2. Random Variables and Distributions
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o Definition. A random object is a measurable function
x:(Q,F) — (Y, F'), where Q) is a sample space and F is the
o-algebra of events.

o Definition. A (real-valued) random variable is a measurable function
x:(Q,F) — (R, B), where Q) is a sample space and F is the
o-algebra of events.
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o Similarly, when ) is a sample space and F is the o-algebra of events,
o %:(Q,F) — (R, B) is an "extended (real-valued)" random variable.

o x:(0,F) — (R",B)is a "(real-valued) random vector" or a
"(real-valued) multivariate random variable".

° X:(O,F) — (EH,B) is an "extended (real-valued) random vector"
or a "extended (real-valued) multivariate random variable".

@ A random vector is just a vector of random variables:

%= (%%, ... %) or %= (%%, .. %)
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o Let (Q), F, P) be a probability space.

o Definition. The probability distribution (or distribution) of a random
object x: (O, F,P) — (Q¥, F') is a probability measure Py on
(Y, F') defined by

Px(B) = P (x}(B)) forall Be F
P;(B)=P{weQ|x(w)eB}=P{xeB} forall Be F'

o Obviously,
P;(B):/ 1dP)~<E/ dPs z/ I (x)dPx(x) for all B € F'
B B (@)
or
P(B) = / 1dP = / sz/ Ty1(g) (@) dP(w) for all B € F'.
%-1(8) %1(B) o
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o Example: We roll a balanced dice, O = {1,2,3,4,5,6}, and
consider the random variable % : (€),2?, P) — (IR, B) defined as

1 fw=123,4

7 ifw=25,6.

o The induced probability Px on (R, B) (or distribution of X) satisfies

Pe{1} = P{1,2,3,4} =2/3, Py {7} =P {56} =1/3,
Pz {12} = P (@) =0, Pz(—3,1) = P(®) =0,
Py[-3.1] = P{1,2,3,4} =2/3, P;[5,8] =P {7} =1/3,

Px | V13| = P(2) =0, Pi(—00,12] = P(Q) =1,
Px[10, 00) = P (@) =0, Ps(1,00) = P {5,6} = 1/3,

Py(—0,2] = P{1,2,3,4} =2/3, etc.

o Moreover, using the properties of the probability, we obtain the
distribution for all Borel sets in IR.
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o Definition. The support supp (Px) of the distribution of the random
vector X : (0, F) — (R", B) is the smallest closed subset of IR"
whose complement has zero probability distribution,

Px {[supp (Px)]°} = 0.
o Definition. Two random objects X and y defined on (Q, F, P) and
taking values on (Q', F’) are equivalent (or equal) in distribution
(x £ ) if they have the same distribution, Py = Pj.
o Example: We toss a balanced coin and consider
X (Q,ZQ, P) — (R, B), and y : (0,20, P) — (R, B) defined as
-1 fw=H -1 fw=T

% (w) = and  y(w)=
1 ifw=T 1 if w=H.
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@ An event A is sure if A= Q).
@ An event A is almost sure (a.s.) if P(A) = 1.

o An event A is negligible if P(A) = 0.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 7/57



Definition. We say that two random objects defined on (Q2, F, P)
and taking values on (Y, F') are equal, x =, if x(w) = y(w) for
all w € Q).

n

Definition. We say that two random objects defined on (Q, F, P)
and taking values on (Y, F') are equal almost surely (a.s.), ¥ 2y, if

P{x=y}=PlweQ|x(w)=y(w)} =1,
or, equivalently, if

P{x#57) = P{weQ|x(w) £ 7(w)} =0.

Note that the concept of "a.s." is the same as that of "a.e." The only
difference is that "a.e." applies to functions defined on measure
spaces, whereas "a.s." applies to random objects defined on
probability spaces.

Obviously, ¥ = y = X = j. Moreover, X = y = X 2 ¥ but the

converse is not true (see the previous example of tossing a balanced
a.s.

coin where % < y but X # ysince P{x #y} =1).
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o Note that the distribution Py of a random variable
x:(Q,F,P)— (R, B) is a probability measure on (R, B) and,
thus, is a finite measure.

@ Therefore, the distribution P; of a random variable
x:(Q,F,P) — (R, B) is a Lebesgue-Stieltjes measure on R
satisfying Py (R) = 1.
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Definition. The (cumulative) distribution function (cdf)
Fz : R — R of a random variable X : (0, F, P) — (R, B) (or of
its distribution) is the distribution function associated with the
distribution Pk, i.e.,

P (a,b] = P{a< % < b} = Fx(b) — Fx(a),

where we make the normalization lim Fz(x) = 0.

Therefore,
Px (=00, x] = P{% < x} = Fx(x) — lim Fx(x) = Fx(x).
Moreover,

lim Fz(x) = Pz (—o00,00) = P{x € R} = 1.
Thus, the distribution function of a random variable X is (weakly)
increasing, right-continuous, and satisfies lim Fz(x) =0 and
X——00
lim Fx(x) = 1. Therefore, we can restrict the range of F so that
X—00

Fz : R — [0, 1] without loss of generality.
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@ Assume that the distribution function Fx of the random variable X is
strictly increasing and continuous.

o Definition. The quantile function (or percentile function,
percent-point function, inverse cdf or inverse distribution function)
Qs : (0,1) — R of the random variable X : (0, F, P) — (R, B)
(or of its distribution function) maps the probability value p € (0,1)
to the value x € R such that

Fux) = P{x < x} = p.
Thus, the quantile function Q5 assigns to the probability p a threshold
value x so that the probability of X being less or equal than x is p.

Then,
Qx(p) = F;l(p) forall p€ (0,1),

so that the quantile function Q5 is strictly increasing and continuous.
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o In the general case of cdf’s that are increasing (but not necessarily
strictly increasing) and right-continuous (but not necessarily
continuous), the quantile function is usually defined as

Qx(p) = inf {x|Fx(x) > p} forallpe(0,1). (1)

o Note that the quantile function is thus in general (weakly) increasing
and left-continuous and satisfies the following:

Qz(p) < x if and only if Fgz(x) > p.
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o Definition. A random variable X : (), ) — (R, B) is discrete if
its range (i.e., the image of ()) is countable or discrete (either finite
or infinite). That is, a discrete random variable may take on only a
countable number of distinct values.

o If Q) is discrete then X is discrete. The converse is not true.

o Let {x1,x,...} be the range X(Q)) of the discrete random variable X.
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If X is discrete there is a countable partition A = {A;, Az, ...} of Q)
with

Ai={we Q| x(w) =x1}, forall xi € x(Q).
Therefore, A; = x 1 (x;), for all x; € %(Q)).

The o-algebra 0(A) generated by the partition A is the smallest
o-algebra that makes the random variable X measurable.

The distribution of a discrete random variable X (which is said to
have a discrete distribution) satisfies:

Pz {xi} = P{x = x;} = P(A)), for all x; € X(Q).
Definition. The probability mass function (pmf) - or just probability

function -, fz : X(Q)) — [0, 1], of a discrete random variable X (or of
a discrete distribution Ps) is given by

fr(x) = P{x = x} = Py {x}, forall x € X(Q).
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Properties of the probability and distribution functions of a
discrete random variable:

(]

o 1.
Y K(x)=1.

xex(Q))

o 2. Any function f : X(Q)) — [0, 1], where %(Q) is countable,

satisfying Y f(x) =1 can serve as a probability function of a
xex(Q)
discrete distribution.

o 3.
Fx(x) =Y (1), with t € x(Q).

t<x
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o 4.

Py(B) =P{x e B} =) K(x), forall Bc B, withx e x(Q).
xeB

o 5.
fr(x) = Fx(x) — tILr;r:_F;((t), for x € X(Q)).

In particular, if the range of X can be ordered so that
xp < xp < ..<X_—1<X <Xj+1 < ..., then f;(Xl) = F;((Xl) and
f}((X,') = F;((X,') - FX(X,'_]_) fori = 2, 3,
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o Example: Let X be the number of heads when tossing 4 coins.

(1/16 forx =0

4/16 forx=1
fr(x) =4 6/16 for x =2
4/16 forx =3

L 1/16 for x = 4,

or

4
fr(x) = E(x) forx=0,1,2,3,4.
x(Q)
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o Probability Histogram:
f(x)
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o Probability Bar Chart:

f(x)
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o Distribution function:

Fx)
1 - Y —
T O
(D V)Tc] S o
6/16{ 3 : .
SN6 b e _: i
1/16 T—q ' :
0 1 2 3 4

X

o Exercise: Draw the quantile function of this distribution and check
that it is weakly increasing and left-continuous.
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Definition 1. A random variable X is continuous if its range x(Q) is
continuous.

Definition 2. A random variable X is continuous if its distribution
function Fy is continuous, that is, if Pz {x} = P {x = x} = 0 for all
x € R.

Continuity according to Definition 2 implies continuity according to
Definition 1.

Definition. A random variable % : (3, F) — (IR, B) is absolutely
continuous if its distribution function F; is absolutely continuous, i.e.,
if there exists a Borel measurable function % : (R, B) — (R, B)
that is integrable with respect to Lebesgue measure such that

Fx(x) — Fx(a) = / f(t)dt, for alla€ R, x € R, with a < x.

[a.x]
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o Absolute continuity implies continuity.

o Random variables that are neither discrete nor absolutely continuous
are called "mixed".

o Equivalent definition: A random variable X is absolutely continuous
if its distribution Pj is absolutely continuous with respect to Lebesgue
measure.

o Therefore, thanks to the Radon-Nikodym theorem, there exists a
Borel measurable function f; : (R, B) — (IR, B) such that

Py (B) :/Bf;((x)dx, for all B € B.
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o The Borel measurable function f; : (R, B) — (IR, B) such that
Py (B) :/ fi(x)dx, for all B € B,
B

is called the probability density function (pdf) - or density function or
just "density" - of the random variable X (or of the distribution Px).

o Since Px(R) = 1, the density function fx is integrable with respect to
Lebesgue measure on (R, ) .

o Moreover, the density f; is finite a.e. with respect to Lebesgue
measure on (R, B).

o The density function f; of the random variable X is the
Radon-Nikodym derivative of its distribution with respect to Lebesgue
measure, f; = dPx/ dx.
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o Note: If X is absolutely continuous, then

P;((a, b] = P;((a, b) = P;( [a, b] = P;( [a, b) =

Fe(b) — Fx(a) :/ i (x) dx.

[a,b]

o Notation: If the random variable X has the distribution Pg, we write
X ~ Pz, X ~ Fg, or X ~ fx, where Fx is the corresponding distribution
function and f; is the corresponding probability or density function.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 24 / 57



Px [a, b] is given by the area of the yellow region

flx)

v
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(4]

(7]

Properties of the density:

1.
/ fr(x)dx = 1.
R
2.
Fe(x) :/( (t)a
3. Any non-negative (a.e. w.r.t. Lebesgue measure) Borel measurable

function f : (R, B) — (R, B) satisfying [ f(x)dx = 1 can serve as
a density of an absolutely continuous distribution on (R, B).

4. If X is absolutely continuous, then f; = F. when the derivative of
F;x exists. Moreover, the derivative F;ﬁ exists a.e. w.r.t. Lebesgue
measure. If f; is continuous at x then F; is differentiable at x and
fr(x) = Fz(x).
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°ox:(Q,F) — (R".B).
0o x=(%,%,...%) or x=(X,%, ..%)".

o X; = pj (X), where p; : R” — R is the projection to the ith
coordinate.

o The distribution of the random vector X is a probability measure on
(R", B) given by

Px(B) = P (x~!(B)) forall B€ B(R").
o The distribution function (cdf) of the random vector

X = (%1,%,....%), Fx : R" — R, is given by

Fx(x1, X2, .y Xn) = P{)?,- <x;, fori=1,2, .., n}.
——

-~

x€R” %<x
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(4]

(]

(+]

(4]

©

The distribution function of a random vector X is aj (i) (weakly)
increasing, ...

(Increasing: @ < b = F(a) < F(b), where a and b belong to R".)

(i) right-continuous,..

(Right-continuous at xp: lim F(x) = F (x5) = F (xo) , where
X_>X0

x > xp € R")

(iii) Fx(x) — 0 if at least one of the components x; of x € R" tends
to —oo, and

(iv) Fx(x) — 1 if all the components x;, i =1,..., n, of x € R" tend
to co.
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@ The random vector X = (X1, X2, ..., Xn) is discrete if its range X (Q) is
countable (or discrete).

@ The probability function (pmf),
fr 1 %1(Q) X %(Q) X ... X X,(Q) — [0, 1], of a discrete random
vector X is given by:

fr(x) = Py {x} = P (X1, X2, ..., %n) :£x1,x2, e Xp) p =

X xeR"

P{xi = x;, for i =1,2,...,n}, for all x € %1(Q) X% (Q) X ... X %, (Q).

o Note: )?(Q) C )?1(0) X )?2(0) X ... X )?n(Q)
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o Properties of the probability and distribution functions of a
discrete random vector:

o 1.
Y, K(x)=1 or ) fr(x) = 1.

x€x(Q) x€%1 (Q) X% (Q) X... x5 (Q)

Fx(x) =) &(t), with t = (t1, 2, ..., ta) € X(Q),

t<x

where t < x means that t; < x; for i = 1,2,..., n.

e 3.
Ps(B) =P{x€ B} =) f(x), forall Bc B(R").

xeB
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o The random vector X = (X, X2, ..., X,) (or its distribution) is
absolutely continuous if there exists a Borel measurable function
f : (R", B) — (R, B) , called the density (pdf), that is integrable
with respect to Lebesgue measure on (IR”, B) , such that

Px(B) = /B fx (X1, %2, ..., Xn) d (x1, X2, ..., xp) , for all B € B(R").

o Properties of the density of a random vector:

/ f;((x)dx:/ / fr(x1, ..., Xn)dxy...dx, = 1.
R" R JR = —~—

xeR"

02

Fx(x) :/ / / fr(t1, ta, ..., tp)dtidty...dt,.
(—00,%p] J (—09,x7-1] (—00,x1]
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o 3. Any non-negative (a.e. w.r.t. Lebesgue measure) Borel measurable
function f : (R", B) — (R, B) satisfying

/ / f(x1, X2, ..., xp)dxidxy, ..., dx, = 1
R JR

can serve as a density of an absolutely continuous distribution on

(R", B).

o 4. If the random vector X = (X1, %2, ..., X,) is absolutely continuous,

then -
&(X11X2,...,Xn): ;(X11X2,...,Xn>

0x10x3...0X;,

when this nth crossed partial derivative of F; exists. Moreover, this
derivative exists a.e. w.r.t. Lebesgue measure on (R”, 53).
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o Definition. Let X = (X1, X2, ..., X,) be a random vector with
distribution Psz. The marginal distribution of x;, for i =1, ..., n, is
given by

Ps,(B) = Px(Rx... X ? X ...xR), forall Be B(R).

o Definition. Let X = (X1, X, ..., X,) be a discrete random vector with
the probability function fz, the marginal probability function of X;, for
i=1,...,n, is given by

ff(i (Xf) =
Z Z 2 Z fr (X1, ooy Xim 10 Xiy Xig1eees Xn ) -
X1 EX1 (Q) X,'_1€)~(,'_1(Q) Xi+1€Xi41 (Q) x,,ef(,,(()) ~

X

for all x; € X;(Q)).
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o Definition. Let X = (X1, %, ..., X,) be an absolutely continuous
random vector with the density f;, the marginal density of %;, for
i=1,..,n,is given by

fr,(xi) = /.../f;((xl, ceer Xi—1, Xis Xif 1y Xp ) AX1...dXj—1dXj41...dXp,
R R M

for all x; € R.

o Note: From the marginal probability or density functions we can
construct the marginal distributions in the usual way.
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o Example 1: The discrete random vector (X, y), where X is the
number of points when rolling a dice and ¥ is the number of heads
when tossing a coin has a probability function f; j(x, y) summarized
in the following table:

ywe | 1] 2 | 3| 4] 5 |6 |60
0 [1/12]1/12 | 1/12 |1/12 |1/12 | 1/12 | 1/2
1 [1/12]1/12]1/12 | 1/12 [ 1/12 | 1/12 | 1/2
f(x) || 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 || 1

@ The marginal probability functions of X and y are summarized in the
"margins".
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Example 2: The absolutely continuous random vector (X, ) has the
following density:

2

§(x—|—2y) for0<x<land0<y<1
fy(xy) =
0 otherwise.
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o Marginal densities:

00 19 2 1
)= [ fabandy = [ Sty =3 by +y

2
=_—(x+1), for0< x<1.
3

o Therefore,

2

§(x—|—1) for0 <x<1
A(x) =

0 otherwise.
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o Similarly,

1

fy(y) = /oo fry(x,y)dx = /1§(X 2y)dx = g [ —|—2xy]0

2 /(1 1
_§(§+2y> §(1-1—4y) for0 <y <1

o Therefore,

(14+4y) for0<y<1

W=

o

otherwise.
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o Definition. Let X = (X1, X2, ..., X,) be a random vector defined on
(Q, F, P) with the distribution Pz on (R”, B (IR")). The random
variables X1, %o, ..., X, are said to be independent if, for all collections
of sets By, By ..., B, belonging to B (R), we have

P{x1 €Bi,..5%, €By} =P{x1€Bi}-...- P{x, € B, }

or, equivalently, if the distribution of the random vector X is equal to
the product measure of the marginal distributions,

n
P;( = P;q X P)?z X ... X P;(n = HP;(I.,
i=1

that is,

P;( {Bl X BQ... X Bn} = P;Q(Bl) . P;Q(Bg) et Py( (Bn)
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o Definition. Let X; : (OO, F,P) — (Q;, Fi), for i =1,...,n. The
random objects X1, X, ..., X, are said to be independent if, for all sets
B, € F,....B, € F,,

P{xy € Bi,...5, € By} =P{x1 € B1}-...- P{x, € B,} .

o Equivalent definition. Let X; : (O, F, P) — (Q;, Fi), for
i =1,...,n. The collection of random objects X1, X, ..., X, are said to
be independent if the joint distribution

n
Py %...%, : ®-7:i — [0, 1]
i=1
of these n random objects is equal to the product measure of the
marginal distributions,

n
Psy sroio = | | Pxi
i=1

where Py, : F; — [0, 1] is the marginal distribution of the random
n
object X;, i=1,...,n, and ®F; is the product o—algebra.

i=1
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o Proposition. Let X : (O, F,P) — (Q;, Fi), fori=1,...n, bea
collection of independent random objects and
g (Q, Fi) — (Q, F]), for i =1, ..., n, be measurable functions.
Then, the random objects gj (%;) : (OO, F, P) — (Q, ), for
i =1,...,n, are independent.
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Proof. If
P{%1 € Bi,...%, € By} = P{x1 € B1}-...- P{X, € B, },
for all sets B; € Fq, ..., B, € F,, then
P{ss€g ' (B),...xn€g," (B))}

—P{x g (B)} .- P{x. gl (B},

for all sets B] € F|,...,B, € F!, since g, * (B)) € F1,...g, " (B)) € F,
due to the measurability of g;, for i = 1, ..., n. Therefore,

P{g1 (%) €By, ....8 (%n) €B,} = P{g1 (x1) €B1}-...- P {gn (%) €B, },

for all sets B] € F7, ..., B}, € F),, which proves the independency of the
random objects g;j (%;) : (QQ, F, P) — (QL F!), fori=1,...,n. Q.E.D.
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o Proposition. Let X = (X1, X2, ..., X,) be a random vector with the
distribution function Fxz : R” — [0, 1] and let F; : R — [0, 1] be
the marginal distribution function of X;, for i = 1, ..., n. Then, the
random variables X1, X, ..., X, are independent if and only if

Fs (X1, ... xn) = F1(x1) - F2 (x2) + oo - Fn (X)),

for all x = (x1, ..., x5) € R".
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Proposition. Let X = (X1, X2, ..., X,) be a discrete random vector
with the probability function f; : %1 (Q) X ... X X,(Q)) — [0, 1] and
let f; : X;(QQ) — [0, 1] be the marginal probability function of %;, for
i=1,...,n. Then, the random variables X;, X, ..., X, are independent
if and only if

o (o) = i (1) - o (302) o o (30
for all x = (x1, ..., xn) € X1(Q) X ... X %,(QY).

Proposition. Let X = (X1, X2, ..., X,) be an absolutely continuous
random vector with the density function f; : R” — R and let

fi : R — R be the marginal density function of X;, for i =1, ..., n.
Then, the random variables X1, X2, ..., X, are independent if and only if

fr (X1, %n) = A (x1) - (x2) - oo s o (Xn),

for all x = (x1,...,xn) € R".
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o Let x: (O, F,P) — (O, F') and let us fix the event B € F. From
the Radon-Nikodym theorem we know that there exists a Borel
measurable function g : ((0, F') — (IR, B) such that

!3({;( € AN BZ: /Ag(x)dP;((x), forall Ac F',

A(A)

since A < Px. The function g is called the conditional probability of
B given X = x and is written as g(x) = P(B|x = x). The
conditional probability is essentially unique for a given B € F (i.e., if
there exists another such function h, then g = h a.e. [Px]).

@ Therefore,
P({x € A}NB) = /A P(B|% = x)dPx(x),

with P(B|x = -) : (0, F') — (R, B).
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o However, sometimes the conditional probability is viewed as a
measure on (Q), F),

P(-]x=x):F — R.
o Moreover, if A= (Y, then
P({xe '} NB) =P(QNB)=P(B) :/ P(B|% = x)dPx(x),

which is a generalization of the theorem of total probability.

o Note that, if X is an absolutely continuous random variable, then
P(B|x = x) is a conditional probability given an event ({x = x})
that has zero probability!
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o Definition. Let (X, ) be a vector of two random objects
X (OLF,P)— (O, Fx)and y : (O, F,P) — (Q)y, F,), and let
C € F, be a fixed measurable set. The conditional distribution of y
given X = x is the Borel measurable function

P15 (C |x) = (Q, Fx) — (R, B) given by
Pyx(Clx) = P{y € Clx=x}, forall x € Q,
which is essentially unique w.r.t. Px.

@ However, sometimes the conditional distribution is viewed as a
measure on (Q),, Fy),

J. Caballé (UAB - BSE) Probability and Statistics IDEA 47 / 57



o Assume that the random vector (X, y) is discrete with the probability
function fzy : X(Q) x y(Q2) — [0, 1]. Then, the conditional
distribution Py 5 (y |[x) = P{y = y | = x } must satisfy

P{xecAye(C}= Z Py‘;((C|X)P_{)"<:X}

XEA
f}((X)
=Y ) P(ylx)f(x), forall A€ B(R) and C € B(R). (*)
x€AyeC
N —
Py\; (Clx)

o Let us define the conditional distribution Py 5 (y [x) as follows:

Pyl ) = T I Br I o 1),

for all (x,y) € x(Q) x y(Q) with fz(x) > 0.
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o The function f (- [x) : ¥(Q) — [0, 1], for all x € %(Q) such that
fx(x) > 0, is the conditional probability function of ¥ given X = x.

@ The previous definition of the conditional probability function (or
conditional distribution) of ¥ given X = x is the right one since the
expression () becomes

P{xcAyeCt=Y Y fi(ylx)f(x)

x€AyeC

=L %&(X) =2 ) halxy),

x€AyeC
forall A€ B(R) and C € B(R).
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o Assume that the random vector (X, y) is absolutely continuous with
the density fz 5 : IR2 — IR. Then, we would like to have an
expression like this:

P{xeAjecC)= / 1 (€ %) dPs (%)

/ Py iz (Clx)f dx—/ [/ 1z (v %) dy]f( Ydx,  (x%)

y|)'<(C‘X)
forall Ac B(R) and C € B(R).
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o Let us define the conditional density of y given X = x,

fyx (-1x) : R — R, for all x € R such that fz(x) > 0, as follows:
.y .
fox (v[x) = ﬁ for all (x,y) € R? with fz(x) > 0

@ The previous definition of the conditional density of  given X = x is
the right one since the expression (xx) becomes

P{xecAyeC}= // 1z (v [x) fx(x) dydx

_// y dydx—// 5 (x. y)dydx,

forall Ac B(R) and C € B(R).
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o If the discrete (absolutely continuous) random variables X and y are
independent then

G () = 2202 OV R g ), o (x> 0

That is, the conditional probability function (density function) is
equal to the corresponding "unconditional" probability function
(density function).

o In general, if the two random objects X : (Q), F, P) — (Q, Fx) and
y:(Q,F,P)— (Qy,F,) are independent then

Py|;(C|X) = Py(C), forall C € F, as. [Px].
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Note that from the conditional probability and density functions we
can obtain the conditional distribution in the usual way, namely,
Py (Clx)=P{yeClx=x}=) fz (y|x), forall C € B,
yeC
or

Py (Clx) =P{y € C|)~(:X}:/Cf}~,|;< (y|x)dy, forall C € B,

where
P~|~ (Cl): (R,B) — (R, B)

y

or, sometimes,
Py (-|x): B(R) —R.

Note again that, if X is an absolutely continuous random variable,
then Py iz (C[x) is a conditional distribution (and, hence, a
conditional probability P {y € C|x = x }) given the event {X = x},
which has zero probability! This conditional distribution is well
defined when the marginal density of X evaluated at x, fz(x), is
strictly positive.
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o Example: The absolutely continuous random vector (%, ¥) has the
following density:

2
=(x+2y) for0<x<land0<y<1

fy(xy) =
0 otherwise.

@ We have already proved that the marginal density of the random
variable ¥ is

(14+4y) for0<y<1

W=

f(y) =
otherwise.

o
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o Therefore, the conditional density of X given y = y is

2
2(x42 Ox + 4
?<X+ y): X+ 4y for0<x<1
5 (1+4y) 1+4y

fy (xly) =
0 otherwise,

for0 <y < 1.

o Thus, the conditional density of X given y = 1/4 is

2x+1 1
alis = S (2x+1) for0<x<1

1y 2
1)~
otherwise.

Probability and Statistics
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o If we have more than 2 random variables, we can generalize the
previous conditional probability and density functions.

o Example:

(x1,%0, X3, X3)

(%2, xa)

f)-?l ,)?2 >?3 )_(4

X1, X3 | X0, X3 ) = .

X1.%31%2,% (
X2 X4

where

f:?2,24 (X2'X4) = 2 E f>~<1’*2’?35<4 (X1'X2'X31X4) >0,

X1 EX1 (Q) X3€X3 )

or

X054

f. . (x,x) = ~/IR/]Rfil’;2’;3'i4 (x1, %2, x3, Xa) dxydx3 > 0.
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Exercises. Probability and Statistics. IDEA.
2. Random Variables and Distributions

2
. Verify that f(x) = k‘(k—il) for x = 1,2,3, ...,k can serve as the probability

function for a random variable.

. For what values of k can

flx)=01—-k)k* forxz=0,1,2,..

serve as the probability function of a random variable?
. If the density of the random variable Z is given by

kze™®* for z >0
f2) =
0 for z <0,
(a) Find the value of k;
(b) Find the distribution function of this random variable;
(c) Sketch the graphs of the density and the distribution functions;
(d) Find the quantile function of this random variable and sketch its graph.

. If the density of the random variable Z is given by

—kz for —1<2<0
f(z)=1 kz for0<z<l1
0 elsewhere,

a) Find the value of k;
b) Find the distribution function of this random variable and sketch its graph;

1 1
¢) Compute P{—§ <Z< 5},

(
(
(
(d) Find the quantile function of this random variable and sketch its graph.

. In a certain city the daily consumption of water (in millions of liters) is a random
variable whose density is given by

1

T o—/3
9336

forz >0
f(z) =

0 elsewhere.

What are the probabilities that on a given day



(a) the water consumption in this city is no more than 6 million liters;

(b) the water supply is inadequate if the daily capacity of this city is 9 million
liters?

. If the joint density of  and ¥ is given by

forO<z<y, 0<y<l1

S

fz,y) =

0 elsewhere,

find the probability that the sum of the values taken on by the two random
variables will exceed 1/2.

. If p, the price of a certain commodity (in dollars), and s, total sales (in 10000
units), are random variables whose distribution can be approximated with the
joint density

bpe™P*  for 0.20 < p < 0.40, s >0
f(p,s) =

0 elsewhere,
find the probabilities that
(a) the price will be less than 30 cents and sales will exceed 20 000 units;
(b) the price will be between 25 cents and 30 cents and sales will be less than
10000 units.
. Given the joint probability function

f(x’y’z):% forz=1,2,3 y=123 2=12,

find

a) the joint marginal probability function of Z and ¢;
b) the joint marginal probability function of Z and Z;
)

(

(

(¢) the marginal probability function of ;

(d) the conditional probability function of Z given # = 1 and § = 2;
(

e) the joint conditional probability function of ¢ and 2 given & = 3.

. Check whether the random variables  and y are independent, if their joint
probability function is given by

(a) f(z,y) =1/4forz = —1landy = -1,z = —landy =1, x = 1 and
y=—1,and x =1 and y = 1;
(b) f(z,y)=1/3forz=0andy=0,z=0and y=1,and x =1 and y = 1.



10.

11.

12.

13.

If the joint density of  and ¥ is given by

1
—2r+y) for0<z<1l,0<y<?2
_ 4
f ($7 y) -
0 elsewhere,
find
(a) the marginal density of 7;
(b) the marginal density of 7;
(c) the conditional density of Z given § = 1;
(d) the conditional density of § given = 1/4.
If  is the amount (in dollars) a salesperson spends on gasoline during a day

and § is the amount (in dollars) for which the salesperson is reimbursed, and
the joint density of these random variables is given by

20— x

2
fla,y) = o
0 elsewhere,

for 10 <2 <20, 5 <y<uz

find

(a) the marginal densities of ¥ and ;

(b) the conditional density of § given & = 12;

(c) the probability that the salesperson will be reimbursed at least $8 when
spending $12.

Give an example of random variables Z and § (on the same probability space)
such that Z and § each have densities, but the random vector (Z, ) does not.

(a) Let & be an absolutely continuous random variable with density f;z(z). If & =
x, let 7 be discrete, with the probability function f; (y|z) = P{g =y |T =2}
specified. Show that there is a conditional density of & given ¢, namely,

_ fa(@) fgz (@)

f:z\g (rly) = fy(fl/) )

where

fily) = P{i =y} = /ngz(l’)fggz (y |x)dz > 0.

(b) Let & be a discrete random variable with the probability function fz(z).
If # = x, let § be absolutely continuous, with the density function f;; (y|x)
specified. Show that there is a conditional probability function of x given 7,
namely,




14.

15.

16.

where

fiy) = Z fa(x) fgz (ylz) > 0.

z€Z(Q)

If 7 is a random vector with density f, and A = {Z € By}, By € B(R"), show
that there is a conditional density for ¥ given A, namely,

M if x
foa (w]4) ={ PA) e

Note: The interpretation of the conditional density is that

P{icBlA} = /BfM (x|A)dz, B e B(R").

Assume that the distribution of the random variable Z has the following density:

1 ifze(0,1)
flz) =

0 otherwise.

(a) Use the definition of conditional probability given in Chapter 1 (Probability)
to compute

P{z<1/3|2<1/2}, P{z<3/4|2<1/2}, and P{1/3 <2 <3/4|Z<1/2}.

(b) Use the conditional density found in Exercise 14 of this list to compute the
same conditional probabilities of part (a).

(c) Consider the random variable Z having the distribution P;. Find the condi-
tional probability P{Z € B | = x} and check that it satisfies the theorem of
total probability,

P{feB}:/P{feB 5= 2} dPy().

If the joint density of  and ¢ is given by

r+y for0<z<1l, 0<y<l1
flay) =

0 elsewhere,

find the corresponding joint distribution function F'(z,y). Check that

O*F (x,y)

= f(z,y) a.e. with respect to Lebesgue measure.
0xdy



17. The random vector (Z,g) is distributed according to the following joint density

18.

function:
C($2—y) ifz e (172)7 ye (071)

fx,y) =

0 otherwise.
(a) Find the value of the constant c.

(b) Find the marginal density function of Z, fz(x), and the marginal distribution
function of g, Fj(y).

(¢) Are ¥ and ¢ independent random variables?
(d) Find the conditional density function of # given § = 1/4, fz; (z|1).

The joint and marginal distribution functions of the random variables = and 7
are F(z,y), F3(z) and Fj(y). Let us consider the following functions:

F(z,y) = min {Fz(z), F3(y)},
and
F~(z,y) = max {F;(z) + Fj(y) — 1,0} .

(a) Prove that both F'™(x,y) and F~(z,y) are distribution functions associated
with probability measures on the o—algebra B (R?) of the Borel sets of R?.

(b) Prove that the marginal distribution functions of both F*(x,y) and F~(z,y)
are also F3(x) and Fj(y).

(c) Prove that F~(x,y) < F(z,y) < F*(z,y) for all (z,y) € R%.



