Probability and Statistics. IDEA-UAB.
Final Exam 2024-25. Prof. J. Caballé.

The exam lasts for 3 hours. Try to answer all the questions within each exercise.

All the questions have the same weight for the final grade.

1. The density function of the random vector (Z,¢) is

kx(y+1) for0<z<1, 0<y<l1
fi,ﬂ(xay):

0 elsewhere.

) Prove that the value of the constant k is 4/3.

(a
(b) Compute the product moment E (Z - ) and the covariance Cov(Z,§) between
Z and .

(c) Use the marginal density of the random variable  to find the moment-
generating function M;z(t) of Z and use it to find the expectation of Z, E(Z).

(d) Find the (cumulative) distribution function Fj j(x,y) of the random vector
(,7) and check that the cross partial derivative of Fj;(z,y) is the density
fz5 (x,y) a.e. with respect to Lebesgue measure in R?.

(e) Use the marginal density of the random variable Z to compute the expectation
ofInZ, E(lnz).
(f) Use the density function method to find the density fg :(w,2) of the random
vector (w, Z), where

w=1Inzr and Z=Inz—1Iny.
(g) Use the density fg :(w, z) of the random vector (w0, Z) to find the density fgz(w)

of the random variable @ and the density f;(z) of the random variable Z. Draw
the densities fz(w) and f3(z).

THE EXAM CONTINUES ON THE REVERSE SIDE



2. The probability function of the random variable 7 is
1 0 \*
f(x,&) = 5 (m) s forz = 1,2,3,...
with 6 > 0. Note that the distribution of Z is discrete but it has infinite support.

(a) Find the moment-generating function M;(t) of the random variable Z and use
it to find the mean E(Z), the second non-central moment E (z?), and the variance
Var(z).

Assume that we observe a random sample {Z;};_, of size n from the population &
and let & be the sample mean of that random sample.

(b) Find the method of moments estimator @y for the parameter 6.

(c) Find the maximum likelihood estimator 9ML for the parameter #. Check that
the second-order condition for a maximum holds.

(d) Find the maximum likelihood estimator &3y, for the population variance
Var(Z).

(e) Is the statistic 6 = Z — 1 an unbiased estimator for § whose variance is equal
to the Cramér-Rao lower bound? Remember that the Cramér-Rao lower bound

for this case is ) R 1
<—nE [8 lnfﬁx;@)})
00

(](2m2y])

(f) Is the statistic @ = Z — 1 a (weakly) consistent estimator for 67

or, equivalently,

(g) Is the sample mean Z a sufficient statistic for #7 Is the statistic @ = Z — 1 a
sufficient statistic for 7 Use the factorization theorem for this part.
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(b) We can find the marginal densities:
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/3:1:(y+1)dy:2a: for0 <z <1
fe(z) = q 70

0 otherwise

fily) = ?

0 otherwise

E(z-9) = /1 /1xy;lx(y+ 1)dzdy =

4
/ —z(y + 1)dx =
0
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2
“(y+1) for0<y<1

] [ +08]-

//az J:y+1dasdy—/ ~(2x)dx:§,
= [ [vgetws vaa= [y 2o vay =7

Thus,

Cov (&.5) = B ) ~ E(2) E(3) = oo - (;g) —0.

()
1 1
M;(t) =E (et“}) = /0 e fz(x)dx = /o e . (2z) du.

The previous integral can be solved by parts by making H(z) = 2z and g(z)

tx

h(z) = H'(z) = 2 and G(z) = 67. Then,

tac

M;(t) = /01 e . (2x) dx [th

|

1 1 iz teq1
—/ 9 dr = [21-6] —2[
o Jo T t 1

_iet_2;’*+t22: 2tet—t§et+27 for £ 20,
and M;z(0) = 1. Note that
g 45(0) =
and, from I’Hopital’s rule, we get
t
lim Mz (t) = lim 5 = lim el =1.

t—0

10
27’

= G'(x)

et;v 1
t2

0

el so that



The derivative of Mjz(t) is

t_Qet de! 4! 4 2t%e! —dte! +4e! — 4

!/
ML(t) 7_?4_?)_?3_ 3 for ¢t #£ 0.
Therefore,
0
!/
i M (1) = G-
Let us apply I’Hopital’s rule,
2.t ¢
1) — € 2 _2_ps
i ME(0) = lim - = lim - =3 = E@),

which agrees with what we have obtained in part (b).
(d) If either < 0 or y < 0, it follows immediately that F;3(z,y) =0. For 0 <z <land 0 <y <1
(Region I of the figure) we get

xT

Yy
4 1
Fig(z,y) = //336(?/ + 1)dzdy = §m2y (y+2),
0

for z > 1 and 0 < y < 1 (Region II of the figure) we get

y 1
4 1
F; 4(x,v) //3a:y+1dxdy—3y(y+2),
00

for 0 <z <1 and y > 1 (Region III of the figure) we get

1 x
4
Fz5(z,y) ://S:L'y—i—ldxdy—:c
00

and for z > 1 and y > 1 (Region IV of the figure) we get

1 1
Fj,g(iﬂay)Z//
00

x( 1)dxdy = 1.
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Since the joint distribution function is everywhere continuous, the boundaries between any two of these



regions can be included in either one, and we can write

0 forz <0ory<0

1
gajzy(y—l—2) forO<z<1,0<y<1

. — 1

Frg(,y) = U+ forz=1,0<y<1
z? for0<az<l,y>1
! forz>1,y>1

It is immediate to see that

P ni
Wzgx(yﬂ), for 2 € (0,1), y € (0,1)

and
O*F (z,y)

0xdy

where C' is the interior of the complement of Region I. Note that the boundary of Region I has zero

82F§:,Z] (:L'7 y)

0xdy

also that the discontinuities of the density function fz j(x,y) occur only at the boundary of Region I.
(e) We apply the LOTUS,

=0, for (z,y) € C,

Lebesgue measure. Therefore, = fz4(z,y) a.e. with respect to Lebesgue measure in R2. Note

1
E(lnz) = / Inz - (2x)dx (integrating by parts)
0

1 1
= [lnx-xﬂé—/o <i-x2>da::0—£ii%(lnx-x2)—/0 xd:z::—%

lim (lnx-x2) = lim <lnm> = ﬁ,

since

z—0 z—0 \ 12 o0

and, thus, we can apply L’Hopital’s rule,

and

w=Inzx € (—00,0)
(w,2) = g(x,y) :
z=Inz —Iny € (w, o)
rz=eve(0,1)
(z,y) =g~ (w,2) -
y=e""*€(0,1)

Note that x = e” € (0,1) = Inz = w € (In0,ln1) = w € (—o0,0). Moreover, y = e¥ % € (0,1) =



hy=w—-2¢€(—00,0) = —w+z € (0,00) = 2z € (w,0).

Jy-1(w, z) = = det J-1(w,z) = —e®77 <0

= }det Jg_1’ = w2

Then,

L

4
gew(ew—z 4 1)62111—2 —
foz(w, z) =

0, otherwise.

(g) The region of positive density for fg :(w,z) is C' U D:

Z=w

Marginal density fg(w) :

(e.o]
4
/ 3 (€372 + e2727) dz = 2¢** for w € (—00,0)
fo(w) = ¢ 7%
0, otherwise,
Marginal density f3(2) :
If z <0, then

If z > 0, then

(e307% + ¢*=27) | for w € (—00,0), z € (w, o)



Note that fz(0) = g and that the density is continuous (but not differentiable) at z = 0. Thus,

5622 for z <0

é (36*2'2 + 46*2) for z > 0.

Plot of fz(w) :

3
Plot of f3(z) :
Y
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! ¢ f 0 <l<=t<h o+l
= - = or —— —
0 1_(@) 14+0(1—et)’ 0+1 0
Thus, M,(t) is finite in a neighborhood of ¢ = 0 since In (%) >Inl>0as6d>0.

e [1+0(1—e)]+0e*  (0+1)e
1+6(1—e)]?  [1+6(1—et)]?

Mi(E) =

O+ 1)et [1+0(1—e)]? +2[146(1 — )] 0e' (0 + 1)e!
[1+6(1—et)*
(04 e’ [1+6(e +1)]
[1—6(t -1

M) =




B(#) = M4(0) = 0+ 1,
E(#%) = MZ(0) = (0 +1) +20(0 +1) = (6 + 1)(1 + 20),
0% =Var(@) = B(#}) - [E@)] = 0+ 1)1 +20) — (0+1)> =600+ 1).

(b) The first non-central moment of the population (or mean) Z is pj = E (Z) = 6+ 1. The first sample
moment is m} = 23%1% = T, where T is the value of the sample mean evaluated at the sample values.
Thus, p} = m}, ie., 0 +1 =T, implies that Oy;p; =% — 1 or Oy = Z — 1.

(¢) The likelihood function is

—~

n

L (6 =T fan =115 (2 ) = (1) 0\
y L1, X2y ... Ty 71-:1 i, 77;:10 1+0 — 9 0+1
0 arg ma <1>” <9 )m arg max { In <1>n <9 >nx
= X —_ . — X — .
m 9§R++ 0 0+1 9§R++ 0 0+1

= argmax{—nln@—i—nw-ln <9il)} =argmax{—nlnf +nzlnfd —nzln (0 +1)}.

0cRy 0eR
FOC:
d[—nln0+nfln9—n§ln(0+1)]__Q+@_ nT __r, nt
df 00 0+1 6 00+1)
T .
14— = =z—1
= -1+ 0= 0uL=7

or éML =z —1.
Note that the SOC is satisfied as

d?*[-nIn6® +nTInf — nzln (6 + 1)] B d{_%+9(ﬁ1)] ~n (20+1)nz
d6? P do ) 0 0*(0+1)% |_p,,,
6=0n1L
n 2z —-1)+1)nz n _
_ _ = — 1.
(T —1)2 (z — 1)%z? (f—l)§<0 s

(d) Since the variance of  is 02 = 6 (6 + 1) (see part (a)), we can use the invariance principle of
maximum likelihood estimation so that

6'12\/IL = éML (éML + 1) =(z-1)z.
(e) The statistic 6 = & — 1 is an unbiased estimator for # since
E<9> —E(Z-1)=E@) -1=E@@) -1=0+1-1=0.

The Cramér-Rao lower bound for an unbiased estimator of 0 is

<_nE [32 1n8,; gx 9)] > -

(e22)

or, equivalently,




Since

Inf(#;0) =—Inf+zln (9—;—01> =—In0+2nf—-zln(0+1),

and
Oln f (Z;6) 1 =z T

90 0 0 6+1
<8lnf(95;9)>2_(1+9—5c)2 O+1)2+22—-20+1)z

020+ 1)° 6% (6 +1)°

dlnln f (& 0)\>
(%)

)

90 -

(0+1)2+E (&%) —2(0 + 1)E ()
0% (0 + 1)

O+1)2+ O+ 1)(1+20)—20+1)(0+1) 1

E

0% (0 4 1) 0(0+1)

<aln1nf(:z;e)>2]>‘1 00+
a0 n

PInlnf(z;0) 1 7 z

nk

CR = (nE

Alternatively,

= + ,
96° 0> 0> (041)°

0?Inln f (7;0) 1 E@ E(@)
B[R =

= -
02 92 (9+1)2
1 0+1 0+1 1

TP @ Terir e+
B E[821nf(:i‘;9)] _on

K 06 0+1)
R (_nE [821nf(50;9)]>1 _0(0+1)
902 n

which is the same CR lower bound that we have found above.

Var (9) = Var(Z — 1) = Var (Z) = Var () _? O+1) = CR.

n n

Therefore @ = Z — 1 is an efficient estimator for the parameter 6.
(f) We have seen in part (e) that the statistic & = & — 1 is an unbiased estimator for 0, E (é) =0,

« X 06+1
and that Var (0) = 00+ 1), so that lim Var <9> = lim 0+1)
n

n— o0 n—oo n
Thus,

=0.

E [(@)—9)2} = Var (é—e) + (E [é—e])Q

= Var (é) + [E(@)—Q}2 = 0(0; D +0—0asn— cc.

This means that 8 — 6, which implies in turn that 0 0.
(g) The density of the sample X = (%1, Z2, ..., Tp) is

[ (@1, 22, 02050) = [ (2150) - f(22:0) - - f (203 0)



( nzT
—
n
Y A S EA A ;x for 7, = 1,2,
=1g\1+0 “\p 0+1 T oa=1,...,n
0 elsewhere.

We see that
f)? (mla L2, -eey T 0) = h<$17$27 7:6714)9 (fv 9) )

9(z;0) = (;)n <&>nx,

,forz; =1,2,...,and i = 1,...,n. Clearly, h(x1,zo, ..., z,,) does not depend on 6, which

with A(z1,z2,...,2,) = 1 and

D i1 Ti

n
means that Z is a sufficient statistic for 6.
We also see that

with T =

g (@1, 22, 205 0) = h(x1, 22, ...,20)g (@, 9) ,

with h(z1,z2,...,2,) = 1 and

(é 0) B 1 n 0 n(Z—1+1) B 1 n 0 n(6+1)
I\"Y) =\ 4 0+1 \4 6+1 ’
D1 Ti

n
on @, which means that @ is also a sufficient statistic for 6.

withf=7—1= -1, forz; =1,2,...,and i = 1, ...,n. Clearly, h(x1,x2, ..., x,) does not depend



