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Hatfield and Milgrom [Hatfield, John William, Milgrom, Paul R., 2005. Matching with
contracts. Amer. Econ. Rev. 95, 913–935] present a unified model of matching with
contracts, which includes the standard two-sided matching and some package auction
models as special cases. They show that the doctor-optimal stable mechanism is strategy-
proof for doctors if hospitals’ preferences satisfy substitutes and the law of aggregate
demand. We show that the doctor-optimal stable mechanism is group strategy-proof for
doctors under these same conditions. That is, no group of doctors can make each of
its members strictly better off by jointly misreporting their preferences. We derive as a
corollary of this result that no individually rational allocation is preferred by all the doctors
to the doctor-optimal stable allocation.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

The theory of two-sided matching markets has interested researchers for its theoretical appeal and its relevance to the
design of real-world institutions. The medical residency matching mechanism in the U.S. (National Resident Matching Pro-
gram) and student assignment systems in New York City and Boston (among others) are examples of mechanisms designed
by economists using the theory.1 Hatfield and Milgrom (2005) present a unified framework of matching with contracts,
which includes the two-sided matching models and package auction models as special cases. They introduce the substitutes
condition of contracts, which generalizes the substitutability condition in the matching literature (Roth and Sotomayor,
1990). They also introduce a new condition they call the law of aggregate demand, which states that hospitals choose more
contracts as the set of contracts to choose from expands. They show that the doctor-optimal stable mechanism is strategy-
proof for doctors if hospitals’ preferences satisfy substitutes and the law of aggregate demand. That is, no single doctor is
made strictly better off by misreporting her preferences.

We show that this same mechanism is in fact group strategy-proof for doctors. That is, no group of doctors can make
each of its members strictly better off by jointly misreporting their preferences. Under the substitutes condition, the law
of aggregate demand is essentially the weakest possible sufficient condition for group strategy-proofness (or even strategy-
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1 The theory was pioneered by Gale and Shapley (1962). For applications to labor markets, see Roth (1984) and Roth and Peranson (1999). For applications
to student assignment, see for example Abdulkadiroğlu and Sönmez (2003) and Abdulkadiroğlu et al. (2005a, 2005b).
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proofness).2 The many previous results on strategy-proofness and group strategy-proofness (Dubins and Freedman, 1981;
Roth, 1982; Martinez et al., 2004; Abdulkadiroğlu, 2005; Hatfield and Milgrom, 2005) are special cases of this result. Fur-
thermore, it is well known that for the doctor-optimal stable mechanism a group of doctors can deviate in such a way to
make some members strictly better off and none worse off (Dubins and Freedman, 1981) and that the mechanism is not
even strategy-proof for hospitals (Roth, 1982).

As an application of our main result, we show a welfare result known as “weak Pareto optimality.” More specifically, if
preferences of every hospital satisfy substitutes and the law of aggregate demand, then there exists no individually rational
allocation that every doctor strictly prefers to the doctor-optimal stable allocation. This result has been shown by a number
of studies under various assumptions (Roth, 1982; Martinez et al., 2004; Kojima, 2007).

In addition to its theoretical appeal, our results have interesting implications for the various applications of matching
models, especially those regarding school choice (Abdulkadiroğlu and Sönmez, 2003). Focusing on strategic behavior and
welfare of students is natural in the school choice setting, since school priorities are often set by the law and manipulations
by schools are impossible, and schools are regarded as objects whose priorities are not taken into account in welfare
consideration. The generality of our preferences is important, since school priorities often violate assumptions under which
the incentive and welfare conclusions have been shown in the literature. Some of the public schools in New York City are,
for example, required to admit a balanced mix of students from high, middle and low test score populations (Abdulkadiroğlu
et al., 2005b). Such requirements can easily be seen to violate the previous conditions, but still satisfy substitutes and the
law of aggregate demand. Thus our analysis gives some additional justification for the use of the student-optimal stable
mechanism originally advocated by Balinski and Sönmez (1999) and Abdulkadiroğlu and Sönmez (2003).

2. Model

There are finite sets D and H of doctors and hospitals. X is the set of contracts. Each contract x ∈ X is bilateral, so that
it is associated with a doctor xD ∈ D and a hospital xH ∈ H . We assume that each doctor can sign at most one contract. The
null contract, meaning that the doctor has no contract, is denoted by ∅. For each d ∈ D , Pd is a strict preference relation on
{x ∈ X | xD = d} ∪ {∅}. A contract is acceptable if it is preferred to the null contract and unacceptable if it is not preferred to
the null contract. For each d ∈ D and X ′ ⊂ X , we define the chosen set Cd by

Cd(X ′) =
{∅ if all x ∈ X ′ such that xD = d are unacceptable to d,

maxPd {x ∈ X ′ | xD = d} otherwise,

for any X ′ ⊂ X . Let C D(X ′) = ⋃
d∈D Cd(X ′) be the set of contracts chosen from X ′ by some doctor.

We allow each hospital to sign multiple contracts, and assume that each hospital h ∈ H has a preference relation Ph on
subsets of contracts involving it. For any X ′ ⊂ X , define Ch(X ′) by

Ch(X ′) = max
Ph

{X ′′ ⊂ X ′ | x ∈ X ′′ ⇒ xH = h and x, x′ ∈ X ′′, x 	= x′ ⇒ xD 	= x′
D}.

Let C H (X ′) = ⋃
h∈H Ch(X ′) be the set of contracts chosen from X ′ by some hospital.

We write P = (Pd)d∈D to denote a preference profile of doctors. We also write P−d to denote (Pd′ )d′ 	=d for d ∈ D , and
P D ′ to denote (Pd)d∈D ′ and P−D ′ to denote (Pd)d/∈D ′ for D ′ ⊂ D .

A set of contracts X ′ ⊂ X is an allocation if x, x′ ∈ X ′ and x 	= x′ imply xD 	= x′
D . In words, a set of contracts is an allocation

if each doctor signs at most one contract.

Definition 1. A set of contracts X ′ ⊂ X is a stable allocation (or a stable set of contracts) if

1. C D(X ′) = C H (X ′) = X ′, and
2. there exists no hospital h and set of contracts X ′′ 	= Ch(X ′) such that X ′′ = Ch(X ′ ∪ X ′′) ⊂ C D(X ′ ∪ X ′′).

When condition (2) is violated by some X ′′ , we say that X ′′ is a blocking set for X ′ . For any X ′ ⊂ X and h ∈ H , define
the rejected set by Rh(X ′) = X ′ − Ch(X ′). Rh(X ′) is the set of contracts in X ′ which h is willing to reject.

Definition 2. Contracts are substitutes for h if we have Rh(X ′) ⊂ Rh(X ′′) for all X ′ ⊂ X ′′ ⊂ X .

Hatfield and Milgrom (2005) show that there exists a stable set of contracts when contracts are substitutes for every
hospital.

2 Theorem 12 of Hatfield and Milgrom (2005) presents a sense in which the law of aggregate demand is “essentially the weakest” sufficient condition
for strategy-proofness of the doctor-optimal stable mechanism. Explaining the theorem, they write “to the extent that the law of aggregate demand for
hospital preferences has observable consequences for the progress of the doctor-offering algorithm, it is an indispensable condition to ensure the dominant
strategy property for doctors.” For a more precise statement of their result, see footnote 3 below.
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Result 1. (See Hatfield and Milgrom, 2005.) Suppose that contracts are substitutes for every hospital. Then there exists a stable set of
contracts. Moreover, there exists a stable allocation which every doctor weakly prefers to any other stable allocation.

A stable allocation which every doctor weakly prefers to any other stable allocation is called the doctor-optimal stable
allocation. A mechanism is a mapping F from the set of preference profiles to the set of allocations. The doctor-optimal
stable mechanism is a mechanism which, for any reported preference profile P , produces the doctor-optimal stable allocation
under P .

Hatfield and Milgrom (2005) also introduce the law of aggregate demand, which is the key condition for the doctor-
optimal stable mechanism to be strategy-proof.

Definition 3. The preferences of hospital h ∈ H satisfy the law of aggregate demand if for all X ′ ⊂ X ′′ ⊂ X , |Ch(X ′)| � |Ch(X ′′)|.

A mechanism F is strategy-proof if, for any preference profile P , there is no doctor d and preferences P ′
d such that d

strictly prefers yd to xd according to Pd , where xd and yd are the (possibly null) contracts for d in F (P ) and F ((P ′
d, P−d)),

respectively.

Result 2. (See Hatfield and Milgrom, 2005.) Suppose that preferences of every hospital satisfy substitutes and the law of aggregate
demand. Then the doctor-optimal stable mechanism is strategy-proof.

A mechanism F is group strategy-proof if, for any preference profile P , there is no group of doctors D ′ ⊂ D and a
preference profile P ′

D ′ = (P ′
d)d∈D ′ such that every d ∈ D ′ strictly prefers yd to xd according to Pd , where xd and yd are the

(possibly null) contracts for d in F (P ) and F ((P ′
D ′ , P−D ′)), respectively.

3. Result

We build on and extend Result 2 by Hatfield and Milgrom (2005) to obtain the following main result. To do this, we
first show the following lemma:

Lemma 1. Let Z be the doctor-optimal stable allocation under preference profile P . Let d obtain z ∈ Z and suppose that y is preferred
to z under Pd. Let P ′

d be the preference ordering where y is ranked first by d and is otherwise unchanged from Pd. Then the doctor-
optimal stable allocation for the preference profile (P ′

d, P−d) is Z .

Proof. Z is stable under (P ′
d, P−d) as if any blocking set Y ′ existed, Y ′ would block Z under P , as the set of contracts

preferred by the doctors to their contract in Z is unchanged.
Now suppose that another allocation, Y , is stable under (P ′

d, P−d). If y /∈ Y , then the set Y ′ that blocks Y under P
also blocks Y under (P ′

d, P−d). If y ∈ Y , then the doctor-optimal stable mechanism would not be strategy-proof, violating
Result 2. Hence Z is the doctor-optimal stable allocation under (P ′

d, P−d). �
We now state and prove the main result.

Theorem 1. Suppose that preferences of every hospital satisfy substitutes and the law of aggregate demand. Then the doctor-optimal
stable mechanism is group strategy-proof.

Proof. Suppose by way of contradiction that doctors’ true preferences are given by the preference profile P , and suppose
there exists a coalition D ′ that can profitably misreport its members’ preferences. Let {zd}d∈D ′ be the set of contracts doctors
in D ′ obtain when they report their true preferences P D ′ and {yd}d∈D ′ those they obtain when they report false preferences
P̂ D ′ such that every d ∈ D ′ strictly prefers yd to zd under Pd . Finally, let Y be the outcome of the doctor-optimal stable
mechanism for the report ( P̂ D ′ , P−D ′ ), and Z the outcome of the doctor-optimal stable mechanism for the report P .

Let P ′
d be the preferences of d in which yd is the most preferred contract and the ranking of every other contract

is identical to Pd . Since yd is d’s first choice under P ′
d for each d ∈ D ′ , Y is stable under (P ′

D ′ , P−D ′) as it was stable

under ( P̂ D ′ , P−D ′ ) and there are now fewer possible blocking coalitions of Y . Hence, because the doctor-optimal stable
allocation is weakly most preferred by every doctor amongst all stable allocations, each d ∈ D ′ must obtain yd as part of
the doctor-optimal stable allocation under (P ′

D ′ , P−D ′ ).
Now consider the outcome of the doctor-optimal stable mechanism for (P ′

d, P−d) for some d ∈ D ′ . By Lemma 1, the
doctor-optimal stable allocation for these preferences must be Z . Iterating this result for each agent in D ′ , the doctor-
optimal stable allocation for (P ′

D ′ , P−D ′ ) must be Z . But this contradicts our result in the previous paragraph that the
doctor-optimal stable mechanism under (P ′

D ′ , P−D ′) must provide yd for each d ∈ D ′ . �
Many incentive compatibility results in the literature are special cases of Theorem 1. Strategy-proofness was first obtained

by Dubins and Freedman (1981) and Roth (1982) in one-to-one matching markets without contracts, and extended by
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Abdulkadiroğlu (2005) to more general preferences and then by Hatfield and Milgrom (2005) to the matching markets with
contracts under the substitutes and the law of aggregate demand conditions. Group strategy-proofness was first shown by
Dubins and Freedman (1981) in one-to-one matching without contracts. Martinez et al. (2004) obtained group strategy-
proofness in many-to-one matching without contracts when hospitals’ preferences satisfy substitutes and what they call
q-separability, a condition stronger than the law of aggregate demand. All these results are special cases of Theorem 1.

The proof presented is also more straightforward than the previous ones in the literature. For example, the proof in
Martinez et al. (2004) refers to a technical result (the Blocking Lemma of Gale and Sotomayor, 1985, adapted to their
environment), which is proved in a separate full-length paper (Martinez et al., 2006). Here we simply build upon the
previous strategy-proofness result. The key insight is that if a deviation by a group can make all members of that group
strictly better off, then there exists a specification of preferences such that one agent can make herself strictly better off by
a false report.

A natural question is whether Theorem 1 can be further generalized. Within preferences satisfying the substitutes con-
dition, Hatfield and Milgrom (2005) show that the law of aggregate demand is essentially the weakest possible condition
to guarantee strategy-proofness.3 Since group strategy-proofness is a stronger property than strategy-proofness, their result
implies the same conclusion for group strategy-proofness.4

Another possible extension of this result is the claim that no coalition of doctors can misreport preferences and make
some of its members strictly better off without making any of its members strictly worse off. Unfortunately, such a result
does not hold even in one-to-one matching markets (Dubins and Freedman, 1981).5 This fact suggests that, while outside the
model, it may be possible for a coalition of doctors to manipulate the doctor-optimal stable mechanism if even small trans-
fers are allowed among doctors: for the application of our results to problems in, say, auction design, this is a substantial
limitation. See Section 4.3.1. of Roth and Sotomayor (1990) for exposition and discussion of this point.

Furthermore, Theorem 1 cannot be further generalized to include coalitions including hospitals. In one-to-one matching
markets, it is well known that a hospital can improve its outcome by not reporting truthfully under the doctor-optimal stable
mechanism (Roth, 1982). Further, in many-to-one matching markets, even a single hospital can sometimes manipulate the
hospital-optimal stable mechanism (Roth, 1985).

Interestingly, the doctor-optimal stable mechanism is both group strategy-proof and, from the perspective of the doctors,
bossy, that is, a doctor can change her preferences and change the allocation without changing her own outcome.6 This
observation may look contradictory to the well-known result (see Lemma 1 of Papai, 2000) that group strategy-proofness
is equivalent to strategy-proofness and nonbossiness in models such as the house allocation problem (Shapley and Scarf,
1974; Hylland and Zeckhauser, 1979). This is not a contradiction, however, since nonbossiness and strategy-proofness are
equivalent to a stronger claim that no group can misreport in such a way that some agent in the group is made strictly
better off while no one in the group is made strictly worse off.

Our result can also be used to derive another result that has been proven before in a number of special contexts. An
immediate corollary of Theorem 1 is the following welfare result.

Corollary 1. Suppose that preferences of every hospital satisfy substitutes and the law of aggregate demand. Then there exists no
individually rational allocation that every doctor strictly prefers to the doctor-optimal stable allocation.

Proof. Suppose by way of contradiction that there is an individually rational allocation {yd}d∈D that each doctor strictly
prefers to the doctor-optimal stable allocation. For each d ∈ D , let P ′

d be preferences that declare yd as the unique acceptable
contract. It is easy to show that {yd}d∈D is the unique stable allocation when each d declares P ′

d . This contradicts Theorem 1,
completing the proof. �

3 As shown in Theorem 12 of Hatfield and Milgrom (2005), if there exists a violation of the law of aggregate demand such that there are three contracts
x, y, z and set of contracts X ′ such that yD 	= zD 	= xD 	= yD and y, z ∈ Rh(X ′ ∪ {x}) − Rh(X ′), and one other hospital, then there exist preferences for the
doctors and singleton preferences for the other hospital such that the mechanism is not strategy-proof for the doctors.

4 On the other hand, Hatfield and Kojima (2008) show that the conclusion of Theorem 1 holds under a weaker condition than the substitutes condition
called unilateral substitutes.

5 A simple example below shows that a stronger version of the group strategy-proofness as stated in the main text does not hold. Let each hospital find
only singleton sets of contracts acceptable, and preferences of doctors d,d′,d′′ and hospitals h,h′ be:

Pd: (d,h′), (d,h) Ph: (d,h), (d′,h), (d′′,h)

Pd′ : (d′,h) Ph′ : (d′′,h′), (d,h′)

Pd′′ : (d′′,h), (d′′,h′)

where the above notation is understood to mean that d prefers contract (d,h′) best and (d,h) second and the null contract third, and so on. Then the
doctor-optimal stable allocation is {(d,h), (d′′,h′)}. However, if d′ were to report that no contract is acceptable and d and d′′ report Pd′ and Pd′′ respectively,
then the doctor-optimal stable mechanism results in allocation {(d,h′), (d′′,h)}, which every doctor weakly prefers and doctors d and d′′ strictly prefer to
{(d,h), (d′′,h′)}.

6 An example in footnote 5 is an environment where nonbossiness is violated by the doctor-optimal stable mechanism.
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The result is known as “weak Pareto optimality” in the literature and first presented by Roth (1982) for one-to-one
matching. Martinez et al. (2004) obtain the result in many-to-one matching when hospitals’ preferences satisfy substitutes
and q-separability. Kojima (2007) gives a direct proof of Corollary 1 except that he does not consider matching with con-
tracts and focuses on the simpler many-to-one setting without contracts.

4. Concluding remarks

The matching problem with contracts subsumes a large class of problems, such as the matching model with fixed terms
of contract, the job matching model with adjustable wages of Kelso and Crawford (1982) and the package auction model of
Ausubel and Milgrom (2002). The current paper shows that the substitutes condition and the law of aggregate demand are
sufficient for group strategy-proofness and the weak Pareto optimality property.

We note an interesting coincidence of maximal domains for strategy-proofness and group strategy-proofness. Hatfield
and Milgrom (2005) show that, under the substitutes condition, the law of aggregate demand is essentially the weakest
condition to ensure strategy-proofness, and by implication the same is true for group strategy-proofness. It is more surpris-
ing, however, that the more demanding group strategy-proofness property holds under the same set of assumptions.
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