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1 Introduction

In this paper we revisit a standard problem in incentive theory, that of the provision of an
excludable binary public good.! A group of agents has to make a joint decision regarding
the provision of a public good that costs a fixed amount to produce. The good can be used
by several agents but an agent can be excluded from its consumption. Each agent has a
valuation for the good but it is private information. Three decisions have to be made: (i)
whether or not to provide the public good, (ii) the set of its users if it is provided, and (iii)
a list of agents’ contributions (or prices).

These decisions will typically depend on agents’ valuations; however since these are pri-
vate information they have to be elicited from the agents. In other words, the social choice
function that maps profiles of valuations into allocations or decisions must be incentive-
compatible. We impose the requirement of strategy-proofness that guarantees that no agent
can gain by misrepresenting her true valuation irrespective of her beliefs about the val-
uations of other agents. A second basic requirement is that the social choice function is
individually rational, i.e. an agent who is a user cannot be charged more than her valua-
tion while a non-user cannot be charged at all. This requirement ensures that all agents
participate voluntarily in the decision-making process.

Unfortunately, it is well-known that strategy-proofness and individual rationality are
incompatible with efficiency. Since there is no rivalry in consumption, excluding an agent
with a strictly positive valuation is not efficient. Since individual rationality requires that
the contribution paid by each agent is not larger than his valuation of the public good, agents
will have incentives to misreport their own valuation in order to lower their contribution. In
view of this incompatibility, we adopt a second-best approach that is increasingly popular
in the literature on mechanism design. We aim to identify a social choice function that
minimizes the mazimal welfare loss in the class of all strategy-proof and individually rational

social choice functions.?

1See for instance, Deb and Razzolini (1999a, 1999b), Dobzinski et al. (2008), Moulin and Shenker
(2001), Mutuswami (2005, 2008), Ohseto (2000, 2005), Olszewski (2004), and Yu (2007).

2The worst-case welfare objective function is a well-established and widely-used criterion. For applica-
tions in related areas, see Moulin and Shenker (2001), Moulin (2008), and Juarez (2008a, 2008b) in the
context of public good provision. See also Koutsoupias and Papadimitriou (1999), Roughgarden (2002),
and Roughgarden and Tardos (2002) in the computer science literature on the price of anarchy, introduced



The welfare loss of a social choice function at a profile of valuations is the difference
between the aggregate welfare of the first-best and the aggregate welfare of the social choice
function evaluated at the profile. The maximal welfare loss of a social choice function is
the supremum, taken over all profiles of valuations, of its welfare loss. Then, each social
choice function is evaluated according to its maximal welfare loss and the goal is to select
a social choice function that minimizes it. Since we are interested in social choice functions
satisfying individual rationality, it turns out that inefficiencies arise from the exclusion (as
users) of some (or all) agents who have strictly positive valuations. The maximal welfare
loss of a social choice function is then the sum of the valuations of all non-users of the good
at the preference profile which maximizes this sum.

Our result is to show that the equal-cost sharing social choice function minimizes the
maximum welfare loss among all strategy-proof and individually rational social choice func-
tions. At every profile of valuations, the equal-cost sharing social choice function selects
the allocation that maximizes (in the set-inclusion sense) the group of users subject to
the following requirements: (i) each user’s contribution is the cost of provision divided
by the number of users, i.e. pays an equal-cost share, (ii) each user’s contribution is no
greater than her valuation, and (iii) all non-users pay zero. It is easy to verify that this
social choice function is well-defined at every profile. It is a simple and attractive social
choice function that satisfies several properties (such as budget-balancedness) in addition to
strategy-proofness and individual rationality. Indeed, we use this fact in an important way
to prove our result.

The paper most closely related to ours is Dobzinski et al. (2008). They show that the
equal-cost sharing social choice function is a maximal welfare loss minimizer in the class of
social choice functions that are strategy-proof, budget-balanced and satisfy an additional
axiom called equal treatment. The authors write: “An interesting research problem is to
characterize the class of mechanisms obtained by dropping the (admittedly strong) equal
treatment condition.” We do not offer such a characterization because we do not claim that
the equal-cost sharing social choice function is the unique maximal welfare loss minimizer.
However we are able to show that the equal-cost sharing social choice function is a maximal

welfare loss minimizer in the larger class of social choice functions when the equal treatment

to measure the effects of selfish routing in a congested network.



axiom is dropped. Budget-balancedness is also replaced by the more innocuous condition
of individual rationality.

Another related paper is Moulin and Shenker (2001). They consider the provision of
a binary, excludable public good when the cost function is a submodular function of the
set of users. They show that the social choice function associated with the Shapley value
cost sharing formula (which corresponds to the equal-cost sharing method for the case of
a binary public good with fixed cost of provision) is the unique social choice function that
minimizes maximum welfare loss in the class of social choice functions that are defined from
a cross monotonic cost sharing method and are group strategy-proof, individually rational,
non-subsidizing (the cost shares are non negative), budget balanced, and satisfy consumer
sovereignty. Cross monotonicity requires the price paid by a user to weakly decrease when
the set of users expands.® Group strategy-proofness is an incentive-compatibility require-
ment when coalitions of agents are allowed to coordinate messages for mutual benefit.
Consumer sovereignty ensures that every agent has a valuation that guarantees her par-
ticipation irrespective of the valuations of other agents. Thus our result applies to a more
specialized setting than that in Moulin and Shenker (2001) but establishes the optimal-
ity of the equal-cost sharing social choice function amongst a much broader class of social
choice functions. We also note that strategy-proofness is a more compelling axiom than
group strategy-proofness from a decision-theoretic perspective. If agents are ignorant of
the valuations of other agents, assumptions about the ability of coalitions to coordinate
their messages for mutual benefit require stronger justification. Group strategy-proofness
can also be a demanding requirement in this setting—see Juarez (2008b).

The critical steps in our proof consist in showing that while searching for optimal
strategy-proof and individually rational social choice functions, there is no loss of generality
in restricting attention to social choice functions that satisfy the additional properties of
being non-subsidizing, budged balanced, demand monotonic, cross monotonic and satisfy-
ing consumer sovereignty. It is then relatively straightforward to show that the equal-cost
sharing social choice function is optimal in the restricted class of social choice functions.

The paper is organized as follows. Section 2 introduces the basic model and definitions,

3Cross monotonicity is related to the axiom of population monotonicity introduced and analyzed in
Thomson (1983a, 1983Db).



presents the main properties of social choice functions and states a general characterization
result for strategy-proof social choice functions (Proposition 1). Section 3 describes the
efficiency criterion of minimizing the maximal welfare loss, defines the equal-cost sharing
social choice function, and presents the result (Theorem 1). Section 4 contains the proof of

Theorem 1 while Section 5 contains some final remarks.

2 Preliminaries

Consider a finite set of agents N = {1, ...,n} that has to decide on the provision of a binary
public good. The public good is binary because it can either be provided (denoted by 1)
or not provided (denoted by 0). Let X = {0,1} be the set of the two binary choices and
let x € X be a generic choice. The public good is excludable whenever a subset of agents
(called non-users) can be excluded from its use, even when x = 1. The set of agents that
are not excluded are called users. A generic subset of users will be denoted by S. A public
good is pure if no agent can be excluded from its consumption when the public good is
produced; namely, when x = 1 the set of users S is the entire set of agents N. We postpone
discussion of the cost of the public good till after Proposition 1. This proposition applies
to all binary goods independently of cost specifications.

For each agent i € N, let o; € R, be the (monetary) valuation that i assigns to the
public good if it is produced and 7 is a user. By requiring that a; be independent of the set
of users we are implicitly assuming that there is no rivalry in the consumption of the public
good. A profile o = (a;)ien € RY is a vector of valuations, one for each agent. For each
subset of agents S C N, let 15: N — {0, 1} be the indicator function where for all i € N,

, 1 ifies
1s(i) = .
0 ifi¢sS.

To simplify notation we write 1% instead of 15(i). Let p = (pi)ien € RY be a vector of
prices (or contributions).
The set of agents N has to decide whether or not to provide the public good (z € X),

its set of users S € 2V, and the vector of contributions p € RY. An allocation is a triple

4We are admitting the possibility of negative prices.



(r,8,p) € X x 2V x RY with the property that z = 0 implies S = (.5 Denote by
A={(z,5p) € X x2V x RY | 2 = 0 implies S = 0} the set of all allocations. Agent i’s
preferences on the set of allocations A depend on ¢’s valuation «; € R, and are represented

by the utility function v; : A x Ry — R, where for each (z,5,p, ;) € A x R,

vi(w, S, p, i) = fs "X — P

Since the society N will remain fixed, a profile o = (a;)ien € Rﬂ\rf completely describes
a problem. We will write (a;, a_;) to emphasize the role of agent i in the profile v, and
(g, a—g) to emphasize the role of the subset of agents S.

A social choice function f : Rf — A selects, for each profile a € RJI , an allocation
f(a) € A. Hence, a social choice function f can be identified by its three components
f=(af, 57, p), where 2/ : RY — {0,1}, S/ : RY — 2V, and p/ : RY — RY. Namely, for
each o € RY, f(a) = (z7(a), S%(a),p/ (a)); obviously, for all & € RY, if /(a) = 0 then
S7(a) = 0. When no confusion arises we omit the superscript f and write f = (,S, p).
Given a social choice function f : RY — A and an agent i € N, let 6{ : RY — {0,1} be
the function such that, for all @ € RY, 8/ (a) = Lgs (o) - #/ (); namely, Bla)y=1ifiisa
user at o and /() = 0 if i is not a user at o.

A social choice function is strategy-proof if reporting truthfully is a dominant strategy
for all agents at all profiles,. To state it formally, we need the notion of manipulation.
Agent i € N successfully manipulates f : RY — A at profile a € RY if there exists o} € R,
such that

vi@! (af, ), ST (o, o), o (0, @), eq) > wi(a (a), 87 (@), p! (@), ).

In this case we say that ¢ successfully manipulates f at o via o.

Definition 1 A social choice function f : RY — A is strategy-proof if no agent successfully

manipulates f at any profile.

We state without proof® a basic characterization of all strategy-proof social choice func-

tions. Results of this nature are well-known in the literature; see for instance Dobzinski et

Observe that we are not imposing yet any condition on the vector of prices p nor excluding the possibility
that z =1 and S = 0.

6A complete proof can be found in the working paper version at the authors’ websites.



al. (2008), Mehta et al. (2007), and Nisan (2008). It follows from an application of Myerson
(1981)’s fundamental result.

Proposition 1 A social choice function f:RY — A is strategy-proof if and only if, for
each © € N there exist two functions (b{ : Rf\{i} — Ry U {oo} and h{ : RY — R such
that

(PLa) if o; > ¢! () then Bl (a) = 1 and pl(a) = ¢ () — hi(a_s);

(PLDb) if a; < ¢! (a_y) then B/ (a) = 0 and p!(a) = —h! (a_);

(Pl.c) if oy = ¢! (a_;) then either [5 (o) = 1 and p! (a) = ¢! (a_;)—h! (a_;)] or [8!(a) =0
and p! (@) = —hf (a ).

A social choice function is individually rational at a profile if no agent obtains a lower

utility than the utility she would have obtained by not participating.

Definition 2 A social choice function f : RY — A is individually rational at o € RY
if for all i € N, v;(2/(a), S (), p’(a), ;) > 0. A social choice function f : RY — A is

indiwidually rational if it is individually rational at all profiles.

Consider a strategy-proof and individually rational social choice function f = (z, S, p).

Fixie N and a_; € Rf\{i} . By individual rationality,
’Ui<x(07 O‘*i)? 8(07 OK*’L’)?Z)(O? O‘*i)a 0) > 0.

Hence, 3/(0,a_;)-0—p;(0,a_;) > 0; namely, p;(0,_;) < 0. Then, by (PLb) if ¢,(a_;) > 0
or by (Pl.c) if ¢;,(a—;) = 0, pi(0,a—;) = —h;(a—;) < 0. Hence, h;(c—;) > 0. We state this

fact as Remark 1 below.

Remark 1 Let f: RY — A be a strategy-proof and individually rational social choice
function. Then, for all v € N and all a_; € Rf\{i}, hl(a_;) > 0.

From now on we will only consider cases where the cost of providing the binary public
good is constant, and independent on the set of users; we normalize the cost of providing the
public good to be equal to 1 while the cost of non-provision is 0. An allocation (z, S,p) € A
satisfies the no-deficit condition if x = 0 implies ) |, yp; > 0 and x = 1 implies ) ..y p; > 1.
An allocation (z,S,p) € A satisfies the no-waste condition if z = 1 implies S/(a) # 0.
Let FFA be the set of allocations which satisfy the no-deficit and no-waste conditions.

Henceforth, we will focus on social choice functions that satisfy these conditions. Namely,
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for all @ € RY, 2f(a) = 0 if and only if S/(a) = 0 and ZieNp{(a) > 0, and z/(a) = 1
if and only if S/(a) # 0 and >,y p/(a) > 1. This will allow us to omit the function
xf Rﬂ\: — {0,1} in the description of the social choice function f because after specifying
the set of users and the vector of individual contributions, we can infer whether or not the
public good is provided.

Let ® be the class of strategy-proof and individually rational social choice functions

that satisfy the no-deficit and no-waste conditions.

3 Efficiency, Welfare Loss and Equal-cost Sharing

3.1 Purely Efficient Social Choice Functions

There is a natural notion of (first-best) efficiency for pure public goods. Remember that a
public good is pure if once the public good is produced no agent can be excluded from its
consumption (z = 1 implies S = N). Assume the public good is pure. Then, the following

notion of efficiency is natural.

Definition 3 A social choice function f : RY — FA is (purely) efficient if for all
o € RY:

(1) >,y @i > 1 implies S¥(a) = N.

(i) Y,y i < 1 implies S7(a) = 0.

Observe that (purely) efficient social choice functions refer to pure public goods; as soon

as there is exclusion (and a non-user has strictly positive valuation) efficiency is violated.

3.2 Minimizing the Maximal Welfare Loss

For any binary public good, pure or excludable, the first-best at profile &« € RY requires
provision of the public good if ), .\ a; > 1 and non-provision if . ya; < 1. Given
a € RY, let W(FB,a) = max{} .y — 1,0} be the welfare of the first-best at profile
. We will show in Theorem 1 that, among the social choice functions in ®, the equal-cost
sharing social choice function minimizes the maximal welfare loss from the first-best.

Consider again the case of a public good with exclusion. Fix f € ® and consider o € Rﬁ )



The welfare of f at «a is

T am Sl w50 £0
W f,Oé _ ieSf(a iEN
EAR T S if 5/() = 0.

1€EN

Hence, the welfare loss from the first best of f at « is

WL(f,a)=W(FB,a) - W(f,a) (1)
((max{} a; 1,0} = ( > a— ¥ pl(e) ifS(a)#0
_ iEN i€eSf(a) iEN
max{ 3 a; — 1,0} + 3 p/(a) if S/ (o) =0
\ 1EN 1EN
(max{ ¥ -1+ pl(a)— > a+ X pl()} if S (a)#0
= i¢Sf(a) ieN eSS (a) iEN
max{ > a; — 1,0} + 3 p/(a) if S7(a) = 0.
\ iEN €N

Thus, the maximal welfare loss from the first best of f is

MWL(f) = sup WL(f, a).

N
acRY

We want to minimize the maximal welfare loss on ® by a choice of f, i.e. to find a social
choice function f € ® with the property that MW L(f) < MW L(f) for all f € ®.

3.3 Equal-cost Sharing for Binary and Excludable Public Goods

The equal-cost sharing social choice function splits equally the cost of providing the bi-
nary and excludable public good among the maximal set of users for whom equal split is

individually rational. Formally, for each o € Rf , define the family of subsets of agents

1 1
U(a):{S€2N|ai2%foralliESandajgmforalljg_fg}.

Given o € RY, U(«) is the family of sets of users that (i) satisfy individual rationality at
a when the cost of the public good is uniformly distributed among the set of users and (ii)
non-users do not strictly prefer to become a user by joining the group of users and pay the

corresponding uniform contribution. Thus, every set in the family U(«) satisfies an internal

8



and external stability property at « if the cost of providing the binary and excludable public
good is equally shared among the set of users. Observe that for some profile & € RY, the
family U () may contain only the empty set while for other profiles o/ € RY the family U(a/)
may contain more than one subset of agents. However, if S, .S’ € U(a’) then SUS’ € U(d/).
Therefore, for all & € RY, there exists a unique (set-inclusion) maximal set in U(«). Denote
it by S,.

Definition 4 The equal-cost sharing social choice function fF¢ : RY — FA is the social

choice function that, for each o € RY,

SfEc (Oé) _ Sa lf U(Oé) 7&
0 ifU(a)=

and, for all i € N,
1 ep - fEC
oy = | T €57 @
0 if i ¢ ST ().

The following theorem is the main result of the paper.

Theorem 1 The equal-cost sharing social choice function minimizes the maximal welfare

loss among the set of all strategy-proof and individually rational social choice functions.

4 Proof of Theorem 1

The structure of the proof of Theorem 1 is as follows. We restrict the class of strategy-proof
and individually rational social choice functions by successively imposing some additional
properties; in particular, the properties of being non-subsidizing, budged balanced, demand
monotonic, cross-monotonic, and satisfying consumer sovereignty. We show that imposing
the additional conditions is without loss of generality because if a social choice function
f does not satisfy one of these additional properties we can always find a social choice
function f satisfying them with an equal or smaller maximal welfare loss. Finally, we
show that the equal-cost sharing social choice function minimizes the maximal welfare loss
among all strategy-proof, individually rational, non-subsidizing, budget balanced, demand
monotonic, and cross monotonic social choice functions that satisfy consumer sovereignty.

This suffices to prove the result.



4.1 Non-subsidizingness and Budget Balancedness

Some social choice functions may require that at some profile an agent is subsidized (i.e.,
pays a negative price). Social choice functions that exclude this possibility are called non-

subsidizing.

Definition 5 A social choice function f : RY — FA is non-subsidizing at o € RY if for
all i € N, p/(a) > 0. A social choice function f : RY — FA is non-subsidizing if it is

non-subsidizing at all profiles.

Another basic property of social choice functions is that the sum of the prices be equal
to the cost of providing the public good. For many applications we want to consider social

choice functions that balance the budget.

Definition 6 A social choice function f : RY — FA is budget balanced at o € RY if
ST (a) = 0 implies >,y pl(a) =0, and Sf(a) # 0 implies Y ieN p! (@) = 1. A social choice
function f : RY — FA is budget balanced if it is budget balanced at all profiles.

Lemma 1 below says that for any strategy-proof and individually rational social choice
function f, we can find another strategy-proof, individually rational, non-subsidizing and
budget balanced social choice function f with the property that the welfare loss of f at

every profile « is smaller or equal than the welfare loss of f at .

Lemma 1 Let f: RY — FA be a strategy-proof and individually rational social choice
function. Then, there exists a strategy-proof, individually rational, non-subsidizing, and

budget balanced social choice function f : Rf — F'A such that for all o € RJI,

WL(f,a) < WL(f, a).

Proof Let f : Rﬂ — F'A be a strategy-proof and individually rational social choice
function. We construct a strategy-proof, individually rational, non-subsidizing, and budget
balanced social choice function f : RY — FA with the property that for all @ € RY,
WL(f,a) < WL(f,a) by applying conditions (P1.a), (P1.b) and (Pl.c) in Proposition 1
to the family of duples (gb{ (), hlf~ (a—;))ien defined below. Moreover, f will coincide with

f in solving the indifference condition in (P1.c).

10



First, for all & € RY, set hf(a,i) =0 for all i € N.

Second, to define the family (gzﬁ{ )ien, let @ € RY be arbitrary. We distinguish between
two cases:
Case 1: S¥(a) = (). Then, set ¢f(a,i) = ¢/ (a_;) for all i € N, and if o; = ¢! (ar_;) then
i ¢ S/(a). Note that S/(a) = S/(a) = @ and pf(a) — 0 for all i € N. Moreover, f is
individually rational and non-subsidizing at «. Since S/(a) = 0 and >, plf (@) =0, f
is budget balanced at «. Obviously, since f is individually rational } .., p{ () = 0 and
hence WL(f,a) = max{},.y ai — 1,0} = WL(f, ).
Case 2: S7(a) # 0. Then, for all i ¢ S/ (a) set gbf(oz_i) = ¢! (a_;) and if a; = ¢! (o)
then i ¢ S/(a). For all i € S/(a) choose any ¢f(a_i) < ¢! (a_;) with the property that
D iest(a) ¢f(a,l-) = 1 and if a; = ¢/ (o_;) then i € S (a). Observe that this is possible since

1< ZieSf(a) pzf(@) = Ziesf(a) d)zf(@fi) - Ziesf(a) hf(‘lf@') < ZieSf(a) d){(@ﬂ‘)’

where the first inequality follows from the no-deficit condition and the last one from Remark
1. Then, S/(a) = S/(a). Assume that Y ien @ > 1, otherwise f violates individual

rationality or the no-deficit condition. Thus,

Doigsi(a) Qi = 1= D iesr(a) -

Hence, by (1), WL(f, ) = > iasr(a) ¥ + Dien p! (@) — 1. Again, by individual rationality
and the no-deficit condition of f, Zigsf(a) a; > 1. Then, S7(a) = S/(). Since p!(a) =
¢! (a_;) < a; for all i € S/ (a) and pl(a) =0 for all i ¢ Sf(a), f is individually rational
and non-subsidizing at «. Since S¥(a) # () and Z@'eszf(O‘) = 2 ies(a) qﬁf(a,i) =1, fis
budget balanced at o. Moreover, WL(f,a) = DoigsT(a) Y S D igsi(a) Yt Dien pl(a)-1=
WL(f, a).

Thus, we have defined a social choice function f that is budget balanced, non-subsidizing,
individually rational and, by Proposition 1, strategy-proof. Moreover, since for all a € Rf ,

WL(f,a) < WL(f, @), we have that MW L(f) < MW L(f). |

Remark 2 Given a strategy-proof social choice function f we can identify, by Proposition
1, a unique family of duples ((blf ,hzf )ien- On the other hand, given a family of duples
(¢;, hi)ien there are many social choice functions that generate it. This multiplicity is due

to the alternative ways of solving the indifferences in condition (P1l.c): either making the

11



indifferent agent a user or a non-user. However, the social choice function that solves all
indifferences by adding the indifferent agent to the set of users has larger welfare than any
other social choice function (with the same family of duples) that solves some indifferences
by making the indifferent agent a non-user. From now on, when we refer to the social
choice function obtained from a family of duples (gbz, . )Ze ~ we will mean the particular

social choice function that solves all indifferences by making the indifferent agent a user.

Let ®V5BB ¢ @ be the set of strategy-proof, individually rational, non-subsidizing,
and budget balanced social choice functions. Let f € ®V5"55 and o € RY. Remark 3

below shows that the welfare loss of f at a can be written in a useful way.

Remark 3 Assume S/(a) # . Since f is individually rational, a; — p! (a) > 0 for all
i € S/ (a). Summing up, Diesf(a) i T Diest(a) p! (@) > 0. By individual rationality, non-
subsidizingness, and budget balancedness, Ziesf(a) a; —1 > 0. Thus, WL(f,«) can be

written as

oo if S7(a) # 0
WL(f0) = {
max{ > a; — 1,0} if $/(a) = 0.
ien

The following result will be useful in the sequel.

Lemma 2 Let f,f € ®V5BB gnd o € RY be such that ST(a) D ST(a). Then,
WL(f,0) < WL(f,a).

Proof First, note that if « € RY is such that z/(a) = 2l (@), $7(a) D Sf(a) implies
that WL(f,a) < WL(f,«). Suppose that a € RY is such that S7(a) # 0 and /() =0
(the opposite cannot occur since S/(a) D S/(a)). Then, WL(f,a) = D igsi(a) Qi and
WL(f, &) = max{) .y @; — 1,0}. Since f satisfies the no-deficit condition and is individ-
ually rational, >, 7@ = 1 and therefore WL(f, a) = > oy =1 = 3067, i +
ZiESf(a) a;— 12 Zigsf(a) a; = WL(f,a). u

(I)NSmBB

As an immediate consequence of Lemma 2 we have that if f, f € are such that

S¥(a) D S (a) for all a € RY then, MW L(f) < MW L().

12



4.2 Demand Monotonicity

We state now the property of demand monotonicity, introduced by Ohseto (2000), that
will be very useful in the proof of Theorem 1. Demand monotonicity can be interpreted as
a weak efficiency requirement. Its violation implies that at some profile the social choice

function excludes an agent who is willing to join the group of users.

Definition 7 A social choice function f : Rf — FA is demand monotonic if for all
a, o € Rf the following two conditions hold:

(DM.1) if o > «; for all i € N then S’ (a’) 2 S¥(a); and

(DM.2) if o} > o for all i € S/ () and of; < ) for all j ¢ ST() then S¥(o/) = S¥(a).

Remark 4 Strategy-proofness, individual rationality, non-subsidizingness, and budget

balancedness do not imply demand monotonicity (see Example 3 in Ohseto (2000)).

Definition 8 A social choice function f : RY — FA is a semiconstant cost sharing social
choice function if for all a, o/ € RY, S(a) = S/(’) implies f(a) = f(a).

This is a simple class of social choice functions where agents’ contributions only depend
on the set of users. Ohseto (2000) shows that the following remark holds.

Remark 5 Any strategy-proof, individually rational, non-subsidizing, budget-balanced,
and demand monotonic social choice function is a semiconstant cost sharing social choice

function.

Let ®VSNBBNDM ¢ he the class of strategy-proof, individually rational, non-subsidizing,
budget balanced, and demand monotonic social choice functions. Lemma 3 below shows
that we can restrict our search of social choice functions minimizing the maximal welfare

(I)NSQBBQDM

loss to the class without loss of generality.

Lemma 3 Let [ : RY — FA be a strategy-proof, individually rational, non-subsidizing,
and budget balanced social choice function and assume that f is not demand monotonic.
Then, there exists a strateqy-proof, individually rational, non-subsidizing, budget balanced,
and demand monotonic social choice function f : Rf — F'A that has a lower or equal

maximal welfare loss than f.

Proof Assume f € ®V9"BB and f does not satisfy demand monotonicity. Then, there

exist o”, o/ € RY such that either

13



(a) af > o for all i € N and S/ (a/) € S/ () or
(b) o/ > o for all i € S/ (a’) and o < o/ for all i ¢ S7(a’) and S7(a’) # S/ (a”).

The proof consists of constructing another social choice function that satisfies all the
properties of the original social choice function and demand monotonicity additionally.
Moreover, it has a maximal welfare loss no higher than that associated with the original

social choice function. We proceed in three steps.

Step 1: Suppose that (a) occurs; otherwise, set f = f and go to Step 2. We informally
describe the construction of a new social choice function f. Let In f(fl) denote the set of
profiles o’ such that (i) there exists a profile o’ where all agents have higher valuations but
the set of users at o’ does not contain the set of users at o’ and (ii) there does not exist
a profile o where all agents have lower valuations than o' but the set of users at o/ does
not contain the set of users at o/”’. Let NoDM (fl)(a’ ) denote the set of profiles o” such that
there exists o/ € In f(fl) with respect to which (a) occurs. We construct f as follows. For
all @ not in NODM(fl)(O/) for any o' € Inf(fl), we let f(a) = f(a). For all other o there
exists at least one o/ € In f(fl) with respect to which (a) occurs. Pick an arbitrary o/. Let
S/ (a) = N and p/(a) = p’(a’). Thus, users at o’ continue to pay the same amount while

non users at o’ pay zero. Formally, let

Inf(fl) = {a’ € RY | there exists a” € RY such that o/ > o for all i € N, S/(a’) € S/(a)
and for all o € RY\{a'} such that o/ > o for all i € N, S7(a’) D S (a/)}.

For each o € Inf(];) let
NODM(f)( N={a"eRY |/ >a)forallie N and S/(a/) £ S (a)

Let {¢! }ien be the family of functions associated to f identified in Proposition 1. By
non-subsidizingness, the corresponding family {h{ }ien has the property that for all i € N,
hlf(oz_i) =0 foral a_; € Rf\{i}. From {gzﬁlf}ieN, define the social choice function f by

describing its associated family of functions {¢! };cx as follows.
e Foreach o ¢ |, retngl NoDM( y('), set for all i € N, gbf(a_i) = ¢l (a_y).

e For each a € Uaelnff NODM(1)<_>, let o/ € Inf(fl) be a particular profile for which
a e N ODM(fl)( " (smce this union is not necessarily disjoint, the specific defined
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social choice function f may depend on this choice). Then, set for all i € N,

ol (as) = { siloly) ifieS(a)

0 otherwise.

Note that S7(a) = N for all a € Uaelnf(f) NoDM(fl)(&). Now all violations of type
1

(a) have been accounted for. We now eliminate all violations of type (b).

Step 2: Consider f, the outcome of Step 1, and assume (b) occurs for f; otherwise, set
f=fand go to Step 3. Let In f(];) denote the set of profiles @’ such that (i) there exists a
profile o where all agents belonging to S/ (a’) have higher valuations than o/, all agents not
belonging to S¥(a’) have lower valuations than o’ but S/ (a/) # S/(a”) and (i) there does
not exist a profile o where all agents belonging to 57 (o) have lower valuations than o/, all
agents not belonging to S/(a/”) have higher valuations than o/, but S7(a””) # S7(a/). Let
NoDM},
which (b) occurs. We construct f as follows. For all o ¢ N ODM(’;)(O/ ) for any o € In f(’;),
we let f(a) = f(«). For each of € Inf(fz), we let S7(a/) = N and p/(o/) = p/(a’). Thus,

users at / continue to pay the same amount while non users at o’ pay zero. For all other

() denote the set of profiles o” such that there exists o € In f(J;) with respect to

« there exists at least one o’ € In f(f;) with respect to which (b) occurs. Pick an arbitrary
o and let f(a) = f(/). Formally, let

Inf(];) = {a’ € RY | there exists o’ € RY such that o/ > o for all i € ST (o),
of <o forall i ¢ S7(a’), ST(a/) # S7(a”) and for all o € RY\{a'}
such that o < o/ for all i € S7(/") and o/ > o, for all i ¢ ST(a"),
Sfa") = S7(a/)}.

For each o/ € In f(’;), define

NoDM(];)(o/) = {"€ Rﬁ | o ; o, for all i € ST(a), ) < o for all i ¢ ST(/),
and S7(a’) # ST (a)}.

Let {¢f }ien be the family of functions associated to f identified in Proposition 1. From
{ﬁbfc }ien, define the social choice function f by describing its associated family of functions
{¢f tien as follows.
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e For each a ¢ Inf(é) U (Ua,elnf(f;) NODM(];)(O/)), set for all i € N, ¢f(a,i) = ¢l (a_y).

e For each o/ € ]nf(’;), set for all i € N,

¢{<O‘Li

0 otherwise.

~ >:{ sl ifies(@)

e For each a € Uaelnf(f;) NODM(’;)(@)\Inf(’;), let o € Inf(];) be a particular profile for

which a € NODM(];)(a’).iThen, set for all7 € IV, gbf(oz_i) = gbf(a'_i), where o € Infgf

is such that a € NODM(J;)(CY/).

Step 3: Consider f, the outcome of Step 2. It is easy to see that f and {qbf tien satisfy
properties (P1.a), (P1.b), and (P1.c) of Proposition 1. Hence, f is strategy-proof. Moreover,
f is non-subsidizing and individually rational. For all o € RY there exists o’ € RY such
that ) .y Pl () = > ien P’ (@) and hence f is budget balanced, since f is budget balanced.
Furthermore, by construction of f, there do not exist «, o’ € Rf for which either property
(a) or (b) of the negation of demand monotonicity holds; thus, by Lemma 2, f has a lower

or equal maximal welfare loss than f since, for all a € RY, 57 (@) 2 S7(a) holds. |

From now on we restrict our search to the class ®V5MBBNPM without loss of generality.
The following three lemmata will be very useful because they will allow us to pay attention
only to profiles where the set of users is empty and define the maximal welfare loss of a

social choice function as its aggregate loss (the maximal sum of non-users’ valuations).

Lemma 4 For all f € ®NSNBBWDM qngd qll o € RY such that #S7(a) > 2 there emists
o € RY such that (i) S7(a/) € SY () and (i) WL(f, o) < WL(f, ).

Proof Let f € ®NSMBBNPM anqd assume that o € RY is such that #57(a) > 2. Since f
is individually rational there exists at least one user in S/ (a) who pays a strictly positive
price. Let i € S7() be one of such users. Then, by Proposition 1, a; > ¢/ (a_;) > 0. Since
ST (a) # @, by Remark 3, WL(f,a) = > kesi(a) k- Let j € S (a)\{i} and consider any
o/, > max{1,a;}. Since f is demand monotonic, (DM.2) implies S/(a) = S/ (o, a_;).
By Remark 5, f(a) = f(a},a_;). Hence, p{(a) = p{(a;,a_j). Thus, by individual
rationality of f and Proposition 1, ¢!(a_;) = qbf(a;-,a_{i,j}). Moreover, WL(f,«a) =
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WL(f, (e, a—j)) = D kgsr(a) - Consider now any profile o = (o, o}, a_(; ;1) such that

1) j?
0<al < gblf(o/_i) = gb{(a},a_{i,j}) = gblf(oz_i). By Proposition 1, i ¢ S/(a/). By (DM.1)
in demand monotonicity, S/(a/) C S¥(aj,a_;) = S7(). This proves that (i) holds. If
af (') = 1 then WL(f, @) = 3 0sr(an @ > Dpgsim) @ = WL(f, ). If S7(a’) = 0, then

WL(f, o) =3 ey — 1= Zkgsf(a) a, + ZkeSf(a) a,— 1> Zk¢sf(a) o, = Zkg_fsf(a) ks
where the strict inequality follows since oy > 1 and j € S7(a) and the last equality holds
by definition of . This proves that (ii) holds. [

Let f € @NSNBBODM and o € RY be such that S7(a) = {i}. Define
A(f) ={a’ e RY | o, = a; for all j # i and of < 1}.
Lemma 5 For all f € ®NSMBBPM gnd all o € RY such that ST(a) = {i},
WL(f,a) = sup WL(f, ).

o' €AY (f)

Proof Let f € ®NS"BBNPM and assume that a € RY is such that S/(«) = {i}. By
individual rationality of f and Proposition 1, ¢,{-C (v;) = 1 < «;. By Remark 3, and
since S7(a) # 0, WL(f,a) = Y., a;. Now, consider any o/ € A(f). By (DM.1) in
demand monotonicity and Proposition 1, S/(a/) = @. Thus, by Remark 2, WL(f, o) =
max{)_;; o + a; — 1,0}. Hence,

sup WL(f,a')= sup max{)_;_; o +a; — 1,0} = > i o = > iz = WL(f, ).
€A (f) o/ €AZ(f)

This completes the proof of Lemma 5. [ |

Given f € ®NSNBBODM ' define the set of profiles where the set of users is empty as
A?(f) = {a € RY | S/(a) = @}. By Proposition 1 and Remark 3,

A2 (f)={a e RY | a; < ¢/ (a_,) for all i € N}, 2)
Observe that for any a € RY such that S¥(a) = {i},

AT (f) € A%(f). (3)
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Lemma 6 For all f € ®VSOBBODM gy WL(f,a) = sup . ¢ (o) —1.

aeRf a€cA? (f)ieN
Proof Let f € ®VSNBBNDM Thep,
sup WL(f,a) = sup WL(f, )
aeRY ae{a’eRY[#SS (/) >2}U{a’ €RY |#S5/ (o' )=1}UAZ (f)
= sup WL(f,«)
ae{a’eRY[#S/ (a/)=1}UAZ (f)
— sup WL(f, )
a€A? (f)
= sup max{) «a;—1,0}
a€A? (f) iEN
= sup >, qb{(a_i) - 1.
a€A? (f)iEN

The second equality follows from Lemma 4, the third one from Lemma 5 and condition (3),
the fourth equality follows from the definition of W L(f,«), and the fifth equality follows

from Proposition 1. |

From Lemma 6 it follows immediately that the maximal welfare loss of the equal-cost

This result is well-known in the literature; see for instance Dobzinski et al. (2008) and

Roughgarden and Sundararajan (2006).

4.3 Consumer sovereignty

The next property requires social choice functions to respond to agents’ valuations: each
agent has a valuation that guarantees that the public good is provided and that she is a

user.

Definition 9 A social choice function f : RY — FA satisfies consumer sovereignty if for
all © € N there exists @; € R, such that for all a_; € Rf\{i}, i € ST (ay, ay).

We state in Lemma 7 below the observation that a social choice function that minimizes

the maximal welfare loss has to satisfy consumer sovereignty.
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Lemma 7 Let f : RY — FA be a social choice function that minimizes the mazimal

welfare loss. Then, [ satisfies consumer sovereignty.

Proof By Proposition 1, the welfare loss of any social choice function f that does not

satisfy consumer sovereignty is unboundedly large. [ |

4.4 Cross monotonicity

The final additional property on social choice functions that we consider is cross monotonic-
ity. It imposes conditions on the price vector chosen by the social choice function at two
profiles for which the set of users at one profile is contained in the set of users at the other
profile: the price paid by the users can not increase if more agents become users at the new

profile.”

Definition 10 A social choice function f : RY — F'A satisfies cross monotonicity if for
all a, o/ € RY such that /(o) € S7(a), pl(a) > pl (&) for all i € S/(a).

Lemma 8 below says that cross monotonicity is satisfied by all strategy-proof, indi-
vidually rational, non-subsidizing, budget balanced, and demand monotonic social choice

functions for which consumer sovereignty holds.®

Lemma 8 Let [ : RY — FA be a strategy-proof, individually rational, non-subsidizing,
budget balanced, and demand monotonic social choice function that satisfies consumer sov-

ereignty. Then, f is cross monotonic.

Proof Let f be a social choice function satisfying the hypothesis of Lemma 8 and let
a,o/ € RY be such that Sf(a) C S7(a/). We want to show that pl(a) > pl(a/) for all
i € S7(a). If S7(a) = N then, by Remark 5, f is cross monotonic. Let & € RY be such
that

- oa if j € S/(a)
0 ifj¢ S (a).

"This property has already been used in a more general public good setting by Moulin and Shenker
(2001). Similar notions have also been used in different settings under the name of monotonicity with
respect to changes in the number of agents or population monotonicity (see for instance Thomson (1983a,
1983b) and Sprumont (1990)).

8Variants of this result have been proved in Ohseto (2000) and Juarez (2008c).
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By (DM.2), S/(a) = S/(a). By Remark 5, p/(a) = p’(a). By Proposition 1, for all j €
St (@), pf(&) = gb;.c(&_j) and by individual rationality a; > ¢§(a_j). Take any j! € S/(a)
and let &' = (¢, (@_;),a_;). By Proposition 1, j' € S/(a'). By (DM.2), $/(a') = S/(a).
By Remark 5, p/(@') = p/(@). Iterating this argument for all j € S¥(@) we obtain a profile
a, where

5 { 6](a;) if j € 57(a)

0 if j ¢ S/(a@)

such that S7(a) = S7(a) and p/(a) = p/(a). By consumer sovereignty, for each j €
ST(a/)\S?(a) = T, there exists @; such that @ defined by

¢f (@) if j € s/(a)
a =< @ ifjeT
0 if j¢ S/ (@)uT

is such that, by (DM.1) in demand monotonicity, S/ (@) 2 S/(a/) = S/ (a) UT. We want
to show that S/(a@) = S7/(a’). Define o” € RY by

oo i ifje ST()
0 ifjé¢S/(d).

J

By (DM.2) in demand monotonicity, S/(a) = S/(a/). Consider any profile o* such that
o > max{af,a;} for all j € S/(a/) and of = 0 for all j ¢ S/(o/). By (DM.2) in demand
monotonicity, S/(a*) = S/(a”) = S/(a/). Again, by (DM.2), S/(a*) = S/(@). Thus,
St (a) = S7(«’). By Remark 5, p/(a@) = p/ (/). Since for all i € S/(a), @; = p/(a) and, by
individual rationality @; > p/ (@), we have that p! (o/) = p/ (@) < @ = p/(a) |

Let ®* be the class of all strategy-proof, individually rational, non-subsidizing, bud-
get balanced, demand and cross monotonic social choice functions that satisfy consumer

sovereignty.

4.5 Proof of Theorem 1

By Lemmata 1, 3, 7, and 8 we can restrict our search for a social choice function in ¢ (all
strategy-proof and individually rational social choice functions) minimizing the maximal

welfare loss to the class of social choice functions in ®*. Thus, consider any f € ®* such
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that f # fF¢. By Remark 5, f is a semiconstant cost sharing social choice function.
Hence, for all a,a’ € RY such that S(a) = S/(«), f(a) = f(/). Pick @ € RY with
the property that for each i € N, i € S/(a;,a_;) for all a_; € Rf\{i}. Observe that by
consumer sovereignty such an @ exists. Then S7(a) = N. Let i; € N be an agent such
that p{l(a) = maxjepr(d). Observe that, by Remark 5, p/(a) = pf(a) for all a such
that S/(a) = N. By budget balancedness, Zjepr(@) = 1; therefore plfl(d) > 1 By
individual rationality and Proposition 1, gbfl (@_y) = pzfl (@) > 0. Now pick a' = (0,a_;,).
Observe that by consumer sovereignty and Proposition 1, S (a') = N\ {i1}. Let iy € N

be an agent such that pl (a') = manesf(al)p;c(éél). Then p;,(a') > —45. Proceeding in
1

n—j+1

holds for all 7 = 1, ..., n. Note that by cross monotonicity the lowest price that agent i; pays

this manner we get a profile (pf (a), ..., p! (@"~')) with the property that pzfj (@’ 1) >

for participating is p{l (@) since all other agents are users too at . Similarly the lowest price

that agent i5 pays for participating as an user when 7; does not participate is pf; (a'). In

general, the lowest price that agent 7; pays for participating when agents from 7; to i;_; are
seinating e nd (Ad—1 f(a fan—1 —

not participating is p; (6/~"). Therefore, Si(pl (a@)—=,...,pi (@™ ) —<) =@ for any € > 0.

Hence, MW L(f) = sUpaery D igsi(a) i —1 = 227, pfj(éﬂ_l)—l >3, = MWL(fF°).

This establishes Theorem 1. [ |

4.6 Discussion

In this subsection we illustrate the welfare loss associated with the equal-cost sharing social
choice function in the case of two agents. This enables us to highlight the reason why it
minimizes the maximal welfare loss with respect to other social choice functions in the class
®*. By our earlier arguments any social choice function f belonging to ®* in the two-agent

case can be represented in the following way:

r ifas >y y ifag >x
pl (o) = . and  @f(ay) = . )
1 fag<y 1 ifog<x

where x,y > 0 and x + y = 1. Hence, every f can be identified with a point (x,y) on the

11

line a1 + s = 1. The social choice function f#¢ corresponds to the point (5,3) represented

in Diagram 1.
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Qs 0A5>WL(fEC,a)Ez>O g

MWL(fF€) =05

/ MWL(f) =y > 0.5

. /0.5<WL(f):z’<y
i

0517 NG

0 =z 0.5 1 14z 1.5

Diagram 1 Diagram 2

The hatched area represents profiles where ¢ is suboptimal with respect to the first-
best. In area A (resp. D) the public good is provided but only agent 2 (resp. 1) is a user,
while in areas B and C' it is not provided. In the first best the public good is provided to
all agents in these regions. We also exhibit an “indifference curve” joining profiles where
the welfare loss is z. Note that the maximal welfare loss occurs at points such as a and b
corresponding to profiles where one agent has valuation 1 and the other 0.5, and is equal to
0.5. In Diagram 2 we show another rule f represented by (x,y) with y > 0.5. The hatched
area represents now profiles where f is suboptimal with respect to the first best. Note that

the maximal welfare loss now occurs at points such as ¢ and is equal to y > 0.5.

5 Final Remarks

The equal-cost sharing social choice function is not the unique social choice function min-
imizing the maximal welfare loss in the class of strategy-proof and individually rational
social choice functions. It is easy to construct a social choice function that differs from the
equal-cost sharing social choice function at profiles where the welfare loss is not maximal
but has the same maximal welfare loss as the equal-cost sharing social choice function.
We have considered a much broader set of social choice functions than those existing in

the literature. Our result is therefore not a consequence of any existing result.’

9 A working paper version available on the websites of the authors contains an example showing that the
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Several open questions remain. Our Theorem 1 answers a question posed by Dobzinski
et al. (2008) for the case of a binary public good with fixed cost. In particular, we show
that the equal-cost sharing rule minimizes the maximal welfare loss, without imposing any
equal treatment of equals or anonymity axiom. An important open question is whether
our result extends to the non binary public good setting and/or for more general cost
function specifications. An interesting case is when the public good is binary and the cost

of provision is increasing in the cardinality of the set of users.
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