3. Expectation

J. Caballé (UAB - BSE) Probability and Statistics IDEA 1/90



o Definition. Let % : (), 7, P) — (R, B) be an extended random
variable with the distribution Pz. The (mathematical or arithmetic)
expectation (or expected value or mean) of X (or of its distribution) is

defined by
E (%) = /Q % (w) dP(w) (: /Q xap)

E(x) = ﬁ xdPx (%) (: /7 de;) , ()
R R
whenever these integrals exist, i.e., whenever they are not of the form
o0 — oo (indefinite).

o Obviously, if x: (Q0, F, P) — (R, B) is a (real-valued) random
variable, we can replace R by R in (%) and use the following notation:

E(x) = /R xdFs (%) (: /R xdFy = /IR de;().

or
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o Recall that
E(x)=E(x") —E (x~ ——/ XdP — —X) dP.
(%) (x ) (x ) {izo}x {>”<§0}( X)

o From now on, when we write an expectation, it should be understood
that the expectation exists.

o If x: (O, F,P) — (R, B) is a discrete random variable with
probability function f; : X(QQ) — [0, 1],

E(x)= ) xf(x).

xex(Q)

o If x:(Q,F, P) — (R, B) is an absolutely continuous random
variable with density fz : R — IR,

E (%) :/]Rx fi (x) dx.

@ See the handout for the proof of the previous "intuitive" formula.
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o Example 1:

Let X be the number of heads when tossing 4 coins.

(1/16 forx =0
4/16 forx=1
fi(x) =4 6/16 forx=2

4/16 forx=3

L 1/16 for x =4,

or

fr(x) = l(i) forx=0,1,2,3,4.
%(Q)
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fix)

B(6) = (0-4) + (1+45) + (2 ) + (5 &) + (4 &) =2

iy

@ The median of X (or of its distribution) is the real number m for
which P{x < m} >1/2 and P{Xx > m} > 1/2. If there are two
values satisfying this definition, we take the average of them.
Obviously, m = 2 = E (X) in this example.
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o Example 2:

The random variable X has the following density:

3e 3 forx >0

0 for x <0
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~im () o=jim ()= "6

.
L'Hépital’s rule
where H' = hand G' = g.

@ Since the distribution of X is absolutely continuous in this example, its
median m satisfies P {x < m} = P {X > m} and, thus,

m 1
P{x<m}=F(m)= / 3¢ ¥dx=1—e %" = 5
0

1
— m= In2=0.23105<§:E()~<).

1
3
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o Proposition (the law of the unconscious statistician - LOTUS).
Let x: (O, F, P) — (QY, F') be a random object with the
distribution Px and let g : ((0, F') — (IR, B) be a Borel
measurable function. If y = g (X), then

E@)= [ g(x)aP= [ g()dP:(x).

o Corollary 1. Let x: (Q, F, P) — (IR", B) be a random vector with
the distribution Px and let g : (R", B) — (R, B) be a Borel
measurable function. If y = g (X), then

E(7) =E(g (%1, % .. %)) =

/Qg()?) dP:/]Rng(Xl,XQ,...,Xn)dP;((Xl,X2,...,Xn).

xeR”
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o Corollary 2. Let x = (X1, X2, ..., %,) : (Q}, F,P) — (R",B) be a
random vector with the distribution Pg, then

E(x) = /Qf(,- dP = /an x; dPx(x1,x2, ..., xp) fori=1,2, ... n.

o Proof: Just make g = p; in Corollary 1, where p; is the projection
map to the ith coordinate, that is, p;(x1, x2, ..., Xp) = X;.

o Corollary 3. Let x: (Q), F, P) — (R, B) be a random variable with
the distribution P and let g : (R, B) — (IR, B) be a Borel
measurable function. If y = g (%), then

E() = [ g()dP= [ g(x)dP:(x).
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o Geometric and Harmonic expectation (or mean) of a non-negative
extended random variable, X > 0:

GE(x) = exp (E[In%]) and HE(x)= (E[x}]) " =

o If x: (O, F,P) — (R, B) is a discrete random variable with
probability function f; : X(QQ) — [0, 1],

GE (%) =exp (E[InX]) = exp ( Y K(x)- Inx)

xex(Q)

= exp (x Y In [XWD = exp (In [ I Xf*(x)]) = ]‘[ xx(x)

ex(Q) x€x(Q)
and
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(]

Note: Probability and distribution are expectations:

Consider the measure space ((), F, P), then
P(B) = / dP = / TIgdP = E(Ig), for all B € F.
B 0
Consider the random object X : (Q), F, P) — (OO, F’), then
P(A) = P{x € A} = [ dP:(x) = [ 1a(x(w)) dP(w)

_ /Q I (x) dPs(x) = E[I4 (%)], forall A€ F,

or
Pi(A) = P (x1(A)) = E [HX_I(A)} forall A F'.
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o Proposition. Let X (w) = b a.s. [P], where b is a constant. Then,
E(x) = [, %dP = b.

o Proposition. If c is a constant, then E(cx) = cE(X).

o Proposition. Let x: (Q), F,P) — (), ') be a random object,
{ci}!_; a collection of constants, and g; : (O, F') — (R, B)
measurable functions, for i = 1, ..., n. Then,

E [é Cigi<)~<)] = éCfE (gi(%)) -

o Corollary. Let X1, X, ..., X, be a collection of random variables on
(Q, F,P) and {c;}_; a collection of constants. Then,

n

E [é C,')?,'] = Z C,'E (5(,) .
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o Definition. Assume a given measure space (Q), F, i) and let
f:(Q,F,u) — (R, B) and p be a non-negative real number,
p > 0. We say that f € LP (or f € LP (Q), F, p)) if

fIP du < oo,
[ 1917 du

i.e., |f|” is y-integrable.
o Definition. [|f||, = [, |f|” du]*'?.
o Holder inequality: Let f € L? and g € L9 with p > 1, g > 1, and
1 1
—+ — =1, then
P q
1fglly < [Ifll, - llgllg

[t [ [1eean] [ [ gan

that is,
1/q
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o The Cauchy-Schwarz inequality is the Hélder inequality for
p=q=2 ie,if f €L? and g € L? then

e[l < (1], - llgll>,

r ) 1/2
. d ,
/Q lg] V]
r 1/2
2
: d .

1/2

feldu< | [ IFPd
INCEETAGRT

fd<</ﬂd
AJQH_[Q q

o Remember that

1/2

fd</#d </fd.
Lgu_'QgA_Kme
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Proof of the Cauchy-Schwarz inequality: For every constant K and
any pair of functions f and g belonging to L?, we have

[ K11+ gl du = 0
and, thus,
K2 |f*d +/2Kf d +/ 2du > 0.
| K12 dut [ 2K lgldu+ [ lgP >
The previous inequality becomes

K2/ fzdy+K-2/ \fg|dy+/g2dyzo.
&,_./ ho,_./ &\,_/

a b c
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This means that the above second order polynomial of K can have one or
zero roots. That is, the discriminant D = b% — 4ac has to be less than or
equal to zero. Therefore,

[2/nyg|dy]2—4[/ﬂf2dy] [/Qdey] <o.

Rearranging the above inequality and dividing by 4, one obtains

{/Qlfg!dur < [/Q deu] : [/ngdu]

and taking the positive square root in both sides, we obtain the desired
inequality. Q.E.D.
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o Letx: (O, F,P) — (R,B).

o Definition. Let k be a natural number, Kk =0,1,2, ... The kth
(non-central) moment of X is

W () = E (%) = [ 55dP = [ x“dPx(x).

o Definition. Let k be a natural number, Kk =0, 1, 2, ..., and assume
that E (X) is finite. The kth central moment of X is

i (%) =E[(x—E(x))"]
_/ E (x))* dP = /(x— (x))% dPs (x).

o Odd moments may fail to exist and, whenever they exist, they may be
equal to Foo.

o Even moments always exist but they may be equal to +oo.
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o Note that the kth moment of X is finite if and only if X¥ is
P-integrable. Therefore, the finiteness of E (%) requires the previous
existence of the integral fQ xkdP.

o Let k be a natural number, Kk = 0,1, 2, ... Since

B () =2 |(+) ] -2 [(=) ]
B () —e () = [(=) ]+ ](+) ].

then E (%¥) is finite if and only if E (|>~<|k) is finite. Note that

and

E (|>”<|k) always exists.

o In particular, E (%) is finite if and only if E (|X]|) is finite. Moreover, if
E (X) does not exist (it is of the indefinite form co — o) or is equal to
+oo0, then E (|%]) = .
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o Proposition. If k is a natural number, k =0,1,2,... and E (%¥) is
finite, then E (%/) is finite for all natural numbers j smaller or equal
than k, j =0,1, ..., k.

o Recall that E ()”(k) is finite if and only if E <|>”<|k) is finite, where

k=0,1,2,... Therefore, the proposition says that
% € Lk (Q,F,P)=%x¢€ L (Q, F,P) forall j=0,1, ..., k, where k
is a natural number.

o The proposition follows immediately from the following lemma:

o Lemma: If x € Lk, where k is a non-negative real number, then
% € I/ for all real numbers j € [0, k] .

o Hence, the lemma says that L¥ (Q), F, P) C I/ (Q, F, P) for
0 <j < k. This inclusion relationship does not hold in general for
measures that are not finite.
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Proof of the Lemma: We will prove that E (\)”(V) < oo for all real

numbers j € [0, k] when E <|>”<]k) < oo with k > 0. The cases where

either j = 0 or k = 0 are trivial so that we only consider the case where
k >0 and j € (0, k| as follows:

|x|f /|x|fdP— / 5P dP + / 5 dp

{IxP<1} {IxP>1}
< / dP + / <|$<|f)k/de+ / I%|* dP =
{IxP<1} {IxP>1} {IxP<1}
/ dP+/|>~<|"dP —P{ix/ <1} +E (%) <w.  QED.

{Ixf<1} O
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Note 1: If E (X) fails to exist (it is of the form co — o0) or is equal to
Fo00, then E (5(") = oo when k is an even strictly positive natural
number, k = 2,4,6, ...

To see this observe that in this case E (|%|) = oo and
E(%%) =E (|)?|k> > 0 when k is even. According to the previous

Lemma, if E (|X|) = oo then E (])?|k) =E (S(k) = 0.
Note 2: If E (X) fails to exist (i.e., it is of the form co — c0), then

E ()?k) fails to exists when k is an odd natural number, k =1,3,5, ...

To see this observe that in this case, since Xt > 0 and X~ > 0,
E(X)=E(x")—E(x") =E(|x"|) —E(|x7|) = 00 — c0. Thus,
E(|x"|) = o0 and E (|~ |) = oo. According to the previous Lemma,
E (|%*|) = oo implies that E [(\xﬂ)k] —E [(xk)*} — o0 and
E[|x7|] = co implies that E [(]5(‘ )k} =E [(ik)f} = o0. Therefore,
E ()”(k) =E [()?k)+] —E [()?k)f] is of the form co — .
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o Note 3: Let x: (), F, P) — (R, B) be an extended real-valued
random variable. If E (X) is finite, then X is finite a.e. with respect to
P.

o From now on, when we write a moment y; (%) of a (extended)
random variable X : (O3, F, P) — (IR, B), it should be understood
that this moment exists and is finite, that is, x € L* (Q, F, P) .
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o Note:
Ho (%)

and
uy (%) =E[x—E(x)]

o 1y is the mean of X and is denoted by p (or ),
n=m =E).

x—E(%)°].

® 11, is the variance of X and is denoted by 0%, 02 or Var (%)
X

02 = Var (%) = E [(

Tx = —& .
o3

@ The inverse of the variance of X is called the precision of X,

IDEA 23 /90
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Proposition. Let X (w) = b a.s. [P], where b is a constant. Then
Var (x) = Var(b) = 0.

Proposition. If c is a constant, then Var(c%) = c¢?Var(%).

Definition. The standard deviation 0% (or o) of X is

oz = (Var (x))?.

Proposition. If ¢ > 0 is a constant, then 0.z = cox.

Definition. The coefficient of variation of X is

CVi; = . with U 75 0.

o
i
Proposition. If ¢ is a constant, then CV 3 = CVx.
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o Proposition.
Var(x) =E (>~<2) ~[E®)?

or

02 =y =y — ()" =l — 2.

o Proof.
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o In general: If k is a natural number, we get the following formula for

the kth central moment by just making the binomial expansion:

k (k
~ <\ \ Kk ~n <\1k—n
B[x-E@)] = X (4)E6) -ER)
n=0
or
d k / k—n
me= 2, e l=1"
n=0
o Therefore, the central moment y, is finite if and only if the
(non-central) moment /) is finite.

o Definition. The coefficient of skewness or asymmetry (for o3 # 0) is

ca="3
o Definition. The coefficient of kurtosis (for c* > 0) is
oK =22
J. Caballé (UAB - BSE) Probability and Statistics IDEA

26 / 90



Pafnuty Chebyshev (1821 -1894)
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o Theorem (Chevyshev). Assume that the random variable X has the
finite mean p and the finite variance 02 > 0. Then, for any

k € (0,00),
- 1 . .
P{|x—u|l <ko}>1- ek (Chevyshev's inequality)
or, equivalently,
1
P{|x—pu| > ko} < X (Chevyshev's inequality)
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o Making the change of variable ko = ¢ > 0, Chevyshev’s inequality
becomes

2
o
P{lx—ul<e}>1- 2 (Chevyshev's inequality)
or, equivalently,

2
P{|x—ul>e} < Z—z. (Chevyshev's inequality)

@ The Chevyshev's theorem says that a random variable with small
variance is likely to take on values close to its mean.
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Proof of the Theorem: We know from the definition of variance that
< 2 2
o? =E[(x—p)°] = [ (x=p) dPs(x)
and, dividing the integral into three parts, we get

o’ = / x — p)? dPy
(iw’yikd( D)

+/ - 2deL/ — )2 dPs.
(p—ko,u+ko) (X ]’l) [u+ko,00) (X H)

Since (x — ;4)2 is non-negative, the three integrals are also non-negative.
Therefore, we can form the inequality

2 > / (x — )2 dPx(x) + (x — )2 dPx(x).
(—oo,u—ko] [u+ko,o0)

by deleting the second integral.
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Now, since (x — u)* > k202 if either x <  — ko or x > p + ko, it
follows that

o2 > / K202 dPy (x) + K202 dP; (x)
(—oo,u—ko] [u+ko,00)

and, hence, dividing both sides by k*c?, we get

1
— > dPx dPx ,
k2 — /(oo,yk:r] (X) + [u+ko,00) (X)

provided 0 > 0. Since the sum of the two integrals in this inequality
represents the probability that X will take on a value less than or equal to
i — ko or greater than or equal to u + ko, we have thus shown that

1
P{|x — ul Zka}gp. Q.E.D.
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o Definition. The moment-generating function (MGF),
Mx(-) : B— R, of the random variable X : (), 7, P) — (R, B)
(or of the distribution Px) is

M (t) = E(e) = /Qef*dpz /]RethP;((x) > 0.

where B is the subset of R for which E(et¥) is finite.
o Notes:
o (1) Mx(0) = 1.
@ (2) Mx(t) could fail to be finite for some set of values of t € R.

o (3) If there exists a real number a such that P {x < a} =0
(P{x > a} = 0), then Mx(t) is finite for all real numbers t < (>)0.

o (4) If there exist two real numbers a and b such that
P{a < x < b} =1, then Mx(t) is finite for all t € R.
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Definition. A neighborhood V of a point x € R” is a subset of R”
that includes an open set containing the point x.

Note that, if V is a neighborhood of the point x, then x lies in the
interior of V.

Proposition. If there exists a neighborhood V of 0 for which Mx(t)
is finite for all t € V/, then Mx(t) is infinitely differentiable at t = 0,
the moments ! of X are finite for r = 0,1, 2, ..., and

d" Mx (¢)

= /, f :0,1,2,...
it | M, forr

Proof. Since, from the Taylor's expansion of ¢’ at y = 0, we have

0 r
y Vv Y
=) T
r=0 "°

it follows that
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and, thus,

ot r ’ ) ,  t
Y| [ XdP) | = 1w+
p

— —
H

Since Mx(t) < oo for all t in a neighborhood of t = 0, it holds that p/ is

finite for r = 0,1, 2, ... and, thus, M;((t) is infinitely differentiable at t = 0.

Finally,

d" Mg (t)
dt’

B drE(etk)
=0 dt’
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o Therefore, if some moments of a random variable X do not exist (they
are of the indefinite form co — c0) or are not finite, then Mx(t) fails
to be finite in a neighborhood of t = 0 (and, thus, it fails to be
infinitely differentiable at t = 0).

o However, even if a random variable has all its moments finite, the
MGF may fail to be finite in a neighborhood of t = 0 (this is the case
for the log-normal distribution).

o Since

d2M;<(t)

M)l(/ ( t) dt2

=E(x*e™) >0,

SN——

>0
the moment-generating function Mx(t) is convex.

@ Moreover, since

_ dMx(1)
-0 —
! dt t=0

—E(%).

the slope of the moment-generating function Mx(t) at t = 0 is the
mean of X.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 35 /90



o Examples:

o The log-normal and F distributions have positive densities only for
positive values. The Pareto distribution has positive density only for
values larger than a strictly positive threshold. The Pareto, F, and
log-normal distributions exhibit MGF's that are finite if and only if
t < 0. The Student's t and Cauchy distributions have positive
densities everywhere and exhibit MGF's that are not well defined (i.e.,
not finite) for all t # 0.

o The log-normal distribution has all its moments finite. The Pareto, F,
and Student’s t distributions could have some moments ],t’r, with
r > 1, finite (depending on its parameters) but p for r sufficiently
high becomes either indefinite (for the odd moments) or infinite (for
the even moments). Finally, the Cauchy distribution has all its
moments u!, with r > 1, either indefinite (for the odd moments) or
infinite (for the even moments).
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o Example:

Consider the absolutely continuous random variable X with the density

3e 3 forx >0

0 for x <0

A
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M;(t) = E(e™) = /RethP;((x) = /]Reb‘f(x)dxz/0 e™3e *dx =

t—3)x | 1
=3~(0——) =i for t < 3.

0 (
3 e(t=3)x gy — [e 3¢

t—3
0 do

J. Caballé (UAB - BSE) Probability and Statistics IDEA 38 /90



=2 = MO == =BE®=;=3
()= s = MO =EF@) ==y =4
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Note: If Mx(t) is finite for all t in a neighborhood of 0, then
d"Mx(t) /dt" is continuous at t =0, for r =0,1,2,.... In some
cases, it could be necessary to compute the following limit to find the
moment i :

d"Mg(t)  d"Mx(t) .y

i

00 dtr atr |,
Properties of the moment-generating function:
Let a be a constant, then My, ,(t) = E(et(*+2)) = e3t My (t).
Let b be a constant, then Mz (t) = E(e®?¥) = Mz (bt).
Ms.a (t) = eb! Mz (L).
Recall that

] 1 X [e'e] 1
e= Im (1+—-) = Z —,
X—00 X =0 r!

which follows fron Newton's binomial theorem (please, check it).
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o Consider the set C of complex numbers, where C = IR? is endowed
with the following two internal operations:

(1) The (standard) sum,
(a,b) + (c,d) = (a+c, b+ d),
(2) The (somewhat strange) multiplication,

(a,b) - (c,d) = (ac — bd, ad + bc).

@ The complex number (a, b) has a real component a and an imaginary
component b. Therefore, the complex numbers of the form (a,0) are
real, (a,0) = a € R.
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o Therefore, if k € R then
k-(a, b) = (k,0)-(a b) = (ka, kb),

which agrees with the standard rule of multiplication of a vector by a
scalar.

@ The complex number i = (0, 1) is such that
2=i-i=(0,1)-(0,1) = (—1,0) = —1. That is,
V=1 =4i=(0+1).

o Observe that

(a,b) =a-(1,0)+b-(0,1) =a-1+b-i=a+ bi.

o Definition. The modulus of the complex number (a, b) is its distance
to (0,0), i.e., (32 + b2)1/2.
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o Definition. The characteristic function, ¢, (-) : R — C, of the
random variable X : (Q), F, P) — (R, B) (or of its distribution) is

¢.(t) = E(e) = /Re"thP;(x) — E [cos (%) + i sin(£X)]

= E [cos (tx)] + iE [sin(tx)] = (E [cos (tX)] , E [sin(tX)]) ,
which is a well-defined (i.e., finite) complex number for all t € R.

o Recall that the moment-generating function, I\/I;(() : B— R, of the
random variable X : (Q), F, P) — (IR, B) (or of its distribution) is

My (t) = B(e) = g, (~it).

where B is the subset of R for which E(et¥) is finite.
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o Definition. The Laplace transform, Az(:) : D— IR, of the random
variable X : (Q), F, P) — (IR, B) (or of its distribution) is
Ax(t) = E(e™) = Mx(—t) = g (it).
where D is the subset of R for which E(e™ ) is finite.

o Note: Moment-generating functions and Laplace transforms may be
not well-defined around t = 0 (i.e., they may be not finite).

o Proposition. Let P; and Pj be the distributions of the random
variables X and y, respectively. Then, Py = Py if and only if ¢, = ¢

o or iff My = My, provided they are well-defined (i.e., finite) in a
neighborhood of t = 0,

o or iff Ax = Ay, provided they are well-defined (i.e., finite) in a
neighborhood of t = 0.
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o Lévy’s inversion formula:
1 1
Px(a, b) + §P)~< {a, b} = Fx(b) — Fx(a) — 5 [Px {b} — Px{a}]
N— ——
P;(a,b]

] 1 T e—ita _ eitb
=m0

o If the characteristic function ¢, is Lebesgue integrable on IR, then X
is absolutely continuous with the density

1 e—itx
&(X):E/R o (t)dt.

It

@ The Fourier transform of the distribution Px is
§x(t) = E(e ™) = g, (~t) or §(t) = E(e %) = g (—27t),
whereas the Fourier transform of the function f : IR — R is

f(e) = [ e F(x)ax.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 45 / 90



o % = (%1, %, . %) : (O F, P) — (R", B).

o Definition. The (r, o, ...

variables X1, %o, ..., X, Is

/ ~ ~
I’lrl,rg,...,r,, (X]-’X2’

, ) product moment of the random

')?n) =E ()?1,1 :

= [ (x-x2. X dP:/ X/
s sy = [

I )

X

. r2 .
Xy

IDEA
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o Definition. The (1, 2, ..., ry) product central moment of the random
variables X1, Xo, ..., X, is

,,,,,,

E[(51 —E(x1))" - (2 —E(%))"” - ... - (o —E(%))"] =
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o Note:

and
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o Definition. The covariance 0% 5 (or Cov (X, )) between (or of) X
and y is
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o Proposition.

or
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o Definition. The coefficient of correlation between X and ¥ is

Oy .
Pzy = Xy with 05 > 0 and 0y > 0.

0';'0'}7

o Proposition. p; ; € [—1,1] or ‘pg’y‘ <1

o Proof. From the Cauchy-Schwarz inequality,

[ B0 &~ B o < [ 16— B3 (7~ B P

< [/Q(x E(x)) dPT/Q [/ (7 — E(y ]1/2.

0s5| <0505 & =050y Soxy S oxeoy e —1<pp <L

That is,

Q.E.D.
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o Proposition. Let a and b be constants. Then
Tax,by = ab(T;(,y.

Moreover, if a > 0 and b > 0, then

Pax,by = Px,y-
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o Proposition. Let X{, X, ..., X, be independent random variables on
(Q), F, P) belonging to L!, then

E(X-% ... %) =E(X1)-E(x) .. E(X,).
o Proof. Since, from independency,
Pz = Pg, X Ps, x ... X Py, = T] Px;, we can use Fubini's theorem so

i=n

that

E(fq -)~<2 L ')?n) = (Xl s X2t .l -Xn) dP;((Xl, ...,X,-,)
]Rn

:/R/R.../R(Xl.xz-...-xn)dph (x1) dPx, (x2) ...dPs, (xn)

_ [/RxldP;q (Xl)] . {/szdpgz (x2)] [/]RX,,dP;(n (xn)]

—E(%1) E(%) .. E(x%). QED.
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o Corollary. If the random variables X and ¥ are independent, then
Cov (x,y) =0,
i.e., X and ¥ are "uncorrelated".
o Proof.
Cov (.7) = E(%- 7) — E(X) - E() = E(%) -E(7) — E(%) -E(7) = 0,

where the second equality holds because E (% - y) = E(X) - E(y) when
X and y are independent. Q.E.D.

o Independency implies Cov (X, ) = 0, but the converse is not true.
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o Example: Consider the following table summarizing the probability
function fz y (x, y) of the random variables X and y:

yw |-t ot [hY)
—1 | 1/6]1/3]1/6] 2/3
1 |1/6] 0 [1/6] 1/3

fr(x) | 1/3]1/3]1/3 ] 1

o We have that E(x) =0, E(y) = —1/3, and E(x - 7) = 0.

o Thus,
05y = E(X-7) —E(%) -E(7) = 0.

o However, X and ¥ are not independent since it is not true that
fiz.9) (x,y) = fx(x) - f(y) for all (x,y) € x(Q) x y (Q). For

instance,

fF(—1,-1) =

Probability and Statistics
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Proposition. Let {X;}!_; be a collection of random variables on
(Q, F, P), {ci};_; a collection of constants, and b a constant. Then,

n n n n—1
Var Z GXi| +b| = Z c,-2Var ()?,) +2 Z Z C,'CJ'COV ()?,', f{,)
= i—1 j=i+1i=1

= Z c?Var (%) + Z Z ciciCov (%, Xj) = i i ciciCov (%, X;) .

j=1li=1 j=1li=1
JFi
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n n n—1

—E [Zc,? x—-Ex)’+2 Y ¥ ag (x,-—E(%f))(%—E(%))]
i=1 j=i+1li=1

=Y B [(5~E()F] +2 3 T a5~ E ) (5~ E(5)
i=1 J=itli=

n n—1

= Z c?Var (%) +2 Z Z ciciCov (%, X;) . Q.E.D.
i=1 j=it+1i=1

J. Caballé (UAB - BSE) Probability and Statistics IDEA 57 / 90



o Corollary. If {%;}!_; is a collection of independent random variables,

then
n
Var Z CiXi
i=1

o Corollary. If the random variables X and ¥ are independent, then

+ b) =Y ?Var(x).
i=1

Var (X + y) = Var (x) + Var () .
o But, in general,

Var (x4 y) = Var (x) + Var (y) +2Cov (%, 7).
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o Let c = C_2 be a vector of scalars and X = )?.2
Cn Xn
Ha
o U= y? , with u; = E (%), is the vector of means.
Hn
(]
vir 012 - Uin
y — | 92t 022 Oon ,
Ont On2 * Onpn

nxn
with 0j; = Cov (X;, X;) , is the covariance matrix (or variance
covariance matrix).

o Note: X is symmetric (0 = ;i) and the elements along the diagonal
are the variances (0;; = 02).
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o Then,
E(cTx) (Z c,x,) =cTu

Var(cTx) = Var (Z c,->"<,-> = cTXc.

i=1

and

o Note: Since Var(cTx) = cTXc > 0 for all ¢ € R", then the matrix %
is symmetric positive semi-definite, which implies that det (£) > 0.

o Proposition.
n

Cov (fﬂ Y Ci%‘) = Cov (7,cTx) = ) _ ¢iCov (7, %) .

i=1 i=1
o Proof. Exercise.
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o Definition. Let X = (X1, %, ..., %) : (O, F,P) — (R",B) be a
random vector. The multivariate moment-generating function,
/\/I;(() : B— R, of the random variables X1, x>, ..., X, is
Mz, 5.5, (t1, to, ..., ty) = E(eftXt2XetttnXn)

_ er(tl)?1+t2)~<2+-..+t,,)?,,)dP — fRne(t1X1+t2X2+m+tnX")dP;g(Xl, . Xn)v

where B is the subset of R” for which E(efixitRXet+tXn) is finite.

o Proposition. If there exists a neighborhood V of (0,0, ...,0) for
which My, 5, 5 (t1, ta, ..., t,) is finite for all vectors
(t1, t2, ..., ty) € V, then Mg, x,. %, (t1, t2, ..., t,) is infinitely
differentiable at (t1, t2, ..., t,) = (0,0, ...,0), all the product moments

Wy (X1,%2, 0, %) are finite and
ar1+r2+...+r,, M)?l,)?z ..... )?n(tlv t21 EE) tn)

e In
atl at2 .0ty (t1,t2,..,tn)=(0,0,...,0)

=W (K%, Rn)
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o Proposition. If the random variables X1, %o, ..., X, are independent,
then

Mz 450445, (1) = H Ms, (t).
i=1
o Proof.

E (er(>~<1+>~<2+...+>?n)> —E (ﬁ ef%) — - E (et*f) . Q.E.D.

i=1 i=1

o Proposition. If the random variables X1, X, ..., X, are independent,
then

n

M 5o, (B0 B2, oo tn) = [ [ M, (81).
i=1
Proof.

n

n
E(etl)?1+t2)~<2+...+t,,)?n) — E (H eti)?i) — E (eti;(i) . Q ED
i=1

i=1
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o Definition. Let x: (Q, F,P) — (), F’) be a random object and
y:(Q,F,P) — (R, B) a random variable. The conditional
expectation of ¥ given X = x is a (essentially unique w.r.t. Px) Borel
measurable function E(y |x = -) : (O, F') — (IR, B) given by

E(y|x =x /ydP |X—x)—/yd iz (v [x), for all x € (V.
o Note that the previous conditional expectation can be seen as a
random variable from (Q), 7’) to (R, B) .

o All the properties of the (unconditional) expectation of ¥ also hold
a.s. [Px] for the conditional expectation of y given X = x.
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o If the random vector (X, 7) is discrete, then the conditional
expectation of ¥ given X = x becomes

E(y|x = E 5 (y|x), for all x with fz(x) > 0.

o If the random vector (X, ¥) is absolutely continuous, then the
conditional expectation of ¥ given X = x becomes

E(y|x=x) = ./IRyf;?';( (y |x)dy, for all x with fz(x) > 0.

@ We can define conditional moments since moments are just
expectations. For instance, the conditional variance of ¥ given X = x
is

Var(y % = x) = E ([ — E(7 [ = x)* |k = x)
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o If the discrete (absolutely continuous) random variables X and y are
independent then

E(y|x=x) =E(y), for fz(x) > 0.

That is, the conditional expectation is equal to the corresponding
unconditional expectation.

o In general, if the random object X : (Q, F, P) — (Q', F') and the
random variable y : (), F, P) — (IR, BB) are independent then

E(y|x=x)=E(y), as. [Px].
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o Letx:(Q,F,P)— (O, F)andy: (QF P)— (O F").
o Conditional probability is a particular case of conditional expectation:

P(B|x =x)=E(Ig|x = x), forall B€ F.

o The conditional distribution is also a particular case of conditional
expectation:

Py(Alx = x) =E(I4(y)|% = x), forall Ae F",

or

for all Ae F".

o We can define the conditional expectation of the random variable
y:(Q, F,P) — (R, B) given the event B € F as

E(7|8) = E(y[ls = 1).
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o Theorem of total expectation (Adam’s law). Let
x: (O, F,P)— (Y, F') be a random object and
y:(Q,F,P)— (R,B). Then,

E() = [ E(7Ix = x)dPs(x).

o If the random vector (X, ) is discrete,

/RE(yl%zx)dPx(xF Y [E fyx<yl><>] fi(x)

xex(Q) Lyey(Q))

= ). ) vhilxy)= ) y[XZ fx,y(xv)’)]

xex(Q) yey(Q) yey(Q) €x(Q2)

= Y, ¥hly) =E@).

yey(Q)
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o If the random vector (X, ¥) is absolutely continuous,

J G 15 =x)aps) = [ | [ e 0 bray | i)
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o Definition. Let x: (Q), F,P) — (), ) be a random object and
y:(Q, F,P) — (R, B) a random variable. The conditional
expectation of ¥ given X is a (essentially unique w.r.t. P) Borel
measurable function E(y |x = %(+)) : (O, F) — (R, B) (or
E(7[%)()) given by

o Note that the previous conditional expectation can be seen as a
random variable from (Q), F) to (R, B).

o Moreover, if E(y |[x = x) = h(x) a.s. [Px], where
h:(Q,F') — (R, B), then E(¥ |[x) = h(X), a.s. [P] where
h(x): (O, F) — (R, B), since h(x (w)) =E(y |x = %(w) ).
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Definition. Let x: (Q, F) — (), F’) be a random object. The
o-algebra induced (or generated) on Q) by X is

={xYA) |AeF},
that is, F (X) contains the pre-images of all the measurable sets in
F'
The o-algebra F (X) is the smallest (i.e., the coarsest) c-algebra that
makes the random object X measurable, X : (Q), F (X)) — (Y, F') .
Hence, F (X) C F.
Recall that, if the random variable % : (O}, F) — (IR, B) is discrete,
there is a countable partition A = {A;, Az, ...} of Q) with
Ap={w e Q| x(w) = x, }, for all x, € X(Q). Then, the o-algebra
F (%) induced on Q) by X is the g-algebra o (.A) generated by the
partition A, i.e., the smallest o-algebra containing A.

Note: If we have two random objects X : (), F, P) — (Q, F1)
and % : (O, F, P) — (O, F2) such that F (X)) = F (%), then

E(j/ |)~<1) = E(j/ |)~(2> a.s. [P] .
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o Therefore, we can define the conditional expectation of the random
variable y : (Q), F, P) — (R, B) given the o-algebra G on () as the
(essentially unique w.r.t. P) Borel measurable function
E(716)(-) : (0.G) — (R, B) given by E(7|G) = E(7|%), where
x:(Q,F) — (Y, F') is any random object such that G =F ().

o In particular, we can choose X : (), F) — (0, G) to be the identity
map, X(w) = w for all w € Q.

o Note that the conditional expectation of the random variable ¥ given
the o-algebra G can be seen as a random variable from (Q), G) to

(R, B).
o Note: E(y|x) =E(y|F (X)) as. [P].
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Definition. The random object X : (Q}, F) — (O, F') is
G-measurable if x"1(A) € G for all A€ F’. Obviously, we must have
that G C F.

Proposition. If x: (), F) — (Q, F’) is a random object, then %
is G-measurable for all G such that F (X) C G CF.

Definition. Let H and G be two o-algebras on the set () with
H C G. Then, we say that H is coarser than G or, equivalently, that
G is finer than H.

Definition. Let H and G be partitions of the sample space (). Then,
we say that H is coarser than G or, equivalently, that G is finer than
H, if every element of G is a subset of an element of H.
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Example A:

o )= {CU1,C(J2,(1J3,CU4,(,U5}

o H={{w1,ws, w3, ws ws}} ={Q}
G = {{wr,wz, w3}, {ws, ws}},
F={{w} {wa} {ws} {ws} {ws}}.

o Observe that F is finer than G, while G is finer than H.

(7]

(]

{wi} C {wrwa, w3} C Q,
{wr} € {wr,wa, w3} C Q,
{ws} C {wr,wa, w3} C O,
{wa} C {wsws} C Q,
{ws} C{wsws} C Q.
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o Let G be the o-algebra generated by the partition G, i.e., G is the
smallest o-algebra containing G.

o Similarly, in our example, H is the o-algebra generated by H, while F
is the o-algebra generated by F.

o Obviously, if a countable partition H is coarser (resp. finer) than the
countable partition G, then the o-algebra H generated by H is
coarser (rep. finer) than the o-algebra G generated by G, i.e., H C G
(resp. G C H).

o Note: Not all o-algebras are generated by partitions. For instance,
there is no partition of IR that generates the o-algebra I3 of Borel sets
in R.
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o Example B: Consider () = IR and the following uncountable partition
of IR:
P={{x}| xeR}.

The o-algebra generated by P is
P ={ACR | either A or A are countable } .
Consider now the following countable partition of R:
Q = {(=0,0),[0,00)} .
The o-algebra generated by Q is
Q={9 R, (-,0),[0,00)}.

We see that P is finer than Q since, for all x € IR, either

{x} C (=00,0) or {x} C [0,00). However, it is not true that @ C P
since neither (—oo, 0) nor [0, 00) are countable or have countable
complements.
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In the previous Example A, we have H C G CF.
H={9, {wi,wr, w3, ws, ws}},

G =1{9 {w1,wr, w3, w4, ws},{wi,ws, w3}, {ws, ws}},

and

F ={9,{w1,ws, w3, ws, ws} , {w1,w2, w3}, {was, ws},

{wi} {wa} {ws} {wa} {ws}, {w1, wo}, {wr, w3},

{wi, wa} {wr, ws}, {ws, w3}, {wa, wa} {ws, ws}, {ws, ws},

{wz, w5}, {w1,ws, wa}, {wr,wr, ws}, {wr,ws3, ws}, {wi,wsz, ws},
{wi,ws, ws}, {wr,wsz, wa}  {wr,ws, ws}, {wsws, ws}, {wsws, ws},
{wl,wz. w3, w4} ) {wl,wz. w3, w5} ) {wl,wz. Wy, ws} )

{w1,w3, wa, ws}, {ws, w3, wa, ws}}.

In this example, F is the power set 2 (the finest o-algebra on Q)
since F is the finest partition of ().

Note that #JF =2° = 32.

Moreover, in this example, H is the coarsest o-algebra on (Q,
H ={@,Q}, as H is the coarsest partition of ().

J. Caballé (UAB - BSE) Probability and Statistics IDEA 76 / 90



o Example: Consider the probability space (Q 29 P) , where the
sample space is () = {a, b, ¢} and the probability P satisfies
P{a} =1/6, P{b} =2/3=4/6, and P{c} =1/6. Let
%: (0,29, P) — (IR, B) be a random variable defined as follows:

1 ifw=a
2 ifwe {bc}.
o The o-algebra F (%) induced on Q) by the random variable X is

F(z) = {2,Q,{a}, {bc}} C 22

@ Then,
1 fw=a
E(x[F(x)) = x(w) =
2 ifwe{bc}.
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o Consider the following partition of the sample space ():
G ={{a b},{c}}, and let G be the o-algebra generated by the
partition G,

G =1{2,Q,{a b}, {c}} c22

@ Since
P{x=1[{a b}} =P({a} {a.b}) = "G5 = Sl =48 =1,
P{x=2[{ab}} = P({bc}|{a b})=EUEICL0)
_ _P(H) 4/6_£
~ P{ab}  5/6 5
P{x=1|{c}} =P({a}|{c}) = p& = % =0,
P{x=2|{c}} = P({bc}|{c}) = BUEAIDD) — Aleb _ L6 g

o then

E(x|G) =
1.042-1=2 ifw=c
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o Let H be the coarsest o-algebra on Q), H ={®, O} . Since
1
P{)?zl}:P{a}:g,
< 5
P{x:2}:P{b,c}:6,

then

E(x|H)=E (%) =1- +2--:%1 forw € {a b,c} = Q.

1
6 "6

o Finally, note that, since
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Properties of the conditional expectation given a c-algebra:

1. (Theorem of total expectation). Let y : (0, F, P) — (IR, B) and
G CF,thenE(E(y|G)) =E(¥). In particular, if
x: (0, F,P)— (R, B), then

E(E(y|x))=E(y). (Adam'’s Law)

2. Ifx: (QF,P)— (R,B)and y: (), F,P) — (R, B) are
independent random variables, then

E(7Ix) =E(y) as. [P].

3. Lety: (O, F,P) — (R, B) and F (y) C G CF, then
E(y|G) =y as. [P]. In particular, E(y |F) =
)

E(yly) =E(F|F(¥) =7 as. [P].
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4. Letz: (O, G, P) — (R,B) and y : (), F, P) — (R, B) be random
variables with G CF, then

E(z-7G) =2 E(7]G) as. [P].

E(y|z) as. [P].

z-
5. Ify: (Q,F,P)— (R B) and H ={®, O} is the coarsest o-algebra
on O, then E(y|H) =E(y) as. [P].

In particular, E(z-y|2) =
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Theorem. Let y: (), F,P) — (R, B) and G1C GoCF, then
(a) E(E(7|G1)|G2) =E(7]G1) as. [P].
(b) The law of iterated expectations:

E(E(7]92)[91) =E(7191) as. [P].

J. Caballé (UAB - BSE) Probability and Statistics



Johan Jensen (1859 - 1925)
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o Theorem. Let g be a Borel measurable function from the convex set
C CR" to R. Then,

E(g(¥)) é) g(E()), (Jensen's inequality)

for all random vectors y : (Q, F, P) — (R", B) with y (O) C C
(i.e., ¥ (w) € C for all w € Q) if and only if g is concave (convex)
on C.

o Proof: (IF) If g is concave, there exists a real vector 6 € R" such
that

g(y) <g(E(y)+6 (y—E(y)), forally € C,

where E () € C C R" is the mean vector of the random vector j.
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Therefore,

E() = ey < [ [s®3)+6 (v ~EG))] dPs()

= @GN )+ [ 6T —E) dPy(y)

=g(E[)+5 Ey—E(y)] =g (E(7)).
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g(E()+3(y—E®)

g(E()

E(y) Y
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(ONLY IF) Consider a random vector y : (O3, F, P) — (R", B) taking
the values x, y € C with probability p and (1 — p), respectively. Then,
Jensen’s inequality becomes

pg(x) +(1—plg(y) < glpx+ (L= p)y),

and, since this inequality holds for all values x,y € C and for all
p € [0, 1], we have just obtained the definition of concavity of the
function g on C. Q.E.D.

o Jensen's inequality also holds for the conditional expectation of ¥
given X = x (a.s. [Px]) or given the o-algebra G (a.s. [P]):

o For g concave (convex):

Elg (7) % = x] (;)g(E[YI? x]), as. [Px]

or

EB()W”ig@UWD as. [P].
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f 3

a(y)

g(px + (1—p)y)
pg(x) + (1 - p)g(y)

g(x)

Sodossssmmrsssvasussessus s e a T

x  px+(1-p)y
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o Application to Economics:

o Definition. An expected utility maximizing individual with utility
function u is risk averse if

ulE(x)] > E[u(x)] for all random variables X.

o From Jensen's inequality we can conclude that an individual is risk
averse if and only if the utility function u (which is called the
Bernoulli utility function) is concave.
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Proof that E (% fR z fz (x) dx for absolutely
Contmuous random Varlables.

Let &:(Q,F,P) — (R,B) be an absolutely continuous random variable
with density fz. On the one hand, we know that

P;(A) :/AdPi(x) :/R]IA () dPz(x). (1)

On the other hand, from the definition of density, we have

:/AfgE (:L’)de/RHA(x)ff (z) dz, (2)

as T is absolutely continuous. Therefore, combining (1) and (2) we get

/ 0P (z / f: (z) da. (3)

Let us compute now the integral of the non-negative simple function
s: (R,B) — (R, B) with respect to the probability distribution P;. Recall that
simple functions have the following form:

2) = > uila (o) ()

where {A;, Ao, ..., A, } is a finite partition of R and s(z) = y; if v € A;, i =1
Thus,

yeees T

/]R / ZyZ]IA )d P ( Z / yilla, (2)d Ps ()

_Z/yzdp ~3 [ a <x>=i§";yi/mfi<x>dx
—Z/ dw—/Aiswi(x)dz:As<x>ff<x>dx, (5)

where the first equality comes from (4) ; the second from the fact that the integral
of a sum is the sum of integrals; the third from the definition of indicator function;
the fourth from the fact that y; is a constant in the Borel set A; and, thus, it
can be factorized; the fifth from (3); the sixth from the fact that s(x) = y; when
x € A;; the seventh from the contable additivity property of the integral; and the
eighth from the fact that (J A; = R.

K3



Let us now compute the integral [, g (x) dP;(z), where g : (R, B) — (R, B).
We can use the definition of integral with respect to a measure to compute the
integral of the positive and negative parts of g, g7 and ¢~ (which are given by
g7 (x) =max(g,0) > 0and g~ = max (—g,0) > 0, respectively) as the supremum
of the integrals of non-negative simple functions s and h such that s < g* and
h < g—, respectively. We thus have

Elg(2)] = / 9 (2) dPy(z) = / g* () dPs(x) — / g~ () dPs(x)

R

~ sup /R s(x)dPy(z) — sup /R h(z)dP; ()

= ogszlg;g:/ms () fz (z)dx — O;S;l;pg_ /R h(x) f5 (z) dx
- [Fn@a- [y@n@e- [g@hoe o

where the first equality is the definition of expectation; the second and the third
come from the definition of the integral of a Borel measurable function; the fourth
from (5); and the fifth and the sixth from the fact that the density fz is non-
negative a.e. with respect to Lebesgue measure and from the definition of integral.

If the previous Borel measurable function ¢ is the identity function, i.e.,
g(x) = x for all z € R, then (6) becomes

B (7) = /R 2dPy(z) = /R ofs (x) da. Q.E.D.



Exercises. Probability and Statistics. IDEA.
3. Expectation

. The density function of the absolutely continuous random variable I is given

by
1

—— forl
v (In3) orl <z <3

f(x) =

0 elsewhere.

(a) Find E (2), E (7%), and E (%)
(b) Use the result of part (a) to determine the value of E (73 + 27 — 3% + 1) .

. A casino offers a game of chance for a single player in which a fair coin is
tossed at each stage. The initial stake starts at 2 dollars and is doubled every
time head appears. The first time tail appears, the game ends and the player
wins whatever is in the pot. Thus, the player wins 2 dollars if tail appears
on the first toss, 4 dollars if head appears on the first toss and tail on the
second, 8 dollars if head appears on the first two tosses and tail on the third,
and so on. Mathematically, the player wins 2* dollars, where x is the number
of tosses and the probability of having x tosses is given by the probability
function f(z) = (1/2)" for = 1,2,3.... Show that E (2%) = oo so that the
fair price to pay the casino for entering the game is infinite. This is the famous
St. Petersburg paradox, according to which a player’s payoff expectation is
infinite if he is to receive 2* dollars when, in a series of flips of a balanced coin,
the first tail appears on the xth flip.

. Mr. Adams and Ms. Smith are betting on repeated flips of a coin. At the start
of the game Mr. Adams has a dollars and Ms. Smith has b dollars. At each flip
the loser pays the winner one dollar, and the game continues until either player
is “ruined”. Making use of the fact that in an equitable game each player’s
mathematical expectation is zero, find the probability that Mr. Adams will win
Ms. Smith’s b dollars before he loses his a dollars.

. Show that if Z is a random variable taking non-negative values with mean g,
then for any positive constant a,

P{i>a} <

SRS

This inequality is called Markov’s inequality.

. Find the moment-generating function of the discrete random variable Z, which
has the probability function f(x) = 2-(1/3)" for x = 1,2,3,..., and use it to
determine the moments 1}, y5, and o



10.

11.

12.

Find the moment-generating function of the absolutely continuous random
variable & whose density is given by

1 forO0<a<1

f(x) =

0 elsewhere

and use it to find y}, uh and o2

If we let Rz (t) = In M; (t), show that R (0) = p and RZ(0) = o2. Also, use
these results to find the mean and the variance of a random variable  having
the moment-generating function

M; (t) = (1)

2
_ p3t8t

Given the moment-generating function M; (t) of the random variable

1
Z, find the moment-generating function of the random variable z = 1 (z —3),

and use it to find the mean and the variance of Z.

If 21,29, T3 are random variables with the means 4,9, 3, the variances 3,5, 7,
Cov (Z1,%2) = 1, Cov (T2, 3) = —2, and Cov (%1, Z3) = —3, find the mean and
the variance of

(a) § = 2%y — 3Tg + 4T3;
(b) 2 == 571 + 2532 - i’g.

If the joint density of  and ¥ is given by

1

g(x+y) for0<z <1, 0<y<2
flzy) =

0 elsewhere,

find the variance of w = 3% + 4y — 5.

A penny, which is unbalanced so that the probability of heads is 0.40, is tossed
twice. What is the covariance between Z, the number of heads obtained on the
first toss, and w, the total number of heads obtained in the two tosses of the
coin?

If getting a head is a success when we flip a coin, getting a six is a success when
we roll a dice, and getting an ace is a success when we draw a card from an
ordinary deck of 52 playing cards, find the mean and the standard deviation of
the total number of successes when we

(a) flip a balanced coin, roll a balanced dice, and then draw a card from a
well-shuffled deck;

(b) flip a balanced coin three times, roll a balanced dice twice, and then draw
a card from a well-shuffled deck.



13.

14.

15.

16.

If the joint density function of two random variables Z and ¥ is given by

2
g(x+2y) for0<or <1, 0<y<l1
fla,y) =

0 elsewhere,

(a) find the conditional mean and the conditional variance of & given § = 1/2;

(b) find the covariance between Z and g.

The random variables  and 3 have the joint density

1
—§ln(x-y) for0<zr<landO<y<1

flz,y) =

0 elsewhere.

Taking into account that, if F/(z) = x - (Inz) — z, then F'(z) = Inz,
a) find the marginal density of Z, fz(z).
b) find the conditional density of & given § =y, fz5(x |y).

)
c¢) are T and ¥ independent?

d) compute the expectation (or mean) of z, E(Z).
)

compute the expectation of  given 7, E(Z |7).

(
(
(
(
(
(f) find P{Z > 23}.

(a) Let § be an absolutely continuous random variable with density function
(pdf) g(y), g : R — R. If § =y, n independent observations Iy, ...., T, are
taken, where each ; is absolutely continuous and has the same density h(z;;y),
h(:;y) : R — R. Indicate how to compute the conditional expectation of ¢
given Iy = Ty, ...., Ty = Tp.

(b) Let g be a discrete random variable with probability function (pmf) g(y),
g:79(2) — [0,1]. If § =y, n independent observations Zi, ...., Z,, are taken,
where each Z; is discrete and has the same probability function h(z;y), h(-;y) :
z(Q2) — [0,1] . Indicate how to compute the conditional expectation of § given
Zi'l = T, ,fn = Tp.

Note: Your answers to (a) and (b) should use only the functions ¢(-) and h(:; )
and the values z1, ..., z,.

Let {Bj, Bs,...} be a countable collection of events with strictly positive
probability that constitutes a partition of the sample space 2. Establish the
following version of the theorem of the total expectation:

If E(&) exists, then B(Z) = Y _ P(B,)E(Z|B,).

Recall that E(Z |B) = E(Z |Ip = 1), where B is an event and I is the indicator
function of the set B.



17.

18.

19.

20.

21.

22.

23.

Find the covariance of the two random variables whose joint density is given by

2 forz >0, y>0, v4+y<1
fla,y) =

0 elsewhere.

We have a urn with 2 white balls and 3 black balls. We first extract one ball and
we put it back in the urn. If the ball is white, we next extract two balls with no
replacement. However, if the ball is black, we next extract only one ball. Find
the moment-generating function of the number of black balls extracted in the
second round.

Find the moment-generating function of the discrete random variable taking
the values 0, 1, 2,... with the probability function

f(k>:P{'f:k}:qk.p7 k:071727"'7 q+p:17 q>07 p>0

The moments of a random variable are yf = 1, ), = 2, and in general p) = k, for
every strictly positive natural number k. Find its moment-generating function.

Is the function g(t) = (2 +t)? the moment-generating function of some random
variable?

Consider a discrete random variable & with the following probability function:

Do forz =0
flx)=149 m forx =1

1—po—py forax=2.

a) Find the moment-generating function of .

(

(b) Using the moment-generating function, compute E(Z).
(¢) Using the moment-generating function, compute E(7?).
(

d) What is the variance of z7?
The probability function of the discrete random variable Z is
k
fa(x) == forx=1,2,3.
x

a) The value of the constant k is 6/11. Why?

b) Find the moment-generating function of the random variable z.

(
(0)
(c) Compute E (Z), E (Z?) and E (%) by using the moment-generating function.
(d) Compute Var ().

(

e) Compute Var (1) , where § = 372 + 4.



24.

25.

26.

Consider a Borel measurable function f on the measure space (2, F, i),

(a) Assume that y is a finite measure. Prove that, if f € L® then f € L" for
0<r<s<o.

(b) Assume that p is the Lebesgue measure on the o-algebra B of the Borel sets
of R, i.e., 2 =R and F = B, and

— forxz>1
flay=4 "

0 forxz<l1.

Does f belong to the L! space? Does f belong to the L? space? Compare the
answers to the previous two questions with the result of part (a) and make a
comment.

(a) Find the distribution function F'(x,y) of the random vector (Z,7) whose
density function is

6
g($+y2) for0<z <1, 0<y<1
flz,y) =

0 otherwise,

O*F(z,y)

and check that f(x,y) = 929
oY

a.e. with respect to Lebesgue measure.
(b) Find Var (| =1/3).

Let (2, F, P) be a probability space. Assume that the sample space € is the
closed interval of real numbers [0,1], F is the c—algebra of Borel sets in the
interval [0, 1] , and the probability P on (2, F) is the Lebesgue measure on [0, 1].
Consider the random variables Z, ¢, and Z on (2, F, P) defined as follows:

( ) 1
1 ifwe |0, 3
I(w) =
| 0 otherwise,
( 1
1 ifwe {5, 11
J(w) =
[ 0 otherwise,

and

1 13
1 if - - =
1w€{0,4}u{2,4}

0 otherwise.



27.

28.

(a) Find the joint probability function of the random variables Z, 7, and Z.

(b) Are T and y independent? Are Z and Z independent? Are § and 2
independent?

(¢) Find Cov (z,7), Cov (Z, 2), and Cov (7, 2).
The distribution of the random vector (,7) has the following density function:

ky ifx<b, y>0, —2y>3

fap(,y) =
0 otherwise.

(a) Prove that k = 3.
(b) Compute the expectations E(Z) and E(7).

)
(c) Compute the variance Var(Z).

(d) Compute the covariance Cov(Z, 7) and the correlation coefficient p between

)

Z and g. Are ¥ and ¢ independent random variables?
)
)

e) Find the marginal density function of 3.

(f) Find the conditional density function of  given § = 3/4, fz; (% [3/4).
(9) Compute the conditional expectation of Z given § = 3/4, E(Z |y = 3/4) .
(h) Compute the conditional variance of Z given § = 3/4, Var(z |§ = 3/4) .

Consider the random experiment consisting of rolling a balanced dice. Let
T (Q, 29) — (R, B) be the random variable representing the prize in euros
you get as a function of the number of dots w € €2 obtained when rolling the
dice. The random variable 7 is defined as follows:

(0 ifwe{1,4}

1 fw=3

[\]

if we{2,5}

[ 3 ifw=06

(a) Find the o-algebra F (z) induced on 2 by the random variable z. Recall
that F () is the smallest o-algebra F on  for which the random variable
z:(Q,F) — (R, B) is measurable.

Consider the following partition of the sample space 2 : G = {{1},{2,3,4},{5,6}}
and let G be the g-algebra generated by the partition G.

(b) Compute the following three conditional expectations of T given a o-
algebra: E(Z|F (z)), E(Z|G), and E(z|H), where H = {Q,0} is the
coarsest o-algebra on (). Recall that a conditional expectation given the o-
algebra F is a function defined on the sample space €2 that is F-measurable,
E@|F): (QF) — (R,B).



29.

30.

31.

Let v, v1,92, -+, Ym, T1, T2, ..., T, be random variables on the probability space
(Q,F,P)and b;, j=1,...,m, ¢, i =1,...,n, are scalars.

(a) Prove that
Cov (ﬂ, Z Cziz) = Z C,L'COV (ﬂ, ZZ’Z) .
i=1 =1

(b) Prove that

Cov <2m: bjgja zn: CZZZ‘Z> = Zm: zn: bjCiCOV (gj7 j’l) .
j=1

i=1 j=1 i=1

Let & and ¢ be real-valued random variables on the probability space (€2, F, P).
Both random variables have a strictly positive, finite variance.

(a) One of the following equalities is always true. Which one? Justify your
answer.

(iii) Var (z) = E (Var (2 |7)) + Var (E (2 7))
(iv) Var (2) = E (Var (2)) + Var (E(Z|7))
(b) Assume now that Z and § are independent. In this case, in addition to the

one found in part (a), are there other equalities that are true? Which ones?
Justify your answer.

(c) Let h: (R,B) — (R, B) be a Borel measurable function. Find the value of
E[(z—E(Z]g))-h(g)] and the value of Cov [(Z —E(Z|7)),h (7)].

Hint: In this exercise you should use the theorem of total expectation, according

to which, if £ and g are real-valued random variables on the probability space
(Q,F, P), then

E(z) =E(E(z]7)).
Consider the random experiment consisting of rolling a balanced dice. Let
x: (Q, 29) — (R, B) be the random variable representing the prize in euros

you get as a function of the number of dots w € €2 obtained when rolling the
dice. The random variable Z is defined as follows:

1 ifwe {1,2,3)
T(w) =4 2 ifw={4,5}
3 ifwe {6}

(a) Find the o-algebra F (Z) induced on 2 by the random variable Z.



32.

33.

34.

Consider the following partition of the sample space €2 :

G = {{1’ 2} ) {3v4} ) {576}}

and let G be the g-algebra generated by the partition G.

(b) Compute the following three conditional expectations of & given a o-algebra:
E(@|F(2)),E(Z|G),and E (Z |H), where H = {£, 0} is the coarsest o-algebra
on €.

Prove that the characteristic function ¢;(t) = E (e*) of the random variable
7 is equal to the following complex valued function:

E [cos (tZ) + isin(tZ)], which is equal to (E [cos (tZ)], E [sin(tZ)]) .
Hint: You should make the corresponding Taylor’s expansions around zero.

In this exercise, we will use both Markov’s and Jensen’s inequalities to derive
some lower bounds on the moment-generating function of a random variable.
(a) Use Markov’s inequality (which is given in Exercise 4 of this list) to prove
that the moment-generating function Mj;(t) of a random variable § satisfies
M;(t) > e*-P{§>c}, forall c€ R and all t > 0 where M;(t) is well defined.
Similarly, prove that

M;(t) > e*-P{g<c}, forall c€ R and all t <0 where M;(t) is well defined.

(b) Use Jensen’s inequality to prove that the moment-generating function Mz (t)
of any random variable Z with finite mean p is bounded below by e#* for all
t € R where M;z(t) is well defined.

Consider the random experiment consisting of rolling a balanced dice. Let
x: (Q, 29) — (R, B) be the random variable representing the prize in euros
you get as a function of the number of dots w € €2 obtained when rolling the
dice. The random variable Z is defined as follows:

2 ifwe {1,2}

3 ifwe {3,4,5,6}

and F (Z) is the o-algebra induced on €2 by the random variable Z.

Consider the following partition of the sample space €2 :

G={{1,2,3},{4,5,6}}

and G is the g-algebra generated by the partition G.

Compute the following three conditional expectations of Z given a o-algebra:
E(Z|F(2)),E(Z|G),and E (& |H), where H = {2, 0} is the coarsest o-algebra
on ).



35.

36.

37.

Prove that, for every non-negative random variable , the following inequalities
hold:
E(Z) > GE(2) > HE (%) .

(a) Prove that, for every random variable z,
(E[#])"* > E(@).
Note: the expresion in the left-hand side is called the quadratic expectation (or

mean) of 7.

(b) Let us define the generalized (or power) expectation (or mean) of a non-
negative random variable = as

E, () = (E[#*))"", with p € R.

Note: E; (%) is the arithmetic mean of Z and Es (Z) is the quadratic mean of Z.
Prove the following:

(i) Eo (2) = ,l)ii% E, () = GE ().
(ii) E_, () = HE (7).

(iii) B (7) = plggo E, (%) = Tmax, Where Tyax = max {supp (P;)}.
(iv) E_oo () = lim E, (%) = Zmin, where &y, = min {supp (P;)}.
(

p——00

v) If ¢ > p, where ¢ € R and p € R, then E, () > E, (2).

Prove that the irrational number e satisfies the following:
(a)
=1 1\”
= — =i 1+— .
c ; T et ( + x)

Hint: Use Taylor’s expansion for the first equality and Newton’s binomial
theorem for the second.

(b) e € (2,3). Hint: Compute the Lebesgue integral / (Inz)3dz.
(Le]



