0

0 0

)
.

When applied to a vector Xt we obtain

Φ(L)Xt =
(

1 −0.5L

L 1 + L

)(
X1t

X2t

)
=
(

X1t − 0.5X2t−1

X1t−1 +X2t +X2t−1

)



Covariance Stationarity Let Yt be a n-dimensional random vector, Y ′t = [Y1t, ..., Ynt]. Then Yt

is covariance (weakly) stationary if E(Yt) = µ, and the autocovariance matrix E(Yt−µ)(Yt−j−
µ)′ = Γj for all t, j, that is are independent of t and both finite.

− Stationarity of each of the components of Yt does not imply stationarity of the vector Yt.

Stationarity in the vector case requires that the components of the vector are stationary

and costationary.

− Although γj = γ−j for a scalar process, the same is not true for a vector process. The

correct relation is

Γ′j = Γ−j



VMA processes

Given the n-dimensional vector White Noise εt a vector moving average of order q is defined

as

Yt = µ+ εt + C1εt−1 + ...+ Cqεt−q

where Cj are n× n matrices of coefficients and µ is the mean of Yt.

The VMA(1) Let us consider the VMA(1)

Yt = µ+ εt + C1εt−1

with εt ∼WN(0,Ω). The variance of the process is given by

Γ0 = E[(Yt − µ)(Yt − µ)′]

= Ω + C1ΩC ′1

with autocovariances

Γ1 = C1Ω, Γ−1 = ΩC ′1, Γj = 0 for |j| > 1



The VMA(q) Let us consider the VMA(q)

Yt = µ+ εt + C1εt−1 + ...+ Cqεt−q

with εt ∼WN(0,Ω), µ is the mean of Yt. The variance of the process is given by

Γ0 = E[(Yt − µ)(Yt − µ)′]

= Ω + C1ΩC ′1 + C2ΩC ′2 + ...+ CqΩC
′
q

with autocovariances

Γj = CjΩ + Cj+1ΩC ′1 + Cj+2ΩC ′2 + ...+ CqΩC
′
q−j for j = 1,2, ..., q

Γj = 0 for |j| > q

The VMA(∞) A useful process, as we will see, is the VMA(∞)

Yt = µ+

∞∑
j=0

Cjεt−j (1)

If the sequence {Cj} is absolutely summable, i.e.
∑∞

j=0
|Cm,n,j| < ∞ ( for all m,n elements

of Cj), then the infinite sequence above generates a well defined (mean square convergent)

process. The autocovariances are

Γs =

∞∑
v=0

Cs+vΩC
′
v

for s = 0,1,2, .... That is they can be found by taking the limit of the autocovariance of an

MA(q).



Invertibility A MA(q) process defined by the equation Yt = C(L)εt is said to be invertible

is there exists a sequence of absolutely summable matrices of constants {Aj}∞j=0 such that∑∞
j=0

AjYt−j = εt.

Proposition A MA process defined by the equation Yt = C(L)εt is invertible if and only

if the determinant of C(L) vanishes only outside the unit circle, i.e. if det(C(z)) 6= 0 for all

|z| ≤ 1.

If the process is invertible it possesses a unique VAR representation (clear later on).

Example Consider the process (
Y1t

Y2t

)
=
(

1 L

0 θ − L

)(
ε1t

ε2t

)
det(C(z)) = θ − z which is zero for z = θ. Obviously the process is invertible if and only if

|θ| > 1.



Funamentalness The VMA is fundamental if and only if the det(C(z)) 6= 0 for all |z| < 1.

In the previous example the process is fundamental if and only if |θ| ≥ 1. In the case |θ| = 1

the process is fundamental but noninvertible.

Provided that |θ| > 1 the MA process can be inverted and the shock can be obtained as

a combination of present and past values of Yt. In fact(
1 − L

θ−L
0 1

θ−L

)(
Y1t

Y2t

)
=
(
ε1t

ε2t

)
Notice that for any noninvertible process with determinant that does not vanish on the unit

circle there is an invertible process with identical autocovariance structure.



Wold Decomposition Any zero-mean stationary vector process Yt admits the following

representation

Yt = C(L)εt + κt (2)

where C(L)εt is the stochastic component with C(L) =
∑∞

i=0
CiLi and κt the purely deter-

ministic component, the one perfectly predictable using linear combinations of past Yt.

If κt = 0 the process is said regular. Here we only consider regular processes.

(2) represents the Wold representation of Yt which is unique and for which the following

properties hold:

(a) εt is innovation for Yt, i.e. εt = Yt − Proj(Yt|Yt−1, Yt−1, ...).

(b) εt is White noise, Eεt = 0, Eεtε′τ = 0, for t 6= τ , Eεtε′t = Ω

(c) The coefficients are square summable
∑∞

j=0
C2
mn <∞ for all m,n.

(d) C0 = I

The result is very powerful since holds for any covariance stationary process.

However the theorem does not implies that (2) is the true representation of the process.

For instance the process could be stationary but non-linear or non-invertible.



Other fundamental MA(∞) Representations It is easy to extend the Wold representation

to the general class of fundamental MA(∞) representations. For any non singular matrix R

of constant we have

Yt = C(L)Rut

= D(L)ut

where ut ∼WN(0, R−1ΩR−1′) and ut = R−1εt.

Fundamentalness is ensured since ut is a linear combination of the Wold shocks. The

roots of the determinant of D(L) will coincide with those of C(L). In fact, det(C(L)R) =

det(C(L))det(R). Therefore if det(C(L)) 6= 0 ∀|z| < 1 so will det(C(L)R).



Impulse Response Functions

Impulse response functions represent the mechanisms through which shock spread over time.

Let us consider the Wold representation of a covariance stationary VAR(p),

Yt = C(L)εt

=

∞∑
i=0

Ciεt−i (3)

The matrix Cj has the interpretation

∂Yt

∂ε′t−j
= Cj (4)

or

∂Yt+j

∂ε′t
= Cj (5)

That is, the row i, column k element of Cj identifies the consequences of a unit increase in

the kth variable’s innovation at date t for the value of the ith variable at time t + j holding

all other innovation at all dates constant.



Example 1 Let us assume that the estimated matrix of VAR coefficients is

A =
(

0.8 0.1

−0.2 0.5

)
(6)

with eigenvalues 0.8562 and 0.4438. We generate impulse response functions of the Wold

representation

Cj = Aj

Figure 2: Impulse response functions



Example 2 Let us now assume that

A =
(

0.8 0

−0.2 0.5

)
(7)

with eigenvalues 0.8 and 0.5. Impulse response functions are plotted in the next figure

Figure 3.



Cumulated impulse response functions Suppose Yt is a vector of trending variables (i.e.

log prices and output) so we consider the first difference to reach stationarity. So the model

is

∆Yt = (1− L)Yt = C(L)εt
We know how to estimate, interpret, and conduct inference on C(L). But suppose we are

interested in the response of the levels of Yt rather than their first differences (the level of

and prices rather than their growth rates). How can we find these responses? We transform

the model

Yt = Yt−1 + C(L)εt
The effect of εt on Yt is C0. Now substituting forward we obtain

Yt+1 = Yt−1 + C(L)εt + C(L)εt+1

= Yt−1 + C0εt+1 + (C0 + C1)εt + ...

(8)

and for two periods ahead

Yt+2 = Yt−1 + C(L)εt + C(L)εt+1 + C(L)εt+2

= Yt−1 + C0εt+2 + (C0 + C1)εt+1 + (C0 + C1 + C2)εt...

(9)

so the effect of εt on Yt+1 are (C0 +C1) and on Yt+2 is (C0 +C1 +C2). In general the effects

of εt on Yt+j are

C̃j = C0 + C1 + ...+ Cj

defined as cumulated impulse response functions.



2 Reduced Forms VARs



2.1 Representations



The Vector Autoregressive (VAR) Representation

If the MA matrix of lag polynomials is invertible, then a unique VAR exists.

We define C(L)−1 as an (n × n) lag polynomial matrix such that C(L)−1C(L) = I. This

operation in effect converts lags of the errors into lags of the vector of dependent variables.

Thus we move from MA coefficient to VAR coefficients.

Define A(L) = C(L)−1. Then given the (invertible) matrix of MA coefficients, it is easy

to map these into the VAR coefficients:

Yt = C(L)εt

A(L)Yt = εt (10)

where A(L) = A0L0 −A1L1 −A2L2 − ... and Aj for all j are (n× n) matrices of coefficients.

To show that this matrix lag polynomial exists and how it maps into the coefficients in C(L),

note that by definition

(A0 −A1L
1 −A2L

2 − ...)(I + C1L
1 + C2L

2 + ...) = I



After distributing, the identity implies that coefficients on the lag operators must be zero,

which implies the following recursive solution for the VAR coefficients:

A0 = I

A1 = A0C1
...

As noted, the VAR is possibly of infinite order (i.e. infinite number of lags required to fully

represent joint density). In practice, the VAR is usually restricted for estimation by truncating

the lag-length.

The pth-order vector autoregression, denoted VAR(p) is given by

Yt = A1Yt−1 +A2Yt−2 + ...+ApYt−p + εt (11)

Note: Here we are considering zero mean processes. In case the mean of Yt is not zero we

should add a constant in the VAR equations.

Yt = c+A1Yt−1 +A2Yt−2 + ...+ApYt−p + εt (12)



Alternative representations: Any VAR(p)

Yt = c+A1Yt−1 +A2Yt−2 + ...+ApYt−p + εt (13)

can be rewritten as a VAR(1). To form a VAR(1) from the general model we define:

e′t = [ε′,0, ...,0], Y′t = [Y ′t , Y
′
t−1, ..., Y

′
t−p+1]

A =


A1 A2 ... Ap−1 Ap

In 0 ... 0 0

0 In ... 0 0
... . . . ...

0 ... ... In 0



c =


c1
...

cn

0
...

0


Therefore we can rewrite the VAR(p) as a VAR(1)

Yt = c + AYt−1 + et

This is also known as the companion form of the VAR(p)



Example: Suppose n = 2 and p = 2. The VAR will be(
y1t

y2t

)
=
(
c1

c2

)
+
(
a1

11 a1
12

a1
21 a1

22

)(
y1t−1

y2t−1

)
+
(
a2

11 a2
12

a2
21 a2

22

)(
y1t−2

x2t−2

)
+
(
ε1t

ε2t

)
We can rewrite the above model as y1t

y2t

y1t−1

y2t−1

 =

 c1

c2

0

0

+

 a1
11 a1

12 a2
11 a2

12

a1
21 a1

22 a2
21 a2

22

1 0 0 0

0 1 0 0


 y1t−1

y2t−1

y1t−2

x2t−2

+

 ε1t

ε2t

0

0


Setting

Yt =

 y1t

y2t

y1t−1

y2t−1

 , A =

 a1
11 a1

12 a2
11 a2

12

a1
21 a1

22 a2
21 a2

22

1 0 0 0

0 1 0 0

 , et =

 ε1t

ε2t

0

0

 , c =

 c1

c2

0

0


we obtain the previous VAR(1) representation.



The VAR(p) can be stacked as

Y = XΠ + u

where

• X = [X1, ..., XT ]′ is a T × (np+ 1) matrix

• Xt = [1, Y ′t−1, Y
′
t−2..., Y

′
t−p]

′ is a (np+ 1) vector,

• Y = [Y1, ..., YT ]′ a T × n matrix,

• u = [ε1, ..., εT ]′ a T × n vector

• Π = [cA1, ..., Ap]′ a (np+ 1)× n matrix of coefficients

Example Again for n = 2 p = 2 Xt =


1

Y1,t−1

Y2,t−1

Y1,t−2

Y2,t−2





Stationarity of a VAR

Stability and stationarity Consider the VAR(1)

Yt = c+AYt−1 + εt

Substituting backward we obtain

Yt = c+AYt−1 + εt

= c+A(c+AYt−2 + εt−1) + εt

= (I +A)c+A2Yt−2 +Aεt−1 + εt
...

Yt = (I +A+ ...+Aj−1)c+AjYt−j +

j−1∑
i=0

Aiεt−i

If all the eigenvalues of A (the elements of the diagonal matrix Λ) are smaller than one in

modulus then

1. Aj = PΛjP−1 → 0.

2. the sequence Ai, i = 0,1, ... is absolutely summable.

3. the infinite sum
∑j−1

i=0
Aiεt−i exists in mean square (by proposition C.10L);

4. (I +A+ ...+Aj)c→ (I −A)−1c and Aj → 0 as j goes to infinity.



Therefore if the eigenvalues are smaller than one in modulus then Yt has the following

representation

Yt = (I −A)−1c+

∞∑
i=0

Aiεt−i

Note that the the eigenvalues correspond to the reciprocal of the roots of the determinant

of A(z) = I −Az. A VAR(1) is called stable if

det(I −Az) 6= 0 for |z| ≤ 1.

For a VAR(p) the stability condition also requires that all the eigenvalues of A (the AR

matrix of the companion form of Yt) are smaller than one in modulus. Therefore we have

that a VAR(p) is called stable if

det(I −A1z −A2z
2 − ...−Apzp) 6= 0 for |z| ≤ 1.

A condition for stationarity: A stable VAR process is stationary.

Notice that the converse is not true. An unstable process can be stationary.



Example A stationary VAR(1)

Yt = AYt−1 + εt, A =
(

0.5 0.3

0.02 0.8

)
, Ω = E(εtε

′
t) =

(
1 0.3

0.3 .1

)
, λ =

(
0.81

0.48

)

Figure 1: Blu: Y1, green Y2.



From a VAR to the Wold Representation

Rewriting the VAR(p) as a VAR(1) it is particularly useful in order to find the Wold repre-

sentation of Yt.

We know how to find the MA(∞) representation of a stationary AR(1).

We can proceed similarly for the VAR(1). Substituting backward in the companion form we

have

Yt = AjYt−j + Aj−1et−j+1 + ...+ A1et−1 + et

If conditions for stationarity are satisfied, the series
∑∞

i=1
Aj converges and Yt has an VMA(∞)

representation in terms of the Wold shock et given by

Yt = (I −AL)−1et

=

∞∑
i=1

Ajet−j

= C(L)et

where C0 = A0 = I, C1 = A1,C2 = A2, ...,Ck = Ak. Cj will be the n× n uuper left matrix of

Cj.



2.2 Estimation



Conditional Likelihood

Let us condsider the VAR(p)

Yt = c+A1Yt−1 +A2Yt−2 + ...+ApYt−p + εt (14)

with εt ∼ i.i.dN(0,Ω). Suppose we have a sample of T + p observations for such variables.

Conditioning on the first p observations we can form the conditional likelihood

f(YT , YT−1, ..., Y1|Y0, Y−1, ..., Y−p+1, θ) (15)

where θ is a vector containing all the parameters of the model. We refer to (2) as ”condi-

tional likelihood function”.

The joint density of observations 1 through t conditioned on Y0, ..., Y−p+1 satisfies

f(Yt, Yt−1, ..., Y1|Y0, Y−1, ..., Y−p+1, θ) = f(Yt−1, ..., Y1|Y0, Y−1, ..., Y−p+1, θ)

×f(Yt|Yt−1, ..., Y1, Y0, Y−1, ..., Y−p+1, θ)

Applying the formula recursively, the likelihood for the full sample is the product of the

individual conditional densities

f(Yt, Yt−1, ..., Y1|Y0, Y−1, ..., Y−p+1, θ) =

T∏
t=1

f(Yt|Yt−1, Yt−2, ..., Y−p+1, θ) (16)



At each t, conditional on the values of Y through date t− 1

Yt|Yt−1, Yt−2, ..., Y−p+1 ∼ N(c+A1Yt−1 +A2Yt−2 + ...+ApYt−p,Ω)

Recall

Xt =


1

Yt−1

Yt−2
...

Yt−p


is an (np+1×1) vector and let Π′ = [c, A1, A2, ..., Ap] be an (n×np+1) matrix of coefficients.

Using this notation we have that

Yt|Yt−1, Yt−2, ..., Y−p+1 ∼ N(Π′Xt,Ω)

Thus the conditional density of the tth observation is

f(Yt|Yt−1, Yt−2, ..., Y−p+1, θ) = (2π)−n/2
∣∣Ω−1

∣∣1/2

exp
[
(−1/2)(Yt −Π′Xt)

′Ω−1(Yt −Π′Xt)
]

(17)

The sample log-likelihood is found by substituting (4) into (3) and taking logs

L(θ) =

T∑
t=1

logf(Yt|Yt−1, Yt−2, ..., Y−p+1, θ)

= −(Tn/2) log(2π) + (T/2) log |Ω−1|

(−1/2)

T∑
t=1

[
(Yt −Π′Xt)

′Ω−1(Yt −Π′Xt)
]

(18)



Maximum Likelihood Estimate (MLE) of Π

The MLE estimate of Π are given by

Π̂′ =

[
T∑
t=1

YtX
′
t

][
T∑
t=1

XtX
′
t

]−1

The jth row of Π̂′ is

π̂′j =

[
T∑
t=1

YjtX
′
t

][
T∑
t=1

XtX
′
t

]−1

which is the estimated coefficient vector from an OLS regression of Yjt on Xt. Thus the

MLE estimates for equation j are found by an OLS regression of Yjt on p lags of all the

variables in the system. Recall the SUR representation

Y = XΠ + u

The MLE estimator is given by

Π̂ = (X′X)−1X′Y



MLE of Ω

The MLE, or the value of Ω that maximizes the likelihood among the class of all positive

definite matrices is given by

Ω̂ = (1/T )

T∑
t=1

ε̂tε̂
′
t (19)



Number of Lags

As in the univariate case, care must be taken to account for all systematic dynamics in

multivariate models. In VAR models, this is usually done by choosing a sufficient number of

lags to ensure that the residuals in each of the equations are white noise.

AIC: Akaike information criterion Choosing the p that minimizes the following

AIC(p) = ln |Ω̂|+
2n2p

T

BIC: Bayesian information criterionChoosing the p that minimizes the following

BIC(p) = ln |Ω̂|+
n2p lnT

T

HQ: Hannan- Quinn information criterion Choosing the p that minimizes the following

HQ(p) = ln |Ω̂|+
2n2p ln lnT

T



p̂ obtained using BIC and HQ are consistent while with AIC it is not.

AIC overestimate the true order with positive probability and underestimate the true or-

der with zero probability.

Suppose a VAR(p) is fitted to Y1, ..., YT (Yt not necessarily stationary). In small sample

the following relations hold:

p̂BIC ≤ p̂AIC if T ≥ 8

p̂BIC ≤ p̂HQ for all T

p̂HQ ≤ p̂AIC if T ≥ 16



Error Bands for Impulse Response Functions

Method I: Asymptotic Hamilton (1994).

Method II: Bootstrap The idea behind bootstrapping (Runkle, 1987) is to obtain esti-

mates of the small sample distribution for the impulse response functions without assuming

that the shocks are Gaussian. Steps:

1. Estimate the VAR and save the π̂ and the fitted residuals {û1, û2, ..., ûT}.

2. Draw uniformly from {û1, û2, ..., ûT} and set ũ(1)
1 equal to the selected realization

and use this to construct

Y (1)
1 = Â1Y0 + Â2Y−1 + ...+ ÂpY−p+1 + ũ(1)

1 (20)

3. Taking a second draw (with replacement) ũ(1)
2 generate

Y (1)
2 = Â1Y

(1)
1 + Â2Y0 + ...+ ÂpY−p+2 + ũ(1)

2 (21)

4. Proceeding in this fashion generate a sample of length T {Y (1)
1 , Y (1)

2 , ..., Y (1)
T } and

use the sample to compute π̂(1) and the implied impulse response functions C(1)(L).

5. Repeat steps (3)−(4) M times and collect M realizations of C(l)(L), l = 1, ...M and

takes for all the elements of the impulse response functions and for all the horizons

the αth and 1− αth percentile to construct confidence bands.

Method III: Montecarlo As bootstrap but drawing the residuals from a normal distribution.



Example: A Monetary VAR with bootstrap bands

We estimate the standard monetary VAR which includes real output growth, the inflation

rate and the federal funds rate. These three variables are the core variables for monetary

policy analysis in VAR models. Data are taken from the St.Louis Fed FREDII database.



2.3 Granger Causality



Granger Causality

Granger causality If a scalar X cannot help in forecasting Y we say that X does not Granger

cause Y . X fails to Granger cause Y if for all s > 0 the mean squared error of a forecast of

Yt+s|t based on (Yt, Yt−1, ..., ) is the same as the MSE of a forecast of Yt+s based on (Yt, Yt−1, ..., )

and (Xt, Xt−1, ..., ).

Linear projection: multivariate case. Let Y be a n × 1 vector α an m × n matrix and

X an m× 1 vector. The linear projection is defined to be the vector α′Xt satisfying

E(Y − α′X)X ′ = 0′

Restricting the attention to linear functions, y fails to Granger-cause x if

MSE [P (Yt+s|Yt, Yt−1, ..., )] = MSE [P (Yt+s|Yt, Yt−1, ..., Xt, Xt−1, ..., )] (22)

Also we say that Y is exogenous in the time series sense with respect to X if (22) holds.



Granger Causality in Bivariate VAR

Let us consider a bivariate VAR(
Y1t

Y2t

)
=

(
A(1)

11 A(1)
12

A(1)
21 A(1)

22

)(
Y1t−1

Y2t−1

)
+
(
A(2)

11 A(2)
12

A(2)
21 A(2)

22

)(
Y1t−2

Y2t−2

)
+

+...+
(
A(p)

11 A(p)
12

A(p)
21 A(p)

22

)(
Y1t−p

Y2t−p

)
+
(
ε1t

ε2t

)
(23)

We say that Y2 fails to Granger cause Y1 if the elements A(j)
12 = 0 for j = 1, ..., p. We can

check that if A(j)
12 = 0 the two MSE coincide. For s = 1 we have

P (Y1t+1|Y1t, Y1t−1, ..., Y2t, Y2t−1) = A(1)
11 Y1t +A(1)

12 Y2t +A(2)
11 Y1t−1 +A(2)

12 Y2t−1 +

+...+A(p)
11 Y1t−p+1 +A(p)

12 Y2t−p+1

clearly if if A(j)
12 = 0

P (Y1t+1|Y1t, Y1t−1, ..., Y2t, Y2t−1) = A(1)
11 Y1t +A(2)

11 Y1t−1 + ...+A(p)
11 Y1t−p+1

= P̂ (Y1t+1|Y1t, Y1t−1, ...) (24)

Implication: if Y2 fails to Granger cause Y1 then the Wold representation of Yt is(
Y1t

Y2t

)
=

(
C11(L) 0

C21(L) C22(L)

)(
ε1t

ε2t

)
(25)

that is the second Wold shock has no effects on the first variable. This it is easy to show by

deriving the Wold representation by invertinG the VAR polynomial matrix.



Econometric test for Granger Causality

The simplest approach to test Granger causality in an autoregressive framework is to estimate

the bivariate VAR with p lags by OLS and test the null hypothesis H0 : A(1)
12 = A(2)

12 = ...A(p)
12 =

0 using

S1 =
(RSS0 −RSS1)/p

RSS1/(T − 2p− 1)
where RSS0 are the OLS residuals of the restricted model and RSS1 are those of the restricted

model and reject if S1 > F(α,p,T−2p−1).



Application 1: Money, Income and Causality, Sims (1972)

”It has long been known that money stock and current dollar measures of economic activity

are positively correlated.[...] A body of macro-economic theory, the ”Quantity Theory,”

explains these empirical observations as reflecting a causal relation running from money to

income. However, it is widely recognized that no degree of positive association between

money and income can by itself prove that variation in money causes variation in income.

Money might equally well react passively and very reliably to fluctuations in income.” Sims

(1972) ”Money, Income, and Causality” AER.



Application 1: Money, Income and Causality, Sims (1972)

Figure 5: Blu: nominal gnp growth rates; green: M1 growth rates.



Application 1: Money, Income and Causality, Sims (1972)

Table 2: F-Tests of Granger Causality
1959:II-1972:I 1959:II-2007:III

M → Y 4.4440 2.2699
Y →M 0.5695 3.5776

10% 2.0948 1.7071
5% 2.6123 1.9939
1% 3.8425 2.6187

In the first sample money Granger cause (at 5%) output but not the converse (Sims(72)’s

result). In the second sample at the 5% both output Granger cause money and money

Granger cause output.



Application 2: Output Growth and the Yield Curve

Many research papers have found that interest rate spread (difference in long and short yield)

has been a good predictor, i.e. a variable that helps to forecast, for the real GDP growth

in the US (Estrella, 2000,2005). Recessions are preceeded by sharp fall in the spread (short

increases compared to long rates).

⇒ The spread should Granger cause output growth.

However recent evidence suggests that its predictive power has reduced since the begin-

ning of the 80s (see D’Agostino, Giannone and Surico, 2006).

⇒ The spread should no longer cause output growth after mid 80’s .

We estimate a bivariate VAR for the growth rates of the real GDP and the difference between

the 10-year rate and the federal funds rate. Data are from FREDII StLouis Fed spanning

from 1954:III-2007:III. The AIC criterion suggests p = 6.



Application 2: Output Growth and the Yield Curve

Figure 6: Blu: real gdp growth rates; green: spread long-short.



Application 2: Output Growth and the Yield Curve

Table 1: F-Tests of Granger Causality
1954:IV-2007:III 1954:IV-1990:I 1990:I-2007:III

S1 5.4233 6.0047 0.9687
10% 1.8050 1.8222 1.8954
5% 2.1460 2.1725 2.2864
1% 2.8971 2.9508 3.1864

We cannot reject the hypothesis that the spread does not Granger cause real output growth

in the last period, while we reject the hypothesis for all the other sample. This can be

explained by a change in the information content of private agents expectations, which is the

information embedded in the yield curve.



Caveat: Granger Causality Tests and Forward Looking Behavior

Let us consider the following simple model of stock price determination where Pt is the price

of one share of a stock, Dt+1 are dividends payed at t+ 1 and r is the rate of return of the

stock

(1 + r)Pt = Et(Dt+1 + Pt+1)

According to the theory stock price incorporates the market’s best forecast of the present

value of the future dividends. Solving forward we have

Pt = Et

∞∑
j=1

[
1

1 + r

]j
Dt+j

Suppose

Dt = d+ ut + δut−1 + vt

where ut, vt are Gaussian WN and d is the mean dividend. The forecast of Dt+j based on this

information is

Et(Dt+j) =
{

d+ δut for j = 1
d for j = 2,3, ...

Substituting in the stock price equation we have

Pt = d/r + δut/(1 + r)



Thus the price is white noise and could not be forecast on the basis of lagged stock prices or

dividends. No series should Granger cause prices. The value of ut−1 can be uncovered from

the lagged stock price

δut−1 = (1 + r)Pt−1 − (1 + r)d/r

The bivariate VAR takes the form(
Pt

Dt

)
=

(
d/r

−d/r

)
+
(

0 0

(1 + r) 0

)(
Pt−1

Dt−1

)
+
(
δut/(1 + r)

ut + vt

)
(26)

Granger causation runs in the opposite direction from the true causation. Dividends fail to

Granger cause prices even though expected dividends are the only determinant of prices. On

the other hand prices Granger cause dividends even though this is not the case in the true

model.



2.4 Forecasting



Forecasting with VAR models

Let us consider the VAR(p) in companion form

Yt = AYt−1 + et (27)

where et is white noise. The h-step ahead linear predictor of Yt+h conditional on the infor-

mation available at time t, Yt+h|t, is given by

Yt+h|t = AhYt = AYt+h−1|t (28)

where the first n rows of Yt+h|t represent the optimal forecast of Yt+h. From (28) it is easy

to compute recursively the forecast for Yt+h at any horizon.

The predictor in the previous slide is optimal in the sense that, as we know, it delivers

the minimum MSE among those that are linear functions of Y .



Using

Yt+h = AhYt +

h−1∑
i=0

Aiet+h−i (29)

we get the forecast error

Yt+h −Yt+h|t =

h−1∑
i=0

Aiet+h−i (30)

From the forecast error it is easy to obtain the Mean Square Error, the covariance of the

forecast error,

MSE[Yt+h|t] = E
(
Yt+k −Yt+h|t

)
(Yt+k −Yt+h|t)

′ = Σ(h) =

h−1∑
i=0

AiΩAi′

= Σ(h− 1) + Ah−1ΩAh−1′

the MSE for will be the first upper left n×n matrix. Notice that the MSE is non decreasing

and that as h→∞ will approach the variance of Yt.



Application: Forecasting inflation and unemployment

D’Agostino Gambetti and Giannone (JAE 2012) consider a trivariate VAR(2) model including

inflation unemployment and the short term interest rate.

The sample spans from 1948:I-2007:IV. Forecast up to 12 quarters ahead.

Estimation is in real time and is made using both VAR and AR for each of the series.

Estimation is done both recursively snd with rolling window.







3. Structural VARs - Theory



Structural Vector Autoregressions

Impulse response functions are interpreted under the assumption that all the other shocks

are held constant. However in the Wold representation the shocks are not orthogonal. So

the assumption is not very realistic!.

This is why we need Structural VAR in order to perform policy analysis. Ideally we would

like to have

1) orthogonal shock

2) shocks with economic meaning (technology, demand, labor supply, monetary policy etc.)



Statistical Orthogonalizations

There are two easy way to orthogonalize shocks.

1) Cholesky decomposition

2) Spectral Decomposition



Cholesky decomposition Let us consider the matrix Ω. The Cholesky factor, S, of Ω is

defined as the unique lower triangular matrix such that SS′ = Ω. This implies that we can

rewrite the VAR in terms of orthogonal shocks η = S−1εt with identity covariance matrix

A(L)Yt = Sηt

Impulse response to orthogonalized shocks are found from the MA representation

Yt = C(L)Sηt

=

∞∑
j=0

CjSηt−j (31)

where CjS has the interpretation

∂Yt+j

∂ηt
= CjS (32)

That is, the row i, column k element of CjS identifies the consequences of a unit increase in

ηk at date t for the value of the ith variable at time t+ j holding all other η−k constant.



Spectral Decomposition Let V and be a matrix containing the eigenvectors of Ω and Λ a

diagonal matrix with the eigenvalues of Ω on the main diagonal. Then we have that V ΛV ′ =

Ω. This implies that we can rewrite the VAR in terms of orthogonal shocks ξ = (V Λ1/2)−1εt

with identity covariance matrix

A(L)Yt = V Λ1/2ξ

Impulse response to orthogonalized shocks are found from the MA representation

Yt = C(L)V Λ1/2ξt

=

∞∑
j=0

CjV Λ1/2ξt−j (33)

where CjV Λ1/2 has the interpretation

∂Yt+j

∂ξt
= CjV Λ1/2 (34)

That is, the row i, column k element of CjV Λ1/2 identifies the consequences of a unit increase

in ξk at date t for the value of the ith variable at time t+ j holding all other η−k constant.



The Class of Orthonormal Representations From the class of invertible MA representation

of Yt we can derive the class of orthonormal representation, i.e. the class of representations

of Yt in term of orthonormal shocks. Let H any orthogonal matrix, i.e. HH ′ = I. Defining

wt = (SH)−1εt we can recover the general class of the orthonormal representation of Yt

Yt = C(L)SHwt

= F (L)wt

where F (L) = C(L)SH and wt ∼WN with

E(wtw
′
t) = E(HS−1εtε

′
tS
−1′H ′)

= HS−1E(εtε
′
t)S
−1′H ′

= HS−1ΩS−1′H ′

= HS−1SS′(S′)−1H ′

= I

Problem H can be any, so how should we choose one?



The Identification Problem

Problem: what is the economic interpretation of the orthogonal shocks? What is the eco-

nomic information contained in the impulse response functions to orthogonal shocks?

Except for special cases not clear.

The idea is that structural economic shocks are linear combinations of the VAR innovations.

Identifying the VAR means fixing a particular matrix H, i.e. choosing one particular rep-

resentation of Yt in order to recover the structural shocks from the VAR innovations

In order to choose a matrix H we have to fix n(n − 1)/2 parameters since there is a to-

tal of n2 parameters and a total of n(n+ 1)/2 restrictions implied by orthonormality.

The idea is to use economic theory in order to derive some restrictions on the effects of

some shock on a particular variables to fix the remaining n(n− 1)/2.



Zero restrictions: contemporaneous restrictions An identification scheme based on zero

contemporaneous restrictions is a scheme which imposes restrictions to zero on the matrix

F0, the matrix of the impact effects.

Example. Let us consider a bivariate VAR. We have a total of n2 = 4 parameters to

fix. n(n + 1)/2 = 3 are pinned down by the ortnonormality restrictions so that there are

n(n− 1)/2 = 1 free parameters. Suppose that the theory tells us that shock 2 has no effect

on impact (contemporaneously) on Y1 equal to 0, that is F 12
0 = 0. This is the additional

restriction that allows us to identify the shocks. In particular we will have the following

restrictions:

HH ′ = I

S11H12 + S12H22 = 0

Since S12 = 0 the solution is H11 = H22 = 1 and H12 = H21 = 0.

A common identification scheme is the Cholesky scheme (like in this case). This implies

setting H = I. Such an identification scheme creates a recursive contemporaneous ordering

ordering among variables since S−1 is triangular.

This means that any variable in the vector Yt does not depend contemporanously on the

variables ordered after.

Results depend on the particular ordering of the variables.



Zero restrictions: long run restrictions An identification scheme based on zero long run

restrictions is a scheme which imposes restrictions on the matrix F (1) = F0 + F1 + F2 + ...,

the matrix of the long run coefficients.

Example. Again let us consider a bivariate VAR. We have a total of n2 = 4 parameters

to fix. n(n + 1)/2 = 3 are pinned down by the ortnonormality restrictions so that there are

n(n − 1)/2 = 1 free parameters. Suppose that the theory tells us that shock 2 does not

affect Y1 in the long run, i.e. F12(1) = 0. This is the additional restriction that allows us to

identify the shocks. In particular we will have the following restrictions:

HH ′ = I

D11(1)H12 +D12(1)H22 = 0

where D(1) = C(1)S represents the long run effects of the Cholesky shocks.



Signs restrictions The previous two examples yield just identification in the sense that the

shockis uniquely identified, there exists a unique matrix H yielding the structural shocks.

Sign identification is based on qualitative restriction involving the sign of some shocks on

some variables. In this case we will have sets of consistent impulse response functions.

Example. Again let us consider a bivariate VAR. We have a total of n2 = 4 parameters

to fix. n(n + 1)/2 = 3 are pinned down by the ortnonormality restrictions so that there are

n(n− 1)/2 = 1 free parameters. Suppose that the theory tells us that shock 2, which is the

interesting one, produce a positive effect on Y1 for k periods after the shock F 12
j > 0 for

j = 1, ..., k. We will have the following restrictions:

HH ′ = I

S11H12 + S12H22 > 0

Dj,12H12 +Dj,22H22 > 0 j = 1, ..., k

where Dj = CjS represents the effects at horizon j.

In a classical statistics approach this delivers not exact identification since there can be

many H consistent with such a restriction. That is for each parameter of the impulse re-

sponse functions we will have an admissible set of values.

Increasing the number of restrictions can be helpful in reducing the number of H consis-

tent with such restrictions.



Partial Identification In many cases we might be interested in identifying just a single shock

and not all the n shocks.

Since the shock are orthogonal we can also partially identify the model, i.e. fix just one

( or a subset of) column of H. In this case what we have to do is to fix n − 1 elements of

H, all but one elements of a column of the identifying matrix. The additional restriction is

provided by the norm of the vector equal one.

Example Suppose n = 3. We want to identify a single shock using the restriction that

such shock has no effects on the first variable on impact a positive effect on the second

variable and negative on the third variable.



Impulse Response Functions

Impulse response to identified shocks are found from the structural MA representation

Yt = C(L)SHwt

=

∞∑
j=0

CjSHwt−j (35)

where CjSH has the interpretation

∂Yt+j

∂wt
= CjSH (36)

That is, the row i, column k element of CjSH identifies the consequences of a unit increase

in wk at date t for the value of the ith variable at time t+ j.

Confidence bands can be obtained using the bootstrapping procedure described in lecture 3.

Now the additional step is that for any draw of the reduced form impulse response functions

we have to implement the identification scheme adopted.



Variance Decomposition

The second type of analysis which is usually done in SVAR is the variance decomposition

analysis.

The idea is to decompose the total variance of a time series into the percentages attributable

to each structural shock.

Variance decomposition analysis is useful in order to address questions like ”What are the

sources of the business cycle?” or ”Is the shock important for economic fluctuations?”.



Let us consider the MA representation of an identified SVAR

Yt = F (L)wt

The variance of Yit is given by

var(Yit) =

n∑
k=1

∞∑
j=0

F j2
ik var(wkt)

=

n∑
k=1

∞∑
j=0

F j2
ik

where
∑∞

j=0
F j2
ik is the variance of Yit generated by the kth shock. This implies that∑∞

j=0
F j2
ik∑n

k=1

∑∞
j=0

F j2
ik

is the percentage of variance of Yit explained by the kth shock.



It is also possible to study the of the series explained by the shock at different horizons, i.e.

short vs. long run. Consider the forecast error in terms of structural shocks. The horizon h

forecast error is given by

Yt+h − Yt+h|t = F0wt+1 + F2wt+2 + ...+ Fkwt+h

the variance of the forecast error is thus

var(Yt+h − Yt+h|t) =

n∑
k=1

h∑
j=0

F j2
ik var(wkt)

=

n∑
k=1

h∑
j=0

F j2
ik

Thus the percentage of variance of Yit explained by the kth shock is∑h

j=0
F j2
ik∑n

k=1

∑h

j=0
F j2
ik



4: Structural VARs - Applications



Monetary Policy Shocks (Christiano Eichenbaum and Evans, 1998)

Monetary policy shocks is the unexpected part of the equation for the monetary policy

instrument (St).

St = f(It) + wmpt

f(It) represents the systematic response of the monetary policy to economic conditions, It
is the information set at time t and wmpt is the monetary policy shock.

The ”standard” way to identify monetary policy shock is through zero contemporaneous

restrictions. Using the standard trivariate monetary VAR (a simplified version of the CEE 98

VAR) including output growth, inflation and the federal funds rate we identify the monetary

policy shock using the following restrictions:

1) Monetary policy shocks do not affect output within the same quarter

2) Monetary policy shocks do not affect inflation within the same quarter



These two restrictions are not sufficient to identify all the shocks but are sufficient to identify

the monetary policy shock.

A simple way to implement the restrictions is to take simply the Cholesky decomposition

of the variance covariance matrix in a system in which the federal funds rate is ordered last.

The last column of the impulse response functions is the column of the monetary policy

shock.



Cholesky impulse response functions of a system with GDP inflation and the federal funds

rate. Monetary shock is in the third column.



Notice that after a monetary tightening inflation goes up which is completely counterintuitive

according to the standard transmission mechanism. This phenomenon if known as the price

puzzle. Why is this the case?.

”Sims (1992) conjectured that prices appeared to rise after certain measures of a contrac-

tionary policy shock because those measures were based on specifications of It that did not

include information about future inflation that was available to the Fed. Put differently, the

conjecture is that policy shocks which are associated with substantial price puzzles are actu-

ally confounded with non-policy disturbances that signal future increases in prices.” (CEE 98)

Sims shows that including commodity prices (signaling future inflation increases) may solve

the puzzle.



Uhlig (2005) JME’s monetary policy shocks

Uhlig (2005 JME) proposes a very different method to identify monetary policy shocks. In-

stead of using zero restrictions as in CEE he uses sign restrictions.

He identifies the effects of a monetary policy shocks using restrictions which are implied

by several economic models.

In particular a contractionary monetary policy shock:

1. does not increase prices for k periods after the shock

2. does not increase money or monetary aggregates (i.e. reserves) for k periods after

the shock

3. does not reduce short term interest rate for k periods after the shock.



Since just one shock is identified only a column of H has to be identified, say column one.

If we order the variables in vector Yt as follows: GDP inflation, money growth and the

interest rate the restrictions imply F i1
k < 0 for i = 2,3 and F 41

k > 0.

In order to draw impulse response functions he applies the following algorithm:

1. He assumes that the column of H, H1, represents the coordinate of a point uniformly

distributed over the unit hypersphere (in case of bivariate VAR it represents a point

in a circle). To draw such point he draws from a N(0, I) and divide by the norm

of the vector.

2. Compute the impulse response functions CjSH1 for j=1,..,k.

3. If the draw satisfies the restrictions keep it and go to 1), otherwise discard it and

go to 1). Repeat 1)-3) a big number of timef L.



Source: What are the effects of a monetary policy shock... JME H. Uhlig (2006)



Source: What are the effects of a monetary policy shock... JME H. Uhlig (2006)



Source: What are the effects of a monetary policy shock... JME H. Uhlig (2006)



Source: What are the effects of a monetary policy shock... JME H. Uhlig (2006)



Monetary policy and housing

Central question: how does monetary policy affects house prices?

Jarocinski and Smets (2008) addresses this question.

Strategy:

1. Estimate a VAR nine variables (including: short term interest rate, interest rate

spread, housing investment share of GDP, real GDP, real consumption, real hours

prices, prices, commodity price index and a money indicator.

2. Identify the monetary policy shock using the restriction that the shock does not

affect prices and output contemporaneously but affect the short term interest rate,

the spread and the money stock and analyze the impulse response functions.

3. Shut down the identified shock and study the counterfactual path of housing prices

over time.



Source: Jarocinki and Smets (2008)



Source: Jarocinki and Smets (2008)



Source: Jarocinki and Smets (2008)



Blanchard Quah (1989) aggregate demand and supply shocks

Blanchard and Quah proposed an identification scheme based on long run restrictions.

In their model there are two shocks: an aggregate demand and an aggregate supply dis-

turbance.

The restriction used to identify is that aggregate demand shocks have no effects on the

long run levels of output, i.e. demand shocks are transitory on output. The idea behind of

such a restriction is the existence of a vertical aggregate supply curve.



Let us consider the following bivariate VAR(
∆Yt

Ut

)
=
(
F11(L) F12(L)

F21(L) F22(L)

)(
wst
wdt

)
where Yt is output, Ut is the unemployment rate and wst , w

d
t are two aggregate supply and

demand disturbances respectively.

The identification restriction is given by F12(1) = 0.

The restriction can be implemented in the following way. Let us consider the reduced form

VAR (
∆Yt

Ut

)
=
(
A11(L) A12(L)

A21(L) A22(L)

)(
ε1t

ε2t

)
where E(εtε′t) = Ω.



Let S = chol(A(1)ΩA(1)′) and K = A(1)−1S. The identified shocks are

wt = K−1εt

and the resulting impulse response to structural shocks are

F (L) = A(L)K

notice that the restrictions are satisfied

F (1) = A(1)K

= A(1)A(1)−1S

= S

which is lower triangular implying that F12(1) = 0.



Moreover we have that shocks are orthogonal since

KK ′ = A(1)−1SS′A(1)−1′ (37)

= A(1)−1A(1)ΩA(1)′A(1)−1′

= Ω

(38)

And

E(wtw
′
t) = E(K−1εtε

′
tK
−1′)

= K−1ΩK−1′

= K−1KK ′K−1′



Source: The Dynamic Effects of Aggregate Demand and Supply Disturbances, (AER) Blan-

chard and Quah (1989):



Source: The Dynamic Effects of Aggregate Demand and Supply Disturbances, (AER) Blan-

chard and Quah (1989):



Source: The Dynamic Effects of Aggregate Demand and Supply Disturbances, (AER) Blan-

chard and Quah (1989):



The technology shocks and hours debate

This is a nice example of how SVAR models can be used in order to distinguish among

competing models of the business cycles.

1) RBC technology important source of business cycles.

2) Other models (sticky prices) tech shocks not so important.

Response of hours worked very important in distinguish among theories

1) RBC hours increase.

2) Other hours fall



The model Technology shock: zt = zt−1 + ηt ηt = technology shock

Monetary Policy: mt = mt−1 + ξt + γηt where ξt = monetary policy shock.

Equilibrium:

∆xt =
(

1−
1

ϕ

)
∆ξt +

(
1− γ
ϕ

+ γ

)
ηt + (1− γ)

(
1−

1

ϕ

)
ηt−1

nt =
1

ϕ
ξt −

(1− γ)

ϕ
ηt

or (
∆xt

nt

)
=

((
1−γ
ϕ

+ γ
)

+ (1− γ)
(

1− 1
ϕ

)
L
(

1− 1
ϕ

)
(1− L)

−(1−γ)
ϕ

1
ϕ

)(
ηt

ξt

)
(39)

In the long run L = 1(
∆xt

nt

)
=

((
1−γ
ϕ

+ γ
)

+ (1− γ)
(

1− 1
ϕ

)
0

−(1−γ)
ϕ

1
ϕ

)(
ηt

ξt

)
(40)

that is only the technology shocks affects labor productivity.

Note the model prediction. If monetary policy is not completely accomodative γ < 1 then

the response of hours to a technology shock −(1−γ)
ϕ

is negative.



Source: What Happens After a Technology Shock?... Christiano Eichenbaum and Vigfusson

NBER WK (2003)



Source: What Happens After a Technology Shock?... Christiano Eichenbaum and Vigfusson

NBER WK (2003)



Source: What Happens After a Technology Shock?... Christiano Eichenbaum and Vigfusson

NBER WK (2003)



Source: Trend Breaks, Long-Run Restrictions, and Contractionary Technology Improve-

ments, JME John Fernald (2007)



Source: Trend Breaks, Long-Run Restrictions, and Contractionary Technology Improve-

ments, JME John Fernald (2007)



Source: Trend Breaks, Long-Run Restrictions, and Contractionary Technology Improve-

ments, JME John Fernald (2007)



The effects of government spending shocks

Understanding the effects of government spending shocks is important for policy authorities

but also to assess competing theories of the business cycle.

Keynesian theory: government spending, GDP, consumption and real wage ↑ , (because

of the government spending multiplier).

RBC theory: government spending ↑, but consumprion and the real weage ↓ because of

a negative wealth effect.

Disagreement from the empirical point of view.



Government spending shocks: Blanchard and Perotti (2002) BP (originally) use a VAR

for real per capita taxes, government spending, and GDP.

The shock is identified assuming that government spending does not react to taxes and

GDP contemporaneously, Cholesky identification with government spending ordered first.

The government spending shock is the first one (quadratic trend four lags).

When augmented with consumption consumption increases.

When augmented with investment, investment increases.

In a more recent version Perotti (2007) uses a larger VAR but the results are confirmed.

Consumption and real wage ↑ but investment ↓



Source: IDENTIFYING GOVERNMENT SPENDING SHOCKS: IT’S ALL IN THE TIMING

Valerie A. Ramey NBER Working Paper 15464 (2009)



Government spending shocks: Ramey and Shapiro (1998) Ramey and Shapiro (1998)

use a narrative approach to identify shocks to government spending.

Focus on episodes where Business Week suddenly forecast large rises in defense spend-

ing induced by major political events that were unrelated to the state of the U.S. economy

(exogenous episodes of government spending).

Three of such episodes: Korean War, The Vietnam War and the Carter-Reagan Buildup

+ 9/11.

The military date variable takes a value of unity in 1950:3, 1965:1, 1980:1, and 2001:3,

and zeros elsewhere.

To identify government spending shocks, the military date variable is embedded in the stan-

dard VAR, but ordered before the other variables.



Both methodologies have problems.

VARs: shocks are often anticipated (fiscal foresight shocks may be not invertible)

War Dummy: few observations, subjective, relies on the construction of an exogenous time

series.

Possible extensions.



News Shocks, Beaudry and Portier (AER 2006)

• Main idea back to Pigou and Keynes: news about future productivity growth can generate

business cycles since agents react to news by investing and consuming.

• Standard DSGE model have an hard time in generating these predictions because as agents

feel richer they consume more work less and invest less. Aggregate variables move in opposite

directions so news shocks cannot be the min source of fluctuations.

• BP uses a VECM for TFP and Stock prices plus other real variables to evaluate whether

news shocks, in the data, do generate sizable fluctuations.

• Benchmark model a VECM for TFP and SP.



• Two identification procedures:

1. Technology shocks is the only shock driving TFP in the long run.

2. News shocks raise stock prices on impact but not TFP (lagged adjustment.

• Main finding:

1. the two identified shocks are the same

2. such shocks generate positive comovment in consumption, investment, output and

hours (consistently with business cycles conmovements) and they explain a large

portion of the variance of these series.

• Conclusion: news shocks can generate business cycles.



Source: Beaudry and Portier (AER 2006)



Source: Beaudry and Portier (AER 2006)



Source: Beaudry and Portier (AER 2006)



Source: Beaudry and Portier (AER 2006)



5 Cointegration



Cointegration

Definitions

• I(1) variables. zt = (yt xt) is I(1) (integrated of order 1) if it is not stationary but its first

difference ∆zt is stationary.

It is easily seen that in general a linear combination of yt and xt is I(1). However, in

particular cases, it can be I(0), i.e. stationary.

Example 1: Common trends Consider for instance the case

yt = Tt + ct

xt = βTt + et

where Tt is a random walk process and ct , et are co-stationary. yt − axt is I(1) for a 6= 1/β

but is stationary for for a = 1/β .

• Cointegration. yt and xt are cointegrated of order 1 if and only if zt = (yt xt)′ is I(1)

and there is a linear combination yt − axt which is stationary. The vector α = (1 − a)′ such

that α′zt is stationary is called the cointegrating vector.



• Examples are: money-prices, consumption-GDP labor productivity- real wages.

• Example 2. Consider the following system

Y1t = γY2t + u1t

Y2t = Y2t−1 + u2t

where u1t, u2t are WN. It easy to see that both Y1t, Y2t are I(1) but the linear combination

Y1t − γY2t is I(0). Y1t, Y2t are cointegrated.

• Cointegration of n variables. The variables in Yt = (Y1t, ..., Ynt) are cointegrated if they

are jointly I(1) and there exist a non-zero vector α such that α′Yt ∼ I(0).



Implications of cointegration

Example 2 contd. Considering again the processes described in Example 2, by taking the

differences we have

∆Y1t = γu2t + u1t − u1t−1

∆Y2t = u2t

Let ε2t = u2t and ε1t = γu2t + u1t be the two forecast errors. Then

∆Yt = C(L)εt

where

C(L) =
(

1− L γ

0 1

)
The problem is that the matrix associated with the moving average operator for this process

C(z) has a root at unity

|C(1)| =
∣∣∣(1− 1 γ

0 1

)∣∣∣ = 0

implying that the MA representation is not invertible implying that no finite order VAR can

describe ∆Yt. This is the general problem raised by cointegration.



Error correction mechanism

• A well-known model in time series macroeconometrics is the so called Error-Correction

Mechanism (ECM):

A(L)∆Yt = βα′Yt−1 + εt (41)

Engle and Granger two-step testing procedure

• The simplest way to test for cointegration was suggested in Engle and Granger (1987):

1. estimate by OLS the regression equation

xt = b+ ayt + et

2. take the estimated residuals êt and test for stationarity by using the ADF test.

• Once the cointegrating vector has been estimated the remaining parameters can be esti-

mated with OLS using α̂′Yt−1



6.Large-N models: Factor Models and FAVAR



Motivation

• VARs include usually a small amount of variables (6-8 at most)

• Problem: agents usually use much more information than the one included in the VAR

to take decisions. Think of monetary policy authorities when deciding how to set the interest

rate.

• What happens in that case? Identified shocks are combinations of innovations with respect

to a wrong information set. So misleading impulse response analysis. An example: the price

puzzle.

• Hansen and Sargent (1980) show that when economic agents have mnore information

than that available to the econometrician (as may be in the case of VARs) a problem of

non-fundamentalness can arise.

• To overcome the problem we would like to extend the information used to identify economic

shocks. How? Two alternatives

1) Structural factors models

2) FAVAR models



Nonfundamentalness again Nonfundamentalness intuitively arises when economic agents

have more information than the econometrician.

In factor models, the possibility of using large information sets halps in aligning the in-

formation set of the economic agents and that of the econometrician.

There is also a technical reason why nonfundamentalness should not be considered a se-

rious threat in SFM. It will be clear later. So far it instructive to review the definition of

fundamentalness.



Definition Assume that the n-dimensional stochastic vector µt admits a moving average

representation

µt = K(L)vt

where K(L) is a n × q (q ≤ n) polynomial matrix and vt is a q × 1 white noise. The above

representation is fundamental if and only if the rank of K(L) is q for all z such that |z| < 1.

If it is fundamental all the fundamental WN vectors are linear transformations of vt.

If n = q (the SVAR case) if one root is smaller than one in absolute value the system is

non fundamental.

If n < q (the rectangular case) nonfundamentalness requires that there is a z smaller than

one in absolute value for which the rank of K(L) is smaller than q. But this requires that

there is a common root in all the q× q submatrices of K(L), which is a much more restrictive

condition.



Example To understand how large information can mitigate the nonfundamentalness problem

consider the two MA

Xt = (1 + 2L)εt Yt = Lεt

both are nonfundamental because the absolute root in the first is 0.5 and in the second is 0.

However the process

Zt = Xt − 2Yt = εt (42)

is obviously fundamental.



Limited Information: Economic Examples

Fiscal Foresight (Leeper Yang and Walker, 2008). The model is a standard growth

model with log preferences, inelastic labor supply and complete depreciation of capital. Log-

linearized equilibrium solution for the three state variables of the model is

kt = αkt−1 + at − (1− θ)(
τ

1− τ
)

∞∑
i=0

θiEtτ̂t+i+1

at = εA,t

τt = ετ,t−q

where kt is capital at is the technology shock and τt are taxes, ετ,t−q, εA,t are i.i.d. shocks to

taxes and technolgy, θ = αβ(1 − τ) < 1, where 0 < α < 1 is the 0 < β < 1, and 0 ≤ τ < 1 is

the steady state tax rate. q is the period of foresight; for instance is q = 1 agents observe a

shock which will affect taxes next period.

Let us consider the case when agents anticipate future tax changes. Suppose that q = 2.

The capital transition equation becomes

kt = αkt−1 + at − (1− θ)(
τ

1− τ
)(ετ,t−1 + θετ,t)



Suppose the econometrician wants to use data for capital and technology to estimate a VAR

in order to identify the fiscal shock. The solution of the model for the two variables is(
at

kt

)
=
(

0 1
−κ(L+θ)

1−αL
1

1−αL

)(
ετ,t

εA,t

)
= A1(L)εt (43)

where κ = (1− θ)(τ/(1− τ)), θ = αβ(1− τ). The determinant of A1(z) is κ(z+θ)
1−αz which is zero

for z = −θ.

This implies that the shock cannot be recovered using a VAR with data for capital and

technology.

Now suppose that the econometrician decides to use data for capital and taxes. The solution

of the model for the two variables is(
kt

τt

)
=
( −κ(L+θ)

1−αL
1

1−αL
L2 0

)(
ετ,t

εA,t

)
= A2(L)εt (44)

The determinant of A1(z) is z
1−αz which is zero for z = 0 meaning that the MA representation

is non-invertible and the shock non-fundamental for τt and kt. Again the shock cannot be

recovered using a VAR with data for capital and taxes.

If the shocks are nonfundamental then SVAR models are not useful for structural analy-

sis.

However if we consider the three variables(
at

kt

τt

)
=

(
0 1

−κ(L+θ)
1−αL

1
1−αL

L2 0

)(
ετ,t

εA,t

)
= A1(L)εt (45)

the system is fundamental.



News shocks.

Et

∞∑
t=0

βtCt,

where Ct is consumption and β is a discount factor, subject to the constraint

Ct + PtSt+1 = (Pt + θt)St,

where Pt is the price of a share, St is the number of shares and (Pt+θt)St is the total amount

of resources available at time t. The equilibrium value for asset prices is given by:

Pt = Et

∞∑
j=1

βjθt+j

Considering (1), the above equation can be solved to get the following structural MA repre-

sentation (
∆θt

∆Pt

)
=
(

L2 1
β2

1−β + βL β
1−β

)(
εt

ut

)
. (46)

The determinant is

−
β2

1− β
− βz +

β

1− β
z2

which vanishes for z = 1 and z = −β. As β < 1, the moving average is non invertible and the

two shocks ut and εt are non-fundamental for the variables ∆Pt and ∆θt.

Here the agents see the shocks. The econometrician only see the variables. In this case

not even a very forward-looking variable like stock prices conveys enough information to

recover the shock.



The role of information: introducing the factor model

To understand the role of information for fundamentalness, let us start from the ABCD

state-space representation of a macroeconomic equilibrium studied in Fernandez-Villaverde

et al., 2007:

st = Ast−1 +But (47)

χt = Cst−1 +Dut (48)

where χt = (χ1t χ2t · · · χnt)′, is an n-dimensional vector of macroeconomic variables; st is

an l-dimensional vector of “state” variables, l ≤ n; ut is a q-dimensional vector, q ≤ l, of

serially uncorrelated structural shocks, orthogonal to st−k, k = 1, . . . ,∞; A, B, C and D are

conformable matrices of parameters and B has a left inverse B−1 such that B−1B = Iq.



Observe that the macroeconomic shocks ut are linear combinations of present and lagged

states, since, pre-multiplying (47) by B−1 we get

ut = B−1st −B−1Ast−1. (49)

Equation (49) shows that the states contain enough information to recover the shocks, or,

in other words, that the shocks are always fundamental with respect to the states.

Substituting (49) into (48) and rearranging gives

χt = DB−1st + (C −DB−1A)st−1. (50)

Now let us assume that the econometrician observes xit = χit + ξit, ξit being a measurement

error (which can be zero) and define xt = (x1t x2t · · · xnt)′, ξt = (ξ1t ξ2t · · · ξnt)′. From

equation (50) it is seen that xt follows the factor model

xt = Λft + ξt, (51)

where Λ =
(
DB−1 C −DB−1A

)
and ft =

(
s′t s′t−1

)′
. Since the factors ft include the states,

the structural shocks are always fundamental with respect to the factors as long as the

macroeconomic equilibrium can be represented in the form (47)–(48).



The structural factor model (SFM)

Factor model have been originally introduced by Geweke (1977) and Sargent and Sims (1977).

They have been used mainly for forecasting.

An alternative to SVAR models for structural analysis is represented by Structural Factor

Models (SFM) (Forni, Lippi, Giannone and Rechlin, 2009, Stock and Watson, 2005).

The main difference with SVAR is represented by the fact that SFM can use a larger amount

of information (100/200 time series vs 6/8).



Information is important for several reasons:

1. Better characterize the shocks

2. Less likely to be subject of misspecification

3. Response of many potentially interesting variables can be studied

4. Nonfundamentalness is not an issue in these models.



The Model

We assume that the panel has the following representation

Xt = Anft + ξt, (52)

D(L)ft = εt (53)

εt = Rut

where

xt − a vector containing the n variables of the panel.

Anft − the common component.

ft − a vector containing r < n unobserved factors (static factors, here r=16).

ut − a vector containing q < r structural macro shocks (dynamic factors, here

q=4)).

R − a r × q matrix of coefficients.

D(L) − a r × r matrix of polynomials in the lag operator.

ξt − a vector of n idiosynchratic components (orthogonal to the common one,

poorly correlated in the cross-sectional dimension (the approximate factor model),

and capturing sector specific variations, non-US shocks or measurement errors).



From (1)-(2) We can derive the dynamic representation of the model (in terms of structural

shocks)

xt = B(L)ut + ξt (54)

where Bn(L) = AnD(L)−1R − a n×q matrix of impulse response functions to structural shocks.

Notice that the fact that q < r makes D(L)−1 a rectangular where the conditions for funda-

mentalness are those described before.



Identification

Bn(L) is identified up to an orthogonal (q×q) matrix H (such that HH ′ = I) since Bn(L)ut =

Cn(L)vt where Bn(L) = Cn(L)H and vt = H ′ut.

In this context identification consists in imposing economically-based restrictions on Bn(L)

to determine a particular H. This is the same as in VAR but restriction can be imposed on

a n× q matrix of responses.

In practice, given a matrix of nonstructural impulse response functions ˆCn(L) obtained as

described in the estimation one has to choosing H by imposing some restrictions on Bn(L).

Same types of restrictions used in VAR: Cholesky, long run, signs etc.



Consistent Estimator of impulse response functions

The estimation is performed as follows.

1. Given r̂, the static factors are estimated by means of the first r̂ ordinary principal

components of the variables in the data set. Let Γ̂x be the sample variance-

covariance matrix of the data: the estimated loading matrix Ân = (â′1â
′
2 · · · â′n)′ is the

n×r matrix having on the columns the normalized eigenvectors corresponding to the

first largest r̂ eigenvalues of Γ̂x, and the estimated factors are f̂t = Â′n(x1tx2t · · ·xnt)′.

2. Second, a VAR(p) is run with f̂t to get estimates of D(L) and the residuals εt, say

D̂(L) and ε̂t.

3. Now, let Γ̂ε be the sample variance-covariance matrix of ε̂t. Given q̂, let µ̂εj, j =

1, . . . , q̂, be the j-th eigenvalue of Γ̂ε, in decreasing order, M̂ the q × q diagonal

matrix with
√
µ̂εj as its (j, j) entry, K̂ the r × q matrix with the corresponding

normalized eigenvectors on the columns. Setting Ŝ = K̂M̂, the estimated matrix

of non-structural impulse response functions is

Ĉn(L) = ÂnD̂(L)−1Ŝ. (55)

4. Finally, Ĥ and b̂i(L) = ĉi(L)Ĥ i = 1, . . . , n are obtained by imposing the identification

restrictions on

B̂m(L) = Ĉm(L)Ĥ. (56)

Proposition 3 of FGLR states that b̂i(L), for a fixed i, is a consistent estimator of bi(L).



Inference

Confidence bands are obtained by a standard non-overlapping block bootstrap technique.

1. Let X = [xit] be the T × n matrix of data. Such matrix is partitioned into S sub-

matrices Xs (blocks), s = 1, . . . , S, of dimension τ × n, τ being the integer part of

T/S.

2. An integer hs between 1 and S is drawn randomly with reintroduction S times to

obtain the sequence h1, . . . , hS.

3. A new artificial sample of dimension τS×n is then generated as X∗ =
[
X ′h1

X ′h2
· · ·X ′hS

]′
and the corresponding impulse response functions are estimated.

4. A distribution of impulse response functions is obtained by repeating drawing and

estimation.



Determination of the number of factors

There are criteria available for the determination of the number of both static and dynamic

factors.

# of static factors r Bai and Ng (2002) proposed a set of consistent criteria to determine

the number of static factors. The idea is similar to the one behind information criteria to

determine the number of lags in VAR. The most common one is the ICp2(r). r should be

chosen in order to minimize

ICp2(r) = lnV (r, f̂t) + r

(
n+ T

nT

)
ln (Min(n, T )

where V (r, f̂t) is the sum of residuals (divided by (nT) from the regression of xi on the r

factors for all i,

V (r, f̂t) = min
A

N∑
i=1

T∑
t=1

(xit −Arif rt )2

# of dynamic factors q Bai and Ng (2007) based on the rank of the residual covariance

matrix.

Amengual and Watson (2008). Regress x on f̂t and apply Bai and Ng (2002) to the new

obtained residuals to study the number of dynamic factors.



Detecting nonfundamentalness in VAR

A strategy to detect nonfundamentalness in VAR is the following.

Suppose we want to know whether the past of q variables of interest, say xq in the panel are

sufficient to recover the structural shocks. That is if a VAR with these q variables can be used.

To test whether the shock is fundamental for xq we can calculate the roots of the asso-

ciated impulse response functions Cq(L) and check whether there are roots smaller than one

in modulus. If we find at least one this means that a VAR for xq cannot be used to estimate

the shock.



An application: Forni and Gambetti (2010, JME)

1. Motivation: standard theory of monetary policy predicts that after a contractionary

policy shock:

(a) Prices fall

(b) The real exchange rate immediately appreciates and then depreciates (overshoot-

ing theory)

2. With VAR puzzling results:

(a) Prices increase (price puzzle)

(b) The real exchange rate appreciates with a long delay (delayed overshooting

puzzle)

3. Here: we study the effects of monetary policy shocks whithin a SFM.

4. Why: information could be the key.

5. Main result: both of them solved IRF behave like theory predicts.



Data: 112 US monthly series from March 1973 to November 2007. Most series are those of

the Stock-Watson, we added a few real exchange rates and short-term interest rate spreads

between US and some foreign countries.

The monetary policy shock is identified by the following assumptions:

1 the monetary policy shock is orthogonal to all other structural shocks,

2 the monetary policy shock has no contemporaneous effect on prices and output

(Cholesky scheme).













FAVAR

• Very similar to factors models.

• Two main differences:

1. Same number of dynamic and static factors q = r.

2. Possibility of including observed factors in the VAR for the factors.



FAVAR and Monetary policy shocks - BBE

Bernanke Boivin and Eliasz (2002) use a FAVAR model to study the effects of a monetary

policy shock.

Xt consists of a panel of 120 monthly macroeconomic time series. The data span from

January 1959 through August 2001.

The federal funds rate is the only observable factor, Yt.

The model is estimated with 13 lags.

3 and 5 unobservable factors are used.

Identification of the monetary policy shock is achieved using a recursive ordering with the

federal funds rate is ordered last in the vector of factors and and interpreting the last shock

as the monetary policy one.

The ordering implies that all the other unobserved factors do not respond contempora-

neously to the mp shock.











No news in business cycle, Forni, Gambetti and Sala (2012)

– Beaudry and Portier (2006 AER) find news shocks are important for economic

fluctuations. Output, investment, consumtpion and hours positively comove and

the shocks explain a large fraction of the their variance.

– Use a VECM for TFPand stock prices.

– Standard model do not replicate the empirical finding since because of consumption

comove negatively with investment and hours.

– Big effort in building models where news shocks generate business cycles.



– Motivation: news shocks can give raise to nonfundamentalness (recall example at

the beginning).

– VAR models like Beaudry and Portier AER can have an hard time in estimating

news shocks.

– Here:

∗ Test whether the news shock is fundamental for TFP and stock prices, i.e. are

fundamental for the variable in BP

∗ Estimate the shocks using a FAVAR model.



– Data: 116 US quarterly series, covering the period 1959-I to 2007-IV.

– The news shock is identified imposing zero effect on TFP on impact and maximizing

the effect of the TFP in the long run. Idea: is a shock that takes time to have

effect on TFP but have important effects in the long run.

– Main results:

1. News shocks are nonfundamental for the BP variables

2. Explain little of the business cycle.

3. Impulse response functions in line with standard models.



2 variables (S1, S2: Beaudry and Portier, 2006) lags
S1 TFP adj. (93) Stock Prices (96) 5
S2 TFP (94) Stock Prices (96) 5

4 variables (S3, S4: Beaudry and Portier, 2006 - S5: Barsky and Sims, 2011)
S3 TFP adj. (93) Stock Prices (96) Consumption (11) Hours Worked (26) 5
S4 TFP (94) Stock Prices (96) Consumption (11) Hours Worked (26) 5
S5 TFP adj. (93) Output (5) Consumption (11) Hours Worked (26) 3

7 variables (S6: Barsky and Sims, 2011)
S6 TFP adj. (93) Output (5) Consumption (11) Hours Worked (26)

Stock Prices (96) Confidence (104) Inflation (71) 3

VAR specifications used to identify news shocks. Numbers in brackets correspond to the

series in the data appendix.



Principal components (from 1 to j)
spec lags 1 2 3 4 5 6 7 8 9 10

S1 2 0.17 0.36 0.11 0.06 0.10 0.10 0.07 0.11 0.15 0.07
4 0.37 0.19 0.04 0.06 0.10 0.03 0.06 0.09 0.12 0.02

S2 2 0.39 0.73 0.11 0.04 0.08 0.06 0.04 0.04 0.06 0.02
4 0.56 0.61 0.09 0.06 0.12 0.04 0.08 0.11 0.13 0.04

S3 2 0.05 0.05 0.04 0.08 0.14 0.09 0.12 0.16 0.19 0.26
4 0.20 0.09 0.07 0.20 0.12 0.08 0.08 0.10 0.12 0.21

S4 2 0.34 0.05 0.10 0.10 0.16 0.12 0.17 0.17 0.17 0.22
4 0.48 0.03 0.08 0.13 0.03 0.03 0.08 0.08 0.06 0.08

S5 2 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
4 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

S6 2 0.79 0.49 0.76 0.72 0.85 0.86 0.84 0.91 0.92 0.85
4 0.43 0.24 0.53 0.52 0.49 0.72 0.58 0.66 0.72 0.72

Results of the fundamentalness test described in Section ??. Each entry of the table reports

the p-value of the F -test in a regression of the news shock estimated using specifications S1 to

S6 on 2 and 4 lags of the first differences of the first j principal components, j = 1, . . . ,10.

The news shock is identified as the shock that does not move TFP on impact and (for

specifications from S3 to S6) has maximal effect on TFP at horizon 60.















FAVAR and Disaggregated prices response - BGM

• Boivin Giannoni and Mihov in ”Sticky Prices and Monetary Policy: Evidence from Disag-

gregated U.S. Data” study the response of disaggregate prices to monetary policy.

• Important because assessing of the speed of price adjustment is crucial to discriminate

among competing models of business cycle (flexible vs sticky prices models).

• They asses the relative importance in disaggregated U.S. consumer and producer of aggre-

gate macroeconomic factors and sectorial conditions.



Main results

1. Most of the fluctuations in disaggregated inflations are due to sector-specific fac-

tors. (only 15% due to macroeconomic factors).

2. Very little variations of most prices for several months after the shock. Very sluggish

response to aggregate macroeconomic shocks such as monetary policy shocks.

3. The above can explain why, at the disaggregated level, individual prices are found

to be adjusted relatively frequently, while in aggregate data estimates of the degree

of price rigidity are much higher.

Implication. This might explain why models that assume considerable price stickiness have

been successful.











7 Time-Varying Coefficients VAR



Motivation

• Economies and economic dynamics are evolving over-time.

• Parameters constancy probably not a too good idea.

• Better idea: allowing model dynamics to also vary over-time.

• Several ways to do it:

– More or less smooth regime switches.

– Continuously varying parameters

• Here we focus on the second.



The Model

Time-varying coefficients VAR (TVC-VAR) represent a generalization of VAR models in

which the coefficients are allowed to change over time. Let Yt be a vector of time series.

We assume that Yt satisfies

Yt = A0,t +A1,tYt−1 + ...+Ap,tYt−p + εt (57)

where εt is a Gaussian white noise with zero mean and time-varying covariance matrix Σt.

Let At = [A0,t, A1,t..., Ap,t], and θt = vec(A′t), where vec(·) is the column stacking operator. We

postulate

θt = θt−1 + ωt (58)

where ωt is a Gaussian white noise with zero mean and covariance Ω.

Let Σt = FtDtF ′t , where Ft is lower triangular, with ones on the main diagonal, and Dt a

diagonal matrix. Let σt be the vector of the diagonal elements of D1/2
t and φi,t, i = 1, ..., n−1

the column vector formed by the non-zero and non-one elements of the (i + 1)-th row of

F−1
t . We assume that

logσt = logσt−1 + ξt (59)

φi,t = φi,t−1 + ψi,t (60)

where ξt and ψi,t are Gaussian white noises with zero mean and covariance matrix Ξ and Ψi,

respectively.

Let φt = [φ′1,t, . . . , φ
′
n−1,t], ψt = [ψ′1,t, . . . , ψ

′
n−1,t], and Ψ be the covariance matrix of ψt. We

assume that ψi,t is independent of ψj,t, for j 6= i, and that ξt, ψt, ωt, εt are mutually

uncorrelated at all leads and lags.



Time-varying dynamics

A characteristic of the TVC-VAR is that impulse response functions and the second moments

(variances and covariances) are time varying meaning that the effects and the contributions

of a shock may change over time.

Example: TVC-VAR(1). consider the model

Yt = AtYt−1 + εt (61)

Ask: (i) what are the impulse response functions (effects of a shock)? (ii) and what is the

variance of the process?

IRF measure the effects of a shock occurring today (time t) on future (t + j) time series.

Substituting forward we obtain

Yt+1 = At+1AtYt−1 +At+1εt + εt+1

Yt+2 = At+2At+1AtYt−1 +At+2At+1εt +At+1εt+1 + εt+2

Yt+k = At+k...At+1AtYt−1 +At+k...At+2At+1εt + ...+ 1εt+k

so the collection (At+k...At+2At+1), (At+k−1...At+2At+1), ..., (At+2At+1), At+1, I represent the im-

pulse response functions of εt. Clearly these will be different for εt−k.



Note that if we ignore variations in future coefficients impulse response functions reduce to

Akt , A
k−1
t , ..., At, I. That means that if we ignore future uncertainty in the parameters, the

vector of time series, if stationarity condition are satisfied for every t, can be inverted at

every t and

Yt = Ct(L)εt
where Ct(L) = I + C1tL+ C2tL2 + ... and Ckt = Akt .

Identifcation is similar to the fixed coefficients case. The difference is that both the Cholesky

factor and the rotation matrix will be time varying St and Ht respectively. The structural

model is

Yt = Ct(L)StHtwt

Also the variance and the other second moments will be time varying. In fact the variance

of the process at time t will be given by

V art(Yt) =

∞∑
j=0

AjtΩA
′j
t

Given that impulse response functions and the variance are time varying the contribution of

each shock may change over time.



Estimation

• The easiest way to estimate the model is by using Bayesian MCMC methods, specifically

the Gibbs sampler.

• Objective: we want to draws of the coefficients from the posterior distribution.

• The posterior distribution is unknown. What is known are the conditional posteriors so we

can draw from

1. p(σT |xT , θT , φT ,Ω,Ξ,Ψ)

2. p(φT |xT , θT , σT ,Ω,Ξ,Ψ)

3. p(θT |xT , σT , φT ,Ω,Ξ,Ψ)

4. p(Ω|xT , θT , σT , φT ,Ξ,Ψ)

5. p(Ξ|xT , θT , σT , φT ,Ω,Ψ)

6. p(Ψ|xT , θT , σT , φT ,Ω,Ξ)

• After a large number N the draws obtained are draws from the joint posterior.

• The objects of interests (IRF, variance decomposition, etc.) can be computed from the

draws obtained.



Application 1: Cogley and Sargent (2002) on unemployment-inflation

dynamics)

• Very important paper. The first paper using a version of the model seen above.

• Aim: to provide evidence about the evolution of measures of the persistence of infla-

tion, prospective long-horizon forecasts (means) of inflation and unemployment, statistics

for a version of a Taylor rule.

• VAR for inflation, unemployment and the real interest rate.

• Main results: long-run mean, persistence and variance of inflation have changed. The

Taylor principle was violated before Volcker (pre-1980). Monetary policy too loose.



T. Cogley and T.J. Sargent, (2002). ”Evolving Post-World War II U.S. Inflation Dynamics,”

NBER Macroeconomics Annual 2001, Volume 16, pages 331-388.
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Application 2: Primiceri (2005, ReStud) on monetary policy

• Very important paper: the first paper adding stochastic volatility.

• The paper studies changes in the monetary policy in the US over the postwar period.

• VAR for inflation, unemployment and the real interest rate.

• Main results:

– systematic responses of the interest rate to inflation and unemployment exhibit a

trend toward a more aggressive behavior,

– this has had a negligible effect on the rest of the economy



Source: G. Primiceri ”Time Varying Structural Vector Autoregressions and Monetary Policy”,

The Review of Economic Studies, 72, July 2005, pp. 821-852
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Application 3: Gali and Gambetti (2009, AEJ-Macro) on the Great

Moderation

Sharp reduction in the volatility of US output growth starting from mid 80’s.

Kim and Nelson, (REStat, 99).

McConnel and Perez-Quiros, (AER, 00).

Blanchard and Simon, (BPEA 01).

Stock and Watson (NBER MA 02, JEEA 05).







The literature has provided three different explanations

1. Strong good luck hypothesis⇒ same reduction in the variance of all shocks (Ahmed,

Levin and Wilson, 2002).

2. Weak good luck hypotesis ⇒ reduction of the variance of some shocks (Arias,

Hansen and Ohanian, 2006, Justiniano and Primiceri, 2005).

3. Structural change hypothesis ⇒ policy or non-policy changes (monetary policy,

inventories management).



Gali and Gambetti (2009, AEJM) using this class of model try to assess the causes of this

reduction in volatility

Idea of the paper very simple. Exploit different implications in terms of conditional and

unconditional second moments of the different explanations.

1. Strong good luck hypothesis ⇒ scaling down of all shocks variances, no change in

conditional (to a specific shock) and unconditional correlations.

2. Weak good luck hypotesis ⇒ change in the pattern of unconditional correlations,

no change in conditional correlations.

3. Structural change hypothesis ⇒ changes in both unconditional and conditional

correlations.

Estimate a TVC-VAR for labor productivity growth and hours worked identify a technology

and non-technology shock and study model implied second moments.



Standard deviation of output growth



Unconditional moments: correlation of hours and labor productivity growth



Technology and non-technology components of output growth volatility



Non technology shock: variance decomposition of output growth



Non technology shock: labor productivity response

Non technology shock: hours response



Application 4: D’Agostino Gambetti and Giannone (forthcoming

JAE) on the forecasting

• D’Agostino Gambetti and Giannone (JAE forthcoming) consider whether time-variations

can improve upon the forecast made with standard VAR models.

• The result is not trivial: time variations helpful but quite high number of parameter could

worsen the forecasts.

• The sample spans from 1948:I-2007:IV. Forecast up to 12 quarters ahead.

• Estimation is in real time.







TVAR and STVAR


