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3.1.- Example and Preliminary Remarks

Pmy twi, wo, w3, Wy Py, 12, m3, my, my, ms
Pm, : wy, wo, w3, w1 Py, : M3, my, mp, my, ms
Pyt wa, wa, w1, Wy Py, 1 Mg, ms, my, my, my
P, wi, wg, w3, wo Py, : m1, mg, ms, mp, m3
Pt w1, wo, wa.
. my ms3 mgy my msg
Hw = -
1 W2 W3 Wy Mg
mp my m3 mgy ms .
# W Ve
1T W2 W3 Wi s
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3.1.- Example and Preliminary Remarks

Py wi, wo, w3, wg Py, Mz, m3, my, my, ms
P, : wa, wp, w3, w1 Py, : m3, my, mp, my, ms
Pms : wa, wa, w1, w2 Py, 1 Mg, ms, my, my, mg
P, wi, wg, w3, wo Py, : M1, mg, ms, mp, m3
Pt w1, wo, wg.
)

e Remark 1 1, (w)Ryp,,(w) for all w € W.
e Remark 2 1, (m)Rmu,, (m) for all me M.
e Remark 3 1, (ws) = iy, (ms) = ms.
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3.2.- Optimal Matchings

e Let (W, M, P) be a marriage market.

@ Define the binary relation >, on M as follows: given two matchings

i, p' € M, define

w=my  ifand only if  p(m)Ryu'(m) for all m € M and
u(Mm)Psy' (M) for at least one m € M.

e Fact: > is a transitive and antireflexive binary relation on M.

@ Define the partial order =y, on M as follows: given two matchings
u,u' € M, define

p=mu  ifand only if either u>=p p' or p =y

e Fact: =, is a transitive, reflexive and antisymmetric binary relation on

M.

@ Similarly, define the binary relations >, and >, on M.
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3.2.- Optimal Matchings

Let (W, M, P) be a marriage market. A matching u € S(P) is
W —optimal if for all ' € S(P), p =w p'. Similarly, a matching

i € S(P) is M—optimal if for all ' € S(P), u =m 1.

Theorem

(Gale and Shapley, AMM 1962) Let (W, M, P) be a marriage market.
Then, there exists a W —optimal stable matching, and a M—optimal
stable matching. Moreover, they are the outcomes of the DAAy, and
DAAy,, respectively; namely, for all u € S(P),

iy (W)Rypu(w) for allw € W

and

tpg (m)Rppe(m) for all m € M.
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3.2.- Optimal Matchings: Proof of the Optimality Theorem

Proof

@ Terminology: man m and woman w are achievable if there is some
stable matching u such that u(m) = w.

@ We will show that in the DAAy no man m is ever rejected by an
achievable woman. Thus, p,,(m)Rnu(m) for all u € S(P). The
proof is by induction

@ Induction hypothesis: Up to step k of the DAA;; no man has yet
been rejected by an achievable woman.

@ Assume that at step kK 4+ 1, w rejects m.
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3.2.- Proof of the Optimality Theorem

w rejects m at step k + 1.

@ Case 1: mis unacceptable. Then, m and w are unachievable. Thus,
the statement holds for step k + 1 (done).

o Case 2: w rejects m in favor of m’ who she keeps engaged. Hence,
m' P, m.

o We show that w is not achievable to m.
o Observe that
wP,w' (1)

for all w’ except for those who have previously rejected him (at k or
earlier).

By the induction hypothesis, they are not achievable to m’.

To obtain a contradiction, assume p € S(P) is such that m = p(w).
Since m' Py, pt(w) = m then, (m’, w) blocks p at P if u(m') = m’.

If u(m') = w', by (1), wPpyu(m').

Thus, u ¢ S(P). [ |
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3.3.- Opposition of Interests

Let M = {my, my, m3, my} and W = {wq, wp, w3, wy }.

P,
P

W3, Wi, Wo, Wy
. Wo, Wy, W1, W3
P, :
Py ¢

w3, Wa, Wi, W2

W4Y W3Y W].Y W2'

Py
P
Pw;

L mp, my, m3, My
L mgz, my, mp, My
LMy, mz, my, mp
Pl &

ms3, mg, my.

The set of stable matchings is S(P) = {p. b,y #1. fi}, where

w2

1z

w1

Hw = m2
p= m
p= m
By = M

my ma ms3
mp ms3 may
my my m3
my ms3 ma.

J. Massé
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3.3.- Opposition of Interests

wq %] w3 Wy

Pm, w3, wi, wo, wy
1 ° 1 1 1 _
p . Uy = M2 m myg m3
my + W2, Wy, W1, W3 ~ _
P X U= my ma m3 mgy
m3 + W3, W, W1, W2 ~ _
p . = m my mg M3
mg - W41W31W11W2' _
2 M= mMm my m3 Mms.

g (i) = #(m) = wiPmywa = fi(m1) = py, (m)
g (m2) = #i(m) = waPm,wi = fi(m2) = pyy, (M)

P (m3) = fi(m3) = wsPpyws = fi(m3) = pyy, (m3)
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3.3.- Opposition of Interests

. w1 wWo w3 Wy
Py, 1 mo, my, mz, my b — @ m G
PW2 :m3vmlvm2vm4 Vl"/"_
P . = m mq m3 Mgy
ws © M4, M3, My, My = m an m @
. - 4
P, : m3, my, my. _
‘uM = m my m3 Mms.

pw (wi) = pi(wr) = mpPu,ymi = fi(wi) = pyy(wi)
Hy (w2) = pi(m2) = miPu,my = fi(w2) = pp(w2)

ww (ws) = 1i(ws) = myPu,mz = pi(ws) = py,(ws)

Hw (wa) = 1i(ma) = m3Py,my = pi(wa) = pp,(wa).

J. Massé Marriage Market: Structure



3.3.- Opposition of Interests

(Knuth, 1976) Let (W, M, P) be a marriage market and assume
u,u' € S(P). Then,

w(w)Ry ' (w) for all w € W if and only if u'(m)Rnu(m) for all m € M.

Namely,
u=w ' if and only if ' =y p.

Corollary
Let (W, M, P) be a marriage market. Then,

My Zw Hy and fy =m Hyy.
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3.3.- Opposition of Interests

Proof of the Theorem Let u, ' € S(P).
o Assume p(w)Rypu'(w) for all w € W and to obtain a contradiction,
suppose there exists m such that p(m)Pp,u’'(m).
@ Then, there is w = u(m)Ppu'(m) # w.
e By hypothesis, m = p(w)Ryu'(w) # m.
e Hence, mP,u'(w).

@ Thus, (m, w) blocks u" at P; a contradiction. [ |
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3.4.- Decomposition Lemma and the “Rural Hospital”

Theorem

Let (W, M, P) be a marriage market and assume p, 4’ € M. Define
M(u) = {m € M| p(m)Rnp'(m)}

W(p') ={we W |y (w)Ruu(w)}.
Define also, for W/ C W and M’ C M,

p(W) ={me M| u(m) e W'}
w(M') = {w e W |pu(w) e M}

Decomposition Lemma (Knuth, 1976) Let (W, M, P) be a marriage
market and assume y, ' € S(P). Then,

u(M(p)) = W(u') and p'(M(u')) = W(n).
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3.4.- Decomposition Lemma and the “Rural Hospital”
Theorem

“Rural Hospital" or “Lonely Wolf" Theorem (McVitie and Wilson, 1971)
Let (W, M, P) be a marriage market and let p € S(P). Assume u(x) = x
for some x € W U M. Then, y'(x) = x for all i’ € S(P).

In particular, y,,(x) = py (x) = x.
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3.4.- Proof of the Theorem

Proof of the Theorem We will show that for any y € S(P),

p(W)  ={me M| pu(m) # m}
={me M| py(m) # m}
= iy (W)
and
pM) ={weW|u(w) #w}
={we Wlny(w) # w;
= tw(M).
Note that, by the definition of matching, |u(W)| = |u(M)]| .

Marriage Market: Structure
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3.4.- Proof of the Theorem

u(W)| = [u(M)]. (2)

o Consider matchings ,, and y,, and sets i, (M), puy, (M), pup (W),
and p, (W).
Since jup (m) Rty (m), [pp (W)[ 2 [pyy, (W)].

Since pyy (W) Rwptpy (W), [pyy (M)] > [py, (M)
Thus,

W)L = [y (W) = [y (M)] > [y (M)
Therefore, by (2),

[ (W) = [ (W) = |y (M)] = [y (M)].
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3.4.- Proof of the Theorem

e We prove u,, (W) = u(W).
e By optimality and the opposition of interests, for all m € M and all
we W,

pp(m)Rmp(m) —and  p(w)Rwpp (w). (3)

o We first show that

(M| = [Hp (M)] (4)
Otherwise, there exists w (and m) such that m = p,,(w)Pyp(w), a
contradiction with (3).

o Assume m € pu(W)\up, (W). Then, up,(m) = m and p(m)Pmm.
Hence, pi(m)Pmuy,(m), contradicting that y, is the M—optimal
stable matching (i.e., (3)).

o Thus, (W) C pp, (W). Assume u(W) C pp, (W). Then

(W) > [u(W)

A contradiction with (2). |
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3.5.- Preliminaries on Lattices

We first introduce the notion of a lattice.

Let X be a non-empty and finite set.

A partial order >~ on X is a reflexive, transitive, and antisymmetric
binary relation on X.

Given x,y € X we write x > y to denote that x = y and x # y.
Then, > is a transitive and antireflexive binary relation on X.
Given a partial order = on X and a subset Y C X define the set of
upper bounds of Y as ub-Y ={x € X |x > yforally € Y} and
the least upper bound of Y as lub.Y =y, where y € ub-Y and, for
ally’ e ub- Y,y = y.

Similarly, given a partial order = on X and a subset Y C X define
the set of lower bounds of Y as IbY = {x € X | y = x for all

y € Y} and the greatest lower bound of Y as glb-Y =y, where
y €1bsY and, forall y' € Ib-Y, y =y’

J. Massé
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3.5.- Preliminaries on Lattices

@ Given a partial order = on X, define the binary operation V on X
(the joint) as follows: for x,y € X, xVy = lub-{x,y}.

@ Given a partial order > on X, define the binary operation A on X
(the meet) as follows: for x,y € X, x Ay = glb-{x,y}.

@ In general, x V y and x A y may not exist.

e For instance, consider X = {x,y,z} and > let be such that x > z
and y > z. Then, the joint x V y does not exist because
ub-{x,y} = @ and the meet x A y = z because Ib-{x,y} = {z}.
The other way around for =’ where x =" y and x =’ z.

e However, by the antisymmetry of >, if lub- and glb- do exist then,
they are unique.

Definition

The quadruple L = (X, =, V, A) is a lattice if, for all x,y € X, lub-{x,y}
and glb-{x, y} do exist.
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3.5.- Preliminaries on Lattices

Observe that although the binary operations V and A follow from the
partial order =, it is useful to refer to both in the notation of the
lattice.

This is because there is an (equivalent) algebraic approach where,
instead of starting from the partial order >, one can start from two
binary operations as follows.

A join V on X is an idempotent, commutative, and associative binary
operation on X; thatis, for all x,y,z€ X, xVx=x, xVy =yV X,
and xV (yVz)=(xVy)Vz.

Similarly for the meet A on X.

J. Massé
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3.5.- Preliminaries on Lattices

@ Given a join V and a meet A on X, define the partial order > on X
as follows: for all x,y € X,

x>=yifandonlyif x=xVyandy=xAy.

@ Indeed, both approaches are equivalent in the sense that the partial
order obtained from V and A is > (i.e., the partial order from which
V and A are defined).
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3.5.- Preliminaries on Lattices

The quadruple (X, =, V, A) is a complete lattice if, for all non-empty
Y C X, lub-Y and glb-Y do exist.

v

The lattice (X, =, V, A) is distributive if, for all x,y,z € X,
xN(yVz)=(xAy)V(xAz).

Remark Let (X,>,V, A\) be a distributive lattice. Then, for all
x, ¥,z € X,

xA(yVz)=(xAy)V(xAz)ifandonly if xV(yAz) = (xVy)A(xVz).
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3.5.- Preliminaries on Lattices

The triple (X, =, V) is a joint semilattice if, for all x,y € X, lub-{x, y}
do exist.

The triple (X, =, V) is a meet semilattice if, for all x,y € X, glb-{x,y}
do exist.

@ Reference:

o D. Knuth. Marriages Stables. Montreal: Les Presses de I'Université de
Montreal (1976).
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3.6.- Lattice Theorem

o Let (W, M, P) be a marriage market and let i, ' € S(P).
e Define the mapping v: WU M — W U M as follows: for each

ve (W) ¥ ()Pt (w)
. u(w if u(w Pwy’ w
v(w) ‘{ W (w) i g (w) R pe(w)

and for each m e M,

m p'(m) if p(m) Py’ (m)
v )—{ u(m) if 4 (m) R (m).

o Define the mapping A : W UM — W U M as follows: for each
we W,
' if p(w) Pyt (w)
Aw) = § #w) i p(w)Pup
0 ={ ) Rt
and for each m € M,

A(m) = { y/(m) if p1(m) Pmp’(m)

p'(m) if p'(m)Rmpu(m).
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3.6.- Lattice Theorem

(Knuth, 1976. [Conway]) Let (W, M, P) be a marriage market and
assume p, ' € S(P). Then, v,A € M. Moreover, v, A € S(P).
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Example

Let M = {my, my, m3, my} and W = {wq, wp, w3, wg }.

P,
Pm,

P, :

Pm

4

Let u, ' € M be such that

Observe that (wi, my) blocks u at P and (w;, my) blocks y' at P. Thus,

wou' & S(P).

W3, Wi, Wo, Wy PW1 Mo, My, M3, My
D Wo, Wy, Wi, W3 Pw, : m3, mi, my, my
w3, Wg, Wi, Wo PW3 L Mg, M3, my, My
L Wy, W3, Wi, Wa. PW4 L m3, mg, my.
w1 w3 Wy
= m my mg3
y’ = mgy m3 ms.

J. Massé
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3.6.- Lattice Theor

Pm1 :W3IW1VW21W4 PW1 :m21m11m31m4
P, wo, wa, wi, ws Pw, : m3, mi, ma, my
Pm3 . W3vW4vW1vW2 PW3 :m41m31m11m2
P, @ wa, w3, wi,wa. Py, : m3, mg, my.
w1 wWo w3 Wy
H= m mg My m3
W= my my m3 m.
w1 Wo w3 Wy mq moy ms3 mgy
Vv =
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3.6.- Lattice Theor

Pm1 :W3IW1VW21W4 PW1 :m21m11m31m4
Py wa, wy, wi, w3 Py, : m3, my, mp, my
Pm3 :W3VW4YW1¥W2 PW3 :m41m31m11m2
P, @ wa, w3, wi,wa. Py, : m3, mg, my.
w1 wWo w3 Wy
H= m mg My m3
l
w = mg mpy m3 mj.
w1 Wo w3 Wy mi my ms3 mgy
V= my my m3 m3 Wy w3 Wy wh
A =
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3.6.- Lattice Theor

Pyt ws, wi, wo, wy Pu, : my, mi, m3, my
Pm, : wo, wa, wy, ws Py, : m3, my, my, my
Pm3 W3, Wy, Wi, Wo PW3 LMy, M3, my, My
Pm, © wa, w3, wi, wa. Py, : m3, mg, my.
w1 wWo w3 Wy
H= m mg My m3
W= my my m3 m.
w1 Wo w3 Wy mi my ms3 mgy
V= my my m3 m3 Wy w3 Wy wh
A= my may my mq w1 1%] w3 w1

J. Massé Marriage Market: Structure



Let M = {my, mp, m3, my} and W = {wq, wp, w3, wg }.

P, ws, wi, wa, wy Py, : may, my, ms, my
Pm, @ wo, wa, wy, ws Py, : m3, my, my, my
P, © w3, wa, wi, wo Py, : mg, m3, my, mp
Pm4 . Wy, W3, Wi, Wap. PW4 L Mm3, mg, my.

Consider i, i € S(P)

w1 Wo w3 Wy
= my mq ms3 mgy
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3.6.- Lattice Theor

Pm1 :W3IW1VW21W4 PW1 :m21m11m31m4
P, wo, wa, wi, ws Pw, : m3, mi, ma, my
Pm3 . W3vW4vW1vW2 PW3 :m41m31m11m2
P, @ wa, w3, wi,wa. Py, : m3, mg, my.
w1 Wo w3 Wy
H= m my m3 Mgy
= m my mg m3.
w1 Wo w3 Wy mi moy ms3 mgy
V=
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3.6.- Lattice Theor

Pm1 :W3IW1VW21W4 PW1 :m21m11m31m4
P, wo, wa, wi, ws Pw, : m3, mi, ma, my
Pm3 :W3VW4YW1¥W2 PW3 :m41m31m11m2
P, @ wa, w3, wi,wa. Py, : m3, mg, my.
w1 Wo w3 Wy
H= m my m3 Mgy
= m my mg m3.
w1 Wo w3 Wy mi my ms3 mgy
V= my M mg M3 1%} wq Wy w3
A =
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3.6.- Lattice Theor

Pyt ws, wi, wo, wy Pu, : my, mi, m3, my
Pm, : wo, wa, wy, ws Py, : m3, my, my, my
Pm3 W3, Wy, Wi, Wo PW3 LMy, M3, my, My
Pm, © wa, w3, wi, wa. Py, : m3, mg, my.
w1 Wo w3 Wy
= m m m3 m
U= m my my ma.
w1 Wo w3 Wy mi my ms3 mgy
V= my M mg M3 1%} wq Wy w3
A= mq my ms3 my w1 1%] w3 Wy
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3.6.- Lattice Theor

Pyt ws, wi, wo, wy Pu, : my, mi, m3, my
Pm, : wo, wa, wy, ws Py, : m3, my, my, my
Pm3 W3, Wy, Wi, Wo PW3 LMy, M3, my, My
Pm, © wa, w3, wi, wa. Py, : m3, mg, my.
w1 Wo w3 Wy
= m m m3 m
U= m my my ma.
w1 wo w3 Wy mq my ms3 mgy
vV = my M mg M3 1%} w1 Wy w3 = :uW
A= mq mp m3 Mgy wq wh w3 Wy =HUm
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3.6.- Lattice Theorem

Theorem

(Knuth, 1976. [Conway]) Let (W, M, P) be a marriage market and
assume i, 1’ € S(P). Then,

(3) v=puNwp = lub-, {pp'}.

(b) A= Aw ' = glb-, {4 '}

Theorem

(Knuth, 1976. [Conway]) Let (W, M, P) be a marriage market. Then,
(S(P),=w,Vw, Aw) is a complete and distributive lattice.

| \
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3.6.- Lattice Theorem

Remark Let (W, M, P) be a marriage market. Then,
e for all u € S(P),

Hw = Hw Vw K

H=Hy Aw K

Hyp = Hp Aw B

H=Hpy VM b

e it is possible to find y, ' € S(P) such that p %y p' and p' Fw u;
for instance, 7i and i in the previous example.
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3.6.- Lattice Theorem

(Knuth, 1976. [Conway]) Let (W, M, P) be a marriage market and
assume y, ' € S(P). Then,

(a)v=mp/mp = glb-, {p, p'}.

(b) A= pNmp' = lubey, {4 '}

Theorem

(Knuth, 1976. [Conway]) Let (W, M, P) be a marriage market. Then,
(S(P), =m,Vm, Am) is a complete and distributive lattice. Moreover,
(S(P),=w,Vw,Aw) and (S(P), =m,Vm, Am) are dual; namely, for all
popu' € S(P),

w=w u' ifand only if u' =p 1,

u N w p'if and only if u Ay y', and

uAw ' ifand only if u Ny p'.
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3.6.- Lattice Theorem

Let M = {my, my, m3, my} and W = {wq, wp, w3, wy }.

Pm, : w3, w1, wa, wy Py, : may, my, m3, my
Pm2 . Wo, Wy, W1, W3 PW2 L Mm3, my, mp, My
Py © w3, wa, wi, wo Py, : mg, m3, my, mp
Pm4 L Wy, W3, Wi, Wap. PW4 L Mm3, mg, mjy.

The set of stable matchings is S(P) = {p. b,y #1. fi}, where

wi Wy w3 wg
“l/lW = mp m mg M3

= m m m3 My
= m my mg M3
Uy = mMm my ms3 Mmy.
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3.6.- Lattice Theorem

Let M = {my, my, m3, my} and W = {wq, wp, w3, wy }.

Pm, : w3, w1, wa, wy Py, : may, my, m3, my
Pm2 . Wo, Wy, W1, W3 PW2 L Mm3, my, mp, My
Py © w3, wa, wi, wo Py, : mg, m3, my, mp
Pm4 L Wy, W3, Wi, Wap. PW4 L Mm3, mg, mjy.

The set of stable matchings is S(P) = {p. b,y #1. fi}, where

Wy Wy w3 wy |29 “w =M
By = m2 my mg 3 /! AN ! T
= m m m3 m 1 ol i
= m my my m3 AN /" ! 7
“I/l M= mq m»y m3 mg. “I/l M
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3.6.- Lattice Theorem

Let M = {my, my, m3, my} and W = {wq, wp, w3, wg }.

Pm1 Wy, Wo, W3, Wy PW1 L Mg, m3, my, mq
Pm, : wa, w1, wa, w3 Py, : m3, mg, my, my
Pm3 W3, Wy, Wi, Wo PW3 LMo, My, My, M3
Pm, @ wa, w3, wo, wy P

S(P) = {1, - Hyo} where

wy - M1, M2, M3, My.

w1 Wo w3 Wy w1 Wo w3 Wy

Wi =HUpy | M my m3 My ]’lﬁ my myg MM ms3
]/12 my mq m3 mgy ‘1/17 m3 my mp my

12 3 mq my mg M3 U 8 mg m3 m m»y

2 4 my M myg M3 Hg m3 mg My M

]/l5 m3 myg My "Lllo =Hw mg m3 my N
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3.6.- Lattice Theorem

Let M = {my, my, m3, my} and W = {wq, wp, w3, wy }.

Py iwi, wo, w3, wy Py, img, m3, mp, m
ng - W, Wy, Wa, W3 PW2 - m3, mg, my, my
Py i w3, wg, wi,wo Py, mp, my, mg, ms
Pm4 . W4vW3vW2vW1 PW4 :mlvm2vm3vm4'
Ho Hs Mg
Hi=Hm Hy My Hio = Hw
M3 He )
=M _— —— — —  ——
— e ~W
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3.7.- An Algorithm to Compute all Stable Matchings

@ Objective: Given a marriage market (W, M, P), define an algorithm
to obtain the set of all stable matchings S(P).
o Idea: Use the lattice structure of S(P).
e By the duality, we will have two symmetric algorithms. We will
describe the one using the point of view of men.
o Given u, ' € S(P), we say that u and u’ are consecutive if yu =y y'
and there does not exist i’/ € S(P) such that p >=p u”" =y p'.
o Assume that y and 3/ are consecutive. Then, the set
{me M| u(m)Pmp'(m)} = {mq,...,m,} forms a cycle in the sense
that forall i =1,...,r—1, 4/ (m;) = u(m;y1) and ' (m;) = u(my).
For example,

Pm, Pm, Pms Pm,

#(ml-)”: wy V(mz-)”: wi V(m3-)”: w2 V(m4-)": w3

— p(m)=wr p(m)=wr p(m3)=ws p(mg)=wy
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3.7.- An Algorithm to Compute all Stable Matchings

@ To make the algorithm easier, it is better to first “clean” the
preference profile of “irrelevant entries” ( some of the “..." in the
example) from the point of view of stability.

o References:

e D. McVitie and L. Wilson. “The stable marriage problem,”
Communications of the ACM 14, 486-492 (1971).

e R. Irving and P. Leather. "The complexity of counting stable
marriages,” SIAM Journal of Computing 15, 655-667 (1986).
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3.7.- An Algorithm to Compute all Stable Matchings

PRELIMINARY ALGORITHM: REDUCTION PROCEDURE OF P GIVEN Ky

o Initialization Given P, yi,,, and y,,, set P°(u,,) = P.

o Step 1 Input: profile P%(y,,) = P°. For each m, remove from P9,
all w such that wPQu,,(m). For each w, remove from PY, all m such
that mP%u,,, (w). Output: profile P(p,,).

e Step 2 Input: profile P1(y,,) = P1. For each m, remove from P},
all w such that py, (m)P}w. For each w, remove from Pl all m such
that 1, (w)PLm. Output: P?(u,,).

o Step 3 Input: profile P?(y,,) = P2. If m is not acceptable for w
(i.e., mis not on P2), remove w from P2 If w is not acceptable for
m (i.e., w is not on P2), remove m from P2. Output: P(j,,).

S(P) = S(P(p))-

J. Massé Marriage Market: Structure



3.7.- An Algorithm to Compute all Stable Matchings

REDUCTION PROCEDURE OF P GIVEN ANY p € S(P)

o Initialization Given P, u, and i, set P°(u) = P.

o Step 1 Input: profile PO(x) = P°. For each m, remove from PY all
w such that wPu(m). For each w, remove from P all m such that
mPY 1, (w). Output: profile P ().

o Step 2 Input: profile P*(x) = P. For each m, remove from P all
w such that p,, (m)PLw. For each w, remove from P}, all m such
that u(w)PLm. Output: P?(u).

o Step 3 Input: profile P?(u) = P2. If m is not acceptable for w
(i.e., mis not on P2), remove w from P2 If w is not acceptable for
m (i.e., w is not on P2), remove m from P2. Output: P(u).

S(P(p)) € S(P).
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3.7.- An Algorithm to Compute all Stable Matchings

Let 4 € S(P). A subset 0 = {my, ..., m;} C M defines a cycle for P(u) if:
(1) for i =1,...,r — 1, the second woman in P(y)pm, is pt(mjs1), the first
woman in P(it)m,,,, and

(2) the second woman in P(y)m, is p(my), the first woman in P(pt)m, .

PWm P@)m, P)ms  P()m,

p(mi)  p(m2)  p(ms)  p(ma)
u(m)  w(ms)  p(ma)  p(m)

J. Massé Marriage Market: Structure 46 / 61



3.7.- An Algorithm to Compute all Stable Matchings

e Given P(u), let o = {my, ..., m;} be a cycle for P(y). Define a
matching 7 as follows:

o u’(m;) =wu(mjyq), foralli=1,..,r—1,
o 1% (m,) = p(m); and
o u’(m) = u(m), forall m¢ o.

o We will refer to u” as the o —cycle matching under P ().

Let M = {my,... mg} and let ¢ = {my, my, m3, ms} be a cycle for P(p).

my

my m3 mgy

ms — Mme
U wq 1%} w3 Wy Ws We
oo owa o ws owy owg wWs  We

J. Massé
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3.7.- An Algorithm to Compute all Stable Matchings

ALGORITHM: Let (W, M, P) be a marriage market.

o Step 1 Input P. Find ), and p,;, (by the DAAy and DAA,
respectively), and P(u,,) (by the reduction procedure of P given ji,,.
Output: P(p,).

e Step 2 Input P(y,,).

o Find the set ZP(m) of all cycles for P(uy,).

o For each o € £P(#u) obtain the corresponding o —cycle matching u“
under P(p,,).

o For each u7, for o € ZP(m), obtain the reduced profile P(u7).

o Output: The set of reduced profiles P(1”), one for each o € XP(m).

J. Massé Marriage Market: Structure



3.7.- An Algorithm to Compute all Stable Matchings

o Step k+1 Input: a set of reduced profiles, output of step k. For
each P(p”) of reduced profiles.
o Find the set ZP() of all cycles for P(u”).
o For each ¢/ € ZP(") obtain the corresponding ¢’ —cycle matching ;4‘7,
under P(u7).
o For each ', for o’ € ZP(”UI), obtain the reduced profile P(u”).
o Output: The family of sets of reduced profiles P(y”/), one for each
o' e 2P,
@ Stop at stage K when there are no cycles for any reduced profile in
the set of profiles obtained as output of stage K — 1.

If u € S(P)\{tp} then, u is a c—cycle matching under some reduced
profile.

Remark Using the algorithm we can compute all stable matchings. A
stable matching u can be computed more than once.
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3.7.- An Algorithm to Compute all Stable Matchings

Step 1 |Input: P

LMy, my, m3, My

Pm, : w3, wi, wa, wy P

Pm, : wo, wa, wi, w3 Puw, : m3, my, my, my
P, : w3, wg, wi, wo Py, : mg, m3, my, mp
Pm4 . Wy, W3, Wi, Wo PW4 L Mm3, Mg, m.

w1 wWo w3 Wy
Hy = M2 m mg M3
2 M= mMm my m3 Mmg.
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3.7.- An Algorithm to Compute all Stable Matchings

Step 1 Input: P

Pmy t w3, wi, W, wa Py, 1 T2, my, mz, my
P, @ wa, wy, Wi, w3 Py, : m3, my, mp, my
Pmy : w3, Wy, w1, wo Py, i mg, m3, my, mp
P, @ wg, W3, w1, wo Py, : M3, my, my.

wi Wy w3 wg
“l/lW = mp m mg M3
Uy = mMm my m3 Mmy.

Output: P(p,).
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3.7.- An Algorithm to Compute all Stable Matchings

Step 1 Input: P
P(P‘/\/])ml :m'm P(.”M)Wl ZFZﬂ
P(pg)m, = wo, wa, Wi P(ppg)w, : 111, my
P(hpg)ms = w3, Wy P(sp)ws - s, m3
P(ppg)ms = wa, W3 P(pp)wy = 3, M.
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Algorithm to Compute the Full Set of Stable Matchings

Step 2 Input: P(py,).
P(VM)’"I - W1, W2 P(.“M)Wl P my, m
P(ppg)m, = wo, wa P(ppp)w, = mi, my
'D(VI\/I)ITB P W3, Wy P(,VM>W3 1My, m3
P(ppg)my = wa, ws P(ppp)w, © m3, my.

Set 2P () = {ot = {m1, m}, 0% = {m3, my}}.

mp my ms3 mgy

mi moy m3 my ot
w = w wq w3 Wy

Wy = W™ %) w3 Wy
Hy = W2 w1 Wy ws.

wi Wy Wi W3
Hy = W2 wq Wy w3.

-
)
I
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Step 2: Input P(y,,).

P(tp)my s wi,wa  P(ppg)w 2 m2, m
P(ppg)my 2 wa, wa P(ppy)w, = mi, my
P(VM)ms P W3, Wy P(.”M)m 1 my, m3
P(ppg)m, = wa, ws P(tips)ws : M3, my.

m my ms3 ma

}4‘71 = W2 W W3 W

VUQ = w w2 wi W3

By = W2 wq Wy w3

'D(Vo )ml % P(.ua )W1 L mp
P(‘ugl)mz w P(.uUl)Wz - m
P(‘u”l)m3 D w3, Wy P(],t”l)W3 D mg, m3
P(‘u"l)m4 D Wa, W3 (‘u‘rl)W4 1 m3, my.

v
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3.7.- An Algorithm to Compute all Stable Matchings

Step 3 Input: P(u%") and P(u”").

P(H Yy : w2 P(H" Y+ mo
P(‘ugl)’m "M P(.ual)wz sy
P(Vgl)'m - W3, Wa P(y"l)m P Mg, m3
P(Va )m4 - W, W3 P(HU )W4 1 ms3, my.
P P
P(yaz)"@ - W2, m P(P‘Uz)wz s mp, my
'D(Vaz)m?v - W P(V:)m iy
P(u" )m, : w3 P(y" Ywg & 3.
ZP(,ﬂl) = {03 = {m3,ms}} and P — — {o* = {m1, m}}.
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3.7.- An Algorithm to Compute all Stable Matchings

Step 3 Input: P(u” ) and P(u”).

o3

P(.u:)ml = 'D(.u )m1 - W2 P(V 3)W1 = P(ya4)W1 - My
P(.ua )mz = P(.uUA)mz ‘W P(V )W2 = P(ya )Wz s m
P(VU3)m3 = P(Vﬁ)m:s Wy ( 3)W3 = P(VOA>W3 2 My
P(.uga)mza = P(VUA)IM - W3 P(V 3)W4 = P(VU4)W4 - m3

ma my m3 may

3
,uW:yU:yUA wo  wp wa o wa.

There are not more cycles: Stop. S(P) = {y;, ]/1‘71, ;4‘72, Hyt
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3.8.- The Blocking Lemma

(The Blocking Lemma) Let (W, M, P) be a marriage market. Assume
i € IR(P). Let M" be the set of men who strictly prefer y to y,,; i.e.,
M ={me M| u(m)Ppnu,,(m)}. Assume M" # @. Then, there exist
m € M\M'" and w € u(M") such that the pair (w, m) blocks u at P.

o References:

e J. Hwang. "Modeling on college admissions in terms of stable
marriages,” Academia Sinica, mimeo (n.d.) [statement].

e D. Gale and M. Sotomayor. “Some remarks on the stable matching
problem,” Discrete Applied Mathematics 11, 223-232 (1985) [two
proofs].
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3.9.- The Weak Pareto Optimality Theorem

Let (W, M, P) be a marriage market. Then, there is no individually
rational matching p such that u(m)Pmu,,(m) for all m € M. Similarly,
there is no individually rational matching y such that pu(w)Pyu,, (w) for
allwe W.

Remark The optimal stable matching is weakly Pareto optimal for the
set of agents on that side of the market.

@ Reference:

o A. Roth. “The economics of matching: stability and incentives,”
Mathematics of Operations Research 7, 617-628 (1982).
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3.9.- The Weak Pareto Optimality Theorem

Remark The optimal stable matching is not strongly Pareto optimal for
the set of agents on that side of the market. Namely, there are individually
rational matchings p such that u(m)Rppt,,(m) for all m € M and

u(m') Py, (m') for at least one m’ € M.

Let M = {ml' mo, mg}, W = {Wl, Wo, W3, W4}, and P be such that
Pmy i w2, wi,wg Py, tmy, mo, m3
P, t w1, wo,wz Py, 1 m3, mi, my
Pm3 LW, Wo, W3 PW3 L mi, mp, m3.
wi W w3 ]/l(m1) = woPpw = ]/lM(ml)
Py = m mz m pu(mz) = ws = pp (m)
= m3 m my y(m3) = W1Pm3W2 = ‘MM(ITI:;).
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3.8.- and 3.9.- Example

Remark The statements of the Weak Pareto Optimal Theorem and the
Blocking Lemma do not hold if u is not individually rational.

Let M = {my, mp, w3z}, W = {wy, wa, w3, wg, ws, wg }, and P be such that
Py @ wa wo, wy, w3 Pw, : mi, my, m3 Py, : mo
Pm, : ws, wi, wo,ws Py, :m3, my,my Py :ms
Pyt we, wi, wo, w3 Py, : mi, my, m3 Py : my.
my my m3 u(my) = waPmywr = iy, (mn)
Hy= w1 w3 w u(ma) = wsPp,ws = iy, (M)
]l = Wy Ws Wep ‘I/l(mg) = W5Pm3W2 = yM(m3).
Since @ # M' = {my, mp, m3} = M, the statement of the Blocking
Lemma does not hold. )
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