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5.1.- Introduction

@ R. Aumann and L. Shapley. “Long Term Competition —A Game
Theoretic Analysis,” mimeo, The Hebrew University, 1976.

@ R. Aumann. “Survey of Repeated Games,” in Essays in Game Theory
and Mathematical Economics in Honor of Oskar Morgenstern, 1981.

@ Relationships between players last over time: long-term strategic
interaction.

@ We observe non-equilibrium behavior; for instance, cooperation in

interactions like the Prisoners’ Dilemma.

e Diamonds market.
Cartels (like the OPEC).
Reputation phenomena.

o Conflicts.
o Etc.
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5.1.- Introduction

@ Is it possible to sustain non-equilibrium behavior (for instance,
cooperation in the Prisoners’ Dilemma) as equilibrium of a larger
game through out repetition?
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5.1.- Introduction

@ Is it possible to sustain non-equilibrium behavior (for instance,
cooperation in the Prisoners’ Dilemma) as equilibrium of a larger
game through out repetition?

@ The goal is to introduce dynamic aspects in the strategic interaction.

@ Two basic hypothesis:

o Perfect monitoring.
e Only pure strategies.
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5.1.- Introduction

o Let G = (/,(Ai)ier, (hi)ici) be a finite game in normal form. A; is
the set of player i's actions and A = HA,- is the set of action profiles.
i€l
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5.1.- Introduction

o Let G = (/,(Ai)ier, (hi)ici) be a finite game in normal form. A; is
the set of player i's actions and A = HA,- is the set of action profiles.
i€l

@ The game G is repeated over time: t =1,2, ...
e The duple (1, (Aj)ics) is a game form.

@ Define, forevery t > 1, AA=AXx --- x A
————

t—times

o Thatis, (al, ..., at) € Af, where for every 1 < s < t,
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5.2.- Strategies

o Given the game in normal form G = (I, (A;)ies, (hi)ics), define the
super-game form as the game form (/, (F;);c/), where for every i € I,

Fi={fi={ff )| fl € Arand vt > 1, £ A" — A}
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5.2.- Strategies

o Given the game in normal form G = (I, (A;)ies, (hi)ics), define the
super-game form as the game form (/, (F;);c/), where for every i € I,

Fi={fi={ff )| fl € Arand vt > 1, £ A" — A}

o Perfect monitoring: the domain of fiH'l is AL,
e Pure actions: the range of fiHl is a subset of A;.

o Notation: F =] ]F;.
i€l

e Given f = (fj)je; € F we represent the sequence of actions induced

by f as
a(f) = {a'(f) }iZ1,
which is defined recursively as follows:
o al(f) € Ais given by al(f) = £ for all i € /,and

o forall t > 1, a**1(f) € Alis given by a! T (f) = £ (al(f), ..., a(f))
forall i € 1.
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Examples of strategies in the Prisoners’ Dilemma.
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Examples of strategies in the Prisoners’ Dilemma.

A

e “Play always C": f1 = C and for all t > 1 and all (a!, ..., a%) € A,
ﬁ”l(al, .,ah)=C.
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5.2.- Strategies

Examples of strategies in the Prisoners’ Dilemma.

A

e “Play always C": f1 = C and for all t > 1 and all (a!, ..., a%) € A,
ﬁ”l(al, .,ah)=C.

@ “Play C during 5 periods and D thereafter”: ?,-1 = C, for all
1<t<5andall (a!, ..., a") € AL, FitH(al, ...,a") = C and for all
t >5and all (al, ..., a") € AL, FI.H'l(aI, ..,a")=D.
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5.2.- Strategies

Examples of strategies in the Prisoners’ Dilemma.

A

“Play always C": £} = C and for all t > 1 and all (&, ..., a%) € A?,
ﬁtﬂ(al, .,ah)=C.

“Play C during 5 periods and D thereafter”: ?,-1 = C, for all
1<t<5andall (a!, ..., a") € AL, FitH(al, ...,a") = C and for all
t >5and all (al, ..., a") € AL, Fit+1(al, ..,a")=D.

Trigger strategy. “Start playing C and play C as long as the other
player has played always C, once the other player has played D play
D always': f! = C and for all t > 1 and all (a, ..., a") € AY,

FHL(al, L at) = C ifforalll1<s<t a ,=C
! Y D if there exists 1 < 's < t such that aj_;, = D.
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5.2.- Strategies

Examples of strategies in the Prisoners’ Dilemma.

Jordi Massé

A

“Play always C": £} = C and for all t > 1 and all (&, ..., a%) € A?,
ﬁtﬂ(al, .,ah)=C.

“Play C during 5 periods and D thereafter”: ?,-1 = C, for all
1<t<5andall (a!, ..., a") € AL, FitH(al, ...,a") = C and for all
t >5and all (al, ..., a") € AL, Fit+1(al, ..,a")=D.

Trigger strategy. “Start playing C and play C as long as the other
player has played always C, once the other player has played D play
D always': f! = C and for all t > 1 and all (a, ..., a") € AY,

FHL(al, L at) = C ifforalll1<s<t a ,=C
! Y D if there exists 1 < 's < t such that aj_;, = D.

Tit-for-tat. “Start playing C and then play the action taken by the
other player last period”: fil = C and for all t > 1 and all
(a%, ..., at) € Af, F1F1(al, . at) = &b .
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Sequences of actions generated by some strategy profiles.

Jordi Massé Game Theory: Repeated Games



5.2.- Strategies

Sequences of actions generated by some strategy profiles.

o (h,h):Forallt>1,al(kh, h)=(C C).

Jordi Massé Game Theory: Repeated Games



5.2.- Strategies

Sequences of actions generated by some strategy profiles.

o (h,h):Forallt>1,al(kh, h)=(C C).

o alfih) = ((C.0L(CO) Lo )
(C,C) always

Jordi Massé Game Theory: Repeated Games



5.2.- Strategies

Sequences of actions generated by some strategy profiles.

o (h,h):Forallt>1,al(kh, h)=(C C).

o alfih) = ((C.0L(CO) Lo )

(C,C) always

o (A, h):Forall 1<s <5 a(f,h) = (C,C), &(h, k) = (D, C)
and forall t > 7, a’(f, k) = (D, D).
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5.2.- Strategies

Sequences of actions generated by some strategy profiles.

o (h,h):Forallt>1,al(kh, h)=(C C).

o ol B) = ((C.O.CO. o )
(C,C) always
o (A, h):Forall1<s<5, a°(h,h)=(C,C), a%,h)=(D,C)
and forall t > 7, a’(f, k) = (D, D).
o a(f, h) =
((€, €). (€. €). (€. C). (€ C)(CCO),(DC)H(DD) . )
(D,D) always
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o (A,h):Forallt>1,at(h,h)=(C,C).
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o (A, h):Forall1<s<5, a°(h,h)=(C,C), a%,h)=(D,C)
and forall t > 7, a’(f, k) = (D, D).
o a(fi, k) =
((€, €). (€. €). (€. C). (€ C)(CCO),(DC)H(DD) . )
(D,D) always

o (A, h):Forallt>1,a(h,h)=(C, C).

Jordi Massé Game Theory: Repeated Games
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Sequences of actions generated by some strategy profiles.

o (A,h):Forallt>1,at(h,h)=(C,C).

o ol B) = ((C.O.CO. o )
(C,C) always
o (A, h):Forall1<s<5, a°(h,h)=(C,C), a%,h)=(D,C)
and forall t > 7, a’(f, k) = (D, D).
o a(f, h) =
((€, €). (€. €). (€. C). (€ C)(CCO),(DC)H(DD) . )
(D,D) always

o (A, h):Forallt>1,a(h,h)=(C, C).

o a(fi.h)=((C.0O.(C.O. o )

(C,C) always
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5.3.- Payoffs

o Let G = (I, (Ai)ies. (hi)ics) be a game in normal form and let
T € IN. The finitely T —times repeated game is the game in normal
form Gr = (I, (F)icr, (H)ici, where (I, (F;)ics) is the super-game
form and for each i € [, H,-T : F — R is defined as follows: for all

feF,
-

HT () = 2 X (st ().

t=1
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5.3.- Payoffs

o Let G = (I, (Ai)ies. (hi)ics) be a game in normal form and let
T € IN. The finitely T —times repeated game is the game in normal
form Gr = (I, (F)icr, (H)ici, where (I, (F;)ics) is the super-game
form and for each i € [, H,-T : F — R is defined as follows: for all

feF, ;
HI(F) = 7 L)

@ Remark: Since Gt is a game in normal form, we can define F} as the
set of Nash equilibria of Gt.
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o Let G = (I, (Ai)ies. (hi)ics) be a game in normal form and let
T € IN. The finitely T —times repeated game is the game in normal
form Gr = (I, (F)icr, (H)ici, where (I, (F;)ics) is the super-game
form and for each i € [, H,-T : F — R is defined as follows: for all

feF, ;
HI(F) = 7 L)

@ Remark: Since Gt is a game in normal form, we can define F} as the
set of Nash equilibria of Gt.

@ Examples:
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5.3.- Payoffs

o Let G = (I, (Ai)ies. (hi)ics) be a game in normal form and let
T € IN. The finitely T —times repeated game is the game in normal
form Gr = (I, (F)icr, (H)ici, where (I, (F;)ics) is the super-game
form and for each i € [, H,-T : F — R is defined as follows: for all

feF, ;
HI(F) = 7 L)

@ Remark: Since Gt is a game in normal form, we can define F} as the
set of Nash equilibria of Gt.

@ Examples:

o T=10 HIOR,h)=4(B-3+4+4-1)= 2.
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5.3.- Payoffs

o Let G = (I, (Ai)ies. (hi)ics) be a game in normal form and let
T € IN. The finitely T —times repeated game is the game in normal
form Gr = (I, (F;)ies, (HT)ic;, where (1, (F;)ic/) is the super-game

form and for each i € [, H,-T : F — R is defined as follows: for all

feF, ;
HI(F) = 7 L)

@ Remark: Since Gt is a game in normal form, we can define F} as the
set of Nash equilibria of Gt.
@ Examples:
o T=10 HIOR,h)=4(B-3+4+4-1)= 2.
o T=6 HS(f,h)=%(5-3+4-1)=2.
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5.3.- Payoffs

o Let G = (I, (Ai)ies. (hi)ics) be a game in normal form and let
T € IN. The finitely T —times repeated game is the game in normal
form Gr = (I, (F;)ies, (HT)ic;, where (1, (F;)ic/) is the super-game

form and for each i € [, H,-T : F — R is defined as follows: for all

feF,

1£ .
= = h;(a
Tt:1

@ Remark: Since Gt is a game in normal form, we can define F} as the
set of Nash equilibria of Gt.

@ Examples:
o T=10 HOR, k) = (5 3+4+4 1) =
o T=6 HS(fi,h)=4(5-3+4-1) =
o Forany T>1 HI(f,h)=+(3-T) _3.
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5.3.- Payoffs

o Let G = (/,(Ai)ier, (hi)ics) be a game in normal form. We say that
G is bounded if

sup{hij(a) | i€l and a € A} < oco.
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5.3.- Payoffs

o Let G = (/,(Ai)ier, (hi)ics) be a game in normal form. We say that
G is bounded if

sup{hij(a) | i€l and a € A} < oco.

o Note that if G is finite then G is bounded.

Jordi Massé Game Theory: Repeated Games



5.3.- Payoffs

o Let G = (/,(Ai)ier, (hi)ics) be a game in normal form. We say that
G is bounded if

sup{hij(a) | i€l and a € A} < oco.

o Note that if G is finite then G is bounded.

o Let G = (/,(Ai)ier, (hi)ics) be a bounded game in normal form and
let A € (0,1). The A—discounted repeated game is the game in
normal form Gy = (I, (F)ies, (HY)ics, where (I, (Fi);es) is the
super-game form and for each j € /, H,-A : F — R is defined as
follows: for all f € F,

[ee]

HM(F) = (1—A) Y A" Thi(a'(f)).

t=1
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5.3.- Payoffs

@ Example:
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5.3.- Payoffs

@ Example:

HMNf,h) = (1—A)B+3A+3A2 +3A3 134 145 + A0 A7 4

1-A° 5 A°
= (1-A) (31_A + 41 +1_A>

= 3(1-A%) +4(1—-A)A° +A°

= 3+ A% —3A5
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5.3.- Payoffs

@ Example:

HMNf,h) = (1—A)B+3A+3A2 +3A3 134 145 + A0 A7 4

45 6
= (1—A)<31 ASNPPLI. )

1—A 1-A

= 3(1-A%) +4(1—-A)A° +A°

= 3+ A% —3A5

@ Since G, is a game in normal form, we can define F} as the set of
Nash equilibria of G,.
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5.3.- Payoffs

Remarks on H)L Z At 1h

Jordi Massé Game Theory: Repeated Games



5.3.- Payoffs

Remarks on H(f) Z At1hi(a

@ (1—A) is a very useful normalization (remember that h; is a vVNM
utility function and (1 — A)h; is a positive affine transformation); for
instance, it assigns x to the constant sequence {x' = x};, since

(1-A) Z‘i)\t_lx =(1-2)x=x
t=
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5.3.- Payoffs

Remarks on H(f) Z At1hi(a

@ (1—A) is a very useful normalization (remember that h; is a vVNM
utility function and (1 — A)h; is a positive affine transformation); for
instance, it assigns x to the constant sequence {x' = x};, since

(1-A) Z‘i)\t_lx =(1-2)x=x
t=

e If G is not bounded, the series may be divergent, and therefore H,-A
would not necessarily be well-defined.
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5.3.- Payoffs

Remarks on H(f) Z At1hi(a

@ (1—A) is a very useful normalization (remember that h; is a vVNM
utility function and (1 — A)h; is a positive affine transformation); for
instance, it assigns x to the constant sequence {x' = x};, since

(1-A) Z‘i)\t_lx =(1-2)x=x
t=

e If G is not bounded, the series may be divergent, and therefore H,-/\
would not necessarily be well-defined.

@ The payoff H,.A(f) can be interpreted as player i's expected payoff of
playing f when at t, the probability of playing the game at t + 1 is
equal to A.
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5.3.- Payoffs

o Let G = (/,(Ai)ier, (hi)ics) be a bounded game in normal form. The
infinitely repeated game is the game in normal form
Goo = (I, (Fi)ict, (H®)ics, where (I, (Fi)ics) is the super-game form
and for each i € I, H® : F — IR that will be defined later.
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5.3.- Payoffs

o Let G = (/,(Ai)ier, (hi)ics) be a bounded game in normal form. The
infinitely repeated game is the game in normal form
Goo = (I, (Fi)ict, (H®)ics, where (I, (Fi)ics) is the super-game form
and for each i € I, H® : F — IR that will be defined later.

@ The "natural” payoff function would be: for all f € F,

lim — Y hi(a'(f)) = lim H (f).

T —o0
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5.3.- Payoffs

o Let G = (/,(Ai)ier, (hi)ics) be a bounded game in normal form. The
infinitely repeated game is the game in normal form
Goo = (I, (Fi)ict, (H®)ics, where (I, (Fi)ics) is the super-game form
and for each i € I, H® : F — IR that will be defined later.

@ The "natural” payoff function would be: for all f € F,

lim — Y hi(a'(f)) = lim H (f).

T —o0

@ Problem: This limit may not exist (its existence depends on the
particular strategies used by players).
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5.3.- Payoffs [Parenthesis]
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5.3.- Payoffs [Parenthesis]

o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).
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o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).

o We say that x € R is the limit superior of {x,}, limsup{x,}, if X is

n—oo

the highest accumulation point of {x,}; that is,
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5.3.- Payoffs [Parenthesis]

o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).

o We say that x € R is the limit superior of {x,}, limsup{x,}, if X is

n—oo

the highest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, < X+ ¢
(from N on, the sequence is never above X + ¢).
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o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).

o We say that x € R is the limit superior of {x,}, limsup{x,}, if X is

n—oo

the highest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, < X+ ¢
(from N on, the sequence is never above X + ¢).

o for all e > 0 and all m € IN there exists n > m such that x, > x —¢
(the sequence always goes back to be close to X).
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o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).

o We say that x € R is the limit superior of {x,}, limsup{x,}, if X is

n—oo

the highest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, < X+ ¢
(from N on, the sequence is never above X + ¢).

o for all e > 0 and all m € IN there exists n > m such that x, > x —¢
(the sequence always goes back to be close to X).

e We say that x € R is the limit inferior of {x,}, liminf{x,}, if x is the

smallest accumulation point of {x,}; that is,
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5.3.- Payoffs [Parenthesis]

o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).

o We say that x € R is the limit superior of {x,}, limsup{x,}, if X is
n—od

the highest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, < X+ ¢
(from N on, the sequence is never above X + ¢).

o for all e > 0 and all m € IN there exists n > m such that x, > x —¢
(the sequence always goes back to be close to X).

e We say that x € R is the limit inferior of {x,}, liminf{x,}, if x is the

smallest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, > x—¢
(from N on, the sequence is never below x — ¢).
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5.3.- Payoffs [Parenthesis]

o Let {x,}°; be a bounded sequence of real numbers (i.e., {xp} € lo).

o We say that x € R is the limit superior of {x,}, limsup{x,}, if X is

n—oo

the highest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, < X+ ¢
(from N on, the sequence is never above X + ¢).

o for all e > 0 and all m € IN there exists n > m such that x, > x —¢
(the sequence always goes back to be close to X).

e We say that x € R is the limit inferior of {x,}, liminf{x,}, if x is the
n—oo
smallest accumulation point of {x,}; that is,

o for all € > 0 there exists N € IN such that for all n > N, x, > x—¢
(from N on, the sequence is never below x — ¢).

e for all e > 0 and all m € IN there exists n > m such that x, < x+¢
(the sequence always goes back to be close to x).

Jordi Massé Game Theory: Repeated Games



5.3.- Payoffs [Parenthesis]

e Remark: for all {x,} € I, liminf{x,} = —limsup{y,}, where for all

n>1 y, = —x,.
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5.3.- Payoffs [Parenthesis]

e Remark: for all {x,} € I, liminf{x,} = —limsup{y,}, where for all

n>1 y, = —x,.

L i n is odd . Then, limsup{x,} =1 and

@ Example: x, = ) .
P n { —1 if nis even 00

liminf{x,} = —1.
n—oo
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e Remark: for all {x,} € I, liminf{x,} = —limsup{y,}, where for all

n>1 y, = —x,.

L i n is odd . Then, limsup{x,} =1 and

@ Example: x, = ) .
P n { —1 if nis even 00

liminf{x,} = —1.
n—oo

e Properties: for all {x,},{yn} € I,
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5.3.- Payoffs [Parenthesis]

e Remark: for all {x,} € I, liminf{x,} = —limsup{y,}, where for all

n>1 y, = —x,.

L i n is odd . Then, limsup{x,} =1 and

@ Example: x, = ) .
P n { —1 if nis even 00

liminf{x,} = —1.
n—od
e Properties: for all {x,},{yn} € I,

o if nll_r)noo{x,,} exists then Ilrl;llorlf{xn} = nli'noo{xn} = II,T_,SOL:,p{X"}'
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5.3.- Payoffs [Parenthesis]

e Remark: for all {x,} € I, liminf{x,} = —limsup{y,}, where for all
n—oo oo
n>1 y, = —x,. !
1 if nis odd
o Example: x, = . . . Then, limsup{x,} =1 and
P n { —1 if nis even n_)oop{ n}

liminf{x,} = —1.
n—oo

e Properties: for all {x,},{yn} € I,

o if nllnoo{x,,} exists then Iirsliorlf{xn} = nlmwoo{xn} = Iirrp_)s;p{xn}.
"]
lim inf{xp} + lim inf{yn} < lim inf{x, + yn}
< liminf{xp} + limsup{yn}
n—eoo n—oo
< limsup{x, +yn}
n—oo
<

limsup{x,} + limsup{yn}.
n—oo

n—oo

Jordi Massé Game Theory: Repeated Games



5.3.- Payoffs [Parenthesis]

;
o If G is bounded then, for all f € F, {; ) h,-(af(f))} € Io.
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;
o If G is bounded then, for all f € F, {; ) h,-(af(f))} € Io.

o Desirable properties for H®(f).
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5.3.- Payoffs [Parenthesis]

;
o If G is bounded then, for all f € F, {; ) h,-(af(f))} € Io.

o Desirable properties for H®(f).

n—oo

-
o If lim + Y h;(at(f)) exists then H®(f) should be equal to it.
t=1
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T (o]
o If G is bounded then, for all f € F, { + Y hi(a*(f)) € Io.
t=1 T=1
o Desirable properties for H®(f).
T
o If lim + 2 ) exists then H®(f) should be equal to it.

n—oo

t=1

\i

-
° I|m|nf Z (at(f)) < H®(f) < limsup+ 2

— n—oo
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5.3.- Payoffs [Parenthesis]

T (o]
o If G is bounded then, for all f € F, { + Y hi(a*(f)) € Io.
t=1 T=1
o Desirable properties for H®(f).
T
o If lim + 2 ) exists then H®(f) should be equal to it.

n—oo
t=1

-
° I|m|nf Z (at(f)) < H®(f) < limsup+ 2

n—oo

\i

o Note that the later implies the former.
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5.3.- Payoffs [Parenthesis]

T (o]
o If G is bounded then, for all f € F, { + Y hi(a*(f)) € Io.
t=1 T=1
o Desirable properties for H®(f).
T
o If lim + 2 ) exists then H®(f) should be equal to it.

n—oo
t=1

-
° I|m|nf Z (at(f)) < H®(f) < limsup+ 2

n—oo

\i

o Note that the later implies the former.

e Since we will have to check (equilibrium condition) whether
H*(f) — H(gi, f—;) > 0, we would like that H*(f) be linear.

Game Theory: Repeated Games
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

Iirsrl)iorgf{x,,} < H({xp}) < limsup{x,}.

n—oo
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

Iirsrl)iorgf{x,,} < H({xp}) < limsup{x,}.

n—oo

o It follows from the Hahn-Banach Theorem.
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

Iirsrl)iorgf{x,,} < H({xp}) < limsup{x,}.

n—oo

o It follows from the Hahn-Banach Theorem.

@ Remarks:
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

liminf{x,} < H({x,}) < limsup{x,}.
n—oo n—oo
o It follows from the Hahn-Banach Theorem.

@ Remarks:

e There are many Banach limits.
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

liminf{x,} < H({x,}) < limsup{x,}.
n—oo n—oo
o It follows from the Hahn-Banach Theorem.

@ Remarks:

e There are many Banach limits.

@ Results will be invariant with respect to which one we will use.
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

“,?l)io'lf{xf'} < H({xp}) < limsup{x,}.

n—oo

o It follows from the Hahn-Banach Theorem.

@ Remarks:

e There are many Banach limits.
@ Results will be invariant with respect to which one we will use.

e It is not known a functional form of a Banach limit.
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5.3.- Payoffs [Parenthesis]

Proposition There exists a linear function H : I, — R (called a
Banach limit) such that for all {x,} € I,

liminf{x,} < H({x,}) < limsup{x,}.
n—oo n—oo

o It follows from the Hahn-Banach Theorem.

@ Remarks:

e There are many Banach limits.

@ Results will be invariant with respect to which one we will use.

e It is not known a functional form of a Banach limit.

@ End of Parenthesis.

Jordi Massé
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5.3.- Payoffs

@ Choose a Banach limit H : | — RR.
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5.3.- Payoffs

@ Choose a Banach limit H : | — RR.

e Given f € F, construct {h;(a’(f))};—; € lo (since G is bounded).
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5.3.- Payoffs

@ Choose a Banach limit H : | — RR.

e Given f € F, construct {h;(a’(f))};—; € lo (since G is bounded).

e Find {% ih,(af(f))} € Io.

t=1 T=1
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5.3.- Payoffs

Choose a Banach limit H : I, — R.

Given f € F, construct {h;(a'(f))};—; € lo (since G is bounded).

e Find {; ilh,-(at(f))} € ho.

@ Define
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5.3.- Payoffs

Choose a Banach limit H : I, — R.

Given f € F, construct {h;(a'(f))};—; € lo (since G is bounded).

[ee]

e Find {; ilh,-(at(f))} € Io.

T=1

1 ”
HE(F) = H ({T zh,(at(f))} )
t=1 T=1

@ Since Gy is a game in normal form, we can define FZ as the set of
Nash equilibria of Ge.

Define
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5.4.- "Folk” Theorems

@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:
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5.4.- "Folk” Theorems

@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.
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@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.

Proof Let f € F; and assume otherwise; namely, there exists
1<t<T,af) #(D,D).
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@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.

Proof Let f € F; and assume otherwise; namely, there exists
1<t<T,af) #(D,D).

o Lets =max{l <t < T|a(f) # (D,D)}.
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5.4.- "Folk” Theorems

@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.

Proof Let f € F; and assume otherwise; namely, there exists
1<t<T,af) #(D,D).

o Lets =max{l <t < T|a(f) # (D,D)}.

e Without loss of generality, assume that a3(f) = C.
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5.4.- "Folk” Theorems

@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.

Proof Let f € F; and assume otherwise; namely, there exists
1<t<T,af) #(D,D).

o Lets=max{1<t< T|a'(f)#(D,D)}.
e Without loss of generality, assume that a3(f) = C.

o Define g1 = {gf}$>, as follows:
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5.4.- "Folk” Theorems

@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.

Proof Let f € F; and assume otherwise; namely, there exists
1<t<T,af) #(D,D).

o Lets=max{1<t< T|a'(f)#(D,D)}.
e Without loss of generality, assume that a3(f) = C.

o Define g1 = {gf}$>, as follows:

o forall1 <t < s (ifany), gf = and
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5.4.- "Folk” Theorems

@ Family of results characterizing the set of Nash equilibria or Subgame
Perfect equilibria of repeated games (G7, G, and G) and their
relationships. For example:

Proposition Let G be the Prisoners’ Dilemma. Then, for every T > 1
and every f € F}, a'(f) = (D, D) for all t > 1.

Proof Let f € F; and assume otherwise; namely, there exists
1<t<T,af) #(D,D).

o Lets=max{1<t< T|a'(f)#(D,D)}.
e Without loss of generality, assume that a3(f) = C.

o Define g1 = {gf}$>, as follows:

o forall1 <t < s (ifany), gf = and
o forall t >sandall (al,...,al"1) € A7, glt(al, .,at7) =D.
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5.4.- "Folk” Theorems

o By definition of g1, a*(g1, &) = a'(f1, fo) for all 1 < t < s (if any).
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5.4.- "Folk” Theorems

o By definition of g1, a*(g1, &) = a'(f1, fo) for all 1 < t < s (if any).

@ Hence,
(g h) = K& (e h) ...a° g h))
= (&' (A, h),...a" (A k)
= a(h, h).
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5.4.- "Folk” Theorems

o By definition of g1, a*(g1, &) = a'(f1, fo) for all 1 < t < s (if any).

@ Hence,
3(gh) = fi(a'(grh) .3 (g1, £))
= (@ (A R) e @ (A, )
= a(f.h).
@ Thus,
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5.4.- "Folk” Theorems

o By definition of g1, a*(g1, &) = a'(f1, fo) for all 1 < t < s (if any).

@ Hence,
3(gh) = fi(a'(grh) .3 (g1, £))
= (@ (A R) e @ (A, )
= a(f.h).
@ Thus,

o forall 1 <t < s (ifany), hi(a'(g1, h)) = m(a*(f1, f)),
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5.4.- "Folk” Theorems

o By definition of g1, a*(g1, &) = a'(f1, fo) for all 1 < t < s (if any).

@ Hence,
3(gh) = fi(a'(grh) .3 (g1, £))
= (@ (A R) e @ (A, )
= a(f.h).
@ Thus,

o forall 1 <t < s (ifany), hi(a'(g1, h)) = m(a*(f1, f)),
o forall t >s, hi(at(g1, ) > 1= m(at(f, f)),
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5.4.- "Folk” Theorems

o By definition of g1, a*(g1, &) = a'(f1, fo) for all 1 < t < s (if any).

@ Hence,
3(gh) = fi(a'(grh) .3 (g1, £))
= (@ (A R) e @ (A, )
= a(f.h).
@ Thus,

o forall 1 <t < s (ifany), hi(a'(g1, h)) = m(a*(f1, f)),
o forall t >s, hi(at(g1, ) > 1= m(at(f, f)),
e and

hi(a°(g1. f2)) D, a3(g1. 1))
)

hy(
h(C, a3(g1. f2)
hy (
hl(

V

C, a3(f1, f2))
a*(h, f2)).
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5.4.- "Folk” Theorems

@ Therefore,

1 T
H (g1.f) = 7 Y h(a'(g1 )
t=1
1 T
> =) (& (fih)
=
= H (. h),
which contradicts that (i, ) € Fx. [ ]
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5.4.- "Folk” Theorems

Proposition Let G be the Prisoners’ Dilemma. Then, tit-for-tat is an
equilibrium of Ge.
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5.4.- "Folk” Theorems

Proposition Let G be the Prisoners’ Dilemma. Then, tit-for-tat is an
equilibrium of Ge.

Proof Let g; be the strategy tit-for-tat for player i = 1, 2.
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5.4.- "Folk” Theorems

Proposition Let G be the Prisoners’ Dilemma. Then, tit-for-tat is an
equilibrium of Ge.

Proof Let g; be the strategy tit-for-tat for player i = 1, 2.

@ Then, since for all t > 1, a'(g1, &) = (C, C), H®(g1. &) = 3.
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5.4.- "Folk” Theorems

Proposition Let G be the Prisoners’ Dilemma. Then, tit-for-tat is an
equilibrium of Ge.

Proof Let g; be the strategy tit-for-tat for player i = 1, 2.

@ Then, since for all t > 1, a'(g1, &) = (C, C), H®(g1. &) = 3.

o Let f; € F; be arbitrary (a symmetric argument works for player 2).
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5.4.- "Folk” Theorems

Proposition Let G be the Prisoners’ Dilemma. Then, tit-for-tat is an
equilibrium of Ge.

Proof Let g; be the strategy tit-for-tat for player i = 1, 2.

@ Then, since for all t > 1, a'(g1, &) = (C, C), H®(g1. &) = 3.

o Let f; € F; be arbitrary (a symmetric argument works for player 2).
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5.4.- "Folk” Theorems

Proposition Let G be the Prisoners’ Dilemma. Then, tit-for-tat is an

equilibrium of Ge.
Proof Let g; be the strategy tit-for-tat for player i = 1, 2.

@ Then, since for all t > 1, a'(g1, &) = (C, C), H®(g1. &) = 3.

e Let f; € F; be arbitrary (a symmetric argument works for player 2)

For every T > 1,

;
2 “(h, &)

=3-4#{1<t<T|a'(h&)=(CO)}

+4-#{1<t<T|a'(h,&)=(D C)}
+0-#{1<t< T|a'(h,&)=(C.D)}
+1-#{1<t<T|a'(h. &)= (D, D)}

Game Theory: Repeated Games
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5.4.- "Folk” Theorems

@ By the definition of g» (tit-for-tat),

#{t < T|ai(f &) = (D.C)} +#{t < T | a'(fi.g) = (D, D)}
=#{t < T|af(h &) =D}
< #{t < T|a(h.g) = D} +1

=#{t|a'(h.&) = (C.D)} +#{t|a'(f.&) = (D, D)} +1.

Jordi Massé
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5.4.- "Folk” Theorems

@ By the definition of g» (tit-for-tat),
#{t<T|a'(h &)= (D O+#{t<T|a(h,g)=(D D)}

=#{t < T|ai(h.&) =D}
<#{t<T|aj(f.g)=D}+1

=#{t|a'(h.&) = (C.D)} +#{t|a'(f.&) = (D, D)} +1.

@ Hence,

#{t|a'(h,&)=(D O} <#{t]a'(h.&)=(C.D)}+1. (1)
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5.4.- "Folk” Theorems

Zhl (f,82)) =3-#{t < T|a'(f. &
#r<T|a(h

3#{t§T|a(

+3-#{t < T | a¥(
+1-#{t<T|a

) =
1,82)
1g2)
1g2)
(h. &
—1-#{t < T|a(fh, &
—2-#{t < T|a'(h, &
—2-#{t<T|a'(h. &

— — — —
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5.4.- "Folk” Theorems

Zh1 (f,82)) =3-#{t < T |a'(fi,g) = (C O)}
+3-#{t < T|a'(h.&)=(D,C)} ¢ =3T
+3-#{t < T|a'(fi,g)=(C,D)}
+3-#{t < T |a'(h.&)=(D,D)}
{t<Tl|a(f,g)=(D C)}
T e oy fstmw
—2'#{t§T!3(ﬂg2)=(CD)}}<O
—2-#{t<T|a'(h.&)=(D,D)} | =7

Hence,

T
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5.4.- "Folk” Theorems

@ Thus,

;
HP(f,82) = { Zhl (1, 82) }

t=1

< I|msup7zh1 a'(f1,82))

n—oo

< limsup= (3T+1) =3

n—oo

= Hf°(g1,g2)_
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5.4.- "Folk” Theorems

@ Thus,

;
HP(f,82) = { Zhl (1, 82) }

t=1

< I|msup7zh1 a'(f1,82))

n—oo

< limsup= (3T+1) =3

n—oo
= Hf°(g1,g2)_
@ Therefore, for all i € F1, H®(f, 82) < H{®(g1, &)

Jordi Massé Game Theory: Repeated Games



5.4.- "Folk” Theorems

@ Thus,

;
HP(f,82) = { Zhl (1, 82) }

t=1

< I|msup7zh1 a'(f1,82))

n—oo

< limsup= (3T+1) =3

n—oo
= Hf°(g1,g2)_
@ Therefore, for all i € F1, H®(f, 82) < H{®(g1, &)
e Hence, (g1, 4) € F%. [ ]
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@ Thus,

;
HP(f,82) = { Zhl (1, 82) }

t=1

< I|msup7zh1 a'(f1,82))

n—oo

< limsup= (3T+1) =3

n—oo
= Hf°(g1,g2)_
@ Therefore, for all i € F1, H®(f, 82) < H{®(g1, &)
e Hence, (g1, 4) € F%. [ ]

@ Note that this is independent of the particular Banach limit H chosen
to evaluate sequences of averages.
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5.4.- "Folk” Theorems

Objective: To describe, for every bounded game in normal form G, the set
of equilibrium payoffs of G, for &« = T, A, 0.
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Objective: To describe, for every bounded game in normal form G, the set
of equilibrium payoffs of G, for &« = T, A, 0.

@ In terms of the payoffs (h(a))aca of G.
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Objective: To describe, for every bounded game in normal form G, the set
of equilibrium payoffs of G, for &« = T, A, 0.

@ In terms of the payoffs (h(a))aca of G.

@ In general, fora = T, A, o0, F; is extremely large.
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Objective: To describe, for every bounded game in normal form G, the set
of equilibrium payoffs of G, for &« = T, A, 0.

@ In terms of the payoffs (h(a))aca of G.
@ In general, fora = T, A, o0, F; is extremely large.

@ Relationships:
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Objective: To describe, for every bounded game in normal form G, the set
of equilibrium payoffs of G, for &« = T, A, 0.

@ In terms of the payoffs (h(a))aca of G.
@ In general, fora = T, A, o0, F; is extremely large.

@ Relationships:

o Ff — FX and F¥ — FX?
A1 ® T ®
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5.4.- "Folk” Theorems

Objective: To describe, for every bounded game in normal form G, the set
of equilibrium payoffs of G, for &« = T, A, 0.

@ In terms of the payoffs (h(a))aca of G.
@ In general, fora = T, A, o0, F; is extremely large.
@ Relationships:

o Ff — FX and F¥ — FX?
A1 ® T ®

@ These collection of results are some times called
Aumann-Shapley-Rubinstein Theorems.
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5.4.- "Folk” Theorems

o Let G = (I,(Ai)ies, (hi)ics) be a bounded game in normal form.
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5.4.- "Folk” Theorems

Let G = (I, (Aj)ier, (hi)ier) be a bounded game in normal form.

Definition The payoff x; € R is individually rational for player i € |
if
x; > inf  sup hi(a;,a—;) = R;.

a_j€A_; ai€A;
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Let G = (1, (A)ies, (hi)ier) be a bounded game in normal form.
Definition The payoff x; € R is individually rational for player i € |
if
i > inf  sup hj(a;,a—;) = R;.
2 inf sup i(aia—i) =R
o Remark: If G is bounded, then R; = min max h;(a;, a_;).

a_;€A_; aj€A;
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Let G = (1, (A)ies, (hi)ier) be a bounded game in normal form.
Definition The payoff x; € R is individually rational for player i € |
if
i > inf  sup hj(a;,a—;) = R;.
2 inf sup i(aia—i) =R
o Remark: If G is bounded, then R; = min max h;(a;, a_;).

a_;€A_; aj€A;
o Interpretation: Player i can guarantee R; by himself.
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o Let G = (I,(Ai)ies, (hi)ics) be a bounded game in normal form.

o Definition The payoff x; € R is individually rational for player i € |

if
X Z inf sup h,-(a,-, a,,-) = R,'.
a_j€A_; ai€A;
o Remark: If G is bounded, then R; = min max h;(a;, a_;).

a_;€A_; aj€A;
o Interpretation: Player i can guarantee R; by himself.

o Punishment idea: the other players choose their actions and then i
chooses his best action.
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o Let G = (I,(Ai)ies, (hi)ics) be a bounded game in normal form.

o Definition The payoff x; € R is individually rational for player i € |
if

X Z inf sup h,-(a,-, a,,-) = R,'.
a_j€A_; ai€A;

o Remark: If G is bounded, then R; = min max h;(a;, a_;).
a_;€A_; aj€A;

o Interpretation: Player i can guarantee R; by himself.

Punishment idea: the other players choose their actions and then i
chooses his best action.

Warning: with mixed strategies, this minimax may be smaller; i.e.,
there are games for which

inf  sup Hi(c;,0_;) < inf sup hi(a;,a_;).
o_j€X_; €Y a_;eA_; a;,€EA;
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o Examples:
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o Prisoners’ Dilemma: R; = min{max{3,4}, max{0,1}} = 1.
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o Examples:

o Prisoners’ Dilemma: R; = min{max{3,4}, max{0,1}} = 1.
o Battle of Sexes: R; = min{max{3,0}, max{0,1}} = 1.
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o Examples:
o Prisoners’ Dilemma: R; = min{max{3,4},max{0,1}} = 1.

o Battle of Sexes: R; = min{max{3,0}, max{0,1}} = 1.
o Coordination Game: R; = min{max{1,0}, max{0,2}} = 1.
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o Examples:

o Prisoners’ Dilemma: R; = min{max{3,4}, max{0,1}} = 1.

o Battle of Sexes: R; = min{max{3,0}, max{0,1}} = 1.

o Coordination Game: R; = min{max{1,0}, max{0,2}} = 1.

o Matching Pennies: R; = min{max{1, —1}, max{1,—-1}} = 1.
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o Examples:
o Prisoners’ Dilemma: R; = min{max{3,4},max{0,1}} = 1.
o Battle of Sexes: R; = min{max{3,0}, max{0,1}} = 1.
o Coordination Game: R; = min{max{1,0}, max{0,2}} = 1.
o Matching Pennies: R; = min{max{1, —1}, max{1,—-1}} = 1.

e Notation: C(G) =cl (co{h(a) e R*' | ae A}).
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5.4.- "Folk” Theorems

o Examples:

o Prisoners’ Dilemma: R; = min{max{3,4}, max{0,1}} = 1.

o Battle of Sexes: R; = min{max{3,0}, max{0,1}} = 1.

o Coordination Game: R; = min{max{1,0}, max{0,2}} = 1.

o Matching Pennies: R; = min{max{1, —1}, max{1,—-1}} = 1.

e Notation: C(G) =cl (co{h(a) e R*' | ae A}).

o If G is finite, C(G) = co {h(a) eR# |ac A} .
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Jordi Massé
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h(F,B) = h(B, F)
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h(B,R
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h(T, L)

0 > hy

0 1 2

h(T,R) = h(B, L)
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hy

h(T,H) = h(H, T)1

-

h(H,H) = h(T,T)
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-

h(H,H) = h(T,T)
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Infinitely Repeated
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Infinitely Repeated

Let G be a bounded game in normal form. Then,

{H""(f) ER™ | fe ng,} ={x€ C(G)|x; =R foralli € l}.
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R =1
h Ot
A
h(T,H) = h(H, T) .
, =
C(6)
- M
1 1

h(H,H) = h(T,T)
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5.4.- "Folk” Theorems

Let G = (I, (Ai)ier, (hi)ic) be a finite game in normal form.
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5.4.- "Folk” Theorems

Let G = (I, (Ai)ier, (hi)ic) be a finite game in normal form.

Proposition 1 If f is an equilibrium of G, for « = T, A, o then,
Hf‘(f) > R; forall i € 1.
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5.4.- "Folk” Theorems

Let G = (I, (Ai)ier, (hi)ic) be a finite game in normal form.

Proposition 1 If f is an equilibrium of G, for « = T, A, o then,
Hf‘(f) > R; forall i € 1.

Proposition 2 Let {a'}®, be such that at € A for all t > 1 and
liminfL Z hi(a') > R; for all i € | then, there exists an f € F such that
n—od

(1) f is an equ1l1br/um of G and (2) a'(f) = a* for all t > 1.
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5.4.- "Folk” Theorems

Let G = (I, (Ai)ier, (hi)ic) be a finite game in normal form.

Proposition 1 If f is an equilibrium of G, for « = T, A, o then,
Hf‘(f) > R; forall i € 1.

Proposition 2 Let {a'}®, be such that at € A for all t > 1 and
liminfL Z hi(a') > R; for all i € | then, there exists an f € F such that
n—od

(1) f is an equ1l1br/um of G and (2) a'(f) = a* for all t > 1.

Proposition 3  For every x € C(G) there exists a sequence {a'},
such that a* € A for all t > 1 and for all i € I, Tlim 1 Z hi(a') exists

and it is equal to x;.
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Let G = (I, (Ai)ier, (hi)ic) be a finite game in normal form.

Proposition 1 If f is an equilibrium of G, for « = T, A, o then,
Hf‘(f) > R; forall i € 1.

Proposition 2 Let {a'}®, be such that at € A for all t > 1 and
I',?l)'o'lf Z hi(a') > R; for all i € | then, there exists an f € F such that
(1) f is an equ1l1br/um of G and (2) a'(f) = a* for all t > 1.
Proposition 3  For every x € C(G) there exists a sequence {a'},
such that a* € A for all t > 1 and for all i € I, Tllnoo% t; hi(a') exists
and it is equal to x;.

Proposition 4 For every f € F and every a = T, A, 00, H*(f) € C(G).
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Proposition 1: Intuition
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Proposition 1: Intuition

Proposition 1 /f f is an equilibrium of G, for « = T, A, oo then,
HY(f) > R; forall i € 1.
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Proposition 1: Intuition

Proposition 1 /f f is an equilibrium of G, for « = T, A, oo then,
HY(f) > R; forall i € 1.

o Let f € F and /i € I be arbitrary. Define recursively g; € F; as follows:
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5.4.- "Folk” Theorems

Proposition 1: Intuition

Proposition 1 /f f is an equilibrium of G, for « = T, A, oo then,
HY(f) > R; forall i € 1.

o Let f € F and /i € I be arbitrary. Define recursively g; € F; as follows:
o Given a'(f) let b} € A; be s.t. hj(b}, a' (f)_;) > R;; it exists since

R = min maxh;(a;,a_;) < max hi(a;, a*(f)_;) = hj(b}, a*(f)_).

a_;€A_;aj€A; a;i€A;

Then, set g} = bl
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Proposition 1: Intuition

Proposition 1 /f f is an equilibrium of G, for « = T, A, oo then,

HY(f) > R; forall i € 1.
o Let f € F and /i € I be arbitrary. Define recursively g; € F; as follows:
o Given a'(f) let b} € A; be s.t. hj(b}, a' (f)_;) > R;; it exists since

R = min maxh;(a;,a_;) < max hi(a;, a*(f)_;) = hj(b}, a*(f)_).

a_;€A_;aj€A; a;i€A;
1 _ 4l
Then, set gi' = b;.

@ Assume g; has been defined up to t. Let b,-tJrl € A; be s.t.
hi(bHE FiH(al(gi, £-i), ..., at (g, f-i))—i) > Ry; as before, it also
exists. Then, for all (a!, ..., at) € Af, set

pttl if V1<s<t a°=a°(g,f)
11 o l <s<t, 8ir I—j
g (a,..a)= { fiHL(at, ..., af)  otherwise.
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Proposition 1: Intuition

@ It is possible to show that, by the definition of gj,

hi(a*(gi 1)) > Ri.
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Proposition 1: Intuition

@ It is possible to show that, by the definition of gj,
hi(a*(gi f-i)) > Ri.

e Hence, for all a = T, A, 00, H*(gi, f-i) > R;.
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Proposition 1: Intuition

@ It is possible to show that, by the definition of gj,
hi(a*(gi 1)) > Ri.
e Hence, for all a = T, A, 00, H*(gi, f-i) > R;.
@ Thus, if fora = T, A, 00, f € G; then, it must be the case that

HE(f) > R;.
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Proposition 2: Intuition

Proposition 2 Let {a'}®, be such that a* € A for all t > 1 and

liminfl Z h > R; for all i € | then, there exists an f € F such that

/saneqUIlr/umo an = a for a tZ .
(1) f lib f Geo and (2) at(f) = at forall t > 1
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Proposition 2: Intuition

Proposmon 2 Let {a'}®, be such that a* € A for all t > 1 and

liminfl Z h > R; for all i € | then, there exists an f € F such that

(1) fis an equ1/lbr/um of G and (2) a'(f) = a* for all t > 1.

o For every i € I, there exists a(i) € A such that h;(b;, a(i)—;) < R; for
all b; € A;. Observe that

R; = min max h;(a;, a—;) = max h;(a;, a(i)—;) > hi(b;,a(i)—;)

a_j€A_; ai€A; a;EA;

for all b; € A;.
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Proposition 2: Intuition

Proposmon 2 Let {a'}®, be such that a* € A for all t > 1 and

liminfl Z h > R; for all i € | then, there exists an f € F such that

(1) fis an equ1/lbr/um of G and (2) a'(f) = a* for all t > 1.

o For every i € I, there exists a(i) € A such that h;(b;, a(i)—;) < R; for
all b; € A;. Observe that

R; = min max h;(a;, a—;) = max h;(a;, a(i)—;) > hi(b;,a(i)—;)

a_j€A_; ai€A; a;EA;

for all b; € A;.
1

o For every j € I, set 75.1 =aj.
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Proposition 2: Intuition

Proposmon 2 Let {a'}®, be such that a* € A for all t > 1 and

liminfl Z h > R; for all i € | then, there exists an f € F such that

(1) fis an equ1/lbr/um of G and (2) a'(f) = a* for all t > 1.

o For every i € I, there exists a(i) € A such that h;(b;, a(i)—;) < R; for
all b; € A;. Observe that

R; = min max h;(a;, a—;) = max h;(a;, a(i)—;) > hi(b;,a(i)—;)

a_jEA_; ajEA; ai€A;
for all b; € A;.
o For every j € I, set 75.1 = a}.

o Take any function 7 : 2/\{@} — I with the property that for all
Je2N\{z}, v(J) € J.
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Proposition 2: Intuition

o Let (b', ..., bt) € A be arbitrary. Let s=min{1 <r <t|b #a'},
J={kel|b} #a;}andi=y(J).
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Proposition 2: Intuition

o Let (b', ..., bt) € A be arbitrary. Let s=min{1 <r <t|b #a'},
J={kel|b} #a;}andi=y(J).

@ Define

FERL(BL ) = aitt Vi< r<t b =a
J T2 a(i);  otherwise.
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Proposition 2: Intuition

o Let (b', ..., bt) € A be arbitrary. Let s=min{1 <r <t|b #a'},
J={kel|b} #a;}andi=y(J).

@ Define

FERL(BL ) = aitt Vi< r<t b =a
J T2 a(i);  otherwise.

@ It is easy to show that for all t > 1, a'(f) = a* (namely, (ii) is
proven).
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Proposition 2: Intuition

o Let (b', ..., bt) € A be arbitrary. Let s=min{1 <r <t|b #a'},
J={kel|b} #a;}andi=y(J).

@ Define

t+1 ro_ ar
t41/ .1 N -} ifVi<r<t b =a
f <b,...,b>—{ f

a(i)j otherwise.

@ It is easy to show that for all t > 1, a'(f) = a* (namely, (ii) is
proven).

e For any g; € F; either a'(f) = a"(gj, f—;) for all t > 1, in which case
H®(f) = H;i(gi, f—i) or else there exists
s=min{t > 1] a'(g;, ;) # a'(f)}. Then, J = {i} and
y({i}) =1i. Thus,
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Proposition 2: Intuition

H>(gi, f-i) =H ({% é hi(a*(gi. f"')}j_l)

< limsupr_co + £y hiat(gi, 1)

< limsupr_o 7 [smax{hi(a) | a € A} + (T — s)R/]
< limsup +smax{h;(a) | a € A} +limsup +(T — s5)R;
< limsupr_ + TR;

— R,

< Ii,ﬂiorlf% 2;1 hi(a") by hypothesis

<liminf3 Y hi(at(F)) by (i)
< HP(f).

Jordi Massé
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Proposition 2: Intuition

H>(gi, f-i) =H ({% é hi(a*(gi. f"')}j_l)

< limsupr_co + £y hiat(gi, 1)

< limsupr_o 7 [smax{hi(a) | a € A} + (T — s)R/]
< limsup +smax{h;(a) | a € A} +limsup +(T — s5)R;
< limsupr_ + TR;

— R,

< Ii,ﬂiorlf% 2;1 hi(a") by hypothesis

<liminf3 Y hi(at(F)) by (i)
< HP(f).

But since g; was arbitrary, f € FX.
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Proposition 3: Intuition

Proposition 3  For every x € C(G) there exists a sequence {a'},

such that at € A for all t > 1 and for all i € I, I|m Z hi(a") exists

and it is equal to x;.
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Proposition 3: Intuition

Proposition 3  For every x € C(G) there exists a sequence {a'},
such that at € A for all t > 1 and for all i € I, I|m Z hi(a") exists
and it is equal to x;.

Proposition 3 follows (after some work to deal with convex combinations
with non-rational coefficients) from the following result which in turn
follows from a more general result (Caratheodory Theorem).
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Proposition 3: Intuition

Proposition 3  For every x € C(G) there exists a sequence {a'},

such that at € A for all t > 1 and for all i € I, I|m Z hi(a") exists
and it is equal to x;.

Proposition 3 follows (after some work to deal with convex combinations
with non-rational coefficients) from the following result which in turn
follows from a more general result (Caratheodory Theorem).

Result Let X = co{x!,...,xX} C R". For every x € X there exist
n+1
yloy™ e {x, . xK} and pt, ..., p"t1 > 0 such that Z P’ =1 with
j=1
n+l
the property that x = Z Py
j=1
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Proposition 4: Intuition

Proposition 4 For every f € F and every « = T, A, 00, H*(f) € C(G).
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Proposition 4: Intuition

Proposition 4 For every f € F and every « = T, A, 00, H*(f) € C(G).

@ For o« = T, o0 the statement obviously holds.
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Proposition 4: Intuition

Proposition 4 For every f € F and every « = T, A, 00, H*(f) € C(G).

@ For o« = T, o0 the statement obviously holds.
@ For a = A, observe that for every t > 1,0 < (1 — /\)Atfl <1 and
(1-A7) E)\t_l = (1—A)ti; = 1. Thus, each (1 —A)A""! can be
t=1

seen as the coefficient of an (infinite) convex combination: Thus,
[e0]

HMf) = (1—A) Y A'"th(at(f)) € C(G).

t=1
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@ Proof of the Theorem
e C) Let f be an equilibrium of G,.
e By Proposition 1, H*(f) > R; for all i € .
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o Proof of the Theorem
e C) Let f be an equilibrium of G,.

e By Proposition 1, H*(f) > R; for all i € .
o By Proposition 4, H*(f) € C(G).
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o Proof of the Theorem
e C) Let f be an equilibrium of G,.
e By Proposition 1, H*(f) > R; for all i € .
o By Proposition 4, H*(f) € C(G).
o Hence, H*(f) € {x € C(G) | x; > R; forall i € I}.
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o Proof of the Theorem
e C) Let f be an equilibrium of G,.
e By Proposition 1, H*(f) > R; for all i € .
o By Proposition 4, H*(f) € C(G).
o Hence, H*(f) € {x € C(G) | x; > R; forall i € I}.

@ D) Let x € C(G) and assume x; > R; for all i € I.
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@ Proof of the Theorem
e C) Let f be an equilibrium of G,.

e By Proposition 1, H*(f) > R; for all i € .

o By Proposition 4, H*(f) € C(G).

o Hence, H*(f) € {x € C(G) | x; > R; forall i € I}.
@ D) Let x € C(G) and assume x; > R; for all i € I.

o By Proposition 3, there exists a sequence {a‘} ; such that a* € A for

.
allt>1andforalli€l, lim + ¥ hi(al) = x.
T—oo © =1
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o Proof of the Theorem
e C) Let f be an equilibrium of G,.
e By Proposition 1, H*(f) > R; for all i € .
o By Proposition 4, H*(f) € C(G).
o Hence, H*(f) € {x € C(G) | x; > R; forall i € I}.
@ D) Let x € C(G) and assume x; > R; for all i € I.
e By Proposition 3, there exists a sequence {at}° ~1 such that at € A for

all t > 1 and for all j €/, lim 1 z h,-(at) = x;.
—oo | =1

e By Proposition 2, there exists f € F such that (1) f is an equilibrium
of Ge and (2) af(f) = a* forall t > 1.
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o Proof of the Theorem
e C) Let f be an equilibrium of G,.

e By Proposition 1, H*(f) > R; for all i € .

o By Proposition 4, H*(f) € C(G).

o Hence, H*(f) € {x € C(G) | x; > R; forall i € I}.
@ D) Let x € C(G) and assume x; > R; for all i € I.

e By Proposition 3, there exists a sequence {at}° ~1 such that at € A for
allt>1andforallie/, lim T Z h,-(at) = X;.
T—oo © =1

e By Proposition 2, there exists f € F such that (1) f is an equilibrium
of Ge and (2) af(f) = a* forall t > 1.

e Hence, for aII iel,

H>(f) =H ({%é h,-(af(f))}H) — Jim L ¥ hy(at) = x;
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o Proof of the Theorem
e C) Let f be an equilibrium of G,.

e By Proposition 1, H*(f) > R; for all i € .

o By Proposition 4, H*(f) € C(G).

o Hence, H*(f) € {x € C(G) | x; > R; forall i € I}.
@ D) Let x € C(G) and assume x; > R; for all i € I.

e By Proposition 3, there exists a sequence {at}° ~1 such that at € A for
allt>1andforallie/, lim T Z h,-(at) = X;.
T—oo © =1

e By Proposition 2, there exists f € F such that (1) f is an equilibrium
of Ge and (2) af(f) = a* forall t > 1.

e Hence, for aII iel,

H>(f) =H ({%é h,-(af(f))}H) — Jim L ¥ hy(at) = x;

e Thus, x € {H°°(f) € R#/ | f is an equilibrium of Goo}. [ ]
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Discounted Repeated

For every x € C(G) such that x; > R; for all i € I, there exists A€ (0, 1)

such that for all A € (A, 1) there exists f € F; with the property that
HA () = x.

Jordi Massé
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5.4.- "Folk” Theorems

Finitely Repeated

Benoit and Krishna (1987) Assume that for every i € | there exists

a*(i) € A* such that hi(a*(i)) > R;. Then, for all x € C(G) such that
x; > R; for all i € | and for every € > 0 there exists T € N such that for
all T > T there exists f € F3 such that |HT (f) — x|| <e.

Jordi Massé
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Finitely Repeated

Benoit and Krishna (1987) Assume that for every i € | there exists

a*(i) € A* such that hi(a*(i)) > R;. Then, for all x € C(G) such that
x; > R; for all i € | and for every € > 0 there exists T € N such that for
all T > T there exists f € F3 such that |HT (f) — x|| <e.

@ Benoit, J.P. and V. Krisnha. “Nash Equilibria of Finitely Repeated
Games,” International Journal of Game Theory 16, 1987.

Jordi Massé
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Finitely Repeated: Intuition
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Finitely Repeated: Intuition

@ Terminal phase: for @ € IN,
a*(1),...,a"(n),...,a"(1),...,a"(n).

~~ ~~

n periods n periods

Q-times=Qn periods
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Finitely Repeated: Intuition

@ Terminal phase: for @ € IN,
a*(1),...,a"(n),...,a"(1),...,a"(n).

~~

n periods n periods

Q-times=Qn periods

o Observe that for all i € N, h;j(a*(i)) > R; and h;(a*(j)) > R; for all
jen.
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Finitely Repeated: Intuition

@ Terminal phase: for @ € IN,
a*(1),...,a"(n),...,a"(1),...,a"(n).

NV
n periods n periods

Q-times=Qn periods
o Observe that for all i € N, h;j(a*(i)) > R; and h;(a*(j)) > R; for all
jen.

@ Average payoffs in the terminal phase: for all i € N,

1 n 0N 1 (%[ .
yi = @Qj; hi(a*(j)) = ;J_; hi(a*(j)) > Ri.
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Finitely Repeated: Intuition

@ Terminal phase: for @ € IN,
a*(1),...,a"(n),...,a"(1),...,a"(n).

NV
n periods n periods

Q-times=Qn periods

o Observe that for all i € N, h;j(a*(i)) > R; and h;(a*(j)) > R; for all

JjEN.
@ Average payoffs in the terminal phase: for all i € N,

1 n 10
= —Q h,-a*' = — h,-a*' > R;.
5= r@ Lm0 = £ ha' ()

e Given x € C(G) such that x; > R; for all i € N, choose Q with the

property that for all i € N,

xi + Qyi > sup hi(a) + QR;.

acA
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Finitely Repeated: Intuition

e Given € > 0, choose T € IN such that there exists a cycle {a'} of
length T — @Qn such that

h(a") — x| <e.

1 T—Qn
=
T—Qn =
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Finitely Repeated: Intuition

e Given € > 0, choose T € IN such that there exists a cycle {a'} of
length T — @Qn such that

h(a") — x| <e.

T——Qn éi
@ Define f € Fy:fori € N,

“ 1 T—Qn
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Finitely Repeated: Intuition

e Given € > 0, choose T € IN such that there exists a cycle {a'} of
length T — @Qn such that

h(a") — x

1 T—Qn
< E.

T—Qn tgl
@ Define f € Fy:fori € N,
o for1 <t< T —Qn.

t if all players follow the cycle {a’}

try_— ) @
fi ( ) - { a(j),' if j has deviated,

where a(j) is such that h;(b;,a(j)—;) < R; for all b; € A;.
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Finitely Repeated: Intuition

e Given € > 0, choose T € IN such that there exists a cycle {a'} of
length T — @Qn such that

h(a") — x

1 T—Qn
< E.

T—Qn tgl
@ Define f € Fy:fori € N,
o for1 <t< T —Qn.

t if all players follow the cycle {a’}

try — a
fi()= { a(j); if j has deviated,
where a(j) is such that h;(b;,a(j)—;) < R; for all b; € A;.
efor T—Qn+1<t<T.

f,t() = terminal phase of Nash equilibria.
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Finitely Repeated: Intuition

It is possible to show that for all T sufficiently large, all i € N, and all
g € Fi,
HT () > H (gi. f-0);

1

namely, f € F7.

Jordi Massé
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5.4.- "Folk” Theorems

Finitely Repeated: Intuition

o It is possible to show that for all T sufficiently large, all i € N, and all
g € Fi,
HT () > H (gi. f-0);

namely, f € F7.

@ Moreover, for sufficiently large T,
HHT(f) —XH <&

namely, the weight of the terminal phase vanishes.
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o Let G = (I,(Ai)ici, (hi)ics) be a game in normal form.
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5.4.- “Folk” Theorems: SPE

o Let G = (I,(Ai)ici, (hi)ics) be a game in normal form.
@ For every t > 1 and i € | define the mapping
S,':F,'XAt—>F,',

where, for every (£, (a',...,a%)) € F; x Af, s(f;, (a%,...,a")); € Fi is
obtained as follows:
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o Let G = (I,(Ai)ici, (hi)ics) be a game in normal form.
@ For every t > 1 and i € | define the mapping
S,':F,'XAt—>F,',

where, for every (£, (a',...,a%)) € F; x Af, s(f;, (a%,...,a")); € Fi is
obtained as follows:

o s(f, (al, ..., at))t = £171(al, ., at) and
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5.4.- “Folk” Theorems: SPE

o Let G = (I,(Ai)ici, (hi)ics) be a game in normal form.
@ For every t > 1 and i € | define the mapping
S,':F,'XAt—>F,',

where, for every (£, (a',...,a%)) € F; x Af, s(f;, (a%,...,a")); € Fi is
obtained as follows:

o s(f, (al, ..., at))t = £171(al, ., at) and

o forall r>1andall (b!,..,b") € A",

s(f;, (at, ..., at))fﬂ(bl, b)) = fit+r+1(a1, Lat bt b,
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5.4.- “Folk” Theorems: SPE

o Let G = (I,(Ai)ici, (hi)ics) be a game in normal form.
@ For every t > 1 and i € | define the mapping
S,':F,'XAt—>F,',

where, for every (£, (a',...,a%)) € F; x Af, s(f;, (a%,...,a")); € Fi is
obtained as follows:
o s(f, (al, ..., at))t = £171(al, ., at) and
o forall r>1andall (b!,..,b") € A",
s(f;, (at, ..., at))fﬂ(bl, b)) = fit+r+1(a1, Lat bt b,

o Notation: for every (f,(al, ..., at)) € F x Af, set

s(f, (al, ..ah)) = (s(f, (al, na)iier
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5.4.- “Folk” Theorems: SPE

Definition Let G = (/, (A;)ies, (hi)ic/) be a game in normal form. An
strategy f € F is a Subgame Perfect Equilibrium (SPE) of G,, for

a = o0, A, if for every t > 1 and every (al,...,a") € Af, s(f, (a%,...,a")) is
a Nash equilibrium of G,.

Jordi Massé Game Theory: Repeated Games



5.4.- “Folk” Theorems: SPE

Definition Let G = (/, (A;)ies, (hi)ic/) be a game in normal form. An
strategy f € F is a Subgame Perfect Equilibrium (SPE) of G,, for

a = o0, A, if for every t > 1 and every (al,...,a") € Af, s(f, (a%,...,a")) is
a Nash equilibrium of G,.

Aumann, Shapley, Rubinstein. Let G = (I, (A;)ier, (hi)ici) be a bounded
game in normal form. Then,

{Hoo(f) ER* |fisa SPEOfGoo} ={xe€ C(G)|x >R;forallicl}.

v
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5.4.- “Folk” Theorems: SPE

Definition Let G = (/, (A;)ies, (hi)ic/) be a game in normal form. An
strategy f € F is a Subgame Perfect Equilibrium (SPE) of G,, for

a = o0, A, if for every t > 1 and every (al,...,a") € Af, s(f, (a%,...,a")) is
a Nash equilibrium of G,.

Aumann, Shapley, Rubinstein. Let G = (I, (A;)ier, (hi)ici) be a bounded
game in normal form. Then,

{Hoo(f) eR* | fisa SPEOfGoo} ={xe€ C(G)|x >R;forallicl}.

v

Theorem
Friedman (1971) Let a* € A* be such that h(a*) = e. Then, for every

x € C(G) such that x; > e; for all i € I, there exists A€ (0,1) such that
for all A € (A, 1) there exists a SPE f of Gy with H*(f) = x.
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Theorem

Fudenberg and Maskin (1986) Let G = (I, (Ai)ics, (hi)ici) be a bounded
game in normal form and assume dim(C(G)) = n. Then, for all x € C(G)
such that x; > R; for all i € I, there exists A€ (0,1) such that for all

A € (A, 1) there exists a SPE f of Gy with H(f) = x.

Theorem

Benoit and Krishna (1985) Let G = (I, (A;)ics, (hi)ici) be a bounded
game in normal form and assume that for each i € | there exist
a*(i),a(i) € A* such that hij(a*(i)) > hi(a(i)) and that dim(C(G)) = n.
Then, for every x € C(G) such that x; > R; for all i € | and every ¢ > 0
there exists T € N such that for all T > T there exists a SPE f € F of
Gr such that |HT (f) — x|| <e.

| \
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5.4.- "Folk” Theorems

@ Friedman, J. "A Non-cooperative Equilibrium for Supergames,” The
Review of Economic Studies 38, 1971.
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5.4.- "Folk” Theorems

@ Friedman, J. "A Non-cooperative Equilibrium for Supergames,” The
Review of Economic Studies 38, 1971.

@ Benoit, J.P. and V. Krisnha. “Finitely Repeated Games,”
Econometrica 53, 1985.
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5.4.- "Folk” Theorems

@ Friedman, J. "A Non-cooperative Equilibrium for Supergames,” The
Review of Economic Studies 38, 1971.

@ Benoit, J.P. and V. Krisnha. “Finitely Repeated Games,”
Econometrica 53, 1985.

@ Fudenberg, D. and E. Maskin. “The Folk Theorem in Repeated
Games with Discounting or with Incomplete Information,”
Econometrica 54, 1986.
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Final Remarks

o Ff — FX?
/\/\*)1 *©
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o Ff — FX?
)\/\*)1 *©

e NO in general.

o YES for the Prisoners’ Dilemma.
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o YES for the Prisoners’ Dilemma.
o Often YES.
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o YES for the Prisoners’ Dilemma.
o Often YES.

o Ff — F?

T —o0
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Final Remarks

o Ff — FX?
)\/\*)1 *©

e NO in general.
o YES for the Prisoners’ Dilemma.
o Often YES.

e NO for the Prisoners’ Dilemma.

e YES for games with a suboptimal Nash equilibrium.
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Final Remarks

o Ff — FX?
)\/\*)1 *©

e NO in general.
o YES for the Prisoners’ Dilemma.
o Often YES.

o Ff — F?

T —o0

e NO for the Prisoners’ Dilemma.

e YES for games with a suboptimal Nash equilibrium.

@ Bounded rationality (finite automata).
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Final Remarks

o Ff — FX?
)\/\*)1 *©

e NO in general.
o YES for the Prisoners’ Dilemma.
o Often YES.

o Ff — F?

T —o0

e NO for the Prisoners’ Dilemma.

e YES for games with a suboptimal Nash equilibrium.

@ Bounded rationality (finite automata).

o Large set of players ;-)
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Final Remarks

o Ff — FX?
)\/\*)1 *©

e NO in general.
o YES for the Prisoners’ Dilemma.
o Often YES.

o Ff — F?

T —o0

e NO for the Prisoners’ Dilemma.
e YES for games with a suboptimal Nash equilibrium.

@ Bounded rationality (finite automata).
o Large set of players ;-)

@ Evolution of behavior.
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5.5.- Stochastic Games

o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.
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5.5.- Stochastic Games

o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.
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5.5.- Stochastic Games

o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.

@ Present actions may influence future opportunities. For example:
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o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.
@ Present actions may influence future opportunities. For example:

e fishing in a lake,
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o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.
@ Present actions may influence future opportunities. For example:

e fishing in a lake,

e timber industry,
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5.5.- Stochastic Games

o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.
@ Present actions may influence future opportunities. For example:

e fishing in a lake,
e timber industry,
e cost-reducing investment decisions,
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5.5.- Stochastic Games

o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.

@ Present actions may influence future opportunities. For example:

e fishing in a lake,

timber industry,

cost-reducing investment decisions,

industry where firms enter and leave (endogenously),
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o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.

@ Present actions may influence future opportunities. For example:

e fishing in a lake,

timber industry,

cost-reducing investment decisions,

industry where firms enter and leave (endogenously),

e etc.
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5.5.- Stochastic Games

o L. Shapley. “Stochastic Games,” Proceedings of the National
Academy of Sciences 39, 1953.

@ The game that players face over time is not always the same.

@ Present actions may influence future opportunities. For example:

fishing in a lake,

timber industry,

cost-reducing investment decisions,

industry where firms enter and leave (endogenously),

e etc.

@ ldea: several games may be played, with a transition probability that
may depend on the profile of actions.
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5.5.- Stochastic Games

@ A stochastic game consists of a finite set of games in normal form
{Gi, ..., Gk} and a probability distribution p, where for every
k=1 ..,K:
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@ A stochastic game consists of a finite set of games in normal form
{Gi, ..., Gk} and a probability distribution p, where for every
k=1 ..,K:

o G = (I, (Af.‘),-el, (hf‘),-el) is a finite game in normal form,
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5.5.- Stochastic Games

@ A stochastic game consists of a finite set of games in normal form
{Gi, ..., Gk} and a probability distribution p, where for every
k=1 ..,K:

o G = (I, (Af.‘),-el, (hf‘),-el) is a finite game in normal form,

@ without loss of generality, assume Af‘ ﬂAf" = forall i €/ and

K
k # k' (and define A; = kul Ay,
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5.5.- Stochastic Games

@ A stochastic game consists of a finite set of games in normal form
{Gi, ..., Gk} and a probability distribution p, where for every
k=1 ..,K:

o G = (I, (Af.‘),-el, (hf‘),-el) is a finite game in normal form,

@ without loss of generality, assume Af‘ ﬂAf" = forall i €/ and

K
k # k' (and define A; = kul Ay,

o Gj is the initial game;
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5.5.- Stochastic Games

@ A stochastic game consists of a finite set of games in normal form
{Gi, ..., Gk} and a probability distribution p, where for every
k=1 ..,K:

o G = (I, (Af.‘),-el, (hf‘),-el) is a finite game in normal form,

@ without loss of generality, assume Af‘ ﬂAf" = forall i €/ and

K
k # k' (and define A; = kul Ay,

o Gj is the initial game;

o for every a¥ € Ak, p(a¥) is a probability distribution on {G, ..., Gk }
(ie., p(a¥) € AK), where for all k' =1, ..., K,
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5.5.- Stochastic Games

@ A stochastic game consists of a finite set of games in normal form
{Gi, ..., Gk} and a probability distribution p, where for every
k=1 ..,K:

o G = (I, (Af.‘),-el, (hf‘),-el) is a finite game in normal form,

@ without loss of generality, assume Af‘ ﬂAf" = forall i €/ and

K
k # k' (and define A; = kul Ay,

o Gj is the initial game;

o for every a¥ € Ak, p(a¥) is a probability distribution on {G, ..., Gk }
(ie., p(a¥) € AK), where for all k' =1, ..., K,

o p(a¥), is the probability of moving to game Gy if players are at game
G, and choose action ak € A.
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5.5.- Stochastic Games
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5.5.- Stochastic Games

Shapley (1953) Let { Gy, ..., Gk} and p be an stochastic game with the
property that #1 = 2 and for all k =1, ..., K, Gk is zero sum. Then, the
infinitely repeated game with discounting has a value.
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Shapley (1953) Let { Gy, ..., Gk} and p be an stochastic game with the
property that #1 = 2 and for all k =1, ..., K, Gk is zero sum. Then, the
infinitely repeated game with discounting has a value.

The proof is not constructive (it uses a fix-point argument).

@ An important part of this literature has tried to show existence of
equilibria with stationary strategies for general settings.

Lokwood (1990)'s characterization with discounting
o p(ak) >0forall k=1,.., K and all ak € A¥.

@ Massé and Neme (1996)’s characterization with
o p(ak)r €{0,1} for all k, k' =1,...,K and all a¥ € Ak,
e infinitely repeated without discounting.
e based on connected stationary strategies,
o the set of equilibrium payoffs is not convex and SPECNE.
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