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1 Introduction

A social choice function (mapping preference profiles into alternatives) is strategy-proof if
it is always in the best interest of agents to reveal their preferences truthfully. This means
that, in the direct revelation mechanism induced by the social choice function, the strategic
problems faced by agents when submitting their preferences are not interrelated: for each
agent truth-telling is an optimal decision, irrespective of the other agents’ submitted
preferences. Thus, the information that each agent has about the preferences of the other
agents is irrelevant, and no expectations and equilibria considerations are required. Hence,
strategy-proofness is a very desirable property of a social choice function.

However, the well-known Gibbard-Satterthwaite Theorem (Gibbard (1973) and Sat-
terthwaite (1975)) indicates the difficulties of designing non-trivial and strategy-proof
social choice functions. Assume that the cardinality of the set of alternatives is strictly
greater than two. Then, a social choice function is unanimous and strategy-proof on the
universal domain of preferences over the set of alternatives if and only if it is dictatorial
(i.e., at each preference profile the social choice function selects the best alternative of
a pre-specified agent, the dictator). Yet, and despite this negative result, there is an
extremely large literature on mechanism design studying and characterizing classes of
strategy-proof social choice functions for specific settings. On the one hand, a small part
considers social choice problems where the cardinality of the set of alternatives is equal to
two, a first reason why the Gibbard-Satterthwaite Theorem does not apply. In this case,
all extensions (mostly, non-anonymous) of the majority voting rule constitute the class
of all strategy-proof social choice functions on the universal domain of strict preferences
over two alternatives.

On the other hand, and in different settings, the assumption that agents may have (and
submit to the mechanism) all conceivable preferences is not reasonable. In those cases, the
properties of the set of alternatives suggest that appropriate social choice functions should
operate only on natural and meaningful restricted domains of preferences, those that are
in agreement with the corresponding structure of the set of alternatives. Since the domain
of those functions will no longer be the universal domain, the Gibbard-Satterthwaite
Theorem does not apply either. We know many settings for which the class of strategy-
proof social choice functions operating on a particular restricted domain is large, and in
some of them very large indeed.! For instance, generalized median voter schemes on the
domain of ordinal and single-peaked preferences over a linearly ordered set of alternatives.

Nevertheless, the mechanism design literature has mainly neglected two features of

direct revelation mechanisms, when used to implement strategy-proof social choice func-

LOften, we know in addition axiomatic characterizations of classes of strategy-proof social choice

functions satisfying additional desirable properties.



tions on restricted domains of preferences. The first one is related to the question of
how easy it is for agents to identify that their truth-telling strategies are indeed weakly

2 The second one

dominant (i.e., how much contingent reasoning is required to do so).
is related to the degree of bilateral commitment of the designer who, after collecting the
revealed profile of agents’ preferences, will supposedly implement the alternative that the
social choice function would have chosen at the revealed profile, regardless of whether or
not the designer likes it.*> For example, and following Li (2017), when in a second-price
sealed-bid auction the designer is simultaneously the seller of the good, he has a strong
temptation to introduce an additional bid above the second submitted bid and slightly
below the first one.* Implicitly, a vast majority of this literature has assumed that the
designer can commit to not circumvent the mechanism.

Li (2017) proposes the notion of obvious strategy-proofness to deal simultaneously
with both concerns (see Theorems 1 and 2 in Li (2017)). A social choice function f,
on a domain D of profiles of n—tuples of preferences, is obviously strategy-proof if there
exists an extensive game form (or simply a game) T', whose set of outcomes is the set of
alternatives, with two properties.

First, for each preference profile P = (P,...,P,) € D one can identify a profile of

truth-telling (behavioral) strategies o = (o1*,... of»

agent ¢ plays the game I' according to UZP *, the outcome of I' would correspond to the
alternative selected by f at P; that is, I' induces f.

Second, at I', agents use the two most extreme behavioral assumptions when comparing

) with the property that if each

the consequences of behaving according to the truth-telling strategy with the consequences
of behaving differently. In particular, for agent ¢ with preference P;, let o, be any non-
truthful strategy of agent i (i.e., o, # o1*). Consider an earliest point of departure of o’
with o}; namely, an information set I; in I' at which, for the first time along T', Uf “ and
o} are taking a different action. Then, i evaluates the consequence of choosing the action
prescribed by af “ at I; according to the worst possible outcome, among all outcomes
that may occur as an effect of later choices made by agents along the rest of the game

(fixing 7’s behavior to ij "). In contrast, i evaluates the consequence of choosing the action

2 Attiyeh, Franciosi and Isaac (2000), Cason, Saijo, Sjostrém and Yamato (2006), Friedman and
Schenker (1998), Kawagoe and Mori (2001) and Yamamura and Kawasaki (2013) are some examples
of papers asking this question.

3Bag and Sharma (2016) is an example of a paper that considers a setting where the designer does
not have commitment power at all.

4In the earlier wave of auctions to sell portions of the spectrum to be used for communications in New
Zealand, second-price sealed-bid auctions were used. And many of them were not very successful (see
MacMillan, 1994); for instance, a lot was sold for a price of NZ$6 (the second highest bid) to a bidder
who placed a bit for NZ$100,000 (auctions were conducted without reserve prices!). Since 2004, New

Zealand uses mostly outcry English ascending auctions.



prescribed by o) at I; according to the best possible outcome, among all outcomes that
may occur, again as an effect of later choices made by agents along the rest of the game
(fixing i’s behavior to o). Then, af " is obviously dominant at I' if for any other strategy
ol # Jf ‘., and from the point of view of any earliest point of departure of af) ' with o,
the outcome of the pessimistic view used to evaluate af " is at least as preferred as the
outcome of the optimistic view used to evaluate ;. If I' induces f and, for all P € D and
all 1, O'ZI-D * is obviously dominant at I', then f is obviously strategy-proof.®

Of course, obvious strategy-proofness is a very demanding requirement. For binary
allocation problems,® Li (2017) characterizes the monotone price mechanisms (generaliza-
tions of ascending auctions) as those that implement all obviously strategy-proof social
choice functions on the domain of quasi-linear preferences. He also shows that, for online
advertising auctions, the social choice function induced by the mechanism that selects
the efficient allocation and the VCG payment is obviously strategy-proof. Furthermore,
he shows that the social choice function associated to the top-trading cycles algorithm
in the house allocation problem of Shapley and Scarf (1974) is not obviously strategy-
proof. Finally, Li (2017) reports a laboratory experiment where subjects play significantly
more often their truth-telling dominant strategies when they play an obviously strategy-
proof mechanism than when they play a strategy-proof mechanism that is not obviously
strategy-proof.

In this paper we consider two families of strategy-proof social choice functions, all
based on generalizations of the majority voting procedure, and we characterize their ob-
viously strategy-proof subclasses. The notion of a committee plays a fundamental role in
the description of all social choice functions that we consider here. Fix a set of agents. A
commuttee is a family of subsets of agents satisfying the following monotonicity property:
if a set of agents belongs to the committee, then all its supersets also belong to the com-
mittee. Subsets of agents that belong to the committee are called winning coalitions. A
subset of agents is a minimal winning coalition if it belongs to the committee and has no
strict subset that is a winning coalition. An agent that, as a singleton set, belongs to the
committee is called decisive while an agent that does not belong to any minimal winning
coalition is called dummy.

Consider first a social choice problem with only two alternatives, x and y, and assume
that agents have strict preferences over the set {z,y}. Then, a social choice function f on

this domain of preferences is an Fxtended Majority Voting Rule if there exists a committee

®Observe two things. First, the equilibrium concept used for obviously strategy-proof implementation
is obviously dominance. Second, the implementation is weak since it is not required that truth-telling be
the unique obviously dominant strategy.

6For instance, private value auctions with unit demands, procurement auctions, and the provision of

a binary public good with no exclusion.



for x with the property that, for each preference profile P, the alternative z is selected by
f at P if and only if the set of agents for whom x is strictly preferred to y belongs to the
committee for x. It is well known that, for the case of two alternatives, a social choice
function is strategy-proof if and only if it is an extended majority voting rule.

We then ask: what is the condition that a committee for x has to satisfy, so that
its induced extended majority voting rule is in addition obviously strategy-proof? We
identify this property, call it Increasing Order Inclusion, and show that it is necessary and
sufficient for obvious strategy-proofness. In particular, among the class of all anonymous
extended majority voting rules, only those two where either x or y can be imposed by
each agent are obviously strategy-proof. In the extensive game forms that implement in
obviously dominant strategies these two extended majority voting rules each agent i plays
only once. The one where each agent can impose z (i.e., veto y) consists of sequentially
asking to each agent, in a given order, whether they want = to be chosen or else they are
willing to let the next agent in the order to choose between x or else to pass the decision to
the next agent in the order, and so on; namely, x is always a definite choice along the game
(i.e., y is vetoed) while not choosing x (i.e., choosing y) passes the choice to the next agent
in the order. This corresponds to the committee for x where all agents are decisive. If ¢
prefers 2 and chooses z, the outcome is = (the worse possible one after i chooses x) while
if i chooses y (i.e., i leaves to the next agent in the order to choose) the best outcome is y
or x (depending on the choices of the choices made by the agents that follow in the order),
in which case choosing x is obviously dominant. If ¢ prefers y and chooses y, the worse
outcome is either z or y (again, depending on the choices made by the agents that follow
in the order), while if i chooses x (i’s worse outcome), x is selected, in which case choosing
y is obviously dominant. And this committee for = is equivalent to the committee for y
where the full set of agents is the unique minimal winning coalition, and hence each agent
can veto y (by voting for x). Proposition 1 generalizes this characterization to the full
class of (not necessarily anonymous) extended majority voting rules.

Consider now a social choice problem where the set of alternatives X is a finite and
linearly ordered set, and assume that agents have strict single-peaked preferences (over X).
For instance, when the set of alternatives is composed of levels of a public good, political
parties’ platforms, location of a public good in a one-dimensional space, etc. There is a
large literature studying this class of problems. The one-dimensional version of Barbera,
Gul and Stacchetti (1993) corresponds to the setting studied in Section 5 of this paper
where, without loss of generality, we assume that X is a finite subset of integers between
a and f§ of the form {a,a+1,... ;2 —1,z,2+1,...,5—1, 8}. A preference is single-peaked
over X if it is monotonic in both sides of the best alternative: increasing at its left and
decreasing at its right. To define the class of all strategy-proof social choice functions on

the domain of single-peaked preferences we will use the notion of a left coalition system.



A left coalition system on X is a family of committees, one for each alternative, with
an additional monotonicity property—if a subset of agents belongs to the committee for
an alternative, then the subset has to belong to the committees for all strictly larger
alternatives—and a boundary condition—the committee for the largest alternative 3 is
the family of all non-empty subsets of agents. Then, a social choice function f is a
generalized median voter scheme if there exists a left coalition system on X with the
property that, for each single-peaked preference profile P, alternative x is selected by f
at P if and only if = is the smallest alternative for which the set of agents whose best
alternative is smaller than or equal to x is a winning coalition for z. Namely, a generalized
median voter scheme f can be understood as a sequence of extended majority voting rules
that, starting at the lowest alternative «, each confronts, at a generic alternative x, two
possibilities: either to select, by means of the extended majority voting rule associated
to the committee for x, the current alternative as the one chosen by f, or else to move
(provisionally) to the adjacent and larger alternative x + 1, and then apply to it, to decide
whether to select x 4+ 1 or to move to = + 2 (if any), the extended majority voting rule
associated to the committee for = + 1. For instance, the (true) median voter with an odd
number of agents is the generalized median voter scheme associated to the left coalition
system where the committee for each alternative, except the largest one, is formed by all
subsets of agents whose cardinality is larger or equal to ”TH; that is, starting from the
smallest alternative «, the sequence of extended majority voting rules is sequentially and
pairwise applied to adjacent alternatives (using only agents’ restricted preferences over
these two alternatives) until, at an alternative, the alternative itself is the winner of the
extended majority voting rule dispute. It is easy to see that this procedure selects the
median of the set of all agents’ top alternatives. Obviously, there is a symmetric and
equivalent representation of a generalized median voter scheme through a right coalition
system on X that we describe more precisely in Section 5. It is well known that a social
choice function is strategy-proof on the single-peaked domain of preferences if and only if
it is a Generalized Median Voter Scheme.”

We now ask: what are the conditions that a generalized median voter scheme has
to satisfy to be obviously strategy-proof? We identify the two properties that together
answer this question for the general case and, given a generalized median voter scheme sat-
isfying them, we exhibit an extensive game form that implements it in obviously dominant
strategies. To give the main idea of those extensive form games, consider the anonymous
median voter scheme that selects, at each preference profile, the smallest of the best al-
ternatives, which can be described by the left coalition system on X with the property

that at each z € X all agents are decisive. Then, this generalized median voter scheme f

"See for instance Moulin (1980) or Barbera, Giil and Stacchetti (1993). Generalized median voter

schemes are non-anonymous extensions of the median voter (see Section 5 for their description).



can be roughly understood as a sequence of extended majority voting rules (of quota 1)
that at any generic alternative x, and starting at «, confronts two possibilities: either to
select (using quota 1) the current alternative x as the one chosen by f or else to select
(tentatively) the adjacent alternative x + 1. If = is not chosen, then its adjacent alterna-
tive becomes the new current alternative to apply again quota 1. This generalized median
voter scheme f is obviously strategy-proof because whenever agent ¢ has to decide at a
node along the game, i’s choices can be identified with the choice between the current
alternative and its adjacent one. Proposition 2 generalizes this result to the class of all
(not necessarily anonymous) generalized median voter schemes.

In addition to the specific results in Li (2017) that we have already referred to earlier,
four papers have also asked whether well-known strategy-proof social choice functions on
restricted domains of preferences are obviously strategy-proof. Ashlagi and Gonczarowski
(2016) shows that the social choice function associated to the deferred acceptance algo-
rithm is not obviously strategy-proof for the agents belonging to the offering side. They
show however that this social choice function becomes obviously strategy-proof on the
restricted domain of acyclic preferences introduced by Ergin (2002).

Troyan (2016) identifies a necessary and sufficient condition on the priorities (called
weak acyclic, weaker than the conditions identified in Ergin (2002) and Kesten (2006)) that
fully characterizes the class of obviously strategy-proof social choice functions associated
to the generalizations of the top-trading cycles algorithm with priorities, introduced by
Abdulkadiroglu and Sénmez (2003).

Pycia and Troyan (2017) characterizes the family of games that implement in obviously
dominant strategies social choice functions for a class of ordinal problems that includes
the cases of private components and voting over two alternatives. They call those games
millipede because they have the property that the subgames starting at the nodes that
follow nature’s moves are like a centipede game (see Rosenthal (1981)) but now agents,
at nodes where they have to choose along the game, may have more than one terminal
choices. This characterization can be seen as a revelation principal like result because it
indicates the class of games where to look for the implementation of social choice functions
in obviously dominant strategies. They also consider, as a particular case of their model,
the problem of allocating a set of objects to a set of agents when each agent only cares
about the received object. They characterize for this case the family of obviously strategy-
proof, efficient and symmetric games as those that are equivalent to random priority rules.

Bade and Gonczarowski (2017) establishes also a revelation principal like result for
obviously strategy-proofness: a social choice function is implementable in obviously dom-
inant strategies if and only if some obviously incentive compatible gradual mechanism
implements it. For the problem of assigning a set of objects to a set of agents, Bade and

Gonczarowski (2017) shows that an efficient social choice function is obviously strategy-



proof if and only if it can be implemented by a game with sequential barters with lurk-
ers; this class consists of generalizations of serial dictatorships. They also show that Li
(2017)’s positive result on monotone price mechanisms for binary allocation problems does
not hold for more general problems with two or more goods. For the case of voting over
two alternatives, Bade and Gonczarowski (2017) shows that if a social choice function
is onto and obviously strategy-proof then it can be implemented by a proto-dictatorship
game. Finally, for the problem of a linearly ordered set of alternatives with single-peaked
preferences, Bade and Gonczarowski (2017) shows that if a social choice function is onto
and obviously strategy-proof then it can be implemented by a game consisting of dicta-
torships with safeguards against extremisms (and arbitration via proto-dictatorships, if
X is discrete).®

The paper is organized as follows. Section 2 contains the basic notation and definitions.
Section 3 presents the notion of obvious strategy-proofness. Section 4 contains the analysis
of extended majority voting rules from the point of view of obvious strategy-proofness,
while Sections 5 contains the corresponding analysis of generalized median voter schemes.
Section 6 concludes with final remarks. An Appendix at the end of the paper collects the

proofs omitted in the main text.

2 Preliminaries

A set of agents N = {1,...,n}, with n > 2, has to choose an alternative from a finite
and given set X. Each agent i € N has a strict preference P; (a linear order) over X.
We denote by t(P;) the best alternative according to P;, to which we will refer to as
the top of P;. We denote by R; the weak preference over X associated to P;; i.e., for
all x,y € X, xR;y if and only if either x = y or xPy. Let P; be the set of all strict
preferences over X. Observe that P; = P; for all ¢ # j. A (preference) profile is a n-tuple
P=(P,...,P,) € Pyx---xP, =P, an ordered list of n preferences, one for each agent.
Given a profile P and an agent i, P_; denotes the subprofile in ] JEN\(i} P; obtained
by deleting P; from P. Given ¢ € N and z € X we write P’ € P; to denote a generic
preference such that ¢(P7) = .

Let D; C P; be a generic subset of agent i’s preferences over X and set D = Dy x - - - X
D,,, which we will refer to as a domain.” A social choice function (SCF)onD, f: D — X,

selects for each preference profile P € D an alternative f(P) € X.

8We have obtained our results in an independent way, before knowing the existence of Pycia and
Troyan (2017) and Bade and Gonczarowski (2017). In the final remarks section at the end of the paper,

we relate them with our results with more detail.

In our two applications it will hold that D; = D; for all i # j.



The SCF f: D — X is strategy-proof (SP) if for all P € D, alli € N and all P! € D;,
f(P)R:f(F], P-y).

Let f: D — X be a given SCF. Construct its associated normal game form (N, D, f),
where N is the set of players, D is the set of strategy profiles and f is the outcome func-
tion mapping strategy profiles into alternatives. Then, f is implementable in dominant
strategies (or f is SP-implementable) if the normal game form (N, D, f) has the property
that, for all P € D and all i € N, P, is a weakly dominant strategy for ¢ in the game
in normal form (N, D, f, P), where each ¢ € N uses P; to evaluate the consequences of
strategy profiles. The literature refers to (N, D, f) as the direct revelation mechanism
that SP-implements f.

We define several properties that a SCF f : D — X may satisfy and that we will use
in the sequel. We say that f is (i) onto if for all € X, there exists P € D such that
f(P) = x; (ii) unanimous if for all P € D such that t(P;) = x for all i € N, f(P) = x;'°
and (iii) anonymous if for all P € D (where D; = D; for all ¢ # j) and all one-to-one
m: N — N, f(P) = f(P") where for all i € N, P = Py;). We say that i is a dummy
agent in f if for all P_;, f(P;, P_;) = f(P/, P_;) for all P;, P! € D;.

3 Obviously strategy-proof SCF's

3.1 Definition

Adapting Li (2017) to our ordinal setting with no uncertainty, an extensive game form
with consequences in X consists of:

1. A set of agents N = {1,...,n}.
2. A set of outcomes X.

3. A rooted tree (Z, <), where:

(a) Z is the set of nodes;
(b) < is an irreflexive and transitive binary relation over Z;

(c) zo € Z is the root of (Z,<); i.e., zy is the unique node that has the property
that 29 < z for all z € Z\{2};

(d) Z can be partitioned into two sets, the set of terminal nodes Zr = {z € Z |there
is no 2/ € Z such that z < 2’} and the set of non-terminal nodes Zyr = {z €
Z |there is 2’ € Z such that z < 2'};

10 Although ontoness is weaker than unanimity, it is easy to see that among the class of all strategy-proof
SCFs, the classes of unanimous and onto SCFs coincide.



(e) for z € Znr, define the set of immediate followers of z as [F(z) = {2’ € Z |
z < 2" and there is no 2" € Zy7 such that z < 2” < 2’} and for z € Z\{2},
define the set of immediate predecessors of z as [P(z) ={2' € Z | z € IF(Z')}.
Then, (Z, <) has the property that, for all z € Z\{2}, |[[P(z)| = 1 (namely,
the tree has no curls).

4. A mapping N : Zyr — N that assigns to each non-terminal node z an agent
N (z). Hence, we can partition the set of non-terminal nodes Zyr into n disjoint
sets Z1, ..., Zy, where Z; = {z € Zyr | N(z) =i} is the set of non-terminal nodes

assigned to i by N.1!

5. For each 7 € N, a partition of Z; into information sets. Denote by Z; this partition

and by I; one of its generic elements.!?

6. A set of actions A and a function A : Zyp — 24\{0} where, for each z € Zyr, A(2)
is the non-empty set of actions available to player N'(z) at z. Of course, A has to
be measurable in the sense that for any pair z, 2’ € I;, A(z) = A(z'). Moreover, for
each z € Zyr, there should be a one-to-one identification between A(z) and the set
IF(z). Set T = (Z;)icy. We assume that Z has the usual property to ensure that
agents have perfect recall.

7. An outcome function g : Zy — X that assigns an alternative g(z) € X to each

terminal node z € Zr.

An extensive game form with consequences in X (or simply, a game) is a seven-tuple
I'=(N,X,(Z,<),N,ZI,A, g) with the above properties.”® Since N and X will be fixed
through out the paper, let G be the class of all games with consequences in X and set of
agents V.

Fix a game I' € G and an agent i € N. A (behavioral) strategy of 7 in I is a function
o; : Z; — A such that for each z € Z;, 04(2) € A(z); namely, o; selects at each node
where ¢ has to play one of i’s available actions. Moreover, o; is Z;-measurable: for any
I; € 7; and any pair 2,2’ € [;, 0,(2) = 0;(2'). Let 3; be the set of i’s strategies in I'. A
strategy profile o = (01,...,0,) € ¥ X --- x X, = 3 is an ordered list of strategies, one

for each agent. A history h (of length ¢) is a sequence zg, 21, . . ., z; of t + 1 nodes, starting

' To deal in the sequel with dummy agents, we admit the possibility that A/ be not onto, and so Z; =
for some i € N.

121f 2,2’ € I;, then agent i cannot distinguish whether the game has reached node z; or node ..

13Note that I is not yet a game in extensive form because agents’ preferences on alternatives are still
missing. But given a game I' and a preference profile P over X, the pair (T', P) defines a game in extensive
form where each agent ¢ uses P; to evaluate the alternatives, associated to all terminal nodes, induced by
strategy profiles (defined below).



at zg, such that for all m = 1,...,¢, {z,_1} = [ P(z,). Each history h = 2y,..., 2 can
be uniquely identified with the node z; and each node z can be uniquely identified with
the history h = zp,...,2

For a distinct pair 0,0} € ¥;, the family of earliest points of departure for o; and
o’ is the family of information sets where o; and o} have made identical decisions at all
previous information sets, but they are making a different decision at those information

sets. Namely,

Definition 1 Let 0;,0, € ;. An information set I; € «a(o;,0}) is an earliest point of
departure for o; and o if for all z € I;:

1. 0;(2) # di(2).

2. 0,(2") = 0l(¢') for all 2/ < z such that 2’ € Z,.

Given a pair 4 . € %;, denote the set of earliest pomts of departure for o; and o), by
a0y, 0}). Given X C X and P, € D;, we denote by minp, X the alternative 2 € X such
that for all y € X , yR;x, and by maxp, X the alternative 2 € X such that for all Yy E X ,
1 R;y. Let 2F(z,0) be the terminal node that results in I" when agents start playing at z

according to 0. We are now ready the define obviously dominant strategies.

Definition 2 Let I' € G be a game and P; € D; be a preference for agent ¢ € N. We say
that o; is obviously dominant in T' for ¢ with P; if for all o, # o, all I; € a(0;,0}) and all
z € I;,

nlljiin{x | Jo_i st 2 = g(2" (2, (05,0-4))) } Ri max{:ﬁ | Jo_i st 2 = g(2" (2, (0}, 0-)))}.

Definition 3 The SCF [ : D — X is obviously strategy-proof (OSP, or OSP-implementable)
if there exists I' € G such that (i) for each P € D, there exists a strategy profile
ol = (of',...,0f) € ¥ such that f(P) = g(z(2,0")) and (ii) for all i € N and
all P, € D;, Uf) * is obviously dominant in I for ¢ with P;.

When (i) holds we say that (I, {oc"}pep) induces f. When (i) and (ii) hold we say
that (T, {6} pep) OSP-implements f and refer to the strategy o' played by i with P, in
I" as the truth-telling strategy.'* When {o¥} pcp is obvious from the context we will just
say respectively that I" induces f and I' OSP-implements f.

Obvious strategy-proofness entails an extreme behavioral hypothesis: agents are pes-
simistic when evaluating the consequences of truth-telling while they are optimistic when

evaluating non-truthfulness.

4To better understand the meaning of af) “ it may be useful to use the Bayesian interpretation of a
strategy in an incomplete information game: each player i, before knowing his type P; € D;, chooses a

strategy to play I', contingent on his realized type. Hence, O'f ‘ is the strategy played by i, when i’s type
is P;, in the game I". Observe that, since whether or not af ‘ is obviously dominant is independent of
(Pj)jen\{i} € HJEN\{Z-} D;, o'fi can also be interpreted as i’s play with type P; in any game in extensive

form (T, (P;, (Pj)jen\{i}))- Since I' will induce f: D — X, o will become meaningful.
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It is easy to verify that similarly to what happens with SP-implementability, OSP-

implementability is a hereditary property of SCFs in the following sense.'®

Remark 1 If f: D — X is OSP-implementable, then the subfunction f : D — X is
OSP-implementable, where 251 C D, foralli e N.

3.2 The Pruning Principle

To show that a SCF f : D — X is OSP, it is sufficient to exhibit a game I' € G that
induces f, and that, for all P € D and all i € N, UZP ‘ is an obviously dominant strategy.
Apparently, to show that f is not OSP, it would be necessary to check that for each T"
that induces f, there are 7 and P; for which of " is not obviously dominant in I'. And this
may be very difficult, indeed. The Pruning Principle facilitates this task. The idea is as
follows. Let I' be a game that induces a SCF f : D — X. Now, prune I' by just keeping
(from the tree used to define I') the plays consistent with the truth-telling strategies
{o"} pep. Namely, histories that are not realized for any profile of preferences are deleted.
Denote this pruned game by I. Then, it holds that if ' OSP-implements f, then T also
OSP-implements f. Therefore, to show that f is not OSP it is sufficient to show that no
“pruned” game OSP-implements f, and this seems much easier.

We now, following Li (2017), state the Pruning Principle formally. Assume I' € G
induces f : D — X and consider the set of strategy profiles {07} pep. The extensive
game form [ = (N, X, (Z, —<),/\7, ZNT, ./Z, g) € G with consequences in X, called the pruning
of T with respect to {o¥} pep, is defined as follows:

(i) Z = {z € Z |there is P € D such that z < 27(zy, o)}
(i) For all 4, if I; € Z; then I, N Z € T;.
(iii) (=, N,Z, A, §) are restricted to Z.

THE PRUNING PRINCIPLE (Proposition 2 in Li (2017)) Assume I' € G induces f :
D — X and let T be the pruning of T' with respect to {o¥}pep. Denote by {5P} PeD
the restriction of {o”}pep on T. If (I, {6"} pep) OSP-implements f : D — X, then
(T, {5} pep) OSP-implements f : D — X.

4 Extended majority voting rules

Consider the simplest social choice problem where X = {z,y}. To define the family of
extended majority voting rules on {z,y}, fix w € {z,y}. A family £, C 2V of subsets

of N is a committee for w if it satisfies the following monotonicity property: S € £,, and

15The proof of Proposition 5 in Li (2017) contains this observation.
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S C T imply T € L,. A monotonic £,, that is either empty (£, = {0}) or contains the
empty set ({0} € L,,) is called a trivial committee.'

Definition 3 A SCF f : P — {x,y} is an extended majority voting rule (EMVR) if
there exists a committee £, for w € {z,y} with the property that for all P € P,

f(P)=wifand only if {i € N | t(P;) = w} € L,. (1)

In this case we say that £,, is the committee associated to f. Observe that if the EMVR
is onto, then its associated committee (for w) £, is not trivial (i.e., {0} ¢ L, # {0}).
However, if the EMVR is not onto, and so it is constant, then {(}} € £,, if it is the constant
w and L, = {0} if it is the constant w’ # w. Since constant SCFs are trivially OSP, from
now on we will assume that all committees under consideration are not trivial.

The following remark says that if an EMVR can be simultaneously represented by
a committee for x and a committee for y, then the two committees have to satisfy a

consistency property, stated as condition (2) below.

Remark 2 Let f: P — {z,y} be an EMVR. Let £, be its associated committee for
(i.e., condition (1) holds for w = x) and let £, be a committee for y with the property
that

SeLy,ifand only if SNS" # 0 for all S" € L,. (2)

Then, condition (1) holds for w = y as well; namely,
f(P)=yifand only if {i € N | t(P) =y} € L,,.

That is, an EMVR f can be associated indistinctly to its committee for x, £,, or to
its committee for y, £,, whenever (2) holds.

Given L, we denote by £ the family of minimal winning coalitions of £,; that is,
SeLif and only if S € £, and S" ¢ L, for all S’ C S. Agent ¢ € N is a dummy in L,
if i ¢ UgermS. Obviously, agent 4 is a dummy in the EMVR f : P — {z,y} if and only if
i is a dummy in £, where £, is the committee associated to f. Agent i is decisive in L,
if {i} € L, and a vetoer in L, if i € Nger, S.

4.1 Anonymous extended majority voting rules

Before considering the general case, we focus on the anonymous subfamily of EMVRs,
those for which agents’ identities do not play any role, and so their associated commit-
tees have the property that either all coalitions with the same cardinality belong to the

committee or they do not.

16 A non-trivial committee can be seen as a monotonic simple TU-game (N, v) in which, in addition to
v(@) = 0 and v(IN) = 1, a coalition S C N belongs to the committee if and only if v(S) = 1.
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A committee L, is voting by quota q € {1,...,n} if the following holds: S € L, if and
only if |[S| > ¢ (or equivalently, L™ = {S € L, | |S| = q}).

The following remark states two useful characterizations of strategy-proof SCFs in this

setting with two alternatives.

Remark 3

(3.1) ASCF f:P — {x,y} is strategy-proof if and only if f is an EMVR.

(3.2) ASCF f : P — {x,y} is strategy-proof and anonymous if and only if the associated
committee of f is voting by quota.

Proposition 0 A SCF f: P — {x,y} is anonymous and OSP if and only if f is an

EMVR whose associated committee L, is either voting by quota 1 or voting by quota n.'7

Proof Let f be an EMVR whose associated committee £, is voting by quota 1, and
so f is anonymous. We want to show that f is OSP. Without loss of generality, take the
order 1,...,n of the set of agents, and consider the game depicted in Figure 1, denoted
by T'(x,y; L), played from left to right, where zg = 21, and for all i € N, Z; = {z},
N(z) =i and A(z) = {z,y}.

z

—_
w

y 2y =
:C‘ X
X

First, observe that each agent only plays once and I'(x,y; £,) € G. Second, fix an
arbitrary P € P and consider o’ = (01", ... o) € ¥ such that for alli € N, o7 () = =
if and only if ¢(P;) = z; then I'(z,y; £,) induces f (voting by quota 1) since f(P) =

g(2" (2,0")) = z if and only if there exists i such that o.(z) = z. We want to show

y Fn-l oy Any

&
Se—
Se——

&
Se——

&
Se—

3
<

Figure 1

that, for each i, Uf " is obviously dominant in I'(x,y; £,) for i with P,.

Fix i € N, and let o, # o!* (i.e., o'(2;) # t(P;)). Observe that {z;} = a(o}*,0") is the
carliest point of departure for 0!’ and o). Let i = n and assume t(P,) = z. Then, n has
to play at node z,, reached after the sequence (v, ...,y) is played. Hence,

(n—1)-times

H}Din{w € X |w=g(z" (2, (X", 0_,)) for some 0_,} = (3)

'"Observe that by Remark 2, if £, is voting by quota 1 then £, is voting by quota n, and if £, is voting
by quota n then L, is voting by quota 1. Moreover, in this binary setting non-onto SCFs are constant
which correspond to the two cases where L, is trivial and, as we have already said, Proposition 0 refers
to onto SCF.
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and

Irllgax{w € X |w=g(z" (2, (0),0_,)) for some o_,} =y, (4)

because o2 (z,) = t(P,) = x and ¢’,(2,) = y, the set in (3) is the singleton {z} and the
set in (4) is the singleton {y}. Since xP,y, of» is obviously dominant. Symmetrically if
t(P,) =y. Let i <n and let o} # ol (i.e., 0’(2) # t(P;)). Observe that {z} = a(c*, o))
is the earliest point of departure for af " and o}. Assume t(P;) = y. Then, 7 has to play at
z; which is either zy (if i = 1), reached after the empty history, or else z; # zo, (if 1 < ),
which is reached after the sequence (y,...,y) is played. Hence,

<

(i—1)-times
{we X |w=g(z"(z, (6], 0_;)) for some o_;} = {z,y},

since there is at least one &_; such that g(z"(z;, (07%,5_;)) = 2 and at least another _;

such that g(2" (%, (67,5_;)) = y. But then minp {z,y} = 2 because t(P;) = y. On the
other hand,
{we X |w=g(z"(z, (0}, 0_;)) for some o_;} = {z},

because ¢’(z) = x. Since minp, {z,y} = rRiz = maxp{z}, o’ is obviously dominant.
Assume now that ¢(P;) = z. Then,

rr})in{w € X |w=g(Z"(z, (7, 0_;)) for some o_;} = z.
and

m}gxx{w c X |w=g(z" (2, (0}, 0_;)) for some o_;} = ,

P
i

such that g(27(z;, (0},5_;)) = x and at least another one &_; such that g(z' (2, (¢},7_;)) =

where o’ # o;" and hence, 0)(z;) = y. To see that, observe that there is at least one 7_;
y, and maxp, {z,y} = = because t(P;) = x. Hence, ¢! is obviously dominant in I'(z, y; £,
for ¢ with P;. Since this holds for all € N and any arbitrary P, f is OSP.

Assume now that the associated committee for x is voting by quota n. By Remark 2,
we can construct a symmetric game I'(y, z; £,), whose associated committee £, is voting
by quota 1, and proceed as we did for I'(z, y; £,), replacing the roles of z and y.

To prove that the converse holds, let f : P — {z,y} be an OSP and anonymous SCF.
Hence, f is SP-implementable and by condition (3.2) in Remark 3, f is voting by quota g.
We now show that either ¢ = 1 or ¢ = n. Assume otherwise, 7.e., 1 < ¢ < n. We proceed
by distinguishing between the case n = 3 and n > 3.

Assume first that n = 3, and so ¢ = 2. We proceed by contradiction; i.e., assume
f is OSP and let I' € G be a pruned game that OSP-implements f. Since I'" induces
f (voting by quota 2) there exists at least one information set at which one agent has

available two actions. Let ¢ be the first agent in I with this property, and denote by
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I; such information set. Let z € I; and fix a profile (P, P2, P3) € P. Without loss of
generality, assume t(P;) = x. Since I' induces f, for all z € I;,

{weX|w=g(z'(z (o

)

,0_;))) for some o_;} = {x,y},

because ¢ = 2 and the way ¢ was selected. Let o € ¥; be such that o} = afiy. Hence,
oli(2) # o'(2), because T is pruned. Then, as i is the agent who first has a node z € I;
with two available actions, z € I; € a(ol*,0}). Consider any subprofile af;’-i such that
[{j € N\{i} | t(P) = z}| = 1 (and hence |{j € N\{i} | t(P)) = y}| = 1). Since ¢ = 2
and T' is pruned and induces f, g(2"(z, (Ufi,ai’»i))) = z and g(2"(z, (afz!,ai);’»"))) = y.

Furthermore, since I" induces f, for all z € I,
{we X |w=g(z"(z,(0},0_;))) for some o_;} = {z,y},

because ¢ = 2 and the way i was selected. Hence, since maxp {z,y} = P,y = minp {z, y},

P . . . c
o; " is not obviously dominant, a contradiction.

Assume now that n > 3 and 1 < ¢ < n. By Remark 1, to obtain a contradiction it is
sufficient to exhibit a subdomain P of f where f : P — X is not OSP. Anonymity allows

us to consider the particular subdomain

P = (P, Py} < g, PYY X {P5 B < (5 - x {Pg} x {Pl} x - x {P).

3 agents q—2 agents n—qg—1 agents

Let fbe the restriction of f on P. Assume that fvis OSP and let I' € G be a pruned
game that OSP-implements f Since f is not constant and I' induces ]7, there exists an
information set at which a player has available at least two actions. Let ¢ € N be the first
player who first faces this situation, and I; be this information set. Obviously, i € {1, 2, 3}.
Agents 1,2 and 3 face a situation which is equivalent to the situation where n = 3 and
q = 2; i.e., given the fixed preferences of the remaining n — 3 agents, to be selected both
x and y require only two additional agents to support them as top alternatives. Thus, we
can also reach the conclusion that fis not OSP, a contradiction. |

4.2 The general case

Let £, be a committee for z and k € {1,...,n}. Denote by £F = {S € L™ | |S| = k} the
family of minimal winning coalitions of £, with cardinality %.!8
We present the property of a committee that plays a key role in this section as well

as in Section 5. In words, a committee satisfies the increasing order inclusion property

181n the notation £, the letter m will always refer to the word ‘minimal’, and never to an integer.
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if there exists an order of distinct agents for which any minimal winning coalition of

cardinality k£ > 2 contains the first k — 1 agents in the order.'?

Definition 5 A committee £, for x satisfies the increasing order inclusion (I0I) prop-

erty if there exists an order of distinct agents i1,...,ix such that for all £ > 1,
if S S £:’; then {’L.l, . aik—l} Q S.

Example 1 illustrates the IOI property.

Example 1 The committee L' = {{1},{2,3},{2,4},{2,5,6,7,8},{2,5,6,7,9}} sat-
isfies IOI by the order 2,5,6,7 or by the orders 2,5,7,6; 2,6,5,7; 2,6,7,5; 2,7,5,6 or
2,7,6,5. On the other hand, the committee EA;" = {{1},1{2,3},{2,4},{5,6,7,8},{5,6,7,9}}
does not satisfy 10l because agent 2 has to be first in any possible order since Eﬁ, =
{{2,3},{2,4}} but 2 ¢ {5,6,7,8} € L4 O

Before proceeding, several remarks about IOI are appropriate. First, there are com-
mittees that satisfy 101 trivially. For instance if £, is voting by quota 1 (£F = ) for all
k > 1) or quota n (L¥ = () for all k < n and L? = {N}), then L, satisfies IOI for any
order of the set of agents. Second, there may be some connected pieces of an order for
which the ordering is important and some other pieces for which the order is irrelevant.
For instance, in any order for which the committee £, in Example 1 satisfies IOI, agent
2 should be first, followed by agents 5, 6, and 7, in any ordering. Along the play of any
game that could be use to show that the EMVR associated to £, is OSP, the role of agent
2 will be different from the roles of agents 5, 6, 7; in particular, agent 2 will have to play
earlier. Third, by its definition, if £, satisfies IOI, then decisive and dummy agents do
not belong to the order, although they play a very different role in £,. And fourth, if
we partition the set of minimal winning coalitions of a committee £, (that satisfies I0I)
according to their cardinalities, where each element in the partition contains all minimal
winning coalitions with the same cardinality (some of these elements may be empty), then
any order for which £, satisfies IOI can be obtained roughly by identifying and adding
in a sequential and monotonic way, starting at k£ = 2, two types of agents: if £, has more
than two minimal winning coalitions of cardinality k&, the set of agents that belong to
their intersection, added in any ordering, and if £, has only one minimal winning coali-
tion of cardinality k, the set of all agents that belong to this coalition except one of them,
added in any ordering (Lemma 1 in the proof of Proposition 1 identifies properties of the
intersections of all minimal winning coalitions with the same cardinality, in each of these
two situations).

We are now ready to state the result characterizing all SCFs that are OSP in this

setting with two alternatives.

19 As it will become clear later, this order may not be unique.
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Proposition 1 A SCF f : P — {xz,y} is OSP if and only if f is an EMVR whose

committee L, satisfies 101.
Proof See the Appendix in subsection 7.1.2° [

Example 1 (continued) Assume n = 9 and consider again the committee £, for
x where L7 = {{1},{2,3},{2,4},{2,5,6,7,8},{2,5,6,7,9}}, which satisfies IOI by the
order 2,5,6,7; that is, i1 = 2, iy = 5, i3 = 6 and iy = 7. Define the game I'(z,y; £,) that
OSP-implements the EMVR associated to £, depicted in Figure 2, as follows. Players
play sequentially from left to right, zg = 21, and for all i € N, Z; = {z;}, N(2;) = i and
A(z) = {z,y}.
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Figure 2

such game I'(z,y; £,). First, although the roles of agents 1 and 2 are very different in
L., along the game I'(z,y; £,) they are somehow similar. After agent 1 (‘decisive’ for x)
chooses y, agent 2 becomes ‘decisive’ for y. Also, for instance, at node z7, agent 7 becomes
‘decisive’ for y while, at node zg, agent 8 becomes ‘decisive’ for x. This is the reason why,
whenever an agent has to play, truth-telling is an obvious optimal choice, regardless of
any consideration about the other agents’ future behavior.

Second, the game depicted in Figure 2 could also be the game obtained if instead
we would have used the committee £, for y, the one obtained by means of Remark 2,
associated to the same EMVR. By Remark 2,

Lo =1{{1,2},{1,3,4,5},{1,3,4,6},{1,3,4,7},{1,3,4,8,9}}.

It is easy to see two things. First, £, satisfies IOI by the order 1,3,4,8 (for instance);
that is, iy = 1, iy = 3, i3 = 4 and iy = 8. Second, the corresponding game I'(y,x; L,)
coincides with I'(x, y; £,). Finally, the fact that {1,2} € £" explains why the two agents

have similar power, although this was not apparent in £,.%! O

20The proof is constructive: it exhibits an extensive game form that OSP-implements a given EMVR
whose committee £, satisfies IOL.

2! The game in Figure 2 is a proto-dictatorship game according to the terminology used by Bade and
Gonczarowski (2017). Their Theorem 4.1 states that a mechanism (an extensive game form) is OSP
if and only if it is a proto-dictatorship. In contrast, our characterization in Proposition 1 identifies by
means of the IOI property those EMVRs that are OSP. See the Final Remarks section for a comment

relating our characterization result in Proposition 1 and their Theorem 4.1.
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5 Generalized median voter schemes

Consider a social choice problem where the set of alternatives X = {a,..., [} is a finite
and linearly ordered set. Without loss of generality we may assume that X is a finite
subset of integers between oo and 3, where «, € Z. Moreover, we may also assume that
| X| > 2; otherwise, we are back to the setting of the previous section.

There is a rich literature studying this class of problems for the case where, given this
structure of the set of alternatives, agents’ preferences are assumed to be single-peaked
relative to the order over X. Agent i’s preference P; is single-peaked over X if for all
r,y€ X, x <y <t(P)ort(P) <y <z implies yP;x. Let SP; be the set of all agent i’s
single-peaked preferences over X. Define SP = SP; x --- X SP,,.

We define now a class of SCFs known as generalized median voter schemes. One
description is based on the notion of left coalition system on X, which is a family of
non-trivial committees {L£,},cx with the additional monotonicity property that, for all
r < 3,8 € L, implies S € L,,1, and the boundary condition that £z = 2N\{0}. If

S € L, we say that S is a left-winning coalition at x.

Definition 6 A SCF f : SP — X is a generalized median voter scheme (GMVS) if
there exists a left coalition system {L, },cx such that, for all P € SP,

f(P)=zifand only if (i) {i € N |t(P) <z} € L, and
(ii) forall 2’ <z, {i e N |t(P) <2’} ¢ L.

Namely, the alternative x selected by the GMVS f at P is the smallest one for which
the top alternatives of all agents of a left-winning coalition at x are smaller than or equal
to x.

A similar description can be provided through the symmetric concept of right coalition
system on X, which is a family of non-trivial committees {R,}.cx with the additional
monotonicity property that, for all « < z, S € R, implies S € R,_1, and the boundary
condition that R, = 2V\{0}. If S € R, we say that S is a right-winning coalition at z.

Definition 6> A SCF f : SP — X is a generalized median voter scheme (GMVS) if
there exists a right coalition system {R, }wecx such that, for all P € SP,

f(P)=zifand only if (i) {i € N |t(P;) >z} € R, and
(ii) for all 2’ > x, {i € N [ t(P;) > 2’} ¢ Ry.

Symmetrically, the alternative = selected by the GMVS f at P is the largest one for which
the top alternatives of all agents of a right-winning coalition at = are larger than or equal
to x.

The left or the right coalition system can be taken indistinctly as the primitive concept

for the definition of a GMVS. But yet, a precise relationship between a left coalition system
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and a right coalition system has to hold if they have to generate the same GMVS. We
state this relationship in Remark 4, which generalizes Remark 2 for the case with more

than two alternatives.??

Remark 4 A left coalition system {£, },cx and a right coalition system {R, }.cx define
the same GMVS f : SP — X if and only if, for all z > «,

TeR,ifandonly if TNS # @ forall Se L, ;.

In this case we will say that {£,}.cx is the left coalition system associated to the GMVS
f and {R,}.ex is the right coalition system associated to the GMVS f.

Alternatively, and more metaphorically, a GMVS might be understood as a force that,
starting at the lowest alternative, pushes up towards the highest possible alternative.
However, the left coalition system distributes the power, among subsets of agents, to stop
this force, in such a way that a left-winning coalition at x can make sure that the pushing
force of f will not overcome x by declaring all its members that their top alternative is
smaller than or equal to z.

It is well known that a SCF f : SP — X is strategy-proof if and only if f is a GMVS.?3

The smallest alternative for which its left-committee contains a singleton set will play
a relevant role in this section. Given the left coalition system {L,},cx and z € X, let
Del = {i € N | {i} € L,} be the set of left-decisive agents at x. Define z; = min{x €
X | Del # 0}. Observe that x; is well defined since Dej = N. Similarly, given the right
coalition system {R,}wex and z € X, let Def = {i € N | {i} € R,} be the set of
right-decisive agents at . Let i' € Del be one of the agents for which {i'} € L,,.

We now present a strengthening of IOI that will play a crucial role in the characteri-

zation of the class of SCFs that are OSP on the domain of single-peaked preferences.

Definition 7 A left (right) committee £, (R,) for x satisfies the increasing order in-
clusion (IOI) property with respect to i* € N if there exists an order of distinct agents
i1, ...,1x such that for all £ > 1,

if S € L£F(x) then {4y,...,ir1} € S and i} = i”

22Gee Barbera, Massé and Neme (1997) for a proof of Remark 4.
23See Barbera, Gul and Stacchetti (1993). Sprumont (1995) shows that the tops-only property in
Moulin (1980)’s characterization is not required. If the social choice function is not onto, define a new and

smaller set of alternatives by deleting the subset of alternatives that have not been chosen, and restrict
then the set of single-peaked preferences and the social choice function to this new set. Then, strict
single-peaked preferences remain single-peaked over the restricted set of alternatives, and the restricted
social choice function is onto. Unic-top single-peaked preferences admitting indifferences may no longer
be unic-top single-peaked over the restricted set of alternatives. See Barbera and Jackson (1994) to deal
with this later (and much more involved) case. The characterization just stated refers to this restricted

(onto) function.

19



(if S € R¥(x) then {iy,...,ix_1} C S and i, = 3%).

That is, a committee satisfies IOI with respect to an agent if the committee satisfies
IOI relative to an order where this agent goes first.
Proposition 2 below characterizes the class of all SCFs that are OSP on the domain

of single-peaked preferences.

Proposition 2 A SCF f : SP — X is OSP if and only if f is a GMVS whose
associated left and right coalition systems, {L,}zex and {R;}eex, satisfy the following

two properties:

(L-IOI) For every 8 > x > w1 — 1, there exists i* € N such that L, satisfies 101 with
respect to i* and {i*} € L11.

(R-IOI) For every o < x < xy + 1, there exists i* € N such that R, satisfies 101 with
respect to i® and {i®} € R,_1.*

Proof See the Appendix in subsection 7.2. |

As a consequence of Proposition 2 we obtain Corollary 1 characterizing the class of all

OSP and anonymous SCF's on the domain of single-peaked preferences.

Corollary 1 A SCF f : SP — X is anonymous and OSP if and only if f is a
GMVS whose associated left coalition system {L,}.ex has the property that there exists
1 € {a,...,B} such that (i) L, = {N} for all x < xy and (ii) L = {{1},...,{n}} for
all x > x1.

Observe that the two SCF's associated to x1 = a and x; = [ correspond respectively
to the one that, at each profile, selects the smallest and largest peak. Corollary 1 holds
for the following reasons. Let {L,}.cx be a left coalition system satisfying the necessary
and sufficient condition in Corollary 1. We check that (L-IOI) and (R-IOI) in Proposition
2 hold. First, {£,},ex satisfies (L-IOI): for all x > xy — 1, £, satisfies IOI with respect
to any i € N and {i} € £,,;. Second, by Remark 4, the right coalition system {R,}.cx
associated to f satisfies (i) R" = {{1},...,{n}} for all z < 2y and (ii) R, = {N} for
all # > 7. And indeed, the right coalition system {R,}.cx satisfies (R-IOI): for all
r <z + 1, R, satisfies IOI with respect to any i € N and {i} € R,_;.

Figure 3 illustrates Corollary 1, for the case X = {o,a + 1,21 — 1, 21,21 + 1,5}, by
simultaneously describing the anonymous GMVS by means of its left and right coalition

system.

2411 these two statements, z; — 1 or 1 + 1 could be read as a or 3, if z1 = o or 1 = f.
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Assume {£, },ex and {R, }.cx are the left and the right coalition systems associated to
the same GMVS f. If x; € {«, 5}, Remark 4 gives the relationship between them and one
can directly check whether or not {£,}.cx and {R, }.cx respectively satisfy (L-IOI) and
(R-IOI). But if a < x1 < 8, (L-I0I) and (R-IOI) in Proposition 2 only impose conditions
on {Ls-1,Lsy,-.- L1} and {Rat1,---, Rays Ray41}, respectively. In the Appendix,
subsection 7.3, we answer the following natural question: can we fully describe f as a
GMVS only through either {£,},ex or {R.}.ex? In particular, Proposition 3 identifies
the property on the left coalition system, that together with (L-IOI), characterizes all
SCF's that are OSP on the domain of single-peaked preferences.

We finish this section with two examples illustrating the statements of Propositions 2

and 3, the statement and proof of the later is in the Appendix, subsection 7.3.?

Example 2 Assume X = {a,z,5}, n = 5 and consider the left coalition system

{Ly }wex where:

Ly = {{1}7{27374}7{2’& 5}}
['? = {{1}7{2}7{3}7{475}}
£y = {{1},{2}, {3}, {4}, {5}}.

The committees L, and £, satisfy (I-IOI) by the orders 2,3 and 4, and with respect to
the agents 1 = 2 and i = 4, respectively. Observe that z; = o and i' = 1. Define the
game I, depicted in Figure 4, that OSP-implements the GMVS associated to {Ly }wex
as follows. Players play sequentially from left to right, 2o = 2{", the subscript in any of
the other nodes indicates the agent that has to play at that node by choosing between «
and z, if the superscript is a+, or between = and [, if the superscript is z+; for instance,
(i) 20" € Z; and agent 4 has to choose at 2" one action from the set {a,z} and (ii)

23" € Z3 and agent 3 has to choose at 25" one action from the set {z, 3}.%

25 Example 2 illustrates Case 1 in the proof of Proposition 2 and Example 3 illustrates Case 3 in the
proof of Proposition 2 as well as Proposition 3.

26The game in Figure 4 will be used in the final section to compare our characterization result in
Proposition 2 with the characterization results in Theorems 2 and 5.1 in Pycia and Troyan (2017) and
Bade and Gonczarowski (2017), respectively.
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Example 3 Assume X = {«,z,21—1,21,21+1, 8}, n = 9 and consider the left coalition

system {L,, }wex where:

£y = {{1,2,3}}

£ o= {{1,2,3}4}
L = {1,2,3),{1,2,4}}

£ro= {{1},{2,3},{2,4},{2,5,6,7,8},{2,5,6,7,9}}
L = {11{2}{3,4}}

g = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}}.

Then, by Remark 4, the right coalition system {R, }.ex that will define the same GMVS

1S:

R = {{1,2,3},{1,2,4}}
R™. ., = {{1,2},{1,3,4,5},{1,3,4,6},{1,3,4,7},{1,3,4,8,9}}

Ry = {23 {34}
R = Hh {2543}

Ry = {15 {25 {3}}

Ro = {15 {2} {3}, {4}, {5}, {6}, {7}, {8}, {9}}.

Figure 5 depicts a game I' that OSP-implements the GMVS associated to {L, }wex and
{Ruw}wex, where zy € Z;, the subscript in any of the other nodes indicates the agent that
has to play at that node by choosing between y and y + 1, if the superscript is y+, or
between y and y — 1, if the superscript is y—, where y is a generic alternative in the set

X\{«, 5}; for instance, (i) szlﬂH € Z4 and agent 4 has to choose at szlﬂH one action
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from the set {z1 + 1, 3} and (i) 25" ™~ € Z; and agent 3 has to choose at i~ one
action from the set {1 —1,z}. Indeed, x; is the smallest alternative for which there exists
i € N such that {i} € £,,, and a < 27 < 3, so Case 3 is the relevant one in the proof
of Proposition 2. Note that i* = 1. We first check that {L£, },ex satisfies (L-IOI). First,
L., satisfies IOI by the order 1,2 with respect to i~ = 1, £,, satisfies IOI by the
order 2, 5,6, 7 with respect to i** =2 and L., satisfies IOI by the order 3 with respect
to "1 = 3; hence {L, }wex satisfies (L-IOT).?

et Tl
zé ¢+ e x1t+1

2y o x1+1
9

m1—|—1

B8
1
z£m1+1)+.,i. 41

T xq T +1 z1+1 1 +1
i+ z1+1 z1+1 i B8 . B /34‘/3

P 1
1+ zf““)* Zé£1+ )+ Zémﬁ—l)-‘,—

X, (El-'r]. ZE1—|—1

ZL‘1+1

Z1
zq * * * * .
x, 1 1 r—1 x—1 z;— 1 x x x
&1 — 1
. zfl_ — ;-1
x

Figure 5

2TObserve that £, and £, satisfy IOI both by the order 1,2 and {L£,, }wex satisfies (L2-IOI) by setting
iz,—1 = 3 and i, = 1, defined in the Appendix.
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We now check that {R, },ex satisfies (R-10I). First, R, ;1 satisfies IOI by the order
1,3, 4,8 with respect to i"**1 = 1, R, satisfies IOI by the order 3 with respect to i** = 3,

and R,,_1, and R, satisfy IOI by any order with respect to any agent; hence, { R, fwex
satisfies (R-IOI). O

6 Final remarks

We first relate our results to those in Pycia and Troyan (2017) and Bade and Gonczarowski
(2017). These two papers contain revelation principle like results identifying classes of
games inside which one can restrict attention when searching for a game that OSP-
implements some families of SCFs. However, there are two important differences between
these two results and the revelation principal for SP-implementation. First, given a SCF
f : D — X, the revelation principle for strategy-proofness identifies a unique normal
game form (N, D, f) for which truth-telling has to be a weakly dominant strategy for
each agent in N. In contrast, the classes of games identified in Pycia and Troyan (2017)
and Bade and Gonczarowski (2017) are large and many games in those classes would not
OSP-implement the given f but another SCF. Hence, the question of which game has
to be used to OSP-implement a particular SCF f remains open, although their results
may help because they delimit the class of games within which to look for. Second, if
f is not OSP (but this is still unknown to the designer) one ought to check that each
game in their respective class does not OSP-implement f, and this may not be easy.
In addition, Pycia and Troyan (2017) and Bade and Gonczarowski (2017) results say
respectively that if a game OSP-implements a SCF, then there exists a multipede game
or a gradual mechanism (or a proto-dictatorship game for the case of two alternatives)
that does as well. Our characterizations in Propositions 1, 2 and 3 however give necessary
and sufficient conditions on the SCFs that are OSP-implementable, and those conditions
can be checked directly on the SCF under consideration and not on the game. Moreover,
our proofs of Propositions 1 and 2 are constructive; that is, they give a procedure to
construct an extensive game form that OSP-implements the SCF. Examples 1 and 2, and

their respective Figures 2 and 4, illustrate these points.

Figure 6
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The game in Figure 2 is indeed a multipede and proto-dictatorship game. How-
ever, consider the game in Figure 6, which is obtained from Figure 2 by exchanging
at node z3 the y and the z choices of agent 3, because now the y choice finishes the
game with outcome y while the z choice moves the game to node 24, and everything
else remains the same. The new game is also multipede and proto-dictatorship but
now it OSP-implements another SCF, the one whose associated committee is Ex =
{{1},1{2,3,4},{2,3,5,6,7,8},{2,3,5,6,7,9}}, which satisfies also the IOI property (by
the order 2, 3,5,6, 7). Our proof tells us, given a committee associated to an EMVR, how
to construct the (multipede and proto-dictatorship) game that OSP-implements it.

The game in Figure 4 is neither multipede nor gradual. Theorem 2 in Pycia and
Troyan (2017) characterizing multipede games does not apply to the problem of a linearly
ordered set with single-peaked preferences because the general conditions on preferences
in their general model imply the universal domain of preferences, when the cardinality of
the set of alternatives is larger than or equal to three.?® It is not gradual because at node
25" agent 2, by playing the strategy oo(25") = 02(25") = x, can force the outcome to be
x, regardless of the other agents’ strategies. But agent 2 does not have a choice at z5*
inducing immediately outcome x. Our design of the game in Figure 4 comes from the
description of the GMVS as a sequence of EMVRs satisfying (in this case) the (L-I0I)
property. However, the game can be modified into a gradual one, as the one depicted in

Figure 7.

Figure 7

This game is a dictatorship with safeguards against extremism with proto-dictatorship

games added to the non-terminal nodes z; and 23 (this is what Bade and Gonczarowski

28Hence, the game depicted in Figure 4 illustrates why the general conditions (a) and (b) on preferences
in Pycia and Troyan (2017) can not be dispensed for their Theorem 2 to hold.
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(2017) call “arbitration”). Together, and only together, agents 4 and 5 are also playing
a safeguard role against the extremes « (by sharing the power to induce jointly x at the
subgame starting at z;) and 3 (by sharing the power to induce jointly = at the subgame
starting at 22). The general message that Bade and Gonczarowski (2017) tries to convey is
that in the limit, with a continuum of possible alternatives, dictatorships with safeguards
against extremism (without arbitration via proto-dictatorships) are the unique OSP and
onto SCFs. Our Proposition 2 characterizes, for a discrete and finite set of linearly ordered
alternatives, the subclass of SCFs on the single-peaked domain that are OSP; and the
characterization is based on the description of the SCFs as GMVSs whose associated left
and right coalition systems satisfy respectively the (L-IOI) and (R-IOI) properties. Of
course, the proofs of Theorem 5.1 in Bade and Gonczarowski (2017) and our Proposition
2 are very different because they are based on two alternative descriptions of the SCFs
under consideration.

We want to emphasize that our statements in Propositions 1 and 2 do not refer explic-
itly to either ontoness or unanimity, although the SCF under consideration has to be onto,
perhaps relative to a subset of alternatives and corresponding subdomains of preferences
obtained from the range of the original and non-onto SCF that we are interested in (see
footnotes 18 and 23).

We want to finish by referring to two other settings where the class of all strategy-
proof and onto social choice functions are based on the majority principle. The first one
is the multidimensional extension of the single-peaked model studied by Barbera, Gul
and Stacchetti (1993). In this case, the family of multidimensional generalized median
voter schemes coincides with the class of strategy-proof and onto social choice functions
on the domain of multidimensional single-peaked preferences. The second setting is the
one where voting by committees (studied in Barbera, Sonnenschein and Zhou (1991))
are used to collectively select a subset, from a given set of objects K. The family of
voting by committees constitute the class of all strategy-proof and onto social choice
functions, mapping profiles of separable preferences (over 2%) into the family 2X. They
are also based on the extension of the majority principle, applied to each object in order
to decide whether or not the object belongs to the chosen subset, at a given preference
profile. However, neither multidimensional generalized median voter schemes nor voting
by committees are efficiency and hence, they are not weak group strategy-proof. Then, by
Proposition 1 in Li (2017), which states that obviously strategy-proofness implies weak

group strategy-proofness, they are not obviously strategy-proof.

26



References

[1] A. Abdulkadiroglu and T. Sonmez (2003). “School choice: a mechanism design ap-

proach,” American Economic Review 93, 729-747.

2] I. Ashlagi and Y. Gonczarowski (2016). “Stable matching mechanisms are not obvi-

ously strategy-proof,” mimeo.

[3] G. Attiyeh, R. Franciosi and R.M. Isaac (2000). “Experiments with the pivotal
process for providing public goods,” Public Choice 102, 95-114.

[4] S. Bade and Y. Gonczarowski (2017). “Gibbard-Satterthwaite success stories and

)

obviously strategyproofness,” mimeo.

[5] P. Bag and T. Sharma (2016). “Secret sequential advice,” mimeo.

[6] S. Barbera, F. Giil and E. Stacchetti (1993). “Generalized median voter schemes,”
Journal of Economic Theory 61, 262-289.

[7] S. Barbera and M. Jackson (1994). “A characterization of strategy-proof social choice
functions for economies with pure public goods,” Social Choice and Welfare 11, 241—
252.

[8] S. Barbera, J. Mass6 and A. Neme (1997). “Voting under constraints,” Journal of
Economic Theory 76, 298-321.

[9] S. Barbera, H. Sonnenschein and L. Zhou (1991). “Voting by committees,” Econo-
metrica 59, 595-609.

[10] T. Cason, T. Saijo, T. Sjostrom and T. Yamato (2006). “Secure implementation
experiments: do strategy-proof mechanisms really work?,” Games and Economic
Behavior 57, 206-235.

[11] H. Ergin (2002). “Efficient resource allocation on the basis of priorities,” Economet-
rica 70, 2489-2497.

[12] E. Friedman and S. Shenker (1998). “Learning and implementation on the Internet,”

mimeo.

[13] A. Gibbard (1973). “Manipulation of voting schemes: a general result,” Econometrica
41, 587-601.

[14] T. Kawagoe and T. Mori (2001). “Can the pivotal mechanism induce truth-telling?
an experimental study,” Public Choice 108, 331-354.

27



[15] O. Kesten (2006). “On two competing mechanisms for priority-based allocation prob-
lems,” Journal of Economic Theory 127, 155-171.

[16] S. Li (2017). “Obviously strategy-proof mechanisms,” forthcoming in American Eco-

nomic Review.

[17] J. McMillan (1994). “Selling auction rights,” Journal of Economic Perspectives 8,
145-182.

[18] H. Moulin (1980). “Strategy-proofness and single-peakedness,” Public Choice 35,
437-455.

[19] M. Pycia and P. Troyan (2017). “Obvious dominance and random priority,” mimeo.

[20] R. Rosenthal (1981). “Games of perfect information, predatory pricing, and the chain
store,” Journal of Economic Theory 25, 92-100.

[21] M. Satterthwaite (1975). “Strategy-proofness and Arrow’s conditions: existence and
correspondence theorems for voting procedures and social welfare functions,” Journal
of Economic Theory 10, 187-217.

[22] L. Shapley and H. Scarf (1974). “On cores and indivisibilities,” Journal of Mathe-

matical Economics 1, 23-28.

[23] Y. Sprumont (1995). “Strategyproof collective choice in economic and political envi-

ronments,” The Canadian Journal of Economics 28, 68-107.

[24] P. Troyan (2016). “Obviously strategyproof implementation of allocation mecha-

Y

nisms,” mimeo.

[25] H. Yamamura and R. Kawasaki (2013). “Generalized average rules as stable Nash
mechanisms to implement generalized median rules,” Social Choice and Welfare 40,
815-832.

28



7 Appendix

7.1 Proof of Proposition 1

Proposition 1 A SCF [ : P — {x,y} is OSP if and only if f is an EMVR whose
committee L, satisfies 10L.

Proof of Proposition 1 To prove necessity, assume that f is OSP, and hence f is SP.
By (3.1) in Remark 3, f is an EMVR. Let £, be its associated committee for = and fix

k€ {1,...,n}. Denote by Sy the intersection of minimal winning coalitions of cardinality
k; namely,
Sge= N S.
SeLk

We start with a recursive definition and two key results, stated in Lemma 1 below. Define
first r; = min{|S| | S € £ and |S| > 1} and for ¢t € {2,...,T}, given 1,4, define
recursively 7; = min{|S| | S € L™ and |S| > r;_1}.%°

LEMMA 1 Let f be OSP and let L, be its associated committee for x. Then, for all
t € {1,..., T}, the following two statements hold.

(L.1) If |L7| > 2, then |S,,| =7 — 1 and S,, € S,, for all t' > t.
(1.2) If |L}t] = 1, then there exists j, € Sy, such that S, \{j:} € S,, for all t' >t.
Proor (1.1) Let t € {1,...,T} be such that |[£}| > 2 and assume |S,,| < r — 1. Then,

there exist S, 5", S” € L (where S’ and S” may be the same set, for instance whenever
|Lrt| = 2) and j',j” € S such that j/ € S\S" and j” € S\S”. Define S* = SN S NS"
and S = S U S US” Note that S* could be empty and that, since S* C S\{j’,j"},
|S*| < r; — 1 and S\S* # 0. Let P and P/ be the two preferences such that x Py and
yP!x, respectively. When agent i’s preference is P, we will say that i votes for w. Define
the subdomain P = P; x --- x P, where for all i € S*, P; = {P*}, for all i € N\§S,
P = {PY} and for all i € §\S*, P; = {P7, PY}. Assume that f : P — {z,y} is OSP. Let
fbe the restriction of f on P. Then, by Remark 1, ]7 is OSP. Let I' € G be a pruned
game that OSP-implements J? Since I' induces f and fvis not constant, there exists an
information set at which a player has available two actions. Let ¢ € N be the agent who
first faces this situation, and let I; be this information set. Since I' induces f, i€ S\S*.
Fix a profile P € P and assume t(P;) = z. Since I' induces f, forall z € I,

{we X |w=g(z"(2, (0", 0_;))) for some o_;} = {x,y}.

i 0

To see that x belongs to this set, observe that there is a profile in the subdomain where
all agents in S vote for z, and this is a winning coalition for z. To see that y belongs

to this set, observe that there is a profile in the subdomain where only the agents in

29For the committee £, in Example 1, r; = 2 and rp = 5.
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S* U {i} vote for x, but this is not a winning coalition for z, because S* U {i} C S or
S*U{i} € 5 or S*U {i} € 5", where the strict inclusions follow from |S*| < r; — 1 and
S| =[5 = |5"] = re.

Now, let ¢’ € 3; be such that o} = af)"y. Hence, o(2) # 0)(z), because T is pruned.
Then, as ¢ is the agent who first has a node z € I; with two available actions, z € I; €
a(o,o!). Now, as t(P!) = {y} and since I induces f, for all z € I;,

{we X |w=g(z"(z (d),0_;))) for some o_;} = {x,y}.
Then, for all z € [;

m}gmx{w € X |w=g(z"(z (0},0_;))) for some o_;} = m}gx{x,y},

k3

H}lji_n{w € X |w=g(Z(z (cF

;1,0-;))) for some o_;} = nllji_n{x, y}

and maxp, {x,y} P, minp {x,y}. Thus, 0% is not obviously dominant in I, and so " does
not OSP-implement f, a contradiction.

Assume now that t € {1,...,T} is such that [L]¢| > 2,|S,,| =7, —1and S,, € S, for
some ¢’ > t. Hence, there exists i € S,,\S,,, implying that there exists S’ € L3 such that
i¢ S Let S,S" € L' be two distinct coalitions, which they do exist because |L*| > 2.
Since S’ and S” are minimal winning, there exists j € S\S” such that j # i because
i €S,, Define S*=5N5NS"and S=SUS US” and note that, since S* C S\{4,j},
|S*| < r, — 1 and S\S* # (. By following an argument similar to the one already used,
we obtain a contradiction.

(1.2) Let t € {1,...,T} be such that |£]*| = 1. We first show that the following two

claims hold.

CrLAM 1 There exists j; € Sy, such that S, \{j:} C S,

oy
PrROOF OF CrLAIM 1 Assume there exist i,j € S,, such that i,5 ¢ S, Since LIt =
{S,,}, Sy, is a minimal winning coalition. Hence, there exist S’,S” € LI**' such that
i¢ S and j ¢ S”. Define S* =5, NS'NS" and S = S,, US US”, and note that, since
S* C S, \{i,7}, |S*| < r; —1 and S\S* # (). By following an argument similar to the one

already used, we obtain a contradiction. U

t4+1°

CrLAIM 2 There exists S” € L+ such that j; ¢ S”, where j; is the agent identified in
Claim 1.

Proor or CLAIM 2 Assume j; € S for all S € L7**'. Then, by Claim 1, S,, C S,,.,.
Hence, S,, € S for all S € L7+, which is a contradiction with S,, € L', which follows
from Lt = 1. O

To proceed with the proof of (1.2), assume that there exists ¢ > ¢ + 1 such that
Sy \{je} € S, - Then, there exist j € S;,\{j;} and S’ € L such that j ¢ S’. By Claim 2,
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there exists S” € L' such that j, ¢ S”. Define S* = S,,NS'NS" and S = S,, US"US",
and note that, since S* C S,,\{j,j:}, |S*| < 7 — 1 and S\S* # ). Following an argument
similar to the one already used, we obtain a contradiction. And this finishes the proof of

Lemma 1. O

Before proceeding with the proof of necessity, define, for each t € {1,...,T'}, the set

S,, i L] > 2
Qi = o
S\ LY =1,

where j; is the agent identified in Claim 1. It is easy to check that, by Lemma 1,

Q1 CQ2C - CQr, (5)
Q:CSforall Se Lt andallt e {l,...,T} (6)

and
|Qt‘ =Tt — 1 for all t € {1,,T} (7)

We want to show that £, satisfies IOI. By (5) and (7), we can write, for all ¢ €
{1,...,T}, the set Q; as
Qt = {7:17 s 77:7'1—17 Z'Tlv s 7;7“2—17 7:7'27 s 77:7“3—17 s 77:73717 s 77:7“15—1}' (8)

Consider the order

PAURU SUETTY SUUREE SRS SUURURY SUPIUUREE SRS SUPTURUT SRR ST (+)
and note that it is not necessarily unique since any reordering of the agents inside each
Q: in (9) is arbitrary and it would also allow us to follow the argument below.

Consider S € L't for some ¢t > 1. Then, by (6), @Q; C S, implying that
E7TRUNIE AU SUSUEY NUIPTS NSRS SRTURRET SRR SIS S al)

which means that £, satisfies IOI with respect to the order in (9). This finishes the proof
of necessity.
To prove sufficiency, assume L, satisfies IOI; namely, there exists an order of distinct

agents i1, ...,1x such that for all £ > 1,
if S € £:’; then {’il, . aik—l} Q S.

Using the notation established in the proof of necessity and, by (9) letting K = rp—1,

define the following subsets of agents:*’
X§ = {ieN|{i}ecL,}
le = {’L.la SR 7iT1—1}’
X7 = {i e N\ (X§UY) | there exists S € L' such that i € S},

30We use the superscript = in the notation of these sets because later on we will need to define the

corresponding sets for the committee £, for which we will use then the superscript y.
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for 1 <t<T,

Y;/z = {irt_la s 72'1”1&*1}-
Xy = {ie N\[(U X)) U (U Yy)] | there exists S € L/ such that i € S},

t<t v<t

and

qu == {iTT—17 P ;irT—l}y

X7 = {ie N\[(U X/))U (U Y7)]| there exists S € L such that i € S}.

t'<T t'<T

We now construct an extensive game form with perfect information I'(z, y; £,).>! Each
agent only plays once, following the ordering given by the (obvious) order of agents in-
duced by the sequence of sets X, YY", XT,.... V", X[, ..., Y7, X7. Denote this order by
J1s -+ jn->2 Define the set of non-terminal nodes Zyr by assigning each agent ¢ in the or-
der to a non-terminal node z;, in such a way that if © goes earlier in the order than j, then
2 < z;. At each z; € Znp, agent i € N has available the set of actions A(z;) = {z,y}. Look
at any agent jj, in the order with 1 < h < n.If j, € X}, fort =0,...,T, and 0, (2;,) = z,
then the history (z;,,0;,(zj,)) = z is a terminal node and set g(z) = z. If 0;,(2;,) = ¥y
then the history (2;,,0;,(2;,)) = %j,,, is a non-terminal node at which agent jj,,; plays.
If jp e V;*, for t = 1,...,T, and 0j,(2;,) = y, then the history (z;,,0,,(2;,)) = z is a
terminal node and set g(2) = y. If 0, (2;,) = z then the history (2;,,0;,(2;,)) = 2j,.,
is a non-terminal node at which agent j,.; plays. Look now at agent j,, the last in the
order. Then, the history (z;,,0;,(2;.)) = # is a terminal node, independently of whether
0j,(zj,) = = (in which case set g(z) = z) or 0;,(z;,) = y (in which case set g(z) = y).
And this finishes the definition of I'(z,y; £,) (Figure 2, at the end of the statement of
Proposition 1, depicts I'(z, y; £,) for the case of the committee £, of Example 1).

For each P € P, let o = (01",...,0%") € ¥ be the truth-telling profile of strategies
in (z,y; L,); i.e., for all i € N, 07 (%) = « if and only if t(P,) = x, where z; denotes the
unique node at which agent ¢ has to play at I'(x,y; £,). It is easy to see that I'(z,y; L,)
induces f since f(P) = g(2 (20, 0")) for arbitrary P € P. We want to show that, for each
agent 1, af ' is obviously dominant in I'(z,y; £,). Fix j, € N, and suppose jj is called to
play. We distinguish between two cases.

Case 1: jj, € X7 for some t = 0,...,T. Assume first that ¢(P;,) = x, and so afhj" (zj,) = .

Py,

Then, (zj,,0;,"(2,)) = 2 € Zr and g(z2) = x = t(P},). Hence, O'f}fh is trivially obviously

31Remember that there may be many such games because agents belonging to the sets X§ and Y,®s
can be freely ordered. The orderings inside the sets X['s are determined by the sequence i1, ..., ix which
also may not be unique.

32Without loss of generality we are assuming that no agent is dummy in £,; otherwise, the obtained
sequence would be j1, ..., j,, with n’ < n, and we would proceed by setting Z; = () for any dummy ¢, so

that ¢ would not play at I'(z,y; L,).
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dominant for j,. Suppose now that ¢(P;,) =y, and let o’ be the strategy o’ (2;,) = =.

Then, (zj,,07, (25,)) = 2 € Zr and g(z) = x, which is the worst alternative according to

PJh

Pj,. Hence, ;" is obviously dominant for jj,.

Case 2: jp, EPY”” for some t =1,...,T. Assume first that ¢(F},) :Py, and so af}fh (2j,) =y.
Then,(zj,,0," (2;,)) = 2z € Zr and g(2) = y = t(P},). Hence, o;" is trivially obviously

dominant for j,. Suppose now that ¢(P;,) = z, and let ¢, be the strategy o’ (z;,) = y.

Then, (2;,,07, (2;,)) = 2z € Zr and g(z) = y, which is the worst alternative according to

P;, . Hence, o, ”L

is obviously dominant for jj,. [ |

7.2 Proof of Proposition 2

Proposition 2 A SCF f : SP — X is OSP if and only if f is a GMVS whose
associated left and right coalition systems, {L;}zex and {R.}eex, satisfy the following
two properties:
(L-IOI) For every 8 > x > x1 — 1, there exists i* € N such that L, satisfies 101 with
respect to i* and {i*} € L,1.
(R-IOI) For every a < = < x1 + 1, there exists i* € N such that R, satisfies 101 with
respect to i* and {i®} € R,_1.

The proof of Proposition 2 will require, at each z € X and each k € {2,...,n},
to look at the family of minimal winning coalitions of cardinality k, as well as at their

intersections. Given x € X and k € {1,...,n}, denote by

L) ={SeLm||S|=k}and RE(z) ={S € R™||S| = k}

the respective families of minimal winning coalitions with cardinality k € {1,...,n}, and
let
St(x)= () SandSfi(x ﬂ S
SeLk(z) SeERF (x

33 We say that k is a non-empty left—cardinality at , written
k € NEX(z), if L) # 0 and k& > 2, and similarly, we say that k is a non-empty

right-cardinality at z, written k € NEf(z), if R¥(x) # 0 and k > 2.

be their intersections.

Proof of Proposition 2 To prove necessity, assume f : SP — X is OSP. To obtain
a contradiction, suppose first that (L-IOI) does not hold. We distinguish between two

cases.

Case 1: There exists x € X such that x > z; — 1 and £, does not satisfy IOI. Since
Lz satisfies 101 trivially, z < . Define N = Ugerm S and EA? = L. Fori € N , let

33 At the beginning of Subsection 4.2, we have already defined £*(x) as £¥, but we now change slightly

the notation to write it in the context also of many committees and right coalition systems.
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:9\731- be 7’s subset of single-peaked preferences whose tops are either = or  + 1, and for
1€ N \]/\7 let 3\73@ be ¢’s subset of single-peaked preferences whose top is « + 1. Define
SP = 8Py x -+ - x 8P, and consider the SCF f : SP — {z, z+ 1} which is the restriction
of f in the subdomain SP. Since, by assumption, E? does not satisfy 101, Proposition
1 implies that f: SP — {z,z 4+ 1} is not OSP and, by Remark 1, f : SP — X is not
OSP-implementable, a contradiction.

Case 2: Assume L, satisfies IOI for all x > x; — 1, but there exists ¥ > x; — 1 such that
for all i® such that £ satisfies IOI with respect to i%, {i*} ¢ Lz,1. Since for all i € N,
{i} € L£Y(B), we have that T < (. Furthermore, if |S| = 1 for all S € L, then there
exists ¢ such that {i} € £2 which, by the monotonicity property in the definition of a left
coalition system, requires that {i} € L2 . Furthermore LI satisfies IOI with respect to

1 trivially, in contradiction with our contradiction hypothesis. Hence,
{Te Ly |IT| =2} #0. (10)

Denote by F(Lz) the set of agents for whom L3 satisfies IOI with respect to each
of them; namely, F'(L;) = {i € N | L; satisfies IOI with respect to i}. By assumption
F(Lz) # 0. Let 2’ = min{z € X [there exists i* € F(Lz) and {i"} € L.} and let *% be
one of the agents in F'(£z) such that {i**} € £,,. By definition of 2, and the contradiction
hypothesis, 7+ 1 < 2’ (note that 2/ may be equal to 8) and for all i € F(Lz), {i®} ¢ L™
for all 7 < /. Since T > x; — 1, and the definition of x;, there exists ¢* such that
{i*} € Lz41 (note that T + 1 > x1). Since {i} ¢ Lz, for all i € F(Lz), we have that
i* ¢ F(Lz). Moreover, because L; satisfies IOI and * ¢ F(Lz), by (10), there exists
S e{T € £ | ]T| > 2} such that i* ¢ S. As z’iﬁ € MrenpL() SE(@), i** € S and
there exists j # ¢** such that j € S. Given ¢*,j,¢* € N and S we define a Cartesian
product subset of the set of all single-peaked preference profiles as follows. Let :‘5\73z be
i*’s subset of single-peaked preferences whose tops are either 7 + 1 or 2. For i € {j,i*"}
let 3\751 be i’s subset of single-peaked preferences whose tops are either ¥ or a’. For
i € S\{j,i*%} let SP; be i’s subset of single-peaked preferences whose top is Z. Finally,
for i € N\(S U {i*}) let SP; be i’s subset of single-peaked preferences whose top is 2.
Define SP = SPy x - -+ x 8P, and consider the SCF f: SP — {#,7 + 1,2’} which is f
restricted to this subdomain SP. As f is OSP, by Remark 1, fis OSP. Let I" be a pruned
game that OSP-implements ]7 Since I' induces ]7 and f is not constant, there exists an
information set at which a player has available two actions. It is clear that such agent
belongs to the set {i*,7,i*7}.

Assume 7* is the agent who first has a node z € [;» with at least two available actions
in I' and suppose that ¢(F;-) = 241 and 2’ P;»Z. Then, since {i*} € LT, and i* ¢ S € LT,
for all z € I;«,

L g_3+))) for some o_;»} = rgin{’x\, T+ 1} =7. (11)

Igin{x €EX|x=g(z(z(c

7
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Now, let ¢l € 3+ be such that o}, = ai’{*, where ¢(P..) = 2/. Remember that since I'
is pruned, agent i* only has at I' strategies associated to single-peaked preferences whose
tops are either 7 + 1 or z’. Hence, 01" (z) # 0. (z) because T induces the tops-only SCF
f. Then, as i* is the agent who first has a node z € I;« with at least two available actions,

z € I € a(ol,0).) and by the definitions of 2/, P and SP, for all z € I;-,

H}Dax{x € X |z =gz (2 (00, 0_))) for some o_s} = Hlljax{ﬁc\, Zy=2.  (12)

But again, 2’ P;»x and conditions (11) and (12) imply that aﬁi* is not obviously dominant
in I', contradicting that I' OSP-implements f

Assume now that agent j’ € {i*%, j} is the agent who first has a node z € I;; with at
least two available actions in I' and suppose that ¢(P;) = Z. Then, since S € L2 implies

S € LT |, by single-peakedness of Pj and the definition of 3\75, for all z € I,

IIfl)in{I € X |z= gz (af,j/,a_j/))) for some o_j } = n};in{/x\, T+ 1,2y =42'.  (13)
it it

Now, let 0, € X be such that o), = 0?{', where ¢(Pj,) = 2’. Remember that since I
is pruned, agent ;' only has at I' strategies associated to single-peaked preferences whose
tops are either ¥ or z/. Hence, af,j/(z) # 0%(2) because I' induces the tops-only SCF ]7
Then, as j’ is the agent who first has a node z € I;; with at least two available actions,
zelye oz(af/’,ag,) and by definitions of #', P}, and SP, for all z € I,

nlljax{:c € X |z=yg(z" (2, (0%, 0_))) for some o_;} = rrllga,x{iz\—i— La'}=z+1. (14)
3 i

By single-peakedness of Pj, T+ 1P;z’, which together with conditions (13) and (14) imply
that af,j' is not obviously dominant in I', contradicting that I' OSP-implements f Hence,
(L-IOI) holds.

Now we prove that (R-IOI) holds. Since (L-IOI) holds, by Lemma 2 (in Case 3 below),
there exists 4 € N such that {i} € R]'. Then, the largest alternative for which the right
coalition system has a decisive agent is equal to or larger than x;. Now the proof that
(R-IOI) holds follows a symmetric argument to the one used to show that (L-IOI) holds.

To prove sufficiency, assume f : SP — X is a GMVS whose associated left and right
coalition systems, {L,}.cx and {R,}.cx, satisfy (L-IOI) and (R-IOI), respectively. We
distinguish among three cases, depending on whether x; = « (case 1), 1 = 3 (case 2) or
x1 ¢ {«, B} (case 3). In the three cases the game constructed in the sufficiency proof of
Proposition 1 will play a fundamental role, since a GMVS f may be seen as a sequence of
EMVRs, each between = and z+1 , when f is described as a left coalition system (with the
associated game I'(z, z+1; L,)), or a sequence of EMVRs, each between x and x—1, when
f is described as a right coalition system (with the associated game I'(z,x — 1;R,)). If

x1 € {a, 5} only one of the two sequences will be needed in the construction of the overall
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I', while if 21 ¢ {«, 8} we will have to consider I'(xy, 21 + 1;L,,),..., (8 — 1,5; Ls-1)
and ['(x1, 71 — 1;Ryy), -, D(a+ 1,05 Ras1). The choice of whether the game I" proceeds
by following the first or the second sequence will depend on a particular agent that will
simultaneously be left-decisive and right-decisive at z1, and that we will identify in Lemma
2 (in Case 3 below).

Case 1: x; = «a. Suppose that for all « < x < 3, L, satisfies IOl with respect to i*
and {i"} € L,11. We define a game I' by considering the sequence of games I'(a, o +
L Ly, MNa+1,a+2;L441),...,[(8 —1,5; Ls-1) defined in the proof of Proposition 1,
where for each o < x < (3, the first agents to play at the game I'(x,z 4 1; £, ) are the set
of decisive agents at x (i.e., the set X7 in the notation used in the proof of Proposition
1), with any ordering, but making sure that for each v < = < [, agent i* is the agent
that plays immediately after the decisive agents in z (i.e., i € Y{* in the notation used

T

in the proof of Proposition 1 and among the set of agents in Y}*, i* is the first agent to
play). We will write g(2**(.,.)) instead of g(z"®#+1:£2)( . }). We now proceed to describe
the details of the steps used to define I'.

The set of agents in N, = UgesmS play the game I'(o, @ + 1; £,,). In this game, each
i € N, plays only once. Let 2t € ZU(®a+liLa) he the node at which i plays, where i
has available the set of actions A(z8*) = {a,a + 1}. For each i € N,, we denote by
a?™ € {a, a+ 1} the action chosen by i at 2" in I'(a, « + 1; £,) and by a®" = (a2 )sen,
the profile of actions.>* Abusing notation, let z{* be the node assigned to the first agent
playing in I'(a, & + 1; £,). Then, we make sure that the following three properties of T’
hold, regarding the outcome of T'(«, @ + 15 L,,).

First, if g(z*" (25", a*")) = «, then the overall game I' ends and the outcome is «.

a+

Second, if g(2°T (25", a*")) = a+1 and af%"” = «, then the overall game ends and the

outcome is a + 1.
Third, if g(2°% (25", a%")) = a+1 and aft # «, then agents in N, = Usecr,, S play

the game I'(av+ 1, a +2; £,,41), whose initial node is this terminal node of I'(or, « + 1; L,,).
(a+1)+
S

Z%(etlat2Las1) he the node at which i plays. Then, agents in Del, ;| play in any order

and they are immediately followed by agent i*™! (such agent exists since L, satisfies

(L-IOI) with respect to i*™ and i*™' € Dek ). Each agent i € N, has available at

2T the set of actions A(2(*"™VF) = {a + 1,a + 2}. For cach i € Ny.1, we denote

by agaHH € {a+ 1,a + 2} the action chosen by i in I'(aw + 1, + 2; L,41) and by
a@ Dt = (a{**F),\ the profile of actions. Abusing notation, let 2 *"" be the node

i

In this game I'(a+ 1, a +2; L,41), each agent i € N, plays only once. Let z

assigned to the first agent playing in T'(a + 1, + 2; L,41). Then, we make sure that the
following three properties of I" hold, regarding the outcome of I'(aw + 1, 4+ 2; L 41)-

34We are defining the (behavioral) strategies in the full game I' by specifying the actions taken by
agents at each of the games induced by their corresponding EMVRs.
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First, if g(z(@+D+ (251! al@*D+)) = o + 1, then the overall game I' ends and the
outcome is o + 1.

Second, if g(z@*VF (29 a(*+D+)) = o +2 and agjjﬂ)* = a+ 1, then the overall game
I' ends and the outcome is o + 2.

Third, if g(zDH (204 a@D1)) = a4+ 2 and a'F V" # a 41, then agents in N, 5 =
Usecm, S play the game ['(a+2,a+ 3; L,12), whose initial node is this terminal node of
Na+1,a+2;Lu41).

We continue with the construction of I' in the same way for each = € {a,...,3 — 2},
if any. Let zJ" the node assigned to the first agent playing in the game I'(z,z + 1; L,).
Identify the ordering of play and the set of available actions as in the previous cases
and, in particular, make sure that the following three properties of I' hold, regarding the
outcome of I'(x,z + 1; L,).

First, if g(2"T (25", a*")) = x, then the overall game I' ends and the outcome is z.

Second, if g(z""(2",a*")) = x + 1 and al." = z, then the overall game I' ends and
the outcome is x + 1.

Third, if g(2*(25*,a*")) = 2 + 1 and al,t # x, then agents in N, = Usecm,, S play
the game I'(z + 1,2 +2; £,41), whose initial node is this terminal node of I'(z, x + 1; L,).

Finally, when S —1 is reached, agents in N3_; = Use%lls play the game I'(5—1, 5; L)
starting at zg ~! with the feature that the following two properties hold.

First, if g(z®~D+(z07" a®~D+)) = § — 1, then the overall game I' ends and the
outcome is 5 — 1.

Second, if g(z(3= D+ (2571 af~D+)) = B, then the overall game I ends and the outcome
is 3.

Let I' be the extensive game form just constructed. Since all information sets are
singletons, I' has perfect information. Fix x < [ and let ¢ € N be arbitrary. If : € N,,
then there exists one and only one node in I'(z, 2+ 1; £,) at which agent i plays. We have
denoted this node by 27*. Again, for an arbitrary i € N, let A; = {z € X | i € N,} be
the set of such 2’s at which 7 is called to play at 27" in ['(z,x + 1; £,). If A; = () then i
is a dummy agent in all committees (i.e., for all x < 8, i ¢ S for all S € L) and Z; = ()
in I'. But then, ¢’s truth-telling strategy is trivially obviously dominant. For each agent
i € N, a strategy o; : Z; — A in ' is a function that, for each 2" with z € A;, selects an
action in A(zF") = {x,z + 1} (i.e., 0(27") € {z,x + 1}).

For P € SP, let o = (o1*,...,0) € ¥ be the profile of truth-telling strategies;
namely, for all 2 € X, all i € N,, and all 2** € Z;, 07 (2*") =  if and only if t(P,) <
(and hence, o7 (2*") = x + 1 if and only if t(P) > z +1).

Let f : SP — X be a GMVS whose left coalition system has the property that
x1 = «. Then, it is easy to see that I' induces f : SP — X since for all P € SP,

f(P) = g(z" (20,07)).
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We want to show that, for each i, af " is obviously dominant in I'. Fix ¢ € N and
let o be any strategy of i with the property that o} # o!*. Denote by 27" the earliest
point of departure for of* and o); i.e., o7 (27F) = o)(2) for all # < T with 2 € A;
and o7 (27Y) U o(271) = {Z,Z + 1}. We proceed by distinguishing among several cases,
depending on the role of ¢ with respect to the committee L.

Case l.a: i € X" for some t = 0,...,T, where X" corresponds to the set of agents
that by choosing Z in the game I'(Z,z 4+ 1, £L;) it ends at Z (see the sufficiency proof of
Proposition 1).
Case 1.a.1: Assume first that t(P;) < Z, and so o.*(2**) = Z. Then, the node z that
follows 27" after ¢ plays T has the property that z € Z7 and

{reX|z=g("(z" (0], 0_;))) for some o_;} = {z}.

7 )

As 27" is the earliest point of departure for af " and o}, 0i(2F") = 7 + 1. Hence,
{re X |x=g(z" (27", (06},0_;))) for some o_;} C{z,...,B}.

Therefore, since t(P;) < Z and P, is single-peaked, o7 is obviously dominant.

Case 1.a.2: Assume now that & < t(P;), and so 0% (2*+) = Z+1 and ¢/(27") = Z. By the
definition of T, the node 2 that follows 27 after i plays T has the property that z € Zr
and

(v € X |z=g(Z" (e, (0},0_;))) for some o_;} = {7}

The last equality follows because if i € X" for some t = 0,...,T, then i can induce T by
choosing 7 in the game I'(Z, T + 1; £L;), which means that Z is the outcome of T" as well.
However,

{reX|z=g("("" (o, 0_,))) for some o_;} C {z,...,t(P)},

7 )

where the last inclusion follows because, according to the hypothesis of Case 1.a, either
(i) i € XJ" or else (ii) i € X7 for some ¢ > 1. If (i) holds, {i} € L, for all 2’ > Z, and
thus g(2'(27F, (67, 5_;)) will not be larger than t(P;). If (i) holds, observe that when i
is called to play at 27", agent i” (who plays before i in I'(Z,Z + 1, L;) because is the first
agent in Y;7) has already chosen the action Z in 2{". Then, the outcome of the game is 7
or Z+1and z+ 1 <¢(P;) in this case.

Case 1.b: i € Y;*" for some t = 1,...,T, where Y;*" corresponds to the set of agents that
by choosing Z + 1 in the game I'(Z,Z + 1; £;) it ends at Z + 1 (see the sufficiency proof of
Proposition 1).

Case 1.b.1: Assume first that Z < t(P;). Thus, 67 (") = Z + 1 and ¢/(2*1) = . We

distinguish between two cases, depending on i’s identity.

38



Case 1.b.1.1: ¢ = ¢*. Then, by (L-IOI) and the monotonicity property in the definition of
a left coalition system, {i*} € L7} for all 2/ > & + 1. Therefore,

{reX|z=g("("" (0F 0_;))) for some o_;} = {z +1,...,t(P)}.

(2

Furthermore, since o(271) = ,
{r e X |x=g(Z" (I, (0},0_,))) for some o_;} = {z,7 + 1}.

Then, since T < 7 + 1 < ¢(P;) and P is single-peaked, o7 is obviously dominant.

Case 1.b.1.2: i # 4. Then,

{reX|z=g("("" (0] 0_;))) for some o_;} = {z + 1}

7 )

and
{r e X |x=g(Z" (", (0},0_;))) for some o_;} C {7, + 1}.

To see that the last statements hold, observe that when i is called to play at 27", agent i*
(who plays before i in T'(Z, 7 + 1, £z)) has already chosen the action T in z7". Therefore,
and since T < 7 + 1 < ¢(P;) and P is single-peaked, o7 is obviously dominant.

Case 1.b.2: Assume now that t(P;) < Z. Thus, 0% (2*") = z and o/(27") = Z + 1. Hence,

{r e X |x=g(Z" (", (0),0_;))) for some o_;} C {Z+1,...,3}.
Furthermore,

{zeX|z=yg(z" (e 0_;))) for some o_;} C {Z,T + 1}.

7 (2

Therefore, since t(P;) < Z < T+ 1 and P, is single-peaked, o7 is obviously dominant.
Case 2: 1 = (. Suppose that for all « < x < (3, R, satisfies IOl with respect to i*
and {i"} € R,_1. Now, the proof follows a symmetric argument to the one already used
in Case 1, using instead the right coalition system {R,}.cx and the sequence of games
LB, 8-1,Rp), T(B—1,8-2Rs1),.... [(a+1,0;Ray1).

Case 3: z7 ¢ {«, 5}. We start by identifying an agent who is simultaneously left-decisive
and right-decisive at x;. Lemma 2 does that, but to state it we need some additional

notation. Define

S e-1)= N SHa-1)
kENEL(z1-1)
and
SR<£U1 -+ 1) = m S,f(xl -+ 1),
keNEE(z1+1)
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where recall that NEX(z) = {k € {2,...,n} | £L¥(x) # 0}, and the other sets needed
to define St(z; — 1) and SE(zy + 1) are NEE(z) = {k € {2,...,n} | R¥(z) # 0},
SE(zy—1) = Nsecr@—1) S and SE(xy+1) = Nserk@i11) 5.3

LEMMA 2 Assume i € S*(x1 — 1) and {i} € L. Then,

(L2.1) {i} € RY;

(L2.2) either (a) i € S®(x1 +1) if SH(x1+1) #0 or (b) {i} € R, ; and

(L2.3) if Se€e Ry and i ¢ S, then v < x;.

PrROOF OF LEMMA 2 Condition (L.2.1) follows from i € S(x; — 1), the relationship
between the families of left and right coalition systems stated in Remark 4 and the defini-
tion of 2. To see that (L2.2) holds, observe that since {i} € £’ holds, Remark 4 implies
that i € T for every T € RZ'4; then, either (a) i € S®(2y + 1) if S¥(z1 +1) # 0 or (b)
{i} € R}, follow. To see that (L2.3) holds, observe that since {i} € L7’ holds, again
by Remark 4, i € T' for every T' € R]" for each v > 7 + 1. O

Since L., 1 satisfies (L-IOI) and by z;’s definition, there exists i; € N such that
iy € St(zy — 1) (i.e., L, satisfies IOI with respect to the i; and S (z; — 1) # 0) and
{i1} € L,,. By Lemma 2, {i1} € R,, as well. To define a game I" that OSP-implements
f, agent i, is the first to play, at zo (the initial node of I'), and has available the following
three actions: A(z9) = {1 — 1,2z1,21 + 1}. To continue with the construction of I" we
describe the subgame (if any) that follows each of the three choices of i; at z.

(a) Agent i; selects x1. Then, the overall game I" ends and the outcome is x;.

(b) Agent iy selects x; + 1. Then, the game I' proceeds with the sequence of games
Iz, 214+ 1;Ly,), ..., T(B—1,8; Ls-1) as described in Case 1 starting at x; instead of a.

(c) Agent iy selects 1 — 1. Then, the game I" proceeds with the sequence of games
D(xy, 21 — 1;Ryy), -, D+ 1,; Ray1) as described in Case 2 starting at x; instead of
B.

Let I" be the game described above and let P € SP be arbitrary. For any agent ¢ # 41,
the reasons why o! (see its definition in Case 1) is obviously dominant in T are the same
to the ones already used to prove it in Cases 1 and 2, since when the game I" proceeds into
either case (b) or (c) above it follows only one of the two corresponding sequences until
I' ends. Now, consider agent 7;. We want to show that agent i;’s truth-telling strategy

Pil

O-il

at a node in each of the games I'(z,x + 1; £,) for x; < z < 3, and I'(z,z — 1;R,) for

1

is also obviously dominant in I'. Any strategy of agent i; selects an action at z; and

a < x < z1. In particular, agent i;’s truth-telling strategy O'ii is defined as follows: at

35To illustrate these sets, consider the left and right committees, £, and R, (where R, was L, in the
notation of Section 4), in Example 1 at the end of Section 4. Then, NEE(z) = {2,5}, NEf(z) = {2,4,5},
SL(x) = {2} and SE(z) = {1}.
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20,
1 —1 ift(P,) <
o (z0) = { if (D) =
xr1+1 ift(Py) > a1,

at any zf+ where r1 < x < f3,

P.
Uz'lq (fo) =

x ift(P,) <z
x+1 ift(R,) >,

and at any z;~ where a < x < x4,

P, g x if t(P,) >z
o () = |
r—1 ift(P,) <z

11 71

To show that 05 ' is obviously dominant in I', let o; be any strategy of agent i; with

1

the property that o} # af?. Denote by z the earliest point of departure for O’ii

If 2 # 2y, then z € {277, 2"} for some z. As we did in Case 1 (if z = 2{") and in Case 2

/
and o .

(if z = ), we can show that

P.
. il /
min X! R;; max X _, (15)
Pil Pil

where Xffl ={r e X |z=g("z (O’Pil 0_;,))) for some o_; } and X', = {zr € X |

i1 )
x = g(z"' (2, (0},,0_4))) for some o_;, }. Assume z = z; and suppose first that ¢(P;,) = x1,
Py
and so 0; " (2) = x1. Then,

P

i 0—i;))) for some o_; } = {z1}.

{reX|o=9("(z(0
Since t(P;,) = 1,

1Ry, nlljax{a: € X |z=g("(z(d},0_))) for some o_; }. (16)

Suppose now that ¢(P;,) < x1, and so JZ” (z) = 1 — 1. Then,

Xéjil ={reX|z=g("(z, (api1 0_i,))) for some o_; } T {t(P;,),...,x1}. (17)

i17

The inclusion follows from the definition of I' and because, by Lemma 2 and the monotonic-
ity property in the definition of a right coalition system, {i;} € R, for all x < ;. Since
0—21<2) 7é Ty — 17 0—;1 (Z) = {3317-771 + 1} Then7

X,={rveX|x=g("(2(0),0.))) forsome o_; } C {x1,...,5}. (18)
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The inclusion follows because z; € X if o} (2) = 1 and because Xy C {z1,...,5}

if 0} () = w1 + 1, where this last inclusion follows again from the definition of I' and
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because {i;} € L,, implies that, by the monotonicity property in the definition of a left
coalition system, {i;} € £, for all z; < z. By (17) and (18), single-peakedness of P;, and
t(P;,) < 1,

Ig}lnX "R rrllaaxX’ (19)
Suppose that t(P;,) > z1, and so O’Zil (z) = x1+1. Then, the proof proceeds as in the above
case where t(P;,) < x;. Hence, from (15), (16), and (19) (and the symmetric condition to
(19) when t(P;,) > x1), o s obviously dominant in T'. |

1

7.3 Proposition 3 and its proof

The (L2-I0I) property stated below plays a crucial role to identify the property on the
left coalition system, that together with (L-IOI), characterize all GMVSs that are OSP

in terms only of its associated left coalition system.3¢

(L2-1I01) For every a < x < 1 — 1, L, satisfies IOI and (i) there exists i, € N such that
{i:} U (Nseep S) € L7 and (ii) i, € S for all S € L

By the monotonicity property in the definition of a left coalition system, Remark 5
holds.

Remark 5 Assume o < 2y — 1. If £' = {S}, then for all 2/ < 2z and all 5" € L7,
sScs.

Lemma 3 will be useful in the proof of Proposition 3, which is the result that contains
the answer to our question. It roughly says that IOI for the left translates into 101 for
the right, +1; namely, for all a < x < j3, either £,_; and R, satisfy both IOI or neither
of them do.

Lemma 3 Let {Ly,}wex and {Rytwex be, respectively, the left and the right coalition
systems associated to the same GMVS f and let o« < x < . Then, R, satisfies 101 if
and only if L, 1 satisfies 10L.

Proof of Lemma 3  Assume £, ; satisfies IOI. Let N = USE cm S and, for each

i € N, let P; be the set of i’s strict preferenees on {z—1,z}. Let 'E HZeN P — {z—1,2}
be the EMVR associated to the committee Em 1, the restriction of £,_; into N. Observe
that if j ¢ N , then j is dummy at £, ; and j is dummy at R,. Since £, ; satisfies
101, L,_1 does as well. By Proposition 1, f is OSP. Then, again by Proposition 1,
and a symmetric argument, R, satisfies IOL. But then, R, satisfies IOl as well. Using
a symmetric argument we can show that if R, satisfies IOI, then £, ; satisfies IOI as

well. U

360f course, we could also state a corresponding property (R2-ISI) for the right coalition system.

However, we omit this symmetric analysis.
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Proposition 3 Let {L,}.cx and {R,}.ex be, respectively, the left and the right coali-
tion systems associated to the same GMVS and let o < z; < 3. Then, (L-IOI) and
(R-IOI) hold if and only if (L-10I) and (L2-I0I) hold.

Proof of Proposition 3 Assume (L-IOI) and (R-IOI) hold. It is sufficient to show
that (L2-IOI) holds. Let @ < & < x; — 1 and assume first that |[£7| = 1. Let S # 0
be such that £ = {S} and so, for any i € S, {i} US € L} holds trivially and, by
Remark 5, if S" € L7 |, then S C S’ and i € S’. Hence, (L2-I0I) holds. Assume now
that |£7| > 2. Then, z + 1 < z; + 1 and by (R-IOI), R, satisfies IOI. By Lemma 3, £,
satisfies IOIL. Furthermore, by (R-IOI) and z + 1 < z; + 1, there exists i**! € N such that
R.11 satisfies IOI with respect to *™! and {i**1} € R,. Since **! is the first element
in the order for which R, satisfies IOI with respect to, i**! € S for all S € R¥(z + 1)
and all k& > 2. Since ({i*"'} U (Upyer,,,1})) NS # 0 for all S € R}, by Remark 4,
{i##1} U (Ugiyer, ., {i}) € £s holds. Now, we prove that {i*t1} U (Ugyer., {i}) € L3
Assume there exists S C {i**1} U (Ugiyer, ., {i}) such that S € £,. By Remark 4,
S"N{i} # 0 for all i such that {i} € R,+1. Hence, 8" = e, {7} By Remark 4,

U {i=n»5s (20)
{i}eRz11 SeLm
holds, implying that (Ngcpn S € L3 and [£7'] = 1, which contradicts that [£3'] > 2.
Therefore, {i*t1} U (U{i}eR;H{i}) € L. By (20), {i*"} U (Ngeem S) € L7, which is (i)
in (L2-I0I). Moreover, since {i**'} € R, by Remark 4, i**' € S for all S € £ ,.
Assume (L-IOI) and (L2-I0I) hold. It is sufficient to show that (R-IOI) holds. Let

a < x <z + 1. We proceed by considering two cases separately.

Case 1: a <z <x1+ 1. Then, x — 1 < 2y — 1 and by (L2-101), £,_; satisfies IOI. Then,
by Lemma 3, R, satisfies IOI. We further distinguish between two subcases.

Case l.a: o = x — 1. Then, for any ¢ € N, R, satisfies trivially IOI with respect to 1,
since the boundary condition in the definition of a right coalition system implies that
{i} € R,_1 = R,. Hence, (R-I0I) holds in Case 1.a.

Case 1.b: a <z — 1. By (L2-I0I), there exists i,_; € N such that

{ioafU( N S) €Ly (21)
Secm |
and
i— € Sforall SeLll,. (22)

By Remark 4 and (22), {i,_1} € R,_1. It is sufficient to show that R, satisfies IOI with
respect to i, 1 or, equivalently, that i, ; € S for all S € R™ with |S| > 2. By Remark

4, Ugyer At} = Ngegrm | S, and, by (21), {iz—1} U (Upyer, {i}) € Lo-1. Consider any
S € R with |S| > 2 and assume that i,_; ¢ S. By the fact that S € R}, i ¢ S for

x )
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all i such that {i} € R,. Therefore, ({i,—1} U (Upyer,{i}) NS) = 0 which contradicts,
together with Remark 4, that {i,—1} U (Ugyer, {i}) € £351

Case 2: x = x;+1. By (L-IOI), L,, _; satisfies IOI with respect to i®*~! and {i** 71} € L,,.
By definition of zq, i1 € S¥(z;—1) # (. By (L2.1) and (L2.2) in Lemma 2, R, satisfies
IOI with respect to i**~! and {i**7'} € R,,_1. Thus, (R-IOI) follows. [
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