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Description

This is an introductory 40-hours course in Time Series Analysis with applications in macroeconomics.

Goal of the course

The main objective of the course is to provide the students with the knowledge of a comprehensive

set of tools necessary for empirical research with time series data.
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1. INTRODUCTION
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1 What does a macroeconometrican do?

”Macroeconometricians do four things: describe and summarize macroeconomic data, make macroe-

conomic forecasts, quantify what we do or do not know about the true structure of the macroeconomy,

and advise (and sometimes become) macroeconomic policymakers.” Stock and Watson, JEP, 2001.

Except advising and becoming policymakers, this is what we are going to do in this course.

7



2 Difference equations and the lag operator

• The lag operator L maps a sequence {xt} into a sequence {yt} such that yt = Lxt = xt−1, for all t.

• It can be applied repeatedly on a process, for instance L(L(Lxt)) = L3xt = xt−3.

• If we apply L to a constant c, Lc = c.

• Inversion: L−1 is the inverse of L, L−1 = xt+1. It is such that L−1(L)xt = xt.

• The lag operator and multiplication operator are commutative L(βxt) = βLxt (β a constant).

• The lag operator is distributive over the addition operator L(xt + wt) = Lxt + Lwt

• Polynomials in the lag operator:

α(L) = α0 + α1L + α2L
2 + ... + αpL

p

is a polynomial in the lag operator of order p and is such that

α(L)xt = α0xt + α1xt−1 + ... + αpxt−p

with αi (i = 1, ..., p) constant.
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• Absolutely summable (one-sided) filters. Let {αj}∞j=0 be a sequence of absolutely summable coef-

ficients, i.e.
∑∞

j=0 |αj| <∞. We define the filter

α(L) = α0 + α1L + α2L
2 + ...

which gives

α(L)xt = α0xt + α1xt−1 + α2xt−2 + ...

• Square summable (one-sided) filters. Let {αj}∞j=0 be a sequence of square summable coefficients,

i.e.
∑∞

j=0 α
2
j <∞. We define the filter

α(L) = α0 + α1L + α2L
2 + ...

which gives

α(L)xt = α0xt + α1xt−1 + α2xt−2 + ...

• α(0) = α0.

• α(1) = α0 + α1 + α2 + ....

• α(L)(bxt + cwt) = α(L)bxt + α(L)cwt.

• α(L)xt + β(L)xt = (α(L) + β(L))xt.
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• α(L)[β(L)xt] = β(L)[α(L)xt].

• Polynomials factorization: consider

α(L) = 1 + α1L + α2L
2 + ... + αpL

p

Then

α(L) = (1− λ1L)(1− λ1L)...(1− λpL)

where λi (i = 1, ..., p) are the reciprocals of the roots of the polynomial in L.

• Lag polynomials can also be inverted. For a polynomial φ(L), we are looking for the values of

the coefficients αi of φ(L)−1 = α0 + α1L + α2L
2 + ... such that φ(L)−1φ(L) = 1.

Example: p = 1. Let φ(L) = (1− φL) with |φ| < 1. To find the inverse write

(1− φL)(α0 + α1L + α2L
2 + ...) = 1

note that all the coefficients of the non-zero powers of L must be equal to zero. So This gives

α0 = 1

−φ + α1 = 0 ⇒ α1 = φ

−φα1 + α2 = 0 ⇒ α2 = φ2

−φα2 + α3 = 0 ⇒ α3 = φ3

10



and so on. In general αk = φk, so (1− φL)−1 =
∑∞

j=0 φ
jLj provided that |φ| < 1.

It is easy to check this because

(1− φL)(1 + φL + φ2L2 + ... + φkLk) = 1− φk+1Lk+1

so

(1 + φL + φ2L2 + ... + φkLk) =
1− φk+1Lk+1

(1− φL)

and
∑k

j=0 φ
jLj → 1

(1−φL) as k →∞.

• Notice that
1

1− φL
= − (φL)−1

1− (φL)−1
= −1

φ
L−1

[
1 +

1

φ
L−1 +

1

φ2
L−2 + ...

]
and when applied to xt

− (φL)−1

1− (φL)−1
xt = −

(
1

φ
xt+1 +

1

φ2
xt+2 +

1

φ3
xt+3 + ...

)
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2.1 First order difference equation

Consider the dynamic equation

yt = µ + φyt−1 + wt (1)

or using the lag operator

(1− φL)yt = wt

where |φ| < 1 and {wj}∞−∞ is a bounded sequence. A solution, the particular solution, to (1) is

yt = (1− φL)−1µ + (1− φL)−1wt

=
µ

1− φ
+ wt + φwt−1 + φ2wt−2 + ...

=
µ

1− φ
+

∞∑
j=0

φjwt−j (2)

However for a constant c also to following is a solution, the general solution to (1)

yt =
µ

1− φ
+ (1− φL)−1wt + cφt

=
µ

1− φ
+

∞∑
j=0

φjwt−j + cφt (3)

It is easy to see that if we multiply both side by 1− φL we obtain (1) since

(1− φL)cφt = cφt − cφφt−1 = 0
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However (2) is the only solution which maps {wj}∞−∞ into a bounded sequence {yj}∞−∞ since (3)

diverges for t→ −∞. When |φ| < 1 the equation is said to be stable.

If |φ| > 1 then the particular solution mapping bounded sequence {wj}∞−∞ into a bounded sequence

{yj}∞−∞ is

yt = (1− φL)−1µ + (1− φL)−1wt

=
µ

1− φ
+−1

φ
wt+1 −

1

φ2
wt+2 − ...

=
µ

1− φ
−
∞∑
j=0

1

φj+1
wt+j+1

The general solution is

yt =
µ

1− φ
−
∞∑
j=0

1

φj+1
wt+j+1 + cφt

which is unbounded as t→∞.
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3 Time series as stochastic processes

Stochastic process. A stochastic process is a family of random variables {Xt, t ∈ T} defined on a

probability space.

The index set T is a set of time points. Often T is {0,±1,±2, ...}, {0, 1, 2, ...}, (discrete) or (−∞, )
(continuous).

For a fixed ω, X.(ω) is a realization of the process. On the other hand, for fixed t, Xt(.) is just

a random variable.

Time series. A time series is part of a realization of a stochastic process

Example 1 (from J. Gonzalo) Let the index set be T = {1, 2, 3} and let the space of outcomes Ω

be the possible outcomes associated with tossing one dice:

Ω = 1, 2, 3, 4, 5, 6

Define Xt = t + [value on dice]2t. Therefore for a particular ω, say ω = 3, the realization or path

would be (10, 20, 30), and this stochastic process has 6 different possible realizations (associated to

each of the values of the dice).
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3.1 Stationarity

This course will mainly focus on stationary processes. There are two definitions of stationarity: strict

and weak (or second order).

Strict Stationarity The time series Xt is said to be strictly stationary if the joint distributions of

(Xt1, ....Xtk)
′ and (Xt1+h, ....Xtk+h)

′ are the same for all positive integers for all t1, ..., tk, h ∈ Z.

Interpretation: This means that the graphs over two equal-length time intervals of a realization

of the time series should exhibit similar statistical characteristics.

In order to define the concept of weak stationarity we first need to introduce the concept of au-

tocovariance function. This function is a measure of dependence between elements of the sequence

Xt.

The autocovariance function If Xt is a process such that V ar(Xt) < ∞ for each t ∈ T , then

the autocovariance function γt(r, s) of Xt is defined by

γ(r, s) = Cov(Xr, Xs) = E[(Xr − E(Xr))(Xs − E(Xs))], (4)
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Weak Stationarity The time series Xt is said to be weakly stationary if

(i) E|Xt|2 <∞ for all t.

(ii) E(Xt) = µ for all t.

(iii) γ(r, s) = γ(r + t, s + t) for all t, r, s.

In summary: weak stationarity means that the mean, the variance are finite and constant and that

the autocovariance function only depends on h, the distance between observations.

If γ(.) is the autocovariance function of a stationary process, then it satisfies

(i) γ(0) ≥ 0.

(ii) |γ(h)| ≤ γ(0) for all h ∈ Z.

(iii) γ(−h) = γ(h) for all h ∈ Z

Autocorrelation function, ACF For a stationary process Xt, the autocorrelation function at lag

h is defined as

ρ(h) =
γ(h)

γ(0)
= Corr(Xt+h, Xt) for all t, h ∈ Z.

20



Partial autocorrelation function (PACF). The partial autocorrelation α(.) of a stationary time

series is defined by

α(1) = Corr(X2, X1) = ρ(1)

and

α(k) = Corr(Xk+1 − P (Xk+1|1, X2, ..., Xk), X1 − P (X1|1, X2, ..., Xk)) fork ≥ 2

An equivalent definition is that the kth partial autocorrelation α(k) is defined as the last coefficient

in the linear projection of Yt on its k most recent values.

Yt = α
(k)
1 Yt−1 + α

(k)
2 Yt−2 + ... + α

(k)
k Yt−k + εt

α(k) = α
(k)
k .

Strict stationarity implies weak stationarity, provided the first and second moments of the vari-

ables exist, but the converse of this statement is not true in general.

There is an one important case where both concepts of stationary are equivalent.

Gaussian Time series The process Xt is a Gaussian time series if and only if the joint den-

sity of (Xt1, ..., Xtn)′ is Gaussian for all t1, t2, ..., tn

If Xt is a stationary Gaussian time series, then it is also strictly stationary, since for all n = {1, 2, ...}
and for all h, t1, t2, ... ∈ Z, the random vectors (Xt1, ..., Xtn)′, and (Xt1+h, ..., Xtn+h)

′ have the same

mean, and covariance matrix, and hence they have the same distribution.
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3.2 Ergodicity

Consider a stationary stochastic Xt, with E(Xt) = µ for all t. Assume that we are interested in

estimating µ. The standard approach for estimating the mean of a single random variable consists of

computing its sample mean

X̄ = (1/N)

N∑
i=1

X
(i)
t

(we call this ensemble average) where the Xi’s are different realizations of the variable Xt.

When working in a laboratory, one could generate different observations for the variable Xt un-

der identical conditions.

However, when analyzing economic variables over time, we can only observe a unique realization

of each of the random variable Xt so that it is not possible to estimate µ by computing the above

average.

However, we can compute a time average

X̄ = (1/T )

T∑
t=1

Xt

Whether time averages converge to the same limit as the ensemble average, E(Xt), hast to do with

the concept of Ergodicity.
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Ergodicity for the mean A covariance stationary process Xt is said to be ergodic for the mean if

X̄ = (1/T )
∑T

t=1X
(i)
t converges in probability to E(Xt) as T gets large.

Ergodicity for the second moments A covariance stationary process is said to be ergodic for

the second moments if

[1/(T − j)]
T∑

t=j+1

(Xt − µ)(Xt−j − µ)
p→ γj

Important result: A sufficient condition for ergodicity in mean of a stationary process is that∑∞
j=0 |γ(j)| < ∞. If the process is also Gaussian then the above condition also implies ergodic-

ity for all the higher moments.

For many applications, ergodicity and stationarity turn out to amount for the same requirements.

However, we present now an example of a stationary process that is not ergodic.
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Example Consider the following process. y0 = u0 with u0 ∼ N(0, σ2) and yt = yt−1 for t = 1, 2, 3, ....

It easy to see that the process is stationary. In fact

E(yt) = 0, E(y2t ) = σ2, E(yt−j, yt−i) = σ2, i 6= j

However

(1/T )

T∑
t=1

yt = (1/T )

T∑
t=1

u0 = u0 6= 0
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3.3 Some processes

iid sequences The sequence εt is i.i.d with zero mean and variance σ2 , written ε ∼ iid(0, σ2), (inde-

pendent and identically distributed) if all the variables are independent and share the same univariate

distribution.

Clearly, an iid sequence is strictly stationary and provided the first and second order moments exist,

it is also weak stationary.

White noise The process εt is called white noise, written εt ∼ WN(0, σ2) if it is weakly station-

ary with E(εt) = 0 and autocovariance function γ(0) = σ2 and γ(h) = 0 for h 6= 0.

Note that an i.i.d sequence with zero mean and variance σ2 is also white noise. The converse is

not true in general.

Martingale difference sequence, m.d.s. A process εt, with E(εt) = 0 is called a martingale differ-

ence sequence if

E(εt|εt−1, εt−2...) = 0, t = 2, 3, ...

Note that if the m.d.s is also stationary iid⇒ m.d.s⇒ WN . However a WN does not implies m.d.s

since the process could be uncorrelated but nonlinearly predictable from its past.
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Random Walk Consider the process

yt = yt−1 + ut, t = 0, 1, ...

where u is a WN(0, σ2) and y0 fixed. Substituting backward

yt = y0 + u1 + u2 + ... + ut−2 + ut−1 + ut

It is easy to see that E(yt) = y0. Moreover the variance is

γ(t, t) =

 t∑
j=1

Euj

2

= tσ2

and

γ(t, t− h) = E

 t∑
j=1

uj

t−h∑
k=1

uj


=

t−h∑
k=1

E(u2k)

= (t− h)σ2

The autocorrelation is

ρ(t, t− h) =
(t− h)σ2

(tσ2(t− h)σ2)1/2
=

(
1− h

t

)1/2
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4 Linear projections

Let Xt be a (k)× 1 vector of variables, with non-singular variance-covariance matrix and let Yt be a

variable. Consider the linear functions of Xt

P (Yt|X1t, ..., Xkt) = β′Xt (5)

satisfying

E[(Yt − β′Xt)X
′
t] = 0′

Then (5) is the linear projection of Yt onto Xt and β is the projection coefficient satisfying

β′ = E(YtX
′
t)[E(XtX

′
t)]
−1

The linear projection has the following properties

1. If E(Yt|Xt) = β′Xt, then E(Yt|Xt) = P (Yt|Xt) .

2. P (aZt + bYt|Xt) = aP (Zt|Xt) + bP (Yt|Xt)

4. P (Yt|Xt) = P (P (Yt|Xt, Zt)|Xt)
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5 Moments estimation

The sample mean is the natural estimator for the expected value of a process.

The sample mean of Y1, Y2, ..., YT is defined as

ȲT = (1/T )

T∑
t=1

Yt

The sample autocovariance of Y1, Y2, ..., YT is defined as

γ̂(j) = (1/T )

T∑
t=j+1

(Yt − ȲT )(Yt−j − ȲT )

The sample autocorrelation of Y1, Y2, ..., YT is defined as

ρ̂(j) =
γ̂(j)

γ̂(0)

Note that even though only T − j observations are used the denominator is T. Thus for large j

The sample autocovariance and autocorrelation can be computed for any data set, and are not

restricted to realizations of a stationary process. For stationary processes both functions will show
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a rapid decay towards zero as h increases. However, for non-stationary data, these functions will

exhibit quite different behavior. For instance for variables with trend, the autocorrelation reduces

very slowly.
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