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1 Introduction

We study two cooperative solutions for a class of markets with indivisible goods modeled as
generalized assignment games. Shapley and Shubik (1972) defined an assignment game as
a market where each seller owns one indivisible object and each buyer, who wants to buy at
most one object, has valuations over all objects. An assignment is a description of deliveries
of objects from sellers to buyers and a price vector is a list of prices, one for each object.
A competitive equilibrium of a market is a price vector and a feasible assignment at which
each seller maximizes revenues, each buyer maximizes net valuations, and markets clear.
Shapley and Shubik (1972) showed that the set of competitive equilibria is non-empty, com-
petitive equilibrium assignments are optimal (the first welfare theorem holds), any optimal
assignment is part of a competitive equilibrium with any of the competitive equilibrium
price vectors (a strong version of the second welfare theorem holds without requiring any
redistribution of the initial endowments), and the set of competitive equilibrium payoffs
coincides with the Core of a naturally associated TU—game (no enlargement or replica of
the market is required for their coincidence).

We consider a generalized assignment game representing a market with a given number
of indivisible units of different goods, where sellers may own different units of each of
the goods and buyers, who may want to buy several units of different goods up to an
exogenous total amount, have constant marginal valuations of each good. Jaume, Masso,
and Neme (2009) extend Shapley and Shubik (1972)’s results for this generalized assignment
game. In particular, they show that the set of competitive equilibria is non-empty, it is
the Cartesian product of the set of competitive equilibrium price vectors and the set of
optimal assignments, the set of competitive equilibrium price vectors has a lattice structure
with the natural partial order of vectors > “to be larger or equal than”, and this lattice
structure is partly translated in a dual way to the sets of buyers and sellers’ utilities that
are attainable at competitive equilibria.

In this paper we study two different cooperative solutions for this class of markets and
their relationship with the set of competitive equilibrium payoffs. The two solutions differ
on how a coalition of buyers and sellers can block a proposed payoff vector. Given an

assignment and a coalition of buyers and sellers, some of them may be buying or selling



some units of some goods to sellers or buyers outside the coalition. The notion of the Core
corresponds to the notion of blocking that requires that all members of the coalition have to
break all exchanges performed with all agents outside the coalition and buy or sell only with
members within the coalition. In contrast, the concept of Set-wise stability corresponds to
the notion of blocking that admits that members of the coalition may completely or partly
keep their exchanges performed with non-members.

The Set-wise stability notion is closer to the already well established notion of stabil-
ity applied to ordinal many-to-one matching models. For instance, Roth and Sotomayor
(1990) analyze this model and its applications to college admission problems and to labor
markets for medical interns assuming that a hospital in a blocking coalition can maintain
its relationships with interns outside the coalition. There is no reason to expect that the
hospital, in order to make an offer to a doctor in the blocking coalition, will have to cancel
the contracts it has with other doctors it has been already assigned to.

Since Set-wise blocking is easier than Core-wise blocking, the Set-wise stable set is a
subset of the Core. We show here that the non-empty set of competitive equilibrium payoffs
is contained in the Set-wise stable set. Hence, the Set-wise stable set as well as the Core
are non-empty. Moreover, we exhibit a simple market showing that these inclusions may
be strict.

The main contribution of the paper is to answer affirmatively the following question. Do
the Core and the Set-wise stable set converge to the set of competitive equilibrium payoffs
when the market becomes large? The question is relevant because competitive equilibrium
requires price-taking behavior which only makes sense when individual quantity decisions
are perceived by each agent as being negligible. To create a setting where price-taking
behavior is meaningful we follow the well established tradition in Economics to enlarge the
environment by replicating the market. We first show that the Set-wise stable set already
coincides with the set of competitive equilibrium payoffs for a two-fold replicated market
(Theorem 1). We also show that the Core converges to the set of competitive equilibrium
payoffs when the number of replica tends to infinity (Theorem 2). Finally, we show that
for any number of replicas there is a market with a Core payoff that is not a competitive
equilibrium payoff (Theorem 3). Thus, the notion of Set-wise stability is much closer (not
only in terms of set-wise inclusion) to competitive equilibrium than the notion of Core.

There are many other papers that recently have studied the relationship between the set
of competitive equilibrium payoffs and alternative cooperative solutions in many-to-one or

many-to-many generalizations of Shapley and Shubik (1972)’s assignment game. Sotomayor



(1992 and 1999a) study a many-to-many assignment game with two finite and disjoint sets
of agents. Each agent from each side can form a maximal number of partnerships with the
agents from the other side. Each partnership generates a total payoff that may be shared
by its two members. Observe that in this extension partnerships are binary; specifically,
if a buyer and a seller form a partnership they can exchange just one indivisible unit of
the good held by the seller. Sotomayor (1992) proves that all pair-wise stable assignments
are optimal and Sotomayor (1999a) shows that the set of pair-wise stable payoffs has a
complete and dual lattice structure. Sotomayor (1999b) proposes the notion of Set-wise
stability for the former model and shows that the pair-wise stable set (that may be empty)
is a subset of the Core. Camina (2006) studies a market with one seller, that owns a given
number of (potentially) different objects, and several buyers who want to buy at most one
object. She shows that the Core and the Set-wise stable set coincide, the set of competitive
equilibrium payoffs is non-empty and it is a subset of the Core. Moreover, she shows that
the Core has a complete lattice structure with the partial order coming from comparing
buyers’ payoff vectors with the partial order > and this structure is not dual.

Sotomayor (2007) studies a generalized assignment game similar to ours but with two
important differences: (i) sellers only own units of a unique good and each good is only
owned by a particular seller and (ii) buyers may want to buy several units but partnerships
are also binary because buyers are not interested in buying more than one unit from each
seller. She shows that the set of competitive equilibrium payoffs is a non-empty, complete
and dual lattice. Sotomayor (2009 and 2011) extends Sotomayor (1992 and 1999a) and con-
sider a time-sharing assignment game where both buyers and sellers own a fixed amount of
a divisible good (labor time) and to form a partnership a buyer and a seller have to agree
to contribute each with the same amount of labor time and to share, in a particular pro-
portion, the amount of money that is proportionally obtained from the jointly contributed
amount of labor time. Sotomayor (2009) studies different solution concepts for different
kinds of coalitional interactions. In particular, she shows the inclusion relationships that
hold among the non-empty sets of competitive equilibrium payoffs, the Core, the Set-wise
stable set, the Strong stable set and the set of dual allocations. Moreover, she also shows
that some of these sets have a lattice structure. Sotomayor (2011) analyses the relationship
between the competitive equilibrium solution and a cooperative notion similar to Set-wise
stability that differs from ours because agreements with non-members are rigid since they
are nullified once any of its terms is changed. Moreover, Sotomayor (2011) studies the

algebraic structure of these sets. Klaus and Walzl (2009) study several notions of Set-



wise stability for the ordinal many-to-many matching model with contracts under different
preference restrictions.

Milgrom (2009) introduces and studies the space of assignment messages to investigate
(and solve) the difficulty that agents face when reporting their “types” (or valuations of
goods, or sets of goods) in some mechanism design settings. The model is very general
and contains as particular cases multi-unit auctions (with substitutable goods), exchange
economies, and integer assignment games. Milgrom (2009) focuses on the study of the
non-emptyness of the set of competitive equilibrium prices and its lattice structure but he
does not analyze any cooperative solution. Jaume, Mass6, and Neme (2009) study using
linear programming the same model than the present one but they only focus on the study
of the Cartesian product and lattice structures of the set of competitive equilibria and the
corresponding sets of agents’ utilities.

The paper is organized as follows. In Section 2 we define a market. In Section 3, and
closely following Jaume, Mass6, and Neme (2009), we define a competitive equilibrium of a
market. In Section 4 we first present the notion of Set-wise stability and show that the Set-
wise stable set contains the non-empty set of competitive equilibrium payoffs. We define,
for any positive integer p, a p—fold replica of a market and show in Theorem 1 that the Set-
wise stable set of a two-fold replicated market already coincides with the set of competitive
equilibrium payoffs. We then present the notion of Core and show that it contains the set
of Set-wise stable payoffs and in Theorem 2 we show that the limit of the sequence of the
Cores of replicated markets coincides with the set of competitive equilibrium payoffs when
the number of replicas tends to infinity. Finally, in Theorem 3 we show that for any number
of replicas there is a market with a Core payoff that is not a competitive equilibrium payoff.
In Section 5 we discuss our main result and finish with final remarks. An Appendix at the

end of the paper collects the proofs that have been omitted in the main text.

2 Preliminaries

A generalized assignment game (a market) consists of three finite and disjoint sets: the
set B = {1,..., B} of buyers, the set G = {1,...,G} of goods, and the set S = {1,...,5}
of sellers. We denote a generic buyer by i, a generic good by j, and a generic seller by
k. Buyers have a constant marginal valuation of each good. Let v;; > 0 be the monetary
valuation that buyer ¢ assigns to each unit of good j; namely, v;; is the maximum price that

buyer ¢ is willing to pay for each unit of good j. Denote by V' = (vij)( the matriz of
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valuations. We assume that buyer i € B can buy at most d; € Z,\{0} units in total, where
7. is the set of non-negative integers. The strictly positive integer d; should be interpreted
as a capacity constraint due to limits on i’s ability for storage, transport, etc. Denote by
d = (d;)iep the vector of mazimal demands. Each seller £ € S has ¢j;, € Z, indivisible
units of each good j € G. Denote by @ = (¢ji)(jr)cgxs the capacity matriz. We assume

that there is a strictly amount of each good; namely,
for each j € G there exists k € S such that g;, > 0. (1)

Let 7, > 0 be the monetary valuation that seller £ assigns to each unit of good j; that is,
7;1 i the reservation (or minimum) price that seller & is willing to accept for each unit of
good j. Denote by R = (1) (k) eGXS the matrixz of reservation prices.

A market M is a T-tuple (B,G,S,V,d, R, Q) satisfying condition (1). Shapley and
Shubik (1972)’s (one-to-one) assignment game is a special case of a market where each
buyer can buy at most one unit, there is only one unit of each good, and each seller only
owns one unit of one of the goods; i.e., d; = 1 forall: € B, G = S, and for all (5, k) € G xS,
¢r=1it j=Fkand ¢, =01if j # k.

Let M be a market. An assignment for market M is a three-dimensional integer matrix
(i.e., a 3"%-order tensor) A = (Aijk)(ijk)eBxgxs € Zf XG5 describing a collection of deliver-
ies of units of the goods from buyers to sellers. Each A;;; should be interpreted as “buyer i
receives A;;;, units of good j from seller k£.” We often omit the sets to which the subscripts
belong to and write, for instance, Zijk A;ji, and ). Ay instead of Z(i,j,k)eBngs A;j, and
> ien Aijk, respectively.

The assignment A is feasible for market M if each buyer i buys at most d; units and
each seller k sells at most gj;, units of each good j. We are only interested on the following

set of feasible assignments
{A ez 3 Ay < d; for all i € Band Y, Aije < g, for all (j, k) € G x S}.
For each (i,j,k) € Bx G x S, let
Tijk = { gij o i Zj: : 8 (2)
be the per unit gain from trade of good j between buyer ¢ and seller k. If seller k does not

have any unit of good j the per unit gain from trade of good j with all buyers is equal to

zero. The total gain from trade of market M at assignment A is

™ (A) = Zijk Tijk - Aijk-



Definition 1 A feasible assignment A is optimal for market M if, for any feasible assign-
ment A', TM(A) > TM (A").

Let F be the set of all optimal assignments for market M. The set F is always non-

empty.! Denote by TM the total gain from trade of market M at any optimal assignment.

3 Competitive Equilibrium

3.1 Definitions and Preliminaries

We define a competitive equilibrium of market M by following Jaume, Massé and Neme
(2009). Assume buyers and sellers trade through competitive markets. That is, there is a
unique market (and its corresponding unique price) for each of the goods and buyers and
sellers are price-takers. Given a price vector p = (p;)jeg € Rf sellers supply units of the
goods (up to their capacity) in order to maximize revenues at p and buyers demand units
of the goods (up to their maximal demands) in order to maximize the total net valuation

at p.

Supply of seller k: For each price vector p = (p;);eq € Rf, seller k supplies of every good

j any feasible amount that maximizes revenues; namely,

{ajr} if p; > 1
{O} if Dj < T k-

To define the demands of buyers we need the following notation. Let p € Rf be given

and consider buyer i. Let
Vilp)={i€Glv;—p= max{vij — py} > 0} (4)

be the set of goods that give to buyer i the maximum (and strictly positive) net valuation

at p. Obviously, for some p, the set V; (p) may be empty. Let

VE() ={J € G | vy —p; = max{vy —py} = 0} @

ISee Milgrom (2009) for a proof of this statement in a more general model. See Jaume, Massé and
Neme (2009) for a proof of the statement using only linear programming arguments in the same model as

the one studied here.



be the set of goods that give to buyer 7 the maximum (and non-negative) net valuation at
p. Obviously, for some p, the set V7 (p) may also be empty. Obviously, for all p € RY and
all i € B,

V7 (p) S VE(p). (6)
Demand of buyer i: For each price vector p = (p;),eg € ]Rﬁ, buyer ¢ demands any feasible
amounts of the goods that maximize the net valuations at p; namely,
D;(p) = {a = (ajk)jregxs € Z9%° | (D.a) oy, > 0 for all (j,k) € G x S,
(D.b) > i < di,
(D.c) V7 (p) # 0 = > ajr = di, and
(D.d) Yoy aje > 0= j € V7(p)}.
Thus, D;(p) describes the set of all trades that maximize the net valuation of buyer i at
p. Observe that the set of trades described by each element in the set D;(p) give the same
net valuation to buyer i; i.e., ¢ is indifferent among all trade plans a € D;(p).

Let A be an assignment and let 7 be a buyer. We denote by A(i) = (A(7)x)(jkp)egxs the
element in Z¢*° such that, for all (j,k) € G x S, A(i)jx = Aijp.

Definition 2 A competitive equilibrium of market M is a pair (p, A) € RS x z5 XGXS guch

that A is a feasible assignment and:
(E.D) for each buyeri € B, A(i) € D; (p);
(E.S) for each good j € G and each seller k € S, Y, Aiji € Sjk (pj) -

The vector p € ]Rf is a competitive equilibrium price of market M if there exists a
feasible assignment A such that (p, A) is a competitive equilibrium of market M. Let P
be the set of competitive equilibrium prices of market M. The set P is always non-empty.>

For further reference, we state this fact without proof as a remark below.
Remark 1 The set of competitive equilibrium prices of any market is non-empty.

Moreover, by Proposition 4 in Jaume, Massé, and Neme (2009), the set of competitive
equilibria has a Cartesian product structure. We also state this fact without proof as a

remark below.

Remark 2 Let M be a market. Then, (p,A) is a competitive equilibrium of M if and
only if pe P and A€ F.

2For the proof of this statement in a more general model see Milgrom (2009), and for a proof in our

setting using only linear programming see Jaume, Massé and Neme (2009).
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3.2 The Set of Competitive Equilibrium Payoffs

Let p € Rf be a price vector and A a feasible assignment of market M. We define the wutility
of buyer i € B at the pair (p, A) as the total net gain obtained by i from his exchanges
specified by A at price p. We denote it by u;(p, A); namely,
u;(p, A) = %;(Uij —pj) + Aiji-
J
We define the utility of seller k € S at the pair (p, A) as the total net gain obtained by k
from his exchanges specified by A at price p. We denote it by wy(p, A); namely,
wi(p, A) = 32(pj — jr) - Aij-
ij
Given (p, A), denote by u(p, A) = (u;(p, A))ies and w(p, A) = (wi(p, A))res the vector of
buyers and sellers’ utilities at (p, A), respectively. Let

CE = {(u,w) € R” x R” | there exists (p, A) € P x F s.t. (u,w) = (u(p, A), w(p, A))}

be the set of competitive equilibrium payoffs of market M. However, competitive equilibrium
payoffs are independent of the particular optimal assignment. To see that, define the
mappings of per-unit gains 7(+) : R — R and 7(-) : R — R%*¥ as follows. Let p € RY
be given. For each i € B, define

v;j —p; if there exists j € V. (p
=9 0 - v ()
0 otherwise,
and for each (j,k) € G x S, define
pj — ik ifpj—rjp >0
. — 8
it (P) { 0 otherwise. (®)

The number v,(p) is the gain obtained by buyer i from each unit that he wants to buy at
p (if any) and the number ;4 (p) is the profit obtained by seller & from each unit of good
Jj that he wants to sell at p (if any).

Let p € P be a competitive equilibrium price of market M and let (y(p),w(p)) be its
associated per unit gains. Define (u(p),w(p)) € RP x R by setting

ui(p) = d;-v;(p) for all i € B and (9)
wi(p) = > qjk-mu(p) foral k e S.
Jj€g



By Lemma 6 in Jaume, Masso, and Neme (2009), the set of competitive equilibrium payoffs

of market M can also be written as
CE = {(u,w) € R® x R® | there exists p € P such that(u,w) = (u(p),w(p))}; (10)

that is, the set of competitive equilibrium payoffs of market M can be described without
explicitly referring to any particular optimal assignment because, for all A € F, u;(p, A) =
u;(p) for all i € B and wy(p, A) = wg(p) for all k € S.

4 Cooperative Solutions

In the next two subsections we study two alternative cooperative solutions for market M.
They differ on how a coalition (a subset) of agents can block a proposal of how to distribute
among all agents the total gain from trade obtained at any optimal assignment. The Core
assumes that members of a blocking coalition can only form partnerships among themselves
and have to break all former partnerships with non-members. Set-wise stability allows
members of a blocking coalition to keep or reduce their former exchanges with members
outside the blocking coalition. Thus, Set-wise blocking is easier than Core-wise blocking.
It seems to us that Set-wise stability is also a more reasonable solution for this class of
markets. Our results will indicate from two points of view that Set-wise stability is closer
to the set of competitive equilibrium payoffs than the Core is: (i) (set inclusion) closer and
(ii) the set of Set-wise stable payoffs and the set of competitive equilibrium payoffs already

coincide in a two-fold replicated market.

4.1 Set-wise Stability

The notion of Core—blocking requires that all members of the blocking coalition have to give
up all previous exchange agreements with non-members. However this may be too drastic
because, in some circumstances, it is reasonable to let members of the blocking coalition
to keep some (or all) previous exchanges with members outside the blocking coalition.

This stronger notion of blocking gives rise to the notion of Set-wise stability.® Let M =

3Sotomayor (1999b) defines and studies this concept for a generalization of Shapley and Shubik (1972)’s
assignment game. See also Sotomayor (2007, 2009, and 2011) for an analysis of Set-wise stability in her
time-sharing assignment games. Klaus and Walzl (2009) have studied Strong and Set-wise stability for an

ordinal many-to-many matchings model with contracts under different preference restrictions. Our notion



(B,G,S,V,d,R,(Q) be a market and let C C BU S be a coalition. Denote the subsets of
buyers and sellers in C by B¢ =C N B and S¢ = C N S, respectively.

Definition 3 Let M be a market and C be a coalition. A feasible assignment A for market
M is SW—compatible with C if there exists an optimal assignment A € F such that:

(i) For everyi € B, A\ijk > 0 implies that either k € S¢ or else A\ij < Ajji.

(ii) For every k € S, A\ijk > 0 implies that either i € B¢ or else A\ijk < Ajjg.

(iii) For every i ¢ B¢ and k ¢ S, A\ijk =0 for every j € G.

We want to emphasize that the definition of SW —compatibility allows to reallocate in
any way the amount of the goods exchanged between a buyer and a seller if they both
belong to the coalition but only to keep or decrease their exchanges if one is a member of
the coalition and the other is not.

Let M be a market. A three-dimensional matrix I' = (I'yjz) i jk)eBxgxs 15 a distribution
matriz if for all (i, j, k) € B x G x S such that v;; > 7, it holds that v;; > I';;5 > rj;. Let
I' be a distribution matrix and assume v;; > ;5 for some (i, j,k) € B x G x S. Then, I';j;,
describes a way of how buyer ¢ and seller £ could split the gain v;; — 7, that they would
obtain from trading one unit of good j: buyer i receives v;; — I';j; and seller k receives
Lijk — rjk. If v;j < 7j then the value I';j; will be irrelevant because 7 and k do not trade
good j at any optimal assignment. Observe that a distribution matrix is not necessarily
anonymous because a buyer can obtain different per unit gains from buying good j from

two different sellers, and vice versa.

Definition 4 A payoff (u,w) € R? x RY for market M is not SW—blocked if there exists
a distribution matriz I' = (U'ijk)jk)eBxoxs such that for every coalition C C BU S and

of Set-wise stability as well as Klaus and Walzl (2009)’s stability notions are natural extensions of the
concept first defined by Sotomayor (1999b). The main difference between our notion and Klaus and Walzl
(2009)’s notions is that ours applies to a transferable utility setting while theirs apply to an ordinal setting.
This is important when checking the profitability of a deviating coalition; for the transferable utility setting
utilities of all members in the coalition are added while in the ordinal setting all members of the blocking
coalition have to receive (in ordinal terms) a better (for Strong stability) and individually rational (for

Set-wise stability) set of contracts.
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every feasible assignment A that is SW— compatible with C, we have that

douit Y wp > > Tije - Aije + > (vij — Diji) - Aiji
ieBC keS¢ (i,5,k)EBC xGx SC (3,3,k)€EBC x G x (8¢)°¢
+ > (Dije = 738) - A

(i,5,k)€(BC)°xGxSC

= ¢M(C,A,T)4

A payoff (u,w) € RP x R is not SW —blocked if there is a set of exchanges between
buyers and sellers (the optimal assignment A in Definition 3) and a set of agreements
on how to share the per unit gains from trade (the distribution matrix I') such that no
coalition of agents, independently of the agreements they have with non-members, can
jointly obtain a strictly higher payoff by reassigning their exchanges among themselves
and by keeping or reducing their exchanges with non-members. Observe that by letting
C=BUS, >, cpti+ Y res wr = TM. That is, agents can optimally achieve (u,w) in a way
that is immune to deviating coalitions. Finally, a payoff vector is Set-wise stable if it can
not be ST —blocked.

Definition 5 A payoff (u,w) € R® x R® for market M is Set-wise stable if it is not
SW—blocked.

Denote by SW the set of Set-wise stable payoffs of market M. When we want to
emphasize market M we write SWM . The set of competitive equilibrium payoffs is contained

in the set of Set-wise stable payoffs.

Proposition 1 Let p € P be a competitive equilibrium price of market M. Then,
(u(p), w(p)) € SW.
Proof See the Appendix. [ |

The idea of the proof is as follows. Assume p € P and (u(p), w(p)) ¢ SW. This means
that every distribution matrix I' has a SW —block. In particular, we consider one of the
SW —blocks of the anonymous distribution matrix p (i.e., for all j € G, p; = L'jj = Lijw

for all 4, i/, k and k). Hence, there exist a coalition C and a feasible assignment A,

4Given a set X we denote its complementary set by X¢. The reader should not be confused with
C

this notation when the set X is either B¢ or S¢, whose complements are denoted by (BC) and (Sc)c,

respectively.
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SW —compatible with C, such that C can obtain a strictly larger payoff. The key step of
the proof is to construct from A a reduced market M by keeping fixed and excluding from
M the exchanges specified by A between a member of C and a non member of C. Namely,
the maximal demand d; of every buyer ¢ in the blocking coalition is reduced by the number
of units that ¢ buys to sellers outside the coalition. The maximal capacity g, of each good
j owned by every seller k in the blocking coalition is reduced by the number of units of
good j that k sells to buyers outside the coalition. Then, although tedious, it only remains
to be shown that the Strong Duality theorem of Linear Programming is violated (see the
Appendix at the end of the paper), a contradiction.’

Remark 1 and Proposition 1 above say that
I #CECSW. (11)

Example 1 below shows that the inclusion in (11) may be strict because there exist markets
with a payoff (u,w) € SW\CE.

Example 1 Let M = (B,S5,G,V,d, R, Q) be a market where B = {b,,b2}, G = {91, 92},

4
S={s1} (ie, B=G =2and S =1),V = : ) ), d=(2,3), R = (4,2), and

1 1
@ = (4,1). The unique optimal assignment of market M is A = ( 3 0 ) and

TM(A) = (vi1 — i) - A + (vig — 1a1) - Aror + (Va1 — 711) - Aogn + (Va2 — 721) - Ao
= 8-4)-1+(4-2)-1+8—-4)-34+(1—-2)-0
= 18.

It is easy to see that the set of competitive equilibrium prices of market M is P = {(p1, p2) €
Ri | 2 <py <4 and p; = py+4}. For every p € P, the per-unit gains are

1) = 8—p1=4—ps,
T2(p) = 8—p1,

m1(p) = p1—4, and
Tu(p) = p2—2.

50Or equivalently, we reach the conclusion that coalition C in market M Core—blocks (u(p),w(p)), a
contradiction since, as we will see in the next subsection, competitive equilibrium payoffs can not be
Core—blocked.
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Moreover uy(p) = 2-7v,(p) = 16 — 2p1, ua(p) = 3-75(p) = 24 — 3p; and wy(p) =4 - m11(p) +
1-791(p) =5 p1 — 22. The set of competitive equilibrium payoffs is

CE = {(uy,uz,wy) € Ri | ug =16 — 2py, ug = 24 — 3py, w1 = 5p; — 22 and 6 < p; < 8}.

Consider the vector (ui,us,w;) = (4,5,9). It is immediate to see that (4,5,9) ¢ CE

because u; = 4 implies p; = 6 and us = 5 implies p; = 19/3. To see that (4,5,9) € SW
r r 6 2

consider I = e - , C = {b1,s1} (it is immediate to see that
Potr Tam 6 2

2 0

the other coalitions can not SW—block (4,5,9)), and A= . Observe that A is

SW —compatible with C. Then,
13 > 71114111 + (Dor — r11) Aoy =42+ (6 —4) -2 = 12
and for any other different assignment A’ that is SW —compatible with C,
13 > 7111 A% + (Dar1 — 711) Abyq

Hence, (4,5,9) € SW\CE. O

Competitive equilibrium presupposes that agents are price-takers. This assumption
makes sense only when the number of agents is large and individual quantity decisions are
insignificant. Thus, and at the light of @ # CE C SW, it is natural to ask whether the set
of Set-wise stable payoffs and the set of competitive equilibrium payoffs are approximately
the same when the number of agents becomes large. To enlarge the market, we follow a
procedure with a long tradition in Economics which consists of replicating the market.5
Given a market M = (B,G,S,V,d, R, Q) and a strictly positive integer p we will consider
the p—fold replicated market pM to be composed of p agents of each type. For two buyers

io € By and i, € By (in replicas a and o, respectively) to be of the same type we require

6Tt started by Edgeworth (1881) and pursued by Debreu and Scarf (1963) for classical economies with
production and by Owen (1975) for linear production games, among others. A linear production game
consists of a set of players, each with an endowment (non necessarily integer valued) of m goods that can
only be used to produce in a linear way units of p different goods for which there are competitive markets.
Owen (1975) shows that the sequence of Cores of replicated linear production games converges to the set
of competitive equilibrium payoffs. Moreover, Owen (1975) also shows that if the competitive equilibrium
price is unique then the Core of a large but finitely replicated game coincides with the (unique) competitive

equilibrium payoff.
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them to have the same valuations of all goods (i.e., v;, ; = v;,; = vij for all j € G) and the
same maximal demands (i.e., d;, = d; , = d;). For two sellers k, € S, and ko € Sy (in
replicas a and o/, respectively) to be of the same type we require them to have the same
reservation prices of all goods (i.e., 7jr, = 71, = 75 for all j € G) and the same amounts
of all goods (i.e., qjr, = qjr,, = q;r for all j € G).

Our main result of the paper states that the Set-wise stable set of the 2—fold replicated
market has the equal treatment property (all replicated agents receive the same payoff)

and coincides with the set of competitive equilibrium payoffs.

Theorem 1 Let (u,w), (@, w) € RE x RS be two payoff vectors of market M. Then,
((u, w), (@, w)) € SW* if and only if (u,w) = (4, w) € CE.

Proof See the Appendix. [ |

The idea of the proof is as follows. First, by Lemma 2 in the Appendix, we show that
for any replica a Set-wise stable payoff has the equal treatment property: all agents of the
same type receive the same payoff (this is a classical property that also holds for the Core of
replicated markets). Second, by definition, a Set-wise stable payoff (u,w) can be obtained
by a set of trade agreements that are SW —unblocked; that is, there exists a distribution

matrix I" such that no coalition C can SW —block (u,w) because

S w4 Y wp > ¢M(C, AT, (12)
1eBC kesc
where A is S W —compatible with C. Third, in Lemma 3 in the Appendix, we show that
one of the unblocked set of trade agreements (described by a distribution matrix I') is
anonymous because there exists p = (p;j);jeg such that for all j € G, p; = I';;, for all

(i,k) € Bx S and I' can be replaced by p in condition (12); namely,

S owit Y wy > oM (C, A p). (13)

1eBC kesc¢
Fourth, for any payoff vector (u,w) in market M with the property that the payoff vector
((u,w), (u,w)) is a Set-wise stable payoff of the two replica market 2M, the vector p that
satisfies condition (13) is a competitive equilibrium price of market M. Finally, in Lemma
5 in the Appendix, we show that if a payoff vector (u,w) satisfies condition (13) for a
competitive equilibrium price vector p then (u,w) is a competitive equilibrium payoff of
market M.
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We use Example 1 again to illustrate how a payoff (u,w) € SW\CE can be already
SW —blocked in the two replicated market.
Example 1 (continued) We have already showed that (uy, ug, wq) = (4,5,9) € SW\CE.
Hence, by Theorem 1, ((4,5,9),(4,5,9)) ¢ SW**. To illustrate how it is SW —blocked,
consider any distribution matrix such that I'y;1;, = 7.5 and the coalition C = {b;,, b1,, s1, },

the assignment

A11111 A11211 A11112 A11212 1 1.0 0
A\ _ A:21111 A:21211 A:21212 A:21212 _ 1 0 0 0
Alglll A12111 A12112 A12112 2 0 00
121\22111 222111 222112 A\22112 0 0 30

SW —compatible with C. Then,

¢2M(Ca A\a I = 741, 121\11111 + T1y01; ¢ 121\11211 + T111; 121\12111 + (Toy11, — r11,) - 121\21111
= 4-14+2-14+4-24+(75-4)-1
= 17.5

> 17:U11 + U1, + Wy, .

Hence, C SW —blocks ((4,5,9), (4,5,9)). Observe that the expression (I'a,11, —711, ) Az,11, =
(7.5 —4) - 1 shows that one member of the blocking coalition (seller 1;) keeps selling 1 unit
of good 1 to buyer 2, who is not a member of the blocking coalition C. 0

4.2 Core

Let M = (B,G,S,V,d,R,Q) be a market and let C C BU S be a coalition. remember
that we denote the subsets of buyers and sellers in C by B = C N B and S¢ = CN S,
respectively. The submarket MC is the (natural) restriction of market M to coalition C;
namely, MC¢ is the market (B¢, G¢ S¢ V¢ d° RC QF), where G¢ = {j € G |there exists
k € 8¢ such that gj > 0}, V€ = (vij)ijescxges d° = (di)iese, RE = (rjk)(jregexse, and

Q° = (4jr) (j p)ege xse-

Definition 6 A feasible assignment A is Core—compatible with coalition C if A # 0
implies {i,k} C C.
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That is, a feasible assignment A is Core—compatible with C if all members of C interact
only among themselves. Let A be an assignment Core—compatible with coalition C and
denote by A€ the feasible assignment for submarket M¢, where A¢ = (Aijk) i.j k) eBE xge xSC-
When the reference coalition is clear from the context we often omit the superscript C.

Denote by F¢ the set of optimal assignments of market M¢; i.e.,
FC = {AC € 75x0*5 | V¢ (A% > TMC(AC) for any feasible assignment A°}.

Fix a market M. To define a cooperative game v with transferable utility associated to
M, let C C BUS be a coalition and set

v(C) = TM(A),

where A is any optimal assignment of submarket M¢. Namely, v(C) is the maximal
total utility that members of C can guarantee by exchanging their resources only among
themselves. Obviously, v(C) = 0 for all C such that either B¢ = & or S¢ = @, and hence,
v(&) = 0. Moreover, v({i}) =0 for all i € B and v({k}) =0 for all k € S.
Let M be a market. A pair (u,w) € R® x RY is a (feasible) payoff of market M if
dDui+ D> wp =v(BUS).

i€B kes

A payoff of market M is a distribution among agents of the total gains from trade at any

optimal assignment of market M.

Definition 7 A payoff (u,w) € RE x RY of market M is Core—blocked by coalition C C
BUS if

E U; + Z wg < U(C)

ieBC keS¢
Definition 8 A payoff (u,w) € RZ x R of market M belongs to the Core if there does
not exist a coalition C C BUS such that (u,w) is Core—blocked by C.

Let Co be the set of payoffs belonging to the Core of market M. When we want to
emphasize market M we write Co™. To establish the relationship between the Core and
the set of Set-wise stable payoffs, let (u,w) € R x RS be a payoff of market M and assume
that coalition C Core—blocks (u,w). Let A® € FC be arbitrary. Then,

S o+ 3wy, < v(C) =TV (A°).

ieBC keS¢
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Let A be the feasible assignment where, for all (i,7,k) € Bx G x S,

ijk —

~ Afjk if (i,k) € B¢ x S§¢
0 otherwise.

Then, A is a feasible assignment ST —compatible with C and for any distribution matrix
L,
S uit Y w < ¢M(C, A, T) = TM(AC).

ieBC keS¢
Hence, coalition C SW—blocks (u,w). Thus, the Set-wise stable set is a subset of the

Core. For further reference, we state this fact below as Remark 3.
Remark 3 For any market the Set-wise stable set is a subset of the Core.
Thus, we have already showed that the statement of the following corollary holds.”

Corollary 1 For every market M, & # CE C SW C Co. Moreover, the two inclusions

may be strict.

In Example 1 above we have already showed that the first inclusion may be strict. To

show that the second inclusion may also be strict we return again to Example 1.

Example 1 (continued) Consider the vector (u;,us,w;) = (4.5,10,3.5). To see that
it belongs to the Core of M it is enough to check that for any coalition that can obtain
strictly positive gains from trade can not Core-blocked it. Indeed,

v({b1,ba,51}) =18 =4.54+ 10 + 3.5 = uy + ug + wy.

v({b1,s1}) =8 =454 3.5 = uy + wy.

v({ba, s1}) =12 < 10+ 3.5 = 13.5 = uy + wy.
Hence, (4.5,10,3.5) € Co. Now, to see that (4.5,10,3.5) ¢ SW consider any distribution

P T

matrix I' = . By definition, 8 = vy; > I'9;; > 111 = 4. Assume first that
Foin Toog

1 1
517 = 4. Then, the optimal assignment A = 3 0 is itself SW —compatible with

C = {bo} and uy = 10 < (v21 — [a11) - Ao11 + (va2 — T'oo1) - Agor = 43+ (v22 — ['g21) -0 = 12.
Hence, C = {by} SW—blocks (4.5,10,3.5). Assume now that I's;; > 4. Then, consider

~ 2 0
the assignment A = 5 0 which is SW —compatible with C = {b;, s1} and note that

"The same inclusion relationships hold in the time-sharing assignment games considered by Sotomayor
(2009 and 2011).
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u+w; =8 < 7'111~Z111 +(Ta11 —7’11>‘121\211 = 4-2+(T'911 —4) -2, where the inequality follows
from T'y1; > 4. Hence, C = {by, s1} SW—Dblocks (4.5, 10,3.5). Thus (4.5,10,3.5) ¢ SW.
We want to emphasize again, at the light of the example, that the notions of Set-wise
stability is more natural than Core. When seller 1, as member of the coalition {by, s;}
Core-blocks (4.5, 10, 3.5) has to stop selling 3 units of good one to by, while when {b1, 51}
SW —blocks (4.5,10,3.5), s1 can keep selling 2 units of good one to b,. O

Our second limit result states that, for every market M, the sequence of Cores of the
pM markets converges, when p — 00, to the set of competitive equilibrium payoffs of the
replicated market. To state it we need the following lemma saying that the classical result
stating that any payoff vector in the Core of a replicated market assigns the same payoff to

all agents of the same type also holds in this setting.®

Lemma 1 Let M be a market and let p > 2. Then,

CoM c {(w,w”) = ((u,w), ..., (u,w)) € (R x RY) x ... x (RP» x R%) | (u,w) € Co™}.

- i

~~
p—times

Proof See the Appendix.

With some abuse of the language we will say that a payoff vector (u,w) € R x R is

in the Core of the p—replicated market if (u”,w?) € Co?™.

Theorem 2 Let (u,w) € RE xR be a payoff of market M. Then, (u,w) is in the Core of
the p—fold replicated market for all p > 1 if and only if (u,w) is a competitive equilibrium
payoff of market M.

Lemma 1 says that for any replica p the payoff vectors in he Core of market pM have
the equal treatment property. Theorem 2 says that the payoff vector that belongs to the
Core of all replicated markets are those obtained by replicating competitive equilibrium

payoffs of the original market. With an abuse of notation, Theorem 2 says that for any

market M, () Co®™ = CEM. Moreover, the convergence is monotonically decreasing: if
p=1
(u”, w?) € Co’™ then (uftt, wPtl) € ColP*IM since any coalition blocking (u”,w”) should
also block (uf™!, wrt!).
Theorem 2 can be proved by adapting Owen (1975)’s proof of the convergence of the Core

to the set of competitive equilibrium payoffs for linear programming games, and therefore

8See Debreu and Scarf (1963) and Owen (1975) for this equal treatment result in classical economies

with production and in linear production games, respectively.
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we omit it.?

To illustrate the two different blocking notions we return to Example 1.

Example 1 (continued) We have already showed that (uy, us, wq) = (4,5,9) € SW\CE.
Hence, by Theorem 1, ((4,5,9),(4,5,9)) ¢ SW?™. We have already illustrated that
coalition C = {by,,b1,,s1,} SW—Dblocks it for a particular distribution matrix I". To il-
lustrate now the notion of Core in a two-fold replicated market, consider again the coali-
tion C = {by,,b1,,51,} that SW—blocks ((4,5,9),(4,5,9)) ¢ SW** and whose value is
v(C) = 16. Since, uy, + uy, + w1, = 17, C does not Core-blocks ((4,5,9), (4,5,9)). By
Theorem 1, and since (4,5,9) ¢ CE we already know that for any distribution matrix one
can find a coalition and a SW —compatible assignment that ST —blocks ((4,5,9), (4,5,9)).
The fact that this is not an easy task illustrates the power of Theorem 1 because to show
that (4,5,9) ¢ CE was very easy. O

Theorem 3 shows that a result similar to Theorem 1 does not hold for the Core. For each
number p of replicas there exists a market M for which the Core of the p—fold replicated

market contains a payoff that is not a competitive equilibrium payoff.

Theorem 3 Let p € Z,\{0}. Then, there exist a market M and a payoff vector (u,w) ¢
CE such that (u”,w’) € Co’M.

Proof See the Appendix. [ |

5 Concluding Remarks

The convergence of the Core to competitive equilibria is a pervasive phenomenon that holds
in many settings. Our Theorem 2 is a new result in this line. The convergence in most
of these results is only asymptotic. Owen (1975) is one of the few exceptions where the
convergence is finite. Our main contribution, Theorem 1, is that for generalized assignment
games the convergence of Set-wise stable payoffs to competitive equilibria only requires
two replica. Since Set-wise stability is a more appropriated notion in this context, our
result suggests that all outcomes that are robust to coalitional deviations in the sense of
Set-wise stability can be obtained as competitive equilibrium outcomes, even in markets
with an small number of agents. Therefore, in relatively small markets with indivisibilities

similar to generalized assignment games (for instance, markets for intermediate goods),

9The interested reader can find a detailed proof of Theorem 2 in the authors’ websites.
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competitive outcomes are those that are immune to secession by subsets of agents, since
they will coincide with the of Set-wise stable outcomes. We think that this result may be
important for future research studying markets (or general allocation problems) in which
agents may simultaneously be interacting with other agents in different ways and hence,
the convergence of the Set-wise stable set would be the relevant one to evaluate how robust
is the principle that competitive equilibrium outcomes coincide with the set of outcomes
that are immune to coalitional deviations.

We leave for future research two open problems. First, the analysis of agents’ strategic
behavior in small markets when agents recognize their market power and consequently they
may not take prices as given. Second, the analysis of an intermediate cooperative notion,'’
in which a member of a blocking coalition can either keep all agreements with a non-member
or break all of them; this set would be a subset of the Core and contain the Set-wise stable
set, but we do not know whether its convergence to competitive equilibria would be like
the Core (infinite) or like Set-wise stability (finite).
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Appendix: Preliminaries and Omitted Proofs

We start with some preliminaries. Let M be a market and C be a coalition. Consider the

primal linear problem to which any optimal assignment A® € F¢ is a solution.

(PLP)¢: max > Tijk - Aijk

€y 4GC % #.5C
(Aijk) (5,51 eBC x g€ x.s¢ ERFETXHFITXHST (4 k) e BC x GC x 8¢

s. t. (P].) Z Aijk S dz for all ¢ S BC,
(4,k)eGC xS¢

(P2) z Az’jk < qjk for all (], /{3) c gc X SC,
ieBC

(P.3) Aijrp >0 forall (4,5,k) € B¢ x G x S€.
The dual linear problem associated to (PLP)¢ is the following.

c. ; . AC o€
(DLP)™ (¢ ﬂC)ER#IZ:?CISR#QCX#SC ZZEBC di - 7; +Z(J}k)€gcx$‘j Qjk = Tk

s.t. (D.1) A¢+75 >7y forall (4,7, k) € B€ x € x S€,
D.2) ¥ >0  forallie B
(D.3) 5, >0 for all (j,k) € G x SC€.

—~

Let D¢ be the set of all solutions of the (DLP)C. It is well-known that D€ is non-empty.
We will denote the set DPYS by D and (yPYS, #8Y%) by (7, 7) € D. Then, it is immediate
to check that the following implication holds.

If (v,7) € D then ((7:)iese, (Tjr) megexse) € DE. (14)

Let M be a market and (v, 7) be a vector satisfying (D.1), (D.2), and (D.3) for C = BUS.
We write T'DM (v, ) to denote the value of the objective function of the (DLP)5YS at (v, 7);
that is,

TDY (v,7) = Zz di -, + ij 4jk * Tjk-
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The Strong Duality Theorem (SDT) of Linear Programming applied to our setting says the
following (see Dantzig, 1963).

Strong Duality Theorem Let M be a market and assume A is a feasible assignment
and (7, m) satisfies (D.1), (D.2), and (D.3) for C = BUS. Then,

Ac F and (v,7) € D if and only if TM(A) = TDM (v, 7). (15)

Proposition 1 Let p € P be a competitive equilibrium price vector of market M. Then,
(u(p), w(p)) € SW.

Proof Let p € P and assume (u(p), w(p)) ¢ SW. Then, for every distribution matrix
I' = (Tijk) (5,5, k)eBxoxs there exists a coalition C C BU S that SW—blocks it. Hence, there
exists a feasible assignment A that is SW—compatible with C such that

S wilp)+ X wi(p) < 6M(C, A,T).

i€BC keS¢

In particular, consider the distribution matrix I' = (I';;z) i,j,k)eBxgxs Where for each (7, j, k) €
BxG xS, ', = p;. Then, there must exist a feasible assignment Athatis S W —compatible
with C such that!!

S wp) + X wi(p) < ¢M(C, A, p). (16)

1eBC kesc
Now, define the feasible assignment A as follows: for each (i,j, k) € Bx G x S,

A

— )0 if either {i,k} C C or {i,k} C C°
k= Izl\ijk otherwise,

where C° is the complementary set of C. Define a new market M = (B, S.G,V,d, R,@) ,

where the new vector of maximal demands d is defined by setting

di = d; — > Zijk
(4,k)eGxS

for all i € B, and the new matrix of capacities @ is defined by setting

Tjr = Gk — 2 Ak
i€B

LM (¢, A, p) is obtained from ¢™ (C, A,T) by replacing Iy, by p; for all (i, 7, k) € B x G x S.
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for all (j,k) € G x S. Note that if i € C then, di = d; — 3_; pyeg(se): Air and if k € C
then, G, = qjx — Zie(sc)c Aijk for all j € G.
By (9),

2ouilp)+ 2 welp) = X di- i)+ X gk mik(p),

ieBC keS¢ ieBC (4,k)egGxS€

and note that

> odivilp) = L odiovp+ (X Ai)v(p)

ieBC ieBC i€BC (j,k)EGXS
= Y di-vp)+ (X Y A )
ieBC i€eBC jEG ke(S¢)°

and for each j € G,

> gk mieP) = X T malp) + X0 (X Air) - mie(p)

keS¢ keS¢ keSC i€eB
= Y Zpom)+ X (X Ay mip).
keS¢ keS¢ ic(BC)°
Hence,
> uwilp)+ X wilp) = X diovlp)+ X (2 X A) i)
i€BC keS¢ i€eBC i€BC jEG ke(SC€)°
+ 3 Y g i)+ X N0 A malp). (17)

keSC jeg keSC jEG ie(BC)°

By (7), for every i € B and j € G,

Y:(p) > vij — pj- (18)

Moreover, by (8), for every (j,k) € G x S,

Tik(P) = Pj — Tjk- (19)
By (16) and (17)
> Tijk * Aijr + > (vij — pj) - Asjit
(4,5,k)€BE xGx SC (4,5,k)EBE x G (S€)°
> (pj =) - A > X di-v(0)+ X (2 X Aijr) - %(p)
(4,5,k)E(BC)“xGx 8¢ ieBC i€BC JEG ke(SC)°
+ 3 Y @p i)+ X 0 Au) - m(p). (20)
keS€ j€g keSC jeG ic(BC)°
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By (18),

~

Y(X X Ag)-vlp) 2 2. (vij — ;) - Aiji.

i€BC jEG ke (SC)° (i,,k)EBC X Gx (SC)°
Hence, by (20),

> Tije - A+ > (D —7in) - A, >
(4,4,k)EBC xGx 8¢ (i,7,k)€(BC)° xGx SC
S di-yi(p)+ X D T mk(p)
ieBC keS¢ j€G

+ 3 S0X A mp). (21)

keSC JEG ic(1BC)°

By (19),

~

Z Z( Z Awk) W]k( ) > Z (pj _Tjk)'Aijk-

keSC JEG ic(BC)° (i,,k)E(BC)  x Gx SC
Hence, by (21),
> Tiji - Aijk > D2 d; - )+ X2 > Qi - Tik(p)- (22)

(i,4,k)EBC xGx SC i€BC keSC jeg
Observe that since A is a feasible assignment,

oM(C) > > Tijk * A\ijlm
(i,4,k)€BC xGxS€

TM(AC) for any optimal assignment A€ of market M. Since (y(p), 7(p)) € D

where vM (C) =
14), (v¢(p), 7%(p)) € DC for market M. Hence, by the Strong Duality Theorem,

then by (

Sdiovlp)+ XY Qi - Tik(p) = vM(C),
ieBC keS¢ jEG
contradicting (22). |
Lemmas 1 to 5 below will be used to prove Theorem 1.

Lemma 1 Let M be a market and let p > 2. Then

Co’M c {(u,w") = ((w,w), ..., (u,w)) € (R x R x ... x (R x R%) | (u,w) € Co™}.
pf?i?nes

Proof Let (@, ..., U, )ies, (Wk,, -.., W, )res) € Co?M. For every o =1, ..., p,

> Ui+ Y Wk, > 0(BaUS,) =v(BUS)
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must hold; otherwise, any coalition C = B, US,, would Core—block (u, w). Hence, for every
a=1,....p,

> i, + Yy, > 0(BUS).

1a€EBa ka€Sa

p
Since > ( > U, + >, @ka) = pv(BUS), we must have that for every a =1, ..., p,

a=1 i EBa ka€Sa
Ui+ Y @k, =v(BUS),

ia€By ka€Sa

Assume that there exists a buyer type i€ B and two replicas a and o' such that
iL\'{a > ﬁ? .
Then, the coalition C = [(Ba U Sa)\{ia}] U {in} Core—blocks (@, W) because

v(C) =v(BUS)> Y Ui+, + > g,

i0€Ba\{ia} ka€Sa

Similarly for any seller type k € S. Thus, (T, oy Ui, )ieBy (Why s oy W, Jpes) = (uP, wP) for
some payoff vector (u,w) € RZ x RS of market M.

To obtain a contradiction, assume that (u,w) ¢ Co™. Then, there exists a coalition
C that Core—blocks (u,w). But then, C also Core—blocks (u,w), a contradiction with
(w, w) € CoPM. |

Lemma 2 Let M be a market and let p > 2. Then

SWPM c {(uf,w’) = ((u,w), ..., (u,w)) € (RPL xR x ... x (RP> x R) | (u,w) € SWY}.

- J
-~

p—times

Proof Let (U, @) = (W, .. Ui, )iess (Wrys s Wg, Jres) € SWPM. First, observe that for
all @ =1, .., p, (W, )ie, (Wr, )res) € SW. By Remark 3, ((@, )ies, (@, )res) € Co™. By
Lemma 1, for all o, 0/ = 1,..., p, U;, = u;_, for all i € B and Wy, = Wy, forallk € S. W

Lemma 3 Let (u,w) € SW. Then, there exists a price vector p = (p1,...,pg), With
p; > min{rj, | k € S such that q;, > 0} for all j € G, such that for any coalition
C C BUS, and any feasible assignment A that is S W —compatible with C, we have that:

S ui+ Y we > ¢M(C, A, p).

i€eBC keS¢

26



Proof Assume that (u, w) € SWW. Then there exists a distribution matrix I' = (') 5. k)eBxgxs
such that for any a coalition C C BUS, and any feasible assignment A that is SW —compatible
with C, we have that
S oui+ S we > oM(C, AT (23)
ieBC kesc
To proceed with the proof we define a price vector p = (p;)jeg € Rf as follows. Consider
first any j € G for which there exist i € B and k € S such that Aj; # 0 for some
optimal assignment A*. Then, define p; = I';;; and for any j € G such that for all optimal
assignments A* and all i € B and k € S, A, = 0, define p; = min{rj; | k¥ € S is such that
gjr > 0}. We will show that p is well-defined. Let A € F be any optimal assignment of
market M.

CrLAM 1 For every i € B and every k € S,

wi= > (v —Tik) - Aijr

(. k)EGXS
and
wy= >, Lk —rjr) - Aiji
(3,7)EBXG
hold.

Proor OF CLAIM 1 Consider either C = {i} or C = {k} and observe that A itself is
SW —compatible with C. Then, by (23),

U; Z Z (Uij — ka) . Aijk; for every 1€ B

(j,k)eGxS

and
wp > Y. (Dijk — k) - Ay, for every k € S.

(i,5)EBXG
Since
> X (=T Ap+y X Cugn—rp) A= > mgeAg=TY(4)
i€B (j,k)EGXS kES (i,7)EBXG (i,j,k)EBXGXS
and

TY(A) = 3w+ 3w,
i€B kES

the statement of Claim 1 follows. ]
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CrLAM 2 Let il,iQ,j/, kl, kg be such that Ailj'kl 7£ 0 7£ Aigj’kg- Then, F’i1j'k1 = Fi2j’k2'

Proor oF CLAIM 2 Assume otherwise; for instance, I'; jik, > Tigjiny. If Uigjrey > Ty ks
then replace in the argument that follows the roles of i; by 75 and ks by k;. Consider
the coalition C = {i, ka}. From A we define the assignment AS W —compatible with C
by decreasing in 1 unit the exchanges between i; and k; and between i, and ke and by

simultaneously increasing in 1 unit the exchange between i; and ko. Namely, for every
(1,7,k) € Bx G x S, define

o) Aw—1 ifi=dh = and k=
k A +1 ifi=1d,j=j and k = k}
Aij otherwise.

Observe that since by assumption A; jix, # 0 # Aiyjrk,, A is a feasible assignment. More-
over, Alis SW —compatible with C = {iy, ks }. Define

Uy, = >, (vij —Dyr) - Aji
(j,k)eGxS

and

W= S (Tije— 1) - Ay
(1,5)EBxG

By Claim 1 and the definition of 121\,

uy + Wiy — (U, + W) = iy — Tiggm) - Aigrn + iy — Digrke) - Aigjrns
+(F21J'k2 Tj’kz) ) All]’kz + (Fi2j'k2 - Tj'kz) ’ /‘ili2j’k2
(UZU Z1]’161) Z1]’/’€1 (Uilj’ - FZ'1j’k2) ) ‘L}Elj’kz
(PZU’/Q Irj’k2) i15'ke T (Fi2j’k2 - Tj’kz) ’ Ai2j'k2

= (Uilj' m’k’l) (Ulu 21j'k2)
—(Liyjrky = 1) + (Ligjrn, — Tjrky)
= _Filj’kl + Fi2j”£2'

Since by assumption I';, jik, > Tiyirk,, we have that wy, + wy, < Uy, + Wg,, a contradiction
with (23). O

Claims 1 and 2 show that p is well defined and the statement follows since in (23) I" can

be replaced by p. [ |
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Lemma 4 Let ((u,w), (u,w)) € SW?M. Then, there exists a competitive equilibrium price
p = (p1, ..., pc), with p; > min{rj, | k € S such that q;, > 0} for all j € G, such that for
any coalition C C BUS, and any feasible assignment A that is S W —compatible with C, we
have that:

S oui+ X we > ¢M(C A, p).

i€BC keS¢

Proof Assume that ((u,w,), (u,w)) € SW?*. Then, by Lemma 3, there exists a price
vector p = (p1, .., ) such that for every coalition C C By U By US; U S, and every feasible
assignment A that is S W —compatible with C we have that:

S owt Y we > e*?M(C A p). (24)
i€(B1UB2)C ke(S1US2)¢

Let A be the optimal assignment that makes that Abe S W —compatible with C accord-
ing to Definition 3. We shall show that (p, A) is a competitive equilibrium of M by showing
that the equilibrium conditions (E.D) and (E.S) are satisfied.
(E.D) For each buyer i € B, A(i) € D; (p).
Since A € F, (D.a) and (D.b) hold.
(Dec): V7 (p) # 0= 3", A(i)jk = di.

Assume V;, (p) # 0; i.e., there exists j’ € G such that vy — p;y = maxjeg{vi; —p;} > 0.

Assume that
D Awji < dy. (25)
ik

Without loss of generality suppose that i’ belongs to the first replica; i.e., i’ = i;. Consider
first the case where there are io € By and ky € Sy with the property that A;,jx, # 0.
Consider the coalition C = {i, k2} and its SW—compatible assignment A where, for all
(i,5,k) e BxG xS,

A +1 ifi=id,7=j"and k =k,
Ajr =14 Aijr—1 ifi=isj=j and k =k,

Aij otherwise.

By (25) and Ay, # 0, A is a feasible assignment and SW—compatible with coalition

{i1, k2}. Then, define w;, and wy, as the payoffs of buyer i; and seller ky at assignment /Al,
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respectively. Then, by definition of A\,

Wiy + Wiy — (Ui + Why) = (Vi — Dj) - Airjrhs
+(pjr — Tj’kg) Ak, + (Djr = Titky) - Aigjrkes
— (Vi —) - Ailj’f\z N
—(pjr = Tirky) - Airgree — (P — Tjris) * Aigjris
= —(viy —py) — Py — Tyks) + (P — Tyray)
= —Uij + Py

Since Aj,jie, # 0, by (24), 0 > v;,» — pj, which is a contradiction with j' € V7 (p).

Assume now that for all i" € By U By and all k" € §; U S, Ajvjur = 0. By definition,
py = min{rj, | k is such that ¢y, > 0}. Let ¥* € S; U S, be such that gy~ > 0.
Consider the coalition C = {i;, k*} and its SW—compatible assignment A where, for all
(1,7,k) € (BiUB3) x G X (§1US,)

- {Aijk—i—l ifi =iy, j=7 and k = k*
Aije =

Aijk otherwise.
By (25) and gjx+ > 0, A is a feasible assignment. Then, as before,

Uiy e = (U +Wxe) = (Vg0 = pjr) - Anggrie + (Pgr = Ty ) - A
—(irjr — pjr) - Airee — (pjr — Tyrwe) - Aiyjrae
= —(viy — pyr) — (Dj — Tjrrr)
= —Wjjr + Tjrg=.

By (24), vi,j» < rjg- for every 4;, which implies that v; < p;; contradicting that j’ €
Vi (p)-
(D.d): 3, A(i)jx > 0= j € V7 (p).

Assume otherwise; i.e., there exist ¢/, j', k" such that A; ;i # 0 and j' ¢ Viz,(p). We
distinguish between the following two cases.
Case 1: vy — py < 0. Consider the coalition C = {i'} and its compatible assignment A
where

Aiji =

~ 0 ifi=7,7=7 and k=F
A;jr  otherwise.

Define u; as the utility of buyer i’ at assignment A. Then, it is immediate to see that
uy < Uy, contradicting (24).
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Case 2: There exists j” € V7 (p) such that

(Uilj/l — pj”) > (’U,L'/j/ — pj,) Z 0 (26)

Note that Ay ;s # 0. Assume first that there exist " € By U By and k" € S; U S, such
that A;»jur # 0. Consider the coalition C = {4, ¥} and its SW—compatible assignment A
where, for all (i,j,k) € Bx G x S,

Ajp—1 iti=d,j=7 and bk =F

A\ - Aijk —1 ifi= i,/,j = j” and k = k"
YET) Age+1 ifi=4j=j" and k= k"
Aijk otherwise.

Then, define @y and @y as the payoffs of buyer i and seller k” at assignment A, respectively.
Then, by definition of fAl,

i + wr — Uy + Wer) = (Vije = pyr) - Avjrer + (Virgr = pjr) - Ao
(g = rjmien) - Avgog & (g = Tyner) - Ao g
—(vaj = pjr) - A — (Virjn = pjr) - A jog
—(pjr = rjmwn) - Airgmir — Dy — i) - Agrrjnigr
= (viy = pjr) = (Vigr = pjr) = (g = Tjmir) + Py = Ty
= Virjr = Py = Vit o Py = P Vi P = Ty
= vyj — Py — (Virjr — pjn).
By (26), uy + wgr — (Uy + Wer) < 0, a contradiction with (24). Assume now that for all
i" € ByUDBy and all k" € §; US,, Apjupr = 0. Let k* € S; U Sy be such that gju« > 0.
By (1), such k* does exist. Consider the coalition C = {7/, k*} and its SW—compatible
assignment A where, for all (i,j,k) € BXx G x S,

Aijk_l ifi:i’,j:j’andk:k:'
Aijk: 1 1f’L:Z/,]:]// and k = k*
Aijk otherwise.
Then, proceeding as before, define u; and wy- as the payoffs of buyer ¢ and seller k* at

assignment A\, respectively. Then, by definition of A\,

~

ui’ + wk* — (al’ —|— ﬁ)\k*) = (Ui’j’ — p]l) . Ai’j’k’ — (Ui’j’ —p]/) . Ai’j’k’
—(/Uiljll — pj”) . Ai’j”k* — (pj// — rj"k‘*) . Ai’j”k*
= (Uz'/j’ — p]/) — (vi'j” — pj”) — (pj// — ’}"j//k*)

= U’L'/j’ — p]/ — (U’i’j” — rj”k*)'
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By (24), vyj — pjr > vgjn — rjmge for every k*. Because p; > ming(rj;), we have that
Virjr — Py > Virgn — pjn, a contradiction with (26).
(E.S) For each good j € G and each seller k € S, >, A;jx € Sji, (pj) -

Fix j/ € G and k' € S. Assume first that p;; < r;,. We want to show that ). A;ji = 0.
Suppose that A; ;s # 0. Consider the coalition C = {k'} and its SW—compatible assign-
ment A where, for every (i,7,k) € Bx G x S,

ijk =

- {o ifi=4dj=jand k =k

A;jr  otherwise.

Define wy, as the utility of seller k' at assignment A, Then, it is immediate to see that
Wy < Wy, contradicting (24).
Assume now that p;; = ;. We want to show that 0 < >, A, < gjur. But this holds
because A is a feasible assignment.
Finally, assume that p; > 7. We want to show that > . A,y = gj. Assume
> i A < g Hence,
gjn > 0. (27)

Consider first the case where there exist i’ € By UB; and k" € S; US, such that A/ # 0.
Consider the coalition C = {7, k'} and its SW—compatible assignment A where, for all
(1,7,k) e Bx G xS,

Aijr =1 ifi=1i',j = j and k = k"
Aijk: Ai]’k—Fl ifi=4d j=7 and k=F

Aijk otherwise.

Then, define u; and Wy as the payoffs of buyer i’ and seller £’ at assignment 121\, respectively.
Then, by definition of E,

wy + Wy — (Uy + W) = (Vijr = pyr) - Avjrer + (Virgr — pjr) - Avjrie
+(py — ryw) - Avjrw
— (i = pyr) - Avr = (Vi = ) - Ay
—(py = ryme) - Ay
= (v — pyr) — (Vg — py) — (pjr — Tyw)

= _pj' —|— T‘j/k/,

Since by assumption p;r > 7, wy + wp — (Uy + W) < 0 contradicts (24). Assume now
that for all ¢/ € By U By and all k" € §; US,, Ajrjipn = 0. By definition, p;; = min{r;y | k
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is such that ¢;, > 0}. Let k* € S U S, be such that gji» > 0 and p;s = rju+. By (1), such
k* does exist. By (27) and the definition of p;/, p;; < i, a contradiction with the initial
assumption that p;; > 1. |

Lemma 5 Let (u,w) € RZ x RY be such that there erists a competitive equilibrium
price vector p such that for every coalition C C B US and any feasible assignment A
SW —compatible with C we have that

S w4+ Y wp > oM (C, A, p).
ieBC keSC

Then, (u,w) € CE.

Proof Let (u,w) € R® x R® be a payoff of market M satisfying the hypothesis of Lemma
5 and let A be any optimal assignment of market M. Consider first any coalition C = {i},
where ¢ € B. Observe that A is itself SW —compatible with C. Then, by assumption,

w > Y, (vij —pj) - Aije- (28)
(j,k)egGxS

Consider now any coalition C = {k}, where k& € S. Observe that again A is itself
SW —compatible with C. Then, by assumption,

wy > Y (pj— k) - Aijie (29)
(4,7)EBXG
Then,
ZUZ+Zwk:U(BU8): Z Tijk'Aijk-
i€B keS (3,5,k)EBXGXS

By definition of the per unit gains 7,

Yoo T Agr=2 > (y—pp)-Agrt+ 2 > (P — k) Aijke

(4,4,k)EBXGXS i€B (j,k)eGxS kEeS (i,j)EBXG

Hence, (28) and (29) imply that for every i € B and k € S,

wp = Y, (v —pj) - Aije
(5,k)EGXS

wy = >, (pj— k) - Aijk,
(1,5)eBxG
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and consequently, by Lemma 6 in Jaume, Mass6, and Neme (2009), for every i € B and
kes,

u; = d;-v;(p) >0

w = ;gqjk -mik(p) > 0.
Thus, (u, w) = (u(p), w(p)) and by (10), (u,w) € CE. |

Theorem 1 Let (u,w), (4, w) € RE x RY be two payoff vectors of market M. Then,
((u, w), (@, w)) € SW*™ if and only if (u,w) = (u,w) € CE.

Proof Let ((u,w), (@,w)) € SW*. By Lemma 2, (u,w) = (4, w). By Lemma 4, there
exists a competitive equilibrium price vector p = (p, ..., pg), with p; > min{r;, | k € S
such that ¢;; > 0} for all j € G, such that for any coalition C C BU S, and any feasible
assignment A that is SW—compatible with C, we have that:

S w4+ Y wp > oM (C, A, p).
ieBC keSC

By Lemma 5, (u,w) € CEM.
Assume now that (u, w) € CE. Then, ((u,w), (u,w)) € CE*. By Proposition 1, ((u,w), (u,w)) €
Sw. u

Theorem 3 Let p € Z,\{0}. Then, there ezist a market M and a payoff vector (u,w) ¢
CE such that (u”,wr) € CoPM.

Proof Fix p € Z,\{0}. Define M as follows: B = {b1}, S = {51,952}, G ={q1}, vi1 = 1,
rip =112 =0,d =4p—1 and q11 = q12 = 2p. It is easy to see that since the short
side of the market is the demand, the unique competitive equilibrium price is p; = 0
and CE = {(4p — 1,0,0)}. Consider the payoff vector (4p — 3,1,1) ¢ CE. We show that

p
((4p — 3)?,(1,1)?) € Co”M. Let C be a coalition in market pM with #( |J BS) = 3 and
a=1
p
#(UJ 8%) = 0. Thus,
a=1
B<pando < 2p. (30)
The value of coalition C is

o [ =1 2 <o
v 2po it28 >0
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and

Sui+ > wy=p6(4p—3)+o. (32)

ieBC kes¢
We want to show that for all 5 and o satisfying (30),

i€BC keS¢

Assume first that C is such that 25 < ¢. Then, by (31) and (32), (33) holds if and only
if 5(4p —3) + o > [(4p — 1) holds, which follows from 25 < o.

Assume now that C is such that 25 > o. Then, by (31) and (32), (33) holds if and only
if S(4p — 3) + 0 > 2po holds. Thus, to show that (33) holds is equivalent to show that

Bldp—3)>0o(2p—1) (34)

holds. By (30), the most disfavorable case for which (34) holds is when o is larger; i.e.,
o = 27y — 1. Hence, (34) follows if (4p — 3) > (28 — 1)(2p — 1). But this last inequality
can be written as

48p — 308 = 4Bp — 26 —2p + 1,
which holds because 3 < p and p > 1 imply 2p — 1 > . |
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