
4. FORECASTING1

1This part is based on the Hamilton textbook.
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1 Principles of forecasting

1.1 Forecast based on conditional expectations

• Suppose we are interested in forecasting the value of Yt+1 based on a set of variables Xt.

• Let Yt+1|t denote such a forecast.

• To evaluate the usefulness of the forecast we need to specify a loss function. Here we spec-

ify a quadratic loss function. A quadratic loss function means that Yt+1|t is chose to minimize

E(Yt+1 − Yt+1|t)
2.

• E(Yt+1 − Yt+1|t)
2 is known as the mean squared error associated with the forecast Yt+1|t denoted

MSE(Yt+1|t) = E(Yt+1 − Yt+1|t)
2

• Fundamental result: the forecast with the smallest MSE is the expectation of Yt+1|t conditional

on Xt that is

Yt+1|t = E(Yt+1|Xt)
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We now verify the claim. Let g(Xt) be any other function and let Yt+1|t = g(Xt). The associated

MSE is

E [Yt+1 − g(Xt)]
2 = E [Yt+1 − E(Yt+1|Xt) + E(Yt+1|Xt)− g(Xt)]

2

= E [Yt+1 − E(Yt+1|Xt)]
2 +

+2E {[Yt+1 − E(Yt+1|Xt)] [E(Yt+1|Xt)− g(Xt)]} +

+E{[E(Yt+1|Xt)− g(Xt)}2

(2)

Define

ηt+1 ≡ [Yt+1 − E(Yt+1|Xt)] [E(Yt+1|Xt)− g(Xt)]

(3)

The conditional expectation is

E(ηt+1|Xt) = E {[Yt+1 − E(Yt+1|Xt)] [E(Yt+1|Xt)− g(Xt)] |Xt}
= [E(Yt+1|Xt)− g(Xt)]E {[Yt+1 − E(Yt+1|Xt)] |Xt}
= [E(Yt+1|Xt)− g(Xt)] [E(Yt+1|Xt)− E(Yt+1|Xt)]

= 0
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Therefore by law of iterated expectations

E(ηt+1) = E(E(ηt+1|Xt)) = 0

This means that

E [Yt+1 − g(Xt)]
2 = E [Yt+1 − E(Yt+1|Xt)]

2 + E([E(Yt+1|Xt)− g(Xt)])
2

Therefore the function that minimizes the MSE is

g(Xt) = E(Yt+1|Xt)

E(Yt+1|Xt) is the optimal forecast of Yt+1 conditional of Xt under a quadratic loss function. The

MSE of this optimal forecast is

E[Yt+1 − g(Xt)]
2 = E[Yt+1 − E(Yt+1|Xt)]

2
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1.2 Forecast based on linear projections

We now restrict the class of forecasts we consider to be linear function of Xt:

Yt+1|t = α′Xt

Suppose α′ is such that the resulting forecast error is uncorrelated with Xt

E[(Yt+1 − α′Xt)X
′
t] = 0′ (4)

If (4) holds the we call α′Xt the linear projection of Yt+1 on Xt.

• The linear projection produces the smallest forecast error among the class of linear forecasting

rules. To verify this let g′Xt be any arbitrary forecasting rule.

E (Yt+1 − g′Xt)
2

= E (Yt+1 − α′Xt + α′Xt − g′Xt)
2

= E (Yt+1 − α′Xt)
2

+

+2E [(Yt+1 − α′Xt) (α′Xt − g′Xt)] +

+E (α′Xt − g′Xt)
2

the middle term

E[(Yt+1 − α′Xt) (α′Xt − g′Xt)] = E[(Yt+1 − α′Xt)X
′
t [α− g])

= E[(Yt+1 − α′Xt)X
′
t] [α− g]

= 0′
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by definition of linear projection. Thus

E (Yt+1 − g′Xt)
2

= E (Yt+1 − α′Xt)
2

+ E (α′Xt − g′Xt)
2

The optimal linear forecast is the value g′Xt = α′Xt. We use the notation

P (Yt+1|Xt) = α′Xt

to indicate the linear projection of Yt+1 on Xt.

Notice that

MSE[P (Yt+1|Xt)] ≥MSE [E(Yt+1|Xt)]

The projection coefficient α can be calculated in terms of moments of Yt+1 and Xt.

E(Yt+1X
′
t) = α′E(XtX

′
t)

α′ = [E(XtX
′
t)]
−1E(Yt+1X

′
t)

Here we denote Ŷt+s|t = P (Yt+s|Xt, 1) the best linear forecast of Yt+s conditional on Xt.
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1.3 Linear projections and OLS regression

There is a close relationship between OLS estimator and the linear projection coefficient. If Yt+1 and

Xt are stationary processes and also ergodic for the second moments then

(1/T )

T∑
t=1

XtX
′
t

p→ E(XtX
′
t)

(1/T )

T∑
t=1

XtYt+1
p→ E(XtYt+1)

implying

β̂
p→ α

The OLS regression yields a consistent estimate of the linear projection coefficient.
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2 Forecasting an AR(1)

For the zero-mean covariance-stationary AR(1) we have

Ŷt+s|t = P (Yt+s|Yt, Yt−1, ...) = φsYt

The forecast decays geometrically toward zero as the forecast horizon increases.

The forecast error is

Yt+s − Ŷt+s|t = εt+s + φεt+s−1 + φ2εt+s−2 + ... + φs−1εt+1

The associated MSE will be

E(Yt+s − Ŷt+s|t)2 = E(εt+s + φεt+s−1 + φ2εt+s−2 + ... + φs−1εt+1)2

= (1 + φ2 + φ4 + ... + φ2(s−1))σ2

=
1− φ2s

1− φ2
σ2

Notice that

lim
s→∞

Ŷt+s|t = 0

(in general it will converge to the mean of the process) and

lim
s→∞

E(Yt+s − Ŷt+s|t)2 =
σ2

1− φ2

which is the variance of the process.
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3 Forecasting an AR(p)

Now consider an AR(p). Recall the AR(p) can be written as

Zt = FZt−1 + εt

where Zt = [Yt, Yt−1, ..., Yt−p+1]′, t = [εt, 0, ..., 0]′ and

F =


φ1 φ2 . . . φp−1 φp

1 0 . . . 0 0

0 1 . . . 0 0
... ... . . . ... ...

0 0 . . . 1 0


Therefore

Yt+s = f
(s)
11 Yt + f

(s)
12 Yt−1 + ... + f

(s)
1p Yt−p+1 + εt+s + f 1

11εt+s−1 + f 2
11εt+s−2 + ... + f s−1

11 εt+1

where f jmn denotes the (m,n) element of F j.

The optimal s-step ahead forecast is thus

Ŷt+s|t = f
(s)
11 Yt + f

(s)
12 Yt−1 + ... + f

(s)
1p Yt−p+1 (5)

and the associated forecast error

Yt+s − Ŷt+s|t = εt+s + f 1
11εt+s−1 + f 2

11εt+s−2 + ... + f s−1
11 εt+1 (6)

9



The forecast can be computed recursively. Let Ŷt+1|t be one period step-ahead forecast of Yt+1 we

have

Ŷt+1|t = φ1Yt + φ2Yt−1 + ... + φpYt−p+1 (7)

In general the j-step ahead forecast Ŷt+j|t can be computed using the recursion

Ŷt+j|t = φ1Ŷt+j−1|t + φ2Ŷt+j−2|t + ... + φpŶt+j−p|t (8)

An easy way to see this is to use the AR(1) process

Zt = FZt−1 + εt

We have

Ẑt+1|t = FZt

Ẑt+2|t = F 2Zt
...

Ẑt+s|t = F sZt

which means

Ẑt+s|t = FẐt+s−1|t

The forecast Ŷt+s|t will be the first element of Ẑt+s|t
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The associated forecast errors will be

Zt+1 − Ẑt+1|t = εt+1

Zt+2 − Ẑt+2|t = Fεt+1 + εt+2

...

Zt+s − Ẑt+s|t = F s−1εt+1 + F s−2εt+2 + ... + Fεt+s−1 + εt+s

Let E(εtε
′
t) = Σ. The mean squared errors will be

MSE(Ẑt+1|t) = Σ

MSE(Ẑt+2|t) = FΣF ′ + Σ
...

MSE(Ẑt+s|t) = F s−1ΣF s−1′ + F s−2ΣF s−2′ + ... + FΣF ′ + Σ

=

s−1∑
j=0

F jΣF j′
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4 Direct forecast

An alternative is to compute directly the linear projection. To see this consider two variables, xt and

yt. We want to forecast xt+h given the information available at time t.

The direct forecast works as follows:

1. Estimate the projection equation

xt = a +

p−1∑
i=0

φixt−h−i +

p−1∑
i=0

ψiyt−h−i + εt

2. Using the estimated coefficients, the predictor xt+h|t is obtain as

x̂t+h|t = â +

p−1∑
i=0

φ̂ixt−i +

p−1∑
i=0

ψ̂iyt−i
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5 Comparing Predictive Accuracy

Diebold and Mariano propose a procedure to formally compare the forecasting performance of two

competing models. Let Ŷ 1
t+s|t, Ŷ

2
t+s|t be two forecast obtained from two non-nested models. Let

w1
τ+s|τ = Yτ+s − Ŷ 1

τ+s|t

w2
τ+s|τ = Yτ+s − Ŷ 2

τ+s|t

be the two forecast errors where τ = T0, ...T − s.

The accuracy of each forecast is measured by a particular loss function, say quadratic i.e. L(wi
τ+s|τ ) =(

w1
τ+s|τ

)2

. The Diebold Mariano procedure is based on a test of the null hypothesis

H0 : E(dτ ) = 0, H1 : E(dτ ) 6= 0

where dτ = L(w1
τ+s|τ )− L(w2

τ+s|τ ). The Diebold-Mariano statistic is

S =
d̄(

ˆLRV d̄

)1/2

where

d̄ = (1/(T − T0 − s))
T−s∑
τ=T0

dτ
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and ˆLRV d̄ is a consistent estimate of

LRVd̄ = γ0 + 2

∞∑
j=1

γj

and γj = Cov(dt, dt−j).

Under the null

S
L→ N(0, 1)

• DM test is for forecast comparison not model comparison.

• When using forecast obtained from models one has to be careful. In nested models the distri-

bution of the DM statistic is non-normal.

• For nested model an alternative is the bootstrapping procedure in Clark and McCracken (Ad-

vances in Forecast Evaluation, 2013).
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6 Forecast evaluation

• A key issue in forecasting is to evaluate the forecasting accuracy of a model of interest. In partic-

ular several times we will be interested in comparing the performance of competing forecasting model.

• How can we perform such a forecast evaluation?

• Answer: we can compare the mean squared errors using pseudo-out of sample forecast exercises.
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6.1 Pseudo out-of-sample exercises

Suppose we have a sample of T observations. Let T0 be the sample use for the initial estimation. A

pseudo out-of-sample exercise works as follows.

1. Initialize τ = T0.

2. Use the first τ observations to estimate the parameters of the model.

3. Forecast Yτ+j obtaining Ŷτ+j|τ j = 1, 2, ..., s.

4. Compute the forecast error wτ+j|τ = Yτ+j − Ŷτ+j|τ with j = 1, 2, ..., s.

5. Update the sample adding one more observation (τ = τ + 1) and repeat steps 1-3.

We repeat steps 1-4 up to the end of the sample and we compute the mean squared error

ˆMSE(ŶT+j|T ) =
1

T − T0 + 1− j

T−T0+1−j∑
τ=T0

w2
τ+j|τ

or the root mean squared error

ˆRMSE(ŶT+j|T ) =

√√√√ 1

T − T0 + 1− j

T−T0+1−j∑
τ=T0

w2
τ+j|τ

where T − T0 + 1− j is the total number of data points in the evaluation period.
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5. FORECASTING: APPLICATIONS
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“Why has U.S. inflation become harder to forecast?”

By Stock, J and M., Watson
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7 “Why has U.S. inflation become harder to forecast?”

• The rate of price inflation in the United States has become both harder and easier to forecast.

• Easier: inflation is much less volatile than it was in the 1970s and the root mean squared er-

ror of inflation forecasts has declined sharply since the mid-1980s.

• Harder: standard multivariate forecasting models do not a better job than simple naive mod-

els. The point was made by Atkeson and Ohanian (2001) (henceforth, AO), who found that, since

1984 in the U.S., backwards-looking Phillips curve forecasts have been inferior to a forecast of twelve-

month inflation by its average rate over the previous twelve months (naive or random walk forecast).

• Relevance of the topic. Change in terms of forecasting properties can signal changes in the structure

of the economy. This can be taken as evidence that suggests that some relations have changed

• What relations? Structural models should be employed (next part of the course).
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7.1 U.S. Inflation forecasts: facts and puzzles

7.1.1 Data

• GDP price index inflation (π).

•Robustness analysis done using personal consumption expenditure deflator for core items (PCEcore),

the personal consumption expenditure deflator for all items (PCE-all), and the consumer price index

(CPI, the official CPI-U).

• Real activity variables: the unemployment rate (u), log real GDP (y), the capacity utilization

rate, building permits, and the Chicago Fed National Activity Index (CFNAI)

• Quarterly data. Quarterly values for monthly series are averages of the three months in the quarter.

• The full sample is from 1960:I through 2004:IV.
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7.1.2 Forecasting models

• Two univariate models and one multivariate forecasting models.

• Let πt = 400 log(pt/pt−1) where pt is the quarterly price index and let the h-period average

inflation be πht = (1/h)
∑h−1

i=0 πt−i. Let πht+h|t be the forecast of πht+h using information up to date t.
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7.1.3 AR(r)

• Forecasts made using a univariate autoregression with r lags. r is estimated using the Akaike

Information Criterion (AIC).

• Multistep forecasts are computed by the direct method: projecting h-period ahead inflation on

r lags

• The h-step ahead AR(r) forecast was computed using the model

πht+h − πt = µh + αh(L)∆πt + vht (9)

where

1. µh is a constant

2. αh(L) is a polynomial in the lag operator

3. vht is the h-step ahead error term

• The number of lags is chosen according to the Akaike Information Criterion (AIC) meaning that r

is such that

AIC(p) = log(T−1
T∑
t=1

ε̂2
t ) + 2r/T
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is minimum. An alternative criterion is the Bayesian Information Criterion (BIC)

BIC(p) = log(T−1
T∑
t=1

ε̂2
t ) + r log(T )
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7.1.4 AO. Atkeson-Ohanian (2001)

AO forecasted the average four-quarter rate of inflation as the average rate of inflation over the

previous four quarters. The AO forecast is

πht+h|t = π4
t =

1

4
(πt + πt−1 + πt−2 + πt−3)
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7.1.5 Backwards-looking Phillips curve (PC)

The PC forecasts are computed by adding a predictor to (9) to form the autoregressive distributed

lag (ADL) specification,

πht+h − πt = µh + αh(L)∆πt + βhxgapt + δh(L)∆xt + vht (10)

where

1. µh is a constant

2. αh(L), δh(L), is a polynomial in the lag operator (lag length chosen using AIC)

3. xgapt is the gap variable (deviations from a low pass filter) based on the variable xt

4. vht is the h-step ahead error term

• The PC forecast using ut = xgapt = xt and ∆ut = ∆xt is called PC − u.

• The forecasts PC − ∆u, PC − ∆y, PC − ∆CapUtil, PC − ∆Permits, PC − CFNAI omit

the gap variable and only include stationary predictors ∆u, ∆y, ∆CapUtil, ∆Permits, CFNAI .
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7.2 Out-of-sample methodology

• The forecasts were computed using the pseudo out-of-sample forecast methodology: that is, for

a forecast made at date t, all estimation, lag length selection, etc. was performed using only data

available through date t.

• The forecasts are recursive, so that forecasts at date t are based on all the data (beginning in

1960:I) through date t.

• The period 1960-1970 was used for initial parameter estimation. The forecast period 1970:I 2004:IV

was split into the two periods 1970:I 1983:IV and 1984:I 2004:IV.
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7.3 Results
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• The RMSFE of forecasts of GDP inflation has declined and the magnitude of this reduction is

striking. In this sense inflation has become easier to forecast

• The relative performance of the Phillips curve forecasts deteriorated substantially from the first pe-

riod to the second. This deterioration of Phillips curve forecasts is found for all the activity predictors.

• The AO forecast substantially improves upon the AR(AIC) and Phillips curve forecasts at the

four- and eight-quarter horizons in the 1984-2004 period, but not at shorter horizons and not in the

first period.

⇒ Substantial changes in the univariate inflation process and in the bivariate process of inflation

and its activity-based predictors.
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“Unpredictability and Macreconomic Stability”

By D’Agostino, A., D. Giannone and P. Surico
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8 Unpredictability and Macreconomic Stability

• D’Agostino Giannone and Surico extend the result for inflation to other economic activity variables:

the ability to predict several measures of real activity declined remarkably, relative to naive forecasts,

since the mid-1980s.

• The fall in the predictive ability is a common feature of many forecasting models including those

used by public and private institutions.

• The forecasts for output (and also inflation) of the Federal Reserves Greenbook and the Survey of

Professional Forecasters (SPF) are significantly more accurate than a random walk only before 1985.

After 1985, in contrast, the hypothesis of equal predictive ability between naive random walk forecasts

and the predictions of those institutions is not rejected for all horizons but the current quarter.

• The decline in predictive accuracy is far more pronounced for institutional forecasters and methods

based on large information sets than for univariate specifications.

• The fact that larger models are associated with larger historical changes suggests that the main

sources of the decline in predictability are the dynamic correlations between variables rather than the

autocorrelations of output and inflation.
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8.1 Data

• Forecasts for nine monthly key macroeconomic series: three price indices, four measures of real

activity and two interest rates:

1. The three nominal variables are Producer Price Index (PPI ), Consumer Price Index (CPI ) and

Personal Consumption Expenditure implicit Deflator (PCED).

2. The four forecasted measures of real activity are Personal Income (PI ), Industrial Production

(IP) index, Unemployment Rate (UR), and EMPloyees on non-farm Payrolls (EMP).

3. the interest rates are 3 month Treasury Bills (TBILL) and 10 year Treasury Bonds (TBOND).

•The data set consists of monthly observations from 1959:1 through 2003:12 on 131 U.S.macroeconomic

time series including also the nine variables of interest.
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8.2 Forecasting models

The model used are the following:

1. A Naive forecast model (N or RW).

2. Univariate AR, where the forecasts are based exclusively on the own past values of the variable

of interest.

3. Factor augmented AR forecast (FAAR), in which the univariate models are augmented with

common factors extracted from the whole panel of series.

4. Pooling of bivariate forecasts (POOL): for each variable the forecast is defined as the average of

130 forecasts obtained by augmenting the AR model with each of the remaining 130 variables in

the data set.
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8.3 Out-of-sample methodology

• Pseudo out-of-sample forecasts are calculated for each variable and method over the horizons h =

1, 3, 6, and 12 months.

• The pseudo out-of-sample forecasting period begins in January 1970 and ends in December 2003.

Forecasts constructed at date T are based on models that are estimated using observations dated T

and earlier.

• Forecast based on rolling samples using, at each point in time, observations over the most recent

10 years.
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8.4 Results: full sample
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• For all prices and most real activity indicators, the forecasts based on large information are signifi-

cantly more accurate than the Naive forecasts.

• The factor augmented model produces the most accurate predictions.

• Univariate autoregressive forecasts significantly improve on the naive models for EMP at all hori-

zons and for CPI and PCED at one and three month horizons only. As far as interest rates are

concerned, no forecasting model performs significantly better than the naive benchmark.
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9 Results: sub samples - inflation

• For all lags except the first, result of AO confirmed, deterioration of the forecasting performance of

inflation.
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9.1 Results: sub samples - real activity
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• Little change in the structure of univariate models for real activity.

• The relative MSFEs of FAAR and POOL suggest that important changes have occurred in the

relationship between output and other macroeconomic variables.

• The decline in predictability does not seem to extend to the labor market, especially at short

horizons. The forecasts of the employees on nonfarm payrolls are associated with the smallest per-

centage changes across subsamples.
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9.2 Results: sub samples - interest rates

• In the second sample the AR, FAAR and P OOL methods produce more accurate forecasts than

the RW at one month horizon.

• Possible interpretation: increased predictability of the FED due to a better communication strategy.
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9.3 Results: private and institutional forecasters

• The predictions for output and its deflator from two large forecasters representing the private sector

and the policy institutions are considered.

• The survey was introduced by the American Statistical Association and the National Bureau of

Economic Research and is currently maintained by the Philadelphia Fed. The SPF refers to quarterly

measures and is conducted in the middle of the second month of each quarter (here the median of

the individual forecasts is considered)

• The forecasts of the Greenbook are prepared by the Board of Governors at the Federal Reserve for

the meetings of the Federal Open Market Committee (FOCM), which takes place roughly every six

weeks.

• Four forecast horizons ranging from 1 to 4 quarters.

• The measure of output is Gross National Product (GNP) until 1991 and Gross Domestic Product

(GDP) from 1992 onwards.

• The evaluation sample begins in 1975 (prior to this date the Greenbook forecasts were not al-

ways available up to the fourth quarter horizon).
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9.4 Results: private and institutional forecasters - inflation
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9.5 Results: private and institutional forecasters - real activity
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”The Return of the Wage Phillips Curve”
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10 The Return of the Wage Phillips Curve

• Previous evidence has been taken as a motivation to dismiss the Phillips curve as a theoretical

concept.

• Danger with that interpretation.

• In 1958 Phillips uncovered an inverse relation between wage rate inflation and unemployment.

• The focus however in recent years has been shifted to price inflation
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10.1 Back to the origins
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10.2 Results

forecast horizon RMSE VAR/RW RMSE AR/RW % gain using var

1 0.2252 0.2048 9.976

4 0.3642 0.3976 -8.4208

8 0.4892 0.6110 -19.9406

12 0.544 0.6646 -18.1371

16 0.5356 0.6157 -13.0069

18 0.5259 0.5914 -11.0704

• Phillips curve still (now more than then) characterize dynamics of wage growth and unemployment.

• Crucial question: what has changed in the relation between prices and wages?
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