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7.1. Samples, random samples, and statistics

Let X̃ = (x̃1, ..., x̃n) be a random vector with distribution
PX̃ : B (Rn) �! [0, 1] .

In statistical inference, a sample is a random vector X̃ = (x̃1, ..., x̃n).

To observe a sample of the random vector X̃ is to observe a
realization (a value) X = (x1, ..., xn) 2 Rn of the random vector
X̃ = (x̃1, ..., x̃n) .
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De�nition. A random sample of size n is a collection of random
variables fx̃igni=1 (or (x̃1, ..., x̃n)) that are i.i.d. Its common
distribution Px̃ = Px̃i , for all i , is called the population (or parent)
distribution.

We say that fx̃igni=1 is a random sample of size n from a population
x̃ with distribution Px̃ .

Let fx̃igni=1 be a random sample of size n from a population with
distribution Px̃ , and consider the vector X̃ = (x̃1, ..., x̃n) , then

PX̃ = Px̃ � Px̃ � ...� Px̃ � (Px̃ )
n
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The random vector ũ = h (x̃1, ..., x̃n) , where
h : (Rn,B (Rn)) �! (Rm ,B (Rm)) is a Borel measurable function,
is called a statistic of the sample fx̃igni=1.

The value u = h (x1, ..., xn) 2 Rm , where (x1, ..., xn) 2 Rn is a
realization of (or a value taken on by) the sample (x̃1, ..., x̃n) , is the
value of the statistic ũ.
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Two examples of statistics:

Let fx̃igni=1 be a random sample, then

x̄n = x̄ =

n
∑
i=1
x̃i

n

is the sample mean (or mean of the random sample), and

s2n = s
2 =

n
∑
i=1
(x̃i � x̄n)2

n� 1

is the sample variance (or variance of the random sample).

We can omit the subindex n in x̄n and s2n when the sample size is
�xed.
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Statistics are random variables (or vectors if m > 1) and the
distribution of a statistic is called "sampling distribution".

We should distinguish the random variables "statistic", sample mean,
or sample variance, ũ, x̄n, and s2n, from the values u, xn, and s2n taken
by the corresponding random variables.

If statistics are used to estimate the parameter vector θ 2 RK

characterizing the distribution PX̃ (�; θ) of the vector X̃ or the
population distribution Px̃ (�; θ), then they are called "estimators".
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7.2. The distribution of the sample mean

Theorem. If fx̃igni=1 is a random sample from a population with the
mean µ and the variance σ2, with 0 < σ2 < ∞, then

(a)

E (x̄n) = µ and Var (x̄n) =
σ2

n
.

(b) Strong law of large numbers:

x̄n
a.s�! µ.

(c) Central limit theorem:

z̃n �
x̄n�E(x̄n)p

Var (x̄n)
=
x̄n�µ

σ
�p
n

a� N(0, 1) (or z̃n �! N(0, 1))

or, equivalently, p
n (x̄n�µ) �! N(0, σ2).
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Theorem. If x̄n is the mean of a random sample fx̃igni=1 of size n
from a normal population x̃ with the mean µ and the variance σ2, its
sampling distribution is a normal distribution with the mean µ and
the variance σ2

�
n.

Proof.

Mx̄n (t) = M∑n
i=1 x̃i
n

(t) = M∑n
i=1 x̃i

�
t
n

�
=

�
Mx̃

�
t
n

��n
=

�
eµ

t
n+

1
2 σ2

t2
n2

�n
= eµt+ 12

σ2

n t
2
,

which is the moment-generating function of a normal distribution
with the mean µ and the variance σ2

�
n. Therefore,

x̄n � N
�

µ,
σ2

n

�
. Q.E.D.

Note that

x̄n � N
�

µ,
σ2

n

�
() x̄n � µ

σ
�p
n
� N (0, 1)()

p
n (x̄n�µ) � N(0, σ2).
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7.3. The distribution of the variance of a random sample
and the chi-square distribution

Let fx̃igni=1 be a random sample of size n from a population with the
mean µ and the �nite variance σ2.

s2 =

n
∑
i=1
(x̃i � x̄)2

n� 1 (sample variance or variance of the random sample).

ŝ2 =

n
∑
i=1
(x̃i � x̄)2

n
=
(n� 1)s2

n
.

s̆2 =

n
∑
i=1
(x̃i � µ)2

n
.
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Proposition. (a) E
�
s2
�
= σ2, (b) E

�
ŝ2
�
=

�
n� 1
n

�
σ2, and

(c) E
�
s̆2
�
= σ2.

Proof. (a)

E
�
s2
�
= E

"
∑n
i=1 (x̃i � x̄)

2

n� 1

#
=

1
n� 1E

 
n

∑
i=1
[(x̃i � µ)� (x̄� µ)]2

!

=
1

n� 1E

 
n

∑
i=1

h
(x̃i � µ)2 � 2 (x̃i � µ) (x̄� µ) + (x̄� µ)2

i!

=
1

n� 1E

 
n

∑
i=1
(x̃i � µ)2 � 2n (x̄� µ)2 + n (x̄� µ)2

!

=
1

n� 1

 
n

∑
i=1

E
h
(x̃i � µ)2

i
� nE

h
(x̄� µ)2

i!

=
1

n� 1

�
nσ2 � nσ2

n

�
=

1
n� 1 (n� 1)σ

2 = σ2.
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(b)

E
�
ŝ2
�
= E

�
(n� 1)s2

n
.

�
=

�
n� 1
n

�
E
�
s2
�
=

�
n� 1
n

�
σ2.

(c)

E
�
s̆2
�
= E

2664
n
∑
i=1
(x̃i � µ)2

n

3775 = 1
n

n

∑
i=1

E (x̃i � µ)2 =
1
n
nσ2 = σ2. Q.E.D.

Note:

E
�
ŝ2
�
=

�
n� 1
n

�
σ2 6= σ2 = E

�
s2
�
.

However, E
�
ŝ2n
�
converges to σ2 when n! ∞.
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Proposition. If fz̃igni=1 are i.i.d. random variables and z̃i � N(0, 1),
for i = 1, 2, ..., n, then

ỹ =
n

∑
i=1
z̃2i � χ2n.

Proof. Remember that z̃2i � χ21 so that

Mz̃ 2i
(t) = (1� 2t)�1/2 , for t < 1/2.

Therefore, from independency,

Mỹ (t) =
h
(1� 2t)�1/2

in
= (1� 2t)�n/2 , for t < 1/2,

which is the moment-generating function of a random variable whose
distribution is χ2n. Thus, ỹ � χ2n. Q.E.D.
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Proposition. If fx̃igni=1 are independent random variables and
x̃i � χ2νi , for i = 1, 2, ..., n, then

ỹ =
n

∑
i=1
x̃i � χ2(ν1+ν2+...+νn)

.

Proof. From independency,

Mỹ (t) =
n

∏
i=1
(1� 2t)�νi/2 = (1� 2t)�(ν1+ν2+...+νn)/2 for t < 1/2.

Therefore, ỹ � χ2(ν1+ν2+...+νn)
. Q.E.D.
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Proposition. If x̃1 and x̃2 are independent random variables and
x̃1 � χ2ν1 and x̃1 + x̃2 � χ2ν, with ν > ν1, then x̃2 � χ2(ν�ν1)

.

Proof. From independency,

Mx̃1+x̃2(t) = Mx̃1(t) �Mx̃2(t)

or
(1� 2t)�ν/2 = (1� 2t)�ν1/2Mx̃2(t), for t < 1/2.

Therefore,

Mx̃2(t) = (1� 2t)
�(ν�ν1)/2 , for t < 1/2.

Thus, x̃2 � χ2(ν�ν1)
. Q.E.D.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 14 / 34



Theorem. If x̄ and s2 are the mean and the variance of a random
sample fx̃igni=1 of size n from a normal population with mean µ and
variance σ2, then

(1) x̄ and s2 are independent.

(2)

(n� 1)s2
σ2

�

n
∑
i=1
(x̃i � x̄)2

σ2
� χ2n�1.

Proof. (1)

(a) x̃n � x̄ = �
n�1
∑
i=1
(x̃i � x̄) since

n
∑
i=1
x̃i = nx̄ (or

n
∑
i=1
(x̃i � x̄) = 0);

(b) s2 =

n
∑
i=1
(x̃i � x̄)2

n� 1 is thus a function of the random vectorew = (x̃1 � x̄, x̃2 � x̄, ..., x̃n�1 � x̄) ;
(c) The n-dimensional random vector (x̄, ew)| has a multivariate
normal distribution according to the General Proposition in Section
4.10 of Chapter 4 since
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(x̄, ew)| =
0BBBBB@

x̄
x̃1 � x̄
x̃2 � x̄
...

x̃n�1 � x̄

1CCCCCA
n�1

=

0BBBBBBBBBBBBBB@

1
n

1
n

1
n

...
1
n

1
n

1� 1
n
�1
n
�1
n

... �1
n
�1
n

�1
n

1� 1
n
�1
n

... �1
n
�1
n

...
...

...
. . .

...
...

�1
n

�1
n
�1
n

... 1� 1
n
�1
n

1CCCCCCCCCCCCCCA
n�n

�

0BBB@
x̃1
x̃2
...
x̃n

1CCCA
n�1
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and (x̃1, x̃2, ..., x̃n)
| is multivariate normal because it is a vector of

independent, normally distributed variables;

(d) Cov (x̄, x̃i � x̄) = 0 for all i (Exercise) so that x̄ and ew are
uncorrelated and, thus, they are independent. Therefore, x̄ and s2 are
independent.
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(2) The following equality holds:
n

∑
i=1
(x̃i � µ)2 =

n

∑
i=1
(x̃i � x̄)2 + n (x̄� µ)2 (�)

since it is equivalent to
n

∑
i=1

�
x̃2i � 2x̃iµ+ µ2

�
=

n

∑
i=1

�
x̃2i � 2x̃i x̄+ x̄2

�
+ n

�
x̄2 � 2x̄µ+ µ2

�
.

As
n
∑
i=1
x̃i = nx̄, the previous expression becomes

n

∑
i=1
x̃2i � 2nx̄µ+ nµ2 =

n

∑
i=1
x̃2i �2nx̄2 + nx̄2 + nx̄2| {z }

=0

� 2nx̄µ+ nµ2.

Divide (�) by σ2,

n

∑
i=1

�
x̃i � µ

σ

�2
=

n
∑
i=1
(x̃i � x̄n)2

σ2
+

 
x̄� µ

σ
�p
n

!2
.
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We know that
x̃i � µ

σ
� N(0, 1) so that

n

∑
i=1

�
x̃i � µ

σ

�2
� χ2n and

x̄� µ

σ
�p
n
� N(0, 1) so that

 
x̄� µ

σ
�p
n

!2
� χ21. Therefore,

n

∑
i=1
(x̃i � x̄)2

σ2
� (n� 1)s

2

σ2
� χ2n�1 since

 
x̄� µ

σ
�p
n

!2
and

(n� 1)s2
σ2

are independent as follows from part (a). Q.E.D.

Note that only n� 1 terms of the sum
n

∑
i=1
(x̃i � x̄)2 are allowed to

vary freely since they are constrained by the relation
n

∑
i=1
(x̃i � x̄) = 0.

This is why we say that the statistic
(n� 1)s2

σ2
has n� 1 degrees of

freedom. In general, the number of degrees of freedom is the number
of values in the �nal calculation of a statistic that are free to vary.
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Proposition. Let fx̃igni=1 be a random sample of size n from a
normal population with mean µ and variance σ2. Then,

(a) Var
�
s2
�
=

2σ4

n� 1 , (b) Var
�
ŝ2
�
=
2(n� 1)σ4

n2
, and

(c) Var
�
s̆2
�
=
2σ4

n
.

Proof. (a) Since

n
∑
i=1
(x̃i � x̄)2

σ2
=
(n� 1)s2

σ2
� χ2n�1,

we get

Var
�
(n� 1)s2

σ2

�
=
(n� 1)2

σ4
Var

�
s2
�
= 2 (n� 1)

and, thus, Var
�
s2
�
=

2σ4

n� 1 .
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(b)

Var
�
ŝ2
�
= Var

�
(n� 1)s2

n

�
=

�
n� 1
n

�2
Var

�
s2
�

=

�
n� 1
n

�2 2σ4

n� 1 =
2(n� 1)σ4

n2
.

(c) Since
n

∑
i=1

�
x̃i � µ

σ

�2
� χ2n, we get

Var

"
n

∑
i=1

�
x̃i � µ

σ

�2#
=
n2

σ4
Var

26664
n

∑
i=1
(x̃i � µ)2

n

37775 = n2

σ4
Var

�
s̆2
�
= 2n

and, thus, Var
�
s̆2
�
=
2σ4

n
. Q.E.D.
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In the table of the chi-square we �nd the value χ2α,ν such that

P
�
x̃ � χ2α,ν

	
= Px̃

�
χ2α,ν,∞

�
= α,

when x̃ � χ2ν.

If x̃ν � χ2ν, then
x̃ν�νp
2ν
�! N(0, 1) as ν �! ∞. (Exercise).

Thus, P
�
x̃ν � χ2α,ν

	
= P

n
x̃ν�νp
2ν
� χ2α,ν�νp

2ν

o
= α � 1�N

�
χ2α,ν�νp
2ν

�
for ν large.

Hence, if z̃ � N(0, 1) and P fz̃ � zαg = α, then χ2α,ν�νp
2ν
� zα and,

thus, χ2α,ν � ν+
�p

2ν
�
zα for ν large.
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7.4. The t distribution

William S. Gosset ("Student") (1876 �1937)
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De�nition. A random variable x̃ has the (Student�s) t distribution
(or is t) with ν > 0 degrees of freedom if its density is

fx̃ (x) =
Γ
�

ν+ 1
2

�
p

πν � Γ
�ν

2

� �1+ x2
ν

�� ν+1
2

for �∞ < x < ∞.

We write x̃ � tν.

Note that the t density is symmetric with respect to zero.

Theorem. If ỹ and z̃ are independent random variables with ỹ � χ2ν
and z̃ � N(0, 1), then

x̃ =
z̃p
ỹ /ν

� tν.

Proof. See the handout.
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Let x̃ � tν. Then x̃ 2 Lk if and only if ν > k. Thus, the t distribution
has not well-de�ned (i.e., �nite) moment-generating function in a
neighborhood of 0. In fact, Mx̃ (t) is �nite only at t = 0.

Moments: If ν > k, then

µ0k =

8>><>>:
νk/2Γ

� k+1
2

�
Γ
�

ν�k
2

�
p

πΓ
�

ν
2

� if k is even

0 if k is odd.

Mean:

If ν > 1, then E(x̃) = 0.

Variance:
If ν > 2, then Var(x̃) =

ν

ν� 2 .
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When ν = 1, the t distribution is the Cauchy distribution with
parameters α = 0 and β = 1. Recall that the density of the Cauchy
distribution is

fx̃ (x) =
β/π

(x � α)2 + β2
for �∞ < x < ∞,

and that the Cauchy distribution has not well-de�ned mean (and thus
has inde�nite/in�nite higher odd/even central moments).

Therefore, the density of a t1 random variable is

fx̃ (x) =
1

π (1+ x2)
for �∞ < x < ∞.  � Exercise

If x̃ν � tν, then x̃ν �! N(0, 1) as ν �! ∞. (Exercise).
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Theorem. If x̄ and s2 are the mean and the variance of a random
sample fx̃igni=1 of size n from a normal population with mean µ and
variance σ2, then

x̄�µ

s
�p
n
� tn�1,

where s is the sample standard deviation (or standard deviation of the
random sample), s =

�
s2
�1/2

.

Proof. Let ỹ =
(n� 1)s2

σ2
� χ2n�1 and z̃ =

x̄� µ

σ
�p
n
� N(0, 1). The

random variables z̃ and ỹ are independent. Then,

x̄� µ

σ
�p
ns

(n� 1)s2
σ2

�
(n� 1)

=
x̄� µ

s
�p
n
� tn�1. Q.E.D.
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In the table of the tν we �nd the value tα,ν such that

P fx̃ � tα,νg = Px̃ [tα,ν,∞) = α,

when x̃ � tν.

Note that P fx̃ � �tα,νg = α or P fx̃ � �tα,νg = 1� α. Moreover,
P fx̃ � tα,νg = 1� α.
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7.5. The F distribution

Ronald Fisher (1890 - 1962) George W. Snedecor (1881 - 1974)
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De�nition. A random variable ỹ has the (Fisher-Snedecor�s) F
distribution (or is F) with ν1 > 0 and ν2 > 0 degrees of freedom if its
density is

fỹ (y) =

8>>><>>>:
Γ( ν1+ν2

2 )
Γ( ν1

2 )�Γ(
ν2
2 )

�
ν1
ν2

� ν1
2

y
ν1
2 �1

�
1+

ν1
ν2
y
�� 1

2 (ν1+ν2)

for y > 0

0 elsewhere.

We write ỹ � Fν1,ν2 .

Note that Fν1,ν2 6= Fν2,ν1 but x̃ =
1
ỹ
� Fν2,ν1 (Exercise).

Theorem. If ũ and ṽ are independent random variables with ũ � χ2ν1
and ṽ � χ2ν2 , then

ỹ =
ũ/ ν1
ṽ/ ν2

� Fν1,ν2 .

Proof. See the handout.
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The F distribution has well-de�ned (i.e., �nite) moment-generating
function Mỹ (t) if and only if t � 0.

Let ỹ � Fν1,ν2 . Then, ỹ 2 Lk if and only if ν2 > 2k.

Moments:

µ0k =

�
ν2
ν1

�k Γ
�

ν1
2 + k

�
Γ
�

ν2
2 � k

�
Γ
�

ν1
2

�
Γ
�

ν2
2

� , for ν2 > 2k.

Mean:
If ν2 > 2, then E(ỹ) =

ν2
ν2 � 2

.

Variance:

If ν2 > 4, then Var(ỹ) =
2ν22 (ν1 + ν2 � 2)

ν1(ν2 � 2)2 (ν2 � 4)
.
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Theorem. Let s21 and s
2
2 be the variances of two independent random

samples of size n1 and n2 (i.e., the n1 + n2 random variables
constituting the two random samples are independent) from two
normal populations with variances σ21 and σ22, respectively. Then,

ỹ =
s21
�

σ21
s22
�

σ22
=

σ22 � s21
σ21 � s22

� Fn1�1,n2�1.

Proof. Let ũ =
(n1 � 1)s21

σ21
� χ2n1�1 and ṽ =

(n2 � 1)s22
σ22

� χ2n2�1.

The random variables ũ and ṽ are independent. Then

(n1 � 1)s21
σ21

�
(n1 � 1)

(n2 � 1)s22
σ22

�
(n2 � 1)

=
s21
�

σ21
s22
�

σ22
� Fn1�1,n2�1. Q.E.D.
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In the table of the Fν1,ν2 we �nd the value Fα,ν1,ν2 such that

P fỹ � Fα,ν1,ν2g = Pỹ [Fα,ν1,ν2 ,∞) = α,

when ỹ � Fν1,ν2 .

Note that Fα,ν1,ν2 =
1

F1�α,ν2,ν1

(think about it).
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7.6. Order statistics

The jth order statistic x̃(j) of a random sample fx̃1, x̃2, ..., x̃ng of size
n is the random variable of the sample that takes the jth smallest
value.

See the handout for the distribution of the order statistics.
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The t Distribution

Theorem. If ey and ez are independent random variables with ey � �2� andez � N(0; 1); then ex = ezpey /� � t� :
Proof. Since ~z and ~y are independent, their joint density is given by

fey;ez(y; z) = 1p
2�
e�

1
2
z2 1

�
��
2

�
2�=2

y
�
2
�1e�y=2

for y > 0, �1 < z <1 and fey;ez(y; z) = 0 elsewhere. Then, we solve x = zp
y=�

for z, getting z = x
p
y=�. Thus, we use the following change of variable:

g�1 :

8<: z = x
p
y=�

y = y
) jJg�1j =

p
y=� ; g :

8>><>>:
x =

zp
y=�

2 (�1;1)

y = y > 0

Therefore, the joint density of ~y and ~x is given by (check it!):

fey;ex(y; x) =
8>>><>>>:

1
p
2�� � �

��
2

�
2�=2

y
��1
2 e

� y
2

�
1+x2

�

�
for y > 0; x 2 (�1;1)

0 elsewhere

and integrating out y with the aid of the change of variable w = y
2

�
1 + x2

�

�
,

which implies that dy
dw
=

2

1 + x2

�

, we get the following density (check it!):

f~x(x) =

�

�
� + 1

2

�
p
�� � �

��
2

� �1 + x2
�

�� �+1
2

; forx 2 (�1;1);

which is the t density with � degrees of freedom. Q.E.D.

�������������

1



The F Distribution

Theorem. If eu and ev are independent random variables with eu � �2�1 andev � �2�1 ; then ey = eu/ �1ev/ �2 � F�1;�2 :
Proof. Since ~u and ~v are independent, the joint density of ~u and ~v is given by

feu;ev(u; v) = 1

2�1=2 � �(�1
2
)
u
�1
2
�1e�

u
2

1

2�2=2�(�2
2
)
v
�2
2
�1e�v=2

=
1

2(�1+�2)=2 � �(�1
2
) � �(�2

2
)
u
�1
2
�1v

�2
2
�1e�

(u+v)
2 ;

for u > 0, v > 0 and feu;ev(u; v) = 0, elsewhere. Then, we solve y = u=�1
v=�2

for u,

getting u =
�1
�2
vy. Thus, we use the following change of variable

g�1 :

8><>:
u =

�1
�2
vy

v = v

) jJg�1j =
�1
�2
v ; g :

8>><>>:
y =

u /�1
v /�2

> 0

v = v > 0

Therefore, the joint density of ~y and ~v is given by

fey;ev(y; v) =
�
�1
�2

� �1
2

2(�1+�2)=2 � �
��1
2

�
� �
�
�2
�1

�y �12 �1v �1+�22
�1e

� v
2
(
�1y
�2
+1)

for y > 0 and v > 0; and fey;ev(y; v) = 0 elsewhere (check it!). Now integrating out
v by using the change of variable w =

v

2

�
�1y

�2
+ 1

�
, we �nally get the following

density (check it!):

fey(y) =

8>>>>><>>>>>:
�

 �1 + �2
2

!

�

 �1
2

!
��
 �2
2

!
�
�1
�2

� �1
2

y
�1
2
�1
�
1 +

�1
�2
y

�� 1
2
(�1+�2)

for y > 0

0 elsewhere,

which is the F density with �1 and �2 degrees of freedom. Q.E.D.
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ORDER STATISTICS

De�nition. The jth order statistic ~x(j) of a random sample f~x1; ~x2; :::; ~xng of
size n is the random variable of the sample that takes the jth smallest value.

Thus, the order statistics ~x(1); ~x(2); :::; ~x(n) of a random sample f~x1; ~x2; :::; ~xng
of size n are the same random variables of the sample relabelled in the same
ascending order as the values they take. Thus, the values of the order statistics
~x(1); ~x(2); :::; ~x(n) satisfy x(1) � x(2) � ::: � x(n):
We can de�ne the values of the order statistics as

x(1) = min fx1; x2; :::; xng ;

x(2) = min
�
fx1; x2; :::; xng

��
x(1)

		
;

� � �
x(j) = min

�
fx1; x2; :::; xng

��
x(1); x(2); :::; x(j�1)

		
;

� � �
x(n) = min

�
fx1; x2; :::; xng

��
x(1); x(2); :::; x(n�1)

		
= max fx1; x2; :::; xng :

There are some statistics that are easily de�ned in terms of the order statistics:

(1) The minimum ~xmin of the random sample is ~x(1) and the maximum ~xmax
of the random sample is ~x(n); where n is the sample size.

(2) The sample median, which we will denote by ~xmed, is the number such that
one half of the observations are smaller than ~xmed and one-half are greater. Note
that ~xmed is random since each realization of the random sample will have its own
realization of the median. In terms of order statistics, ~xmed is de�ned by

~xmed =

8>><>>:
~x(n+12 )

if n is odd

~x(n2 )
+ ~x(n2+1)

2
if n is even.

The median is a measure of location (or central tendency) that might be
considered an alternative to the sample mean. One advantage of the sample
median over the sample mean is that it is less a¤ected by extreme observations
(or outliers).

(3) The sample range, eR = ~x(n) � ~x(1) = ~xmax � ~xmin, is the distance between
the largest and the smallest observations. It is a measure of the dispersion (or
variability) in the sample and should re�ect the dispersion in the population.

(4) The p% sample percentile. The value of the p% sample percentile, which
we will denote by xp% with p 2 [0; 100] ; is the value such that pn=100 of the
observed values are smaller than xp% and (1� p)n=100 of the observed values are

1



greater. In terms of order statistics, the statistic ~xp% called p% sample percentile
is de�ned by

~xp% = ~x(j);

where the integer j (between 1 and n) is the nearest to the value

pn

100
+
1

2
: (1)

If there were two integers j and j + 1 that are at the same distance from (1),
then the p% percentile is

~xp% =
~x(j) + ~x(j+1)

2
:

Note that the 50% percentile is the sample median, the 25% percentile is
called the lower quartile, the 75% percentile is called the upper quartile, the 20%
percentile is called the lower quintile, and the 80% percentile is called the upper
quintile.

(5)The interquartile range, which is the distance between the lower and upper
quartiles, ~x75%� ~x25%: This is also used as a measure of dispersion of the sample.

MEDIAN OF A POPULATION

The median m of a population ~x having the distribution function F is the
real number m for which P f~x � mg = F (m) � 1=2 and P f~x � mg � 1=2. If
there are two values satisfying this de�nition, we take the average of them.
If the population ~x has a continuous distribution function F; then the median

m satis�es F (m) = P f~x � mg = 1=2 (or, equivalently, 1�F (m) = P f~x � mg =
1=2 since P f~x = mg = 0):
The distribution of a random variable ~x is symmetric with respect to (or

around) x0 2 R if P f~x � x0 � zg = P f~x � x0 + zg for all z 2 R: Thus, a
distribution is symmetric around x0 if its probability function (density function)
f satis�es f (x0 � z) = f (x0 + z) for all z: Note that, when ~x 2 L3; if the
distribution is symmetric then its coe¢ cient of skewness (or asymmetry) is equal
to zero.
The mode of ~x (or of its distribution) is the value (or the values) of the

random variable for which its probability function (density function) f is at its
global maximum. Sometimes, by modifying the density function on a set with
zero Lebesgue measure, we can make

max
x
f (x) = sup

x
f (x) :

A distribution is unimodal if it has a single mode.
If a random variable ~x with well-de�ned mean � (i.e., ~x 2 L1) has a symmetric

distribution, then the median and the mean are equal, m = �:
If a random variable ~x with well-de�ned mean � (i.e., ~x 2 L1) has a symmetric

and unimodal distribution, then the mode, the median, and the mean are all
equal.

2



DISTRIBUTION OF THE MAXIMUM AND THE MINIMUM

Proposition 1. Let f~xigni=1 be a random sample of size n from a population
~x having the distribution function (cdf) F: The distribution functions of the
minimum ~xmin � ~x(1) and the maximum ~xmax � ~x(n) of the sample are

F~xmin(x) = 1� [1� F (x)]
n (2)

and
F~xmax(x) = [F (x)]

n : (3)

Proof. For the minimum ~xmin,

F~xmin(x) = F~x(1)(x) = P
�
~x(1) � x

	
= 1� P

�
~x(1) > x

	
= 1� P f~x1 > x; ~x2 > x; :::; ~xn > xg

= 1� P f~x1 > xg � P f~x2 > xg � ::: � P f~xn > xg
= 1� [P f~x > xg]n = 1� [1� P f~x � xg]n = 1� [1� F (x)]n :

For the maximum ~xmax,

F~xmax(x) = F~x(n)(x) = P
�
~x(n) � x

	
= P f~x1 � x; ~x2 � x; :::; ~xn � xg

= P f~x1 � xg � P f~x2 � xg � ::: � P f~xn � xg
[P f~x � xg]n = [F (x)]n : Q:E:D:

Observe that

lim
n!1

F~xmin(x) = lim
n!1

(1� [1� F (x)]n) =

8<:
0 if F (x) = 0

1 if F (x) > 0

and

lim
n!1

F~xmax(x) = lim
n!1

[F (x)]n =

8<:
0 if F (x) < 1

1 if F (x) = 1:

Let MF = sup
�
x 2 R jF (x) < 1)

	
, then the extended random variable ~xmax

converges in distribution as n ! 1 to the constant MF whether it is �nite or
in�nite. Let mF = inf

�
x 2 R jF (x) > 0)

	
, then the extended random variable

~xmin converges in distribution as n ! 1 to the constant mF whether it is �nite
or in�nite. Thus, the distributions of both the minimum and the maximum of
the random sample tend to be degenerate as the sample size goes to in�nity.
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DISTRIBUTION FUNCTION OF THE ORDER STATISTICS

Proposition 2. Let f~xigni=1 be a random sample of size n from a population ~x
having the distribution function F: Then, the distribution function F~x(j) of the
jth order statistic ~x(j) is

F~x(j)(x) =
nX
k=j

�
n

k

�
[F (x)]k [1� F (x)]n�k : (4)

Proof. Fix x 2 R, and let ~y be a random variable that counts the number of
random variables in f~xigni=1 that are smaller than or equal to x. For each of the
random variables in f~xigni=1, call the event f~xi � xg a �success�and f~xi > xg
a �failure�. Then ~y is the number of successes in n trials. Thus, ~y is binomial
with parameters n and F (x); ~y � B (n; F (x)) : The event f~x(j) � xg is equivalent
to the event f~y � jg, that is, at least j of the sample values are smaller than or
equal to x: Then,

F~x(j)(x) = P
�
~x(j) � x

	
= P f~y � jg =

nX
k=j

P f~y = kg =
nX
k=j

b (y;n; F (x)) ;

which becomes (4). Q:E:D:

Observe that equation (4) becomes (2) when j = 1. To see this, note that the
binomial probability function b (�;n; F (x)) satis�es

nX
k=0

b (x;n; F (x)) =
nX
k=0

�
n

k

�
[F (x)]k [1� F (x)]n�k = 1

so that
nX
k=1

�
n

k

�
[F (x)]k [1� F (x)]n�k = 1�

�
n

0

�
[F (x)]0 [1� F (x)]n�0 = 1�[1� F (x)]n :

Therefore,

F~xmin(x) = F~x(1)(x) =

nX
k=1

�
n

k

�
[F (x)]k [1� F (x)]n�k = 1� [1� F (x)]n :

Moreover, when j = n; equation (4) becomes (3),

F~xmax(x) = F~x(n)(x) =
nX
k=n

�
n

k

�
[F (x)]k [1� F (x)]n�k

=

�
n

n

�
[F (x)]n [1� F (x)]0 = [F (x)]n :
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PROBABILITY FUNCTION OF THE ORDER STATISTICS

Proposition 3. Let f~xigni=1 be a random sample of size n from a discrete
population ~x having the probability function (pmf) f : ~x (
) �! [0; 1] ; where
fx1; x2; :::g are the di¤erent values of the range ~x (
) of ~x. Then, the probability
function, f~x(j) : ~x (
) �! [0; 1] ; of the jth order statistics ~x(j) is

f~x(j)(xi) =

nX
k=j

�
n

k

�0BBBB@
"X
x�xi

f(x)

#
| {z }
Pf~x�xig

k"X
x>xi

f(x)

#
| {z }
Pf~x>xig

n�k

�
"X
x<xi

f(x)

#
| {z }
Pf~x<xig

k"X
x�xi

f(x)

#
| {z }
Pf~x�xig

n�k

1CCCCA
for all xi 2 ~x (
) :
Proof. It is immediate from using (4) and noticing that the probability function
f~x(j) of ~x(j) satis�es

f~x(j)(xi) = F~x(j)(xi)� lim
x!x�i

F~x(j)(x); for all xi 2 ~x (
) : (5)

Therefore,

f~x(j)(xi) =

nX
k=j

�
n

k

�0@[F (xi)]k [1� F (xi)]n�k � " lim
x!x�i

F (x)

#k "
1� lim

x!x�i
F (x)

#n�k1A ;
for all xi 2 ~x (
) : Since F (xi) =

P
x�xi

f(x) = P f~x � xig and lim
x!x�i

F (x) =P
x<xi

f(x) = P f~x < xig ; we get the desired result. Q:E:D:

The previous proposition implies that the value of the probability function of
the jth order statistics evaluated at the lowest value, say x1; of the range ~x (
)
of the discrete population ~x is

f~x(j)(x1) = F~x(j)(x1) =
nX
k=j

�
n

k

�
[F (x1)]

k [1� F (x1)]n�k

=

nX
k=j

�
n

k

�
[f(x1)]

k [1� f(x1)]n�k

since lim
x!x�1

F (x) = 0 and F (x1) = f(x1):

Corollary 1. Let f~xigni=1 be a random sample of size n from a discrete population
~x having the probability function (pmf) f : ~x (
) �! [0; 1] ; where fx1; x2; :::g
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are the di¤erent values of the range ~x (
) of ~x. Then, the probability functions
f~xmin and f~xmax of the minimum and of the maximum of the sample are

f~xmin(xi) =

"X
x�xi

f(x)

#
| {z }
Pf~x�xig

n

�
"X
x>xi

f(x)

#
| {z }
Pf~x>xig

n

for all xi 2 ~x (
) ;

and

f~xmax(xi) =

"X
x�xi

f(x)

#
| {z }
Pf~x�xig

n

�
"X
x<xi

f(x)

#
| {z }
Pf~x<xig

n

for all xi 2 ~x (
) :

Proof. Combine (5) for j = 1 and for j = n with (2) and (3), respectively, to
get

f~xmin(xi) =

"
1� lim

x!x�i
F (x)

#n
� [1� F (xi)]n

and

f~xmax(xi) = [F (xi)]
n �

"
lim
x!x�i

F (x)

#n
;

for all xi 2 ~x (
) ; and the result immediately follows. Q:E:D:

DENSITY FUNCTION OF THE ORDER STATISTICS

Proposition 4. Let f~xigni=1 be a random sample of size n from an absolutely
continuous population ~x having the density function (pdf) f and the distribution
function F: Then, the density f~x(j) of the jth order statistic is

f~x(j)(x) =
n!

(j � 1)!(n� j)!f(x) [F (x)]
j�1 [1� F (x)]n�j : (6)

Proof. One way of proving this proposition is to compute the derivative of (4)
with respect to x. This is a little bit painful.
We will use an alternative approach in our proof. We can assume safely

that x(1) < x(2) < ::: < x(n) since P f~xi = ~xjg = 0 for all i 6= j when the
population is continuous. Then, we divide the real axis into the following three
intervals: (�1; x); [x; x + h]; and (x + h;1): Then, the probability that the
jth order statistic ~x(j) falls into the interval [x; x+ h] is equal to the probability
that j � 1 of the sample values fall into the interval (�1; x), one falls into the

6



interval [x; x+ h], and n� j fall into the interval (x+ h;1): Therefore, since the
distribution function F of ~x is continuous, we have

P
�
~x(j) 2 [x; x+ h]

	
=

n!

(j � 1)!1!(n� j)! [P f~x 2 (�1; x)g]
j�1 � P f~x 2 [x; x+ h]g � [P f~x 2 (x+ h;1)g]n�j

=
n!

(j � 1)!(n� j)! [F (x)]
j�1 � P f~x 2 [x; x+ h]g � [1� F (x+ h)]n�j ; (7)

according to the formula of the multinomial distribution.
We know that, for an absolutely continuous random variable ~y;

P f~y 2 [x; x+ h]g = F~y (x+ h)� F~y(x);

where F~y is the (continuous) distribution function of ~y. Moreover, using the mean
value theorem, there exists a value "~y 2 [x; x+ h] such that

F~y(x+ h)� F~y(x) = F 0~y("~y)h = f~y("~y)h; a.e.,

where f~y is the density of ~y:
Thus, (7) becomes

f~x(j)("~x(j))h =
n!

(j � 1)!(n� j)! [F (x)]
j�1 � f("~x)h � [1� F (x+ h)]n�j ;

for some "~x(j) 2 [x; x+ h] and "~x 2 [x; x+ h] : If we let h ! 0 and divide by h;
the previous expression becomes

f~x(j)(x) =
n!

(j � 1)!(n� j)! [F (x)]
j�1 � f(x) � [1� F (x)]n�j : Q:E:D:

Corollary 2. Let f~xigni=1 be a random sample of size n from an absolutely
continuous population ~x having the density f and the distribution function F:
The density functions f~xmin and f~xmax of the minimum and the maximum of the
sample are

f~xmin(x) = nf(x) [1� F (x)]
n�1 (8)

and
f~xmax(x) = nf(x) [F (x)]

n�1 : (9)

Proof. Just compute the derivative with respect to x of the distribution
functions obtained in Proposition 1 or, alternatively, evaluate (6) at j = 1 and at
j = n: Q:E:D:
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DENSITY FUNCTION OF THE MEDIAN

Consider a random sample f~x1; ~x2; :::; ~xng of size n, where n is an odd number.
Obviously, the sample median ~xmed is the ((n+ 1) =2)th order statistic. Then,
using equation (6) for this statistic, we get immediately the following:

Proposition 4. Let f~xigni=1 be a random sample of size n (with n being an odd
number) from an absolutely continuous population ~x having the density f and
the distribution function F: Then, the density f~xmed of the sample median ~xmed is

f~xmed(x) =
n!��

n� 1
2

�
!

�2 f(x) [F (x)](n�1)=2 [1� F (x)](n�1)=2 :
We next provide with a nice proposition, which we state without a proof.

Proposition 5. Let f~xigni=1 be a random sample of size n from an absolutely
continuous population ~x having the median m and the density f . Assume that
f(m) > 0 and that f is continuously di¤erentiable in a neighborhood ofm. Then,
as n!1;

2
p
nf(m) (~xmed �m) �! N(0; 1); (10)

or, equivalently,
p
n (~xmed �m) �! N

�
0;

1

4 [f(m)]2

�
: (11)

Corollary 3. Let f~xigni=1 be a random sample of size n from a normal population
~x with the mean � and the variance �2; ~x � N(�; �2). Then, as n!1;r

2

�

�
~xmed � �
� /
p
n

�
�! N(0; 1); (12)

or, equivalently,
p
n (~xmed��) �! N

�
0;
��2

2

�
: (13)

Proof. First, note that m = � since the normal distribution is symmetric.
Moreover, the normal density evaluated at � is equal to f(�) = 1

�
�
p
2� .

Therefore, the expression (10) becomes (12), while (11) becomes (13). Q:E:D:

If the population is normal, ~x � N(�; �2) ; the previous corollary tells us that,
for n large, E (~xmed) � �: Remember that the sample mean �x, satis�es E (�x) = �:
Thus, for n large, both ~xmed and �x have approximately the same mean, which
is the population mean �. However, for n large, the sample median ~xmed has a
larger variance than the sample mean �x,

Var (~xmed) �
��2

2n
> E (�x) =

�2

n
;

as follows from (13) and the fact that �=2 > 1:
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EXTREME VALUE THEORY

We have already seen that, if f~x1; ~x2; :::g are i.i.d. random variables with
common cdf F , then ~xnmax = max f~x1; ~x2; :::; ~xng converges in distribution as
n ! 1 to the constant M(F ) = sup

�
x 2 R jF (x) < 1)

	
whether it is �nite

or in�nite. Thus, the distribution of the maximum of the random sample tends
to be degenerate as the sample size goes to in�nity.

Extremal types theorem. Assume that for suitable constants cn > 0 and bn,

the random variable ~zn =
~xnmax � bn

cn
converges in distribution to a non-degenerate

random variable, F~zn
w�! G. Then, the limiting distribution function G is of one

of the following three classes:
(i)

G(x) = e�e
�(x�ms )

; for all x 2 R;
for some m 2 R and s > 0:
(ii)

G(x) =

8><>:
0 for x < m

e�(
x�m
s )

��

for x � m:
for some m 2 R, s > 0; and � > 0.
(iii)

G(x) =

8<: e�(�
x�m
s )

�

for x < m

1 for x � m
for some m 2 R, s > 0; and � > 0.
Note that the classes (i) and (ii) correspond to the generalized extreme value

type I (Gumbel) and type II (Fréchet) distributions, respectively. Concerning the
class III, recall that the generalized extreme value type III (Weibull) distribution
has the following distribution function:

F (y;m0; s; �) = P (~y � y) =

8<:
0 for y < m0

1� e�(
y�m0
s )

�

for y � m0:

for m 2 R; s > 0; and � > 0: Therefore, the distribution function of the random
variable ~x = �~y will be

F~x(x) = P (~x � x) = P (�~y � x) = P (~y � �x) = 1�P (~y � �x) = 1�F (�x;m0; s; �)

so that

F~x(x) = 1�F (�x;m0; s; �) =

8><>:
1� 0 = 1 for �x < m0 or x � �m0

1�
h
1�e�(

�x�m0
s )

�i
= e�(

�x�m0
s )

�

for �x � m0 or x < �m0:

9



Making m = �m0 2 R; the previous distribution function becomes

F~x(x) =

8<:
1 for x � m

e�(
�x+m

s )
�

= e�(�
x�m
s )

�

for x < m;

which coincides with the distribution function of the class (iii). Thus, the
distribution of the class (iii) is the distribution of the negative of a random variable
that has the generalized extreme value type III (or Weibull) distribution. This
distribution is called negative Weibull.

10



Exercises. Probability and Statistics. IDEA.
7. Sampling

1. Verify the following computing formula for the value of the sample variance:

s2 =
n
Pn

i=1 x
2
i � (

Pn
i=1 xi)

2

n (n� 1) :

2. If ~x1; ~x2; ::::; and ~xn are independent random variables having identical Bernoulli
distributions with the parameter �; then the sample mean �xn is the proportion
of successes in n trials.

(a) Verify that E(�xn) = � and Var(�xn) =
� (1� �)

n
:

(b) Using the moment generating function method, prove that, if ~x1; :::; ~xn are
independently distributed random variables having a Bernoulli distribution with
parameter �; then ~yn =

Pn
i=1 ~xi has a binomial distribution with parameters n

and �:

(c) Use parts (a) and (b), and the central limit theorem to prove that

~yn � n�p
n� (1� �)

�! N (0; 1)

3. A random sample of size n = 100 is taken from a population with the mean
� = 75 and the variance �2 = 256: Use Chebyshev�s inequality to provide
a lower bound for the probability that the value of the sample mean �x falls
between 67 and 83?

4. Use the central limit theorem to �nd an approximate value for the probability
of Exercise 3.

5. A random sample of size 100 is taken from a normal population with � = 25:
Find the probability that the mean of the sample will di¤er from the mean of
the population by 3 or more either way.

6. Find approximate values for the probability that a random variable ~x having a
chi-square distribution with 50 degrees of freedom will take on a value greater
than 68:

(a) by treating
~x� �p
2�

with � = 50 as a random variable having the standard

normal distribution;

(b) by treating
p
2~x�

p
2� with � = 50 as a random variable having the standard

normal distribution.

Also, judge the merits of these approximations, given that the actual value of
the probability (rounded to �ve decimals) is 0:04596:

(c) Justify the approximations given in (a) and (b). Hint: You should prove
that, for all � and for every positive real valued random variable ~x, the



probability that the random variable
p
2~x �

p
2� takes on a value less than

k equals the probability that the random variable
~x� �p
2�

takes on a value less

than k +
k2

2
p
2�
:

7. Show that the density of a F distribution with 4 and 4 degrees of freedom is
given by

g(y) =

8<: 6y (1 + y)�4 for y > 0

0 elsewhere

and use this density to �nd the probability that for independent random samples

of size 5 from normal populations having the same variance,
s21
s22
will take on a

value less than 1=2 or greater than 2:

8. If ~x has an F distribution with �1 and �2 degrees of freedom, show that ~y =
1

~x
has the F distribution with �2 and �1 degrees of freedom.

9. If ~x has an F distribution with �1 and �2 degrees of freedom, show that when
�2 !1 the distribution of �1~x approaches the chi-square distribution with �1
degrees of freedom.

10. Show that if ~x has the t distribution with � degrees of freedom, then ~x2 has the
F distribution with 1 and � degrees of freedom.

11. The claim that the variance of a normal population is �2 = 25 is to be rejected if
the variance of a random sample of size 16 exceeds 54:668 or is less than 12:102:
What is the probability that this claim will be rejected even though �2 = 25?

12. Let sn be the standard deviation of a random sample of size n from a normal
population. Use the approximation given in part (b) of Exercise 6, to prove
that for large n the variance of the sampling distribution of sn is approximately

�2

2(n� 1) .

13. Consider an experiment consisting of randomly selecting n values from a �nite
set of distinct numbers C = fc1;c2;:::; cNg with N � n : Let us assume that the
selection is without replacement and ~x1 is the �rst number drawn, ~x2 is the
second number drawn,..., and ~xn is the nth number drawn.

(a) Find the joint probability function f(x1; x2; :::; xn) for each ordered n-tuple
of distinct values selected from the set C:

(b) Find the probability of each subset of n of the N elements of the set C,
regardless of the order in which the values are obtained.

(c) Find the marginal probability function of each ~xi; f(xi) for xi = c1; c2;:::; cN :

(d) Find the mean � and the variance �2 of each ~xi:



(e) Find the marginal probability function of any two of the random variables
f~x1; ~x2; :::; ~xng ; g(xi; xj); for each ordered pair (xi; xj) of distinct values of the
set C.

For the rest of this exercise let us assume that we do not know the values
fc1;c2;:::; cNg ; but we know that the mean and the variance of each ~xi are � and
�2; respectively.

(f) Find the covariance of any two of the random variables f~x1; ~x2; :::; ~xng ;
Cov(~xi; ~xj) with i 6= j : Note: Your answer should be a function of �2 and N
only since Cov(~xi; ~xj) turns out to be independent of n and �:

(g) Let �x be the average of the random variables f~x1; ~x2; :::; ~xng ; �x =
1

n

nX
i=1

~xi:

Find Var (�x) : Note: Your answer should be a function of �2, N and n only
since Var (�x) turns out to be independent of �:

(h) Compute Var
N!1

(�x) : Discuss this result.

14. The density function of the random vector (~x; ~y) is

f(x; y) =

8><>:
1

�
e�

1
2
(x2+y2) for 0 < x <1; �1 < y <1

0 otherwise.

(a) Prove that f(x; y) is the joint density of two independent random variables
~x and ~y; where ~x is the absolute value of a standard normal random variable
and ~y is standard normal.

(b) Find E (~x) ; E (~y) ; Var (~x) ; Var (~y) ; and Cov (~x; ~y) :

(c) Find the density function of the random variable ~v =
~y

~x
: Show all the

computations.

(d) Prove that the random variable ~v has a Student�s t distribution with one
degree of freedom, ~v � t1:

15. Assume that �x is the mean of a random sample f~x1; ~x2; :::; ~xng of size n from
a population having the mean � and the �nite variance �2: Note that �x is a
random variable.

Find

(a) Cov (~xi; ~xj) ; for i 6= j:

(b) Cov (�x; ~xi) ; for i = 1; :::; n:

(c) Cov (~xi; ~xi � �x) ; for i = 1; :::; n:
(d) Cov (~xi; ~xj � �x) ; for i 6= j:

(e) Var (~xi � �x) ; for i = 1; :::; n:
(f) Cov (~xi � �x; ~xj � �x) ; for i 6= j:



(g) Cov (�x; ~xi � �x) ; for i = 1; :::; n:
Hint: You can use the results of Exercise 29 of List 3.

16. (a) Prove that, as the number � of degrees of freedom goes to in�nity, the limit
of the t density is the standard normal density.

(b) Prove that the t distribution with one degree of freedom is a Cauchy
distribution with parameters � = 0 and � = 1. Recall that the density of
the Cauchy distribution with parameters � and � is

f (x) =
�=�

(x� �)2 + �2
for�1 < x <1:

(c) Assume that the random variable ~x : (
;F ; P ) �! (R;B) has the t
distribution with one degree of freedom. Compute the conditional expectation
of ~x given that ~x 2 [0; 1] : Recall that

E (~x j ~x 2 [0; 1]) � E (~x jIA = 1) ;

where IA is the indicator function of the set A = f! 2 
 j ~x (!) 2 [0; 1]g :More-
over, if  (x) = arctan (x) ; where the function arctan (�) : R �! (��=2; �=2)
is the inverse function of tan (�) : (��=2; �=2) �! R; then the derivative

of  is  0 (x) =
1

1 + x2
. Recall also that tan

��
4

�
= 1 ; tan

�
��
4

�
= �1 ;

lim
�!�=2

tan (�) =1 ; lim
�!��=2

tan (�) = �1 and tan (0) = 0:

17. Let f~x1; ~x2; :::; ~xng be a random sample of size n from a population ~x having
the uniform density on (0; 1) :

(a) Find the density f~x(j) of the jth order statistic. Could you identify the
distribution of the jth order statistic ~x(j)? Find the expectation of ~x(j): Plot
the density of the 2nd order statistic ~x(2) when the sample size is n = 7 and
�nd the expectation of ~x(2) in this case.

(b) Find the expectation of the sample median ~xmed: Find the density of the
sample median when the sample size is n = 7: Plot this density.

18. Let f~x1; ~x2; :::; ~xng be a random sample of size n from a population ~x having
the exponential density with the parameter �:

(a) Find the densities, f~xmin and f~xmax , and the distribution functions, F~xmin and
F~xmax , of the minimum and the maximum of the sample, respectively. Could you
identify the distribution of the sample minimum ~xmin? Find the expectation of
~xmin. Plot the density of the sample maximum ~xmax when � = 3 and n = 11 and
�nd the expectation of both ~xmin and ~xmax in this case.

(b) Find the median and the mode of the population distribution and compare
them with the population mean. Find the density of the sample median ~xmed
when n is an odd number. Plot the density of ~xmed when � = 3 and n = 11:
For this case, �nd the expectation of ~xmed and compare it with the expectation



of the sample mean, the population mean, the population median, the mode of
the population distribution and the mode of the distribution of ~xmed.

19. Let f~x1; ~x2; :::; ~xng be a collection of independent random variables having the
Poisson distribution with the parameters �i; for i = 1; 2; :::; n:

(a) Use the formula for the convolution pmf to prove that the sum ~S =
Pn

i=1 ~xi
has a Poisson distribution with the parameter

Pn
i=1 �i:

(b) Find the probability function of the average �x =

Pn
i=1 ~xi
n

:

(c) Assume now that �i = �; for i = 1; 2; :::; n; which implies that f~x1; ~x2; :::; ~xng
is a random sample. Find the probability function of the sample mean �x:

(d) Under the assumption of part (c) prove that
p
n (�xn � �) �! N(0; �) , as

n �! 1; i.e.,
p
n (�xn � �) is asymptotically distributed as a normal random

variable with zero mean and variance �, where �xn =

Pn
i=1 ~xi
n

:

20. Consider a random sample of size n from an absolutely continuous population.
Compute the derivative of the distribution function F~x(j)(x) of the jth order
statistic given in the expression (4) of the handout "Order Statistics" to obtain
the corresponding density f~x(j)(x); which is given in the expression (6).

21. We say that a random variable ~x has a distribution symmetric with respect to
x0 if P f~x � x0 � zg = P f~x � x0 + zg for all z 2 R.
(a) Prove that ~x has a distribution symmetric with respect to x0 if and only if
the random variable ~y = ~x � x0 has a distribution symmetric with respect to
zero.

(b) Prove that the random variable ~y has a distribution symmetric with respect
to zero if and only if ~y has the same distribution as the random variable �~y:
(c) Assume that the random variable ~y is discrete (absolutely continuous).
Prove that ~y has a distribution symmetric with respect to zero if and only
if its probability (density) function satis�es f~y(�y) = f~y(y) for all y; i.e., the
function f~y is symmetric with respect to zero.

(d) Assume that the random variable ~x is discrete (absolutely continuous).
Prove that ~x has a distribution symmetric with respect to x0 if and only if its
probability (density) function satis�es f~x(x0� z) = f~x(x

0+ z) for all z; i.e., the
function f~x is symmetric with respect to x0:

For the rest of the exercise assume that the random variable ~x has a distribution
symmetric with respect to x0:

(e) Prove that E(~x) = x0 when ~x 2 L1:
(f) Prove that the coe¢ cient of asymmetry (or skewness) of ~x is equal to zero
when ~x 2 L3:


