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1. Lebesgue measure

Henri L. Lebesgue (1875 - 1941) Émile Borel (1871 - 1956)
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Let I be an interval in R. It may be open: (a, b), closed: [a, b],
right-semiclosed: (a, b], or left-semiclosed: [a, b), with a < b.

The length of I is
`(I ) = b� a.

De�nition. The σ-algebra B of the Borel sets in R is the σ-algebra
generated by the collection of all the intervals of R. In other words, B
is the smallest σ-algebra containing all the intervals of R.

Note: A single point in R is a Borel set since

fag =
∞\
n=1

�
a, a+

1
n

�
.
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Moreover, (�∞, b) =
∞S
n=1

(a� n, b) ,

(a,∞) =
∞S
n=1

(a, b+ n) , (�∞, b] =
∞S
n=1

(a� n, b] ,

[a,∞) =
∞S
n=1

[a, b+ n) , etc.

Not all subsets of R are Borel sets.

De�nition. Let B be a Borel set in R, B 2 B. The Lebesgue
measure of the Borel set B is

µ(B) = inf
C

∑
k

` (Ik ) ,

where C is a countable union of intervals in R covering B, i.e.,
B � C = S

k
Ik , where fI1, I2, ...g is a countable collection of intervals

in R.
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Let I � Rn be an interval (or rectangle or box), i.e.,

I =

(
x 2 Rn

�����a1 �(<) x1 �(<) b1, a2 �(<) x2 �(<) b2, ..., an �(<) xn �(<) bn
)
.

The length (or the area or the volume) of I is `(I ) =
n
∏
i=1
(bi � ai ) .

De�nition. The σ-algebra B (Rn) of the Borel sets in Rn is the
σ-algebra generated by the collection of all the intervals (or rectangles
or boxes) of Rn. In other words, B (Rn) is the smallest σ-algebra
containing all the intervals of Rn.

De�nition. Let B be a Borel set in Rn, B 2 B (Rn). The Lebesgue
measure of the Borel set B is

µ(B) = inf
C

∑
k

` (Ik ) ,

where C is a countable union of intervals (or rectangles or boxes) in
Rn covering B, i.e., B � C = S

k
Ik , where fI1, I2, ...g is a countable

collection of intervals (or rectangles or boxes) in Rn.
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Note: The σ-algebra B (Rn) of the Borel sets in Rn is sometimes
also de�ned as the σ-algebra generated by the collection of all the
open (or all the closed) sets of Rn.

Proposition. If A = fx1, x2, ...g is a countable subset of R, then
µ(A) = 0.

Proof.
0 � µ(A) � inf

ε>0
∑
k

` [xk � ε, xk + ε] = 0.

Example: Let Q be the set of rational numbers in [0, 1] , then
µ(Q) = 0 since Q is countable. Moreover, the Lebesgue measure of
the set Qc of irrational numbers in [0, 1] is µ(Qc ) = 1.

Note: If A = fx1, x2, ...g is a countable subset of Rn, then µ(A) = 0.

The Lebesgue measure is the unique measure on the Borel sets of Rn

with the property that the measure of any interval (or rectangle or
box) equals its length (or area or volume).
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2. Finite and sigma-�nite measures

De�nition. A measure on (Ω,F ) is �nite if µ (Ω) < ∞.

The Lebesgue measure on (R,B) is not �nite.

A probability measure on (Ω,F ) is �nite since P(Ω) = 1 < ∞.

De�nition. A measure on (Ω,F ) is σ-�nite if Ω =
S
i
Ai , where

fA1,A2, ...g is a countable collection of elements of F with
µ (Ai ) < ∞ for all i .

Examples:

(1) The Lebesgue measure on (R,B) is σ-�nite.

(2) Counting measure: µ(A) = #A. Obviously, the counting measure
on (R,B) is not σ-�nite.

(3) The Lebesgue measure extended on
�
R,B

�
R
��
is not σ-�nite.

Note that B
�
R
�
is the σ-algebra generated by the intervals in R.
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3. Lebesgue-Stieltjes measures

De�nition. A Lebesgue-Stieltjes measure on Rn is a measure µ on
(Rn,B (Rn)) such that µ(I ) < ∞ for every bounded interval (or
rectangle or box) I in Rn, n = 1, 2, ...

The Lebesgue measure is a particular case of Lebesgue-Stieltjes
measure.

A Lebesgue-Stieltjes measure on Rn is σ-�nite (but not necessarily
�nite).
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4. Distribution functions

De�nition. A distribution function F : R �! R is a (weakly)
increasing and right-continuous function.

Increasing: a < b =) F (a) � F (b).

Right-continuous at x0: lim
x!x+0

F (x) � F
�
x+0
�
= F (x0) , where

x > x0.

A function is right-continuous if it is right-continuous at all points of
its domain.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 9 / 52



Proposition.

(a) Let µ be a Lebesgue-Stieltjes measure on R. Let F be de�ned up
to an additive constant by F (b)� F (a) = µ (a, b] for all a < b.
Then, F is a distribution function.

(b) Let F : R �! R be a distribution function. Let µ be a measure
on (R,B) such that µ (a, b] = F (b)� F (a), for all a < b, and
µ(B) = inf

C
∑
k

µ
�
Îk
�
for all B 2 B, where C is a countable union of

right-semiclosed intervals in R covering B, i.e., B � C = S
k
Îk , where�

Î1, Î2, ...
	
is a countable collection of right-semiclosed intervals in R.

Then, µ is a Lebesgue-Stieltjes measure on R.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 10 / 52



Note:

lim
x!x+0

F (x)� F (x0) = lim
x!x+0

µ (x0, x ] = µ (∅) = 0,

F (x0)� lim
x!x�0

F (x) = lim
x!x�0

µ (x , x0] = µ fx0g .

Thus, the distribution function F : R �! R is discontinuous at x0 if
and only if µ fx0g > 0.

The σ-algebra generated by the right-semiclosed intervals is the
σ-algebra of the Borel sets. To see this, observe that

(a, b) =
∞S
n=1

�
a, b� 1

n

�
, (�∞, b) =

∞S
n=1

(a� n, b) ,

(a,∞) =
∞S
n=1

(a, b+ n) , [a, b] = f(�∞, a) [ (b,∞)gc ,

[a, b) = (c , b) \ [a, d ] , (�∞, b] =
∞S
n=1

(a� n, b] ,

[a,∞) =
∞S
n=1

[a, b+ n) , fag =
∞T
n=1

�
a, a+ 1

n

�
, etc.
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Usually in Statistics, when µ is a �nite measure (for instance, when µ
is a probability) on (R,B) , we can make the following normalization
without loss of generality:

lim
x!�∞

F (x) � F (�∞) = 0

so that
F (x) = F (x)� F (�∞) = µ (�∞, x ] .

Recall that the Lebesgue measure is a Lebesgue-Stieltjes measure.
The distribution function associated with the Lebesgue measure is
F (x) = x +K , where K is an arbitrary constant. However, in this
case, F (�∞) = �∞ since the Lebesgue measure is not a �nite
measure.

Clearly, the Lebesgue measure satis�es

µ (a, b] = F (b)� F (a) = b� a.
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Lebesgue-Stieltjes measure of intervals:

µ fag = F (a)� F (a�)| {z }
lim
x!a�

F (x )

.

µ (a, b] = F (b)� F (a).

µ [a, b] = µ (a, b] + µ fag = F (b)� F (a) + F (a)� F (a�)
= F (b)� F (a�).

µ(a, b) = µ (a, b]� µ fbg = F (b)� F (a)� F (b) + F (b�)
= F (b�)� F (a).

µ[a, b) = µ(a, b) + µ fag = F (b�)� F (a) + F (a)� F (a�)
= F (b�)� F (a�).
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De�nition. A measure on (Ω,F ) is concentrated on B 2 F if
µ (Bc ) = 0.

Example: Assume a Lebesgue-Stieltjes measure concentrated on the
set of rational numbers in the interval [a, b] such that
0 < µ [a, b] < ∞. Then, the corresponding distribution function
F : R �! R is continuous at each irrational point of [a, b], the
function F must have discontinuity points on the interval [a, b] and,
thus, these discontinuities must occur at rational points.
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Extension to (Rn,B (Rn)) :

Right-semiclosed interval (or rectangle or box ) (a, b] in Rn :

(a, b] = fx 2 Rn ja1 < x1 � b1, a2 < x2 � b2, ..., an < xn � bn g .

De�nition. A distribution function F : Rn �! R is a (weakly)
increasing and right-continuous function.

Increasing: a < b =) F (a) � F (b), where a and b belong to Rn.

Right-continuous at x0: lim
x!x+0

F (x) � F
�
x+0
�
= F (x0) , where

x > x0 2 Rn.

Notation. Let x = (x1, ..., xn)
| and y = (y1, ..., yn)

| belong to Rn.

x = y means that xi = yi for i = 1, ..., n.

x = y means that xi � yi for i = 1, ..., n.
x > y means that xi � yi for i = 1, ..., n and x 6= y .
x � y means that xi > yi for i = 1, ..., n.

The same relationships hold for row vectors.
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From µ to F :

Assume that µ is a �nite measure on (Rn,B (Rn)). De�ne the
corresponding distribution F as follows:

F (x) = µ(�∞, x ] = µfω 2 Rn j�∞ < ωi � xi , i = 1, ..., ng| {z }
(�∞,x ]�Rn

.

Note that F (x)! 0 if at least one of the components xi of x 2 Rn

tends to �∞.

Moreover F (x)! µ (Rn) if all the components xi , i = 1, ..., n, of
x 2 Rn tend to ∞.

Obviously, if µ is a probability on (Rn,B (Rn)) then
F (x)! 1 = µ (Rn) if all the components xi , i = 1, ..., n, of x 2 Rn

tend to ∞.
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From F to µ :

n = 2

µ(a, b] = F (b1, b2)� F (b1, a2)� F (a1, b2) + F (a1, a2).
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n = 3

µ(a, b] = F (b1, b2, b3)� F (a1, b2, b3)� F (b1, a2, b3)
�F (b1, b2, a3) + F (b1, a2, a3) + F (a1, b2, a3)
+F (a1, a2, b3)� F (a1, a2, a3).

We extend the formula to all the Borel sets of Rn as follows:

µ(B) = inf
C

∑
k

µ
�
Îk
�
for all B 2 B,

where C is a countable union of right-semiclosed intervals (or
rectangles or boxes) in Rn covering B, i.e., B � C = S

k
Îk , where�

Î1, Î2, ...
	
is a countable collection of right-semiclosed intervals (or

rectangles or boxes) in Rn.
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5. Measurable and Borel measurable functions

De�nition. Consider the two measurable spaces (Ω,F ) and
(Ω0,F 0) . The function f : Ω �! Ω0 is measurable if f �1(A) 2 F
for each A 2 F 0.

Notation for measurable function: f : (Ω,F ) �! (Ω0,F 0) .

f : (Ω,F ) �! (R,B) is a (real-valued) Borel measurable function.

f : (Ω,F ) �!
�
R,B

�
is an (extended real-valued) Borel measurable

function.

f : (Ω,F ) �! (Rn,B) is a (real vector-valued) Borel measurable
function.

f : (Ω,F ) �!
�

R
n
,B
�
is an (extended real vector-valued) Borel

measurable function.
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Recall that we can write B
�
R
�
, B (Rn) , B

�
R
n
�
.

Note that f : (Ω,F ) �!
�
R,B

�
is Borel measurable i¤

fω j f (ω) < c g 2 F , for all c 2 R.

or i¤ fω j f (ω) > c g 2 F , or i¤ fω j f (ω) � c g 2 F , or i¤
fω j f (ω) � c g 2 F , for all c 2 R.
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6. Properties of measurable functions.

1. If fn : (Ω,F ) �!
�
R,B

�
, for all n, and

lim
n!∞

fn (ω) = f (ω) (i.e., fn (ω)! f (ω)) for all ω 2 Ω, then

f : (Ω,F ) �!
�
R,B

�
. (The pointwise limit of Borel measurable

functions is Borel measurable).

2. If f1 : (Ω,F ) �!
�
R,B

�
and f2 : (Ω,F ) �!

�
R,B

�
are Borel

measurable functions, so are f1 + f2, f1 � f2, f1 � f2, and f1/ f2
(assuming these are well de�ned, i.e., we do not add +∞ and �∞,
divide by 0, or divide ∞ by ∞).

Note: ∞�∞,
a
0
for all a 2 R, and

∞
∞
are not well-de�ned (or are

"indeterminate" or "inde�nite") in R.
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3. If f : (Ω1,F1) �! (Ω2,F2) and g : (Ω2,F2) �! (Ω3,F3) ,
then g (f ) : (Ω1,F1) �! (Ω3,F3) . (The composition of measurable
functions is measurable).

4. f : (Ω,F ) �!
�

R
n
,B
�
if and only if fi : (Ω,F ) �!

�
R,B

�
, for

i = 1, ..., n, where f = (f1, ..., fn) .

Note: fi = pi (f ) , where the projection maps pi , for i = 1, ..., n,

satisfy pi :
�

R
n
,B
�
�!

�
R,B

�
.
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De�nition. The Borel measurable function f : (Ω,F ) �!
�
R,B

�
is

simple if it takes on only �nitely many distinct values fy1, y2,..., yng .

Therefore, f : (Ω,F ) �!
�
R,B

�
is simple if it can be written as

f (ω) =
n

∑
i=1
yiIAi (ω), for all ω 2 Ω,

where f (ω) = yi if ω 2 Ai and IAi is the indicator function of Ai .
That is,

IA(ω) =

8<:
1 if ω 2 A

0 if ω /2 A.

Note that fAigni=1 is a collection of sets in F that form a partition of
Ω.
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5. Every non-negative Borel measurable function
f : (Ω,F ) �!

�
R,B

�
is the limit of an increasing sequence of

non-negative, �nite-valued, simple functions fn.

6. Every Borel measurable function f : (Ω,F ) �!
�
R,B

�
is the

limit of a sequence of �nite-valued simple functions fn, with jfn j � jf j
for all n.
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7. Integral with respect to a measure and its properties

Arithmetic of R: if a 2 R, then

a+∞ = ∞,

a�∞ = �∞,

a/∞ = a/ (�∞) = 0,

a �∞ = ∞ if a > 0,

a �∞ = �∞ if a < 0,

0 �∞ = 0 � (�∞) = 0,

∞+∞ = ∞,

�∞�∞ = �∞.

Recall that ∞�∞,
a
0
for all a 2 R, and

∞
∞
are not well-de�ned (or

are "indeterminate" or "inde�nite") in R.
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De�nition of integral with respect to a measure µ on (Ω,F ) .

If h : (Ω,F ) �!
�
R,B

�
is a simple Borel measurable function, we

de�ne Z
Ω
hdµ =

n

∑
i=1
yiµ (Ai ) , where h(ω) = yi if ω 2 Ai , (1)

provided +∞ and �∞ do not appear in the sum.

If h : (Ω,F ) �!
�
R,B

�
is a non-negative Borel measurable

function, we de�ne Z
Ω
hdµ = sup

s

Z
Ω
sdµ, (2)

where s is a simple Borel measurable function with 0 � s � h.

Note: the integral in (1) may be equal to �∞, whereas that in (2)
may be equal to +∞
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If h : (Ω,F ) �!
�
R,B

�
is a Borel measurable function, let

h+ = max (h, 0) � 0, (the positive part of h)

h� = max (�h, 0) � 0, (the negative part of h)

and observe that h = h+ � h�.

We de�ne the integral of h w.r.t. µ as follows:Z
Ω
hdµ =

Z
Ω
h+dµ�

Z
Ω
h�dµ,

provided it is not of the form ∞�∞.

We could write
R

Ω h(ω)dµ(ω) or
R

Ω h(ω)µ(dω).
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De�nition: The function h is said to be µ-integrable (or integrable
w.r.t. µ) if

R
Ω hdµ is �nite.

If
R

Ω hdµ is of the form ∞�∞, we say that the integral
R

Ω hdµ does
not exist. Therefore, the condition of µ-integrability requires the
previous existence of the integral.

From now on, when we write an integral, it should be understood
that the integral exists.

Sometimes
R

Ω hdµ is called "abstract Lebesgue integral".

We de�neZ
B
h(ω)dµ(ω) =

Z
Ω
h(ω)IB (ω)dµ(ω), where B 2 F .

Let f : (Rn,B (Rn)) �!
�
R,B

�
. The Lebesgue integral of f is the

integral of f with respect to Lebesgue measure and can be written asZ
B
f (x1, ..., xn) d(x1, x2, .., xn), for B 2 B (Rn) .
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Properties of the integral (for extended real-valued Borel
measurable functions):

1. Z
Ω
chdµ = c

Z
Ω
hdµ, for any constant c .

2. If g � h, then Z
Ω
gdµ �

Z
Ω
hdµ.

3. ����ZΩ
hdµ

���� � Z
Ω
jhj dµ.
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4. If
R

Ω hdµ exists, so does
R
B hdµ for all B 2 F .

5. De�ne λ(B) =
R
B hdµ for all B 2 F . Then, λ is a signed measure

on (Ω,F ) .

Proof. Let fBig be a countable collection of disjoint measurable
sets, then

λ

 [
i

Bi

!
=
Z
S
i
Bi
hdµ = ∑

i

�Z
Bi
hdµ

�
= ∑

i
λ (Bi ) .

Moreover, λ(∅) =
R
f∅g hdµ = 0. Q.E.D.
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6. Z
Ω

 
∑
i
fi

!
dµ = ∑

i

�Z
Ω
fidµ

�
.

7. h is integrable if and only if jhj is integrable.

Note that jhj = h+ + h�.

8. If jg j � h and h is integrable, then g is integrable.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 31 / 52



De�nition: Let f and g be Borel measurable functions, then f = g
almost everywhere with respect to µ (or a.e. [µ]) if

µ ff 6= gg � µ fω 2 Ω j f (ω) 6= g(ω)g = 0.

9. If f = 0 a.e. with respect to µ, then
R

Ω fdµ = 0.

10. If f = g a.e. [µ], thenZ
Ω
fdµ =

Z
Ω
gdµ.
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11. If h � 0 and
R

Ω hdµ = 0, then h = 0 a.e. (with respect to µ).

12. If h is integrable (with respect to µ), then h is �nite a.e. (with
respect to µ).

13.

µ(B) =
Z
B
1dµ �

Z
B
dµ �

Z
Ω

IB (ω)dµ(ω) for all B 2 F .
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8. Convergence of integrals

De�nition (convergence almost everywhere). Let f1, f2, ..., and f
be extended real-valued Borel measurable functions on (Ω,F , µ) .
The sequence of functions ffng converges to f almost everywhere
with respect to the measure µ (or f = lim

n!∞
fn a.e. [µ] or fn �! f a.e.

[µ]) if

µ
n

ω 2 Ω
��� lim
n!∞

fn (ω) 6= f (ω)
o
= 0.

Fatou�s lemma. Let f1, f2, ... be a sequence of non-negative a.e. [µ] ,
extended real-valued Borel measurable functions on (Ω,F , µ) and

f = lim inf
n!∞

fn � lim
n!∞

�
inf
k�n
fk

�
a.e. [µ] .

Then the function f is Borel measurable andZ
Ω
fdµ � lim inf

n!∞

Z
Ω
fndµ,

where the integrals may be in�nite.
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Monotone Convergence Theorem (Levi). Let f1, f2, ... be a
non-decreasing a.e. [µ] sequence of extended real-valued Borel
measurable functions on (Ω,F , µ) and f = lim

n!∞
fn a.e. [µ] (or

fn �! f a.e. [µ]). Then f is Borel measurable and

lim
n!∞

Z
Ω
fndµ =

Z
Ω
fdµ

�
or
Z

Ω
fndµ �!

Z
Ω
fdµ

�
,

where the integrals may be in�nite.

Dominated Convergence Theorem (Lebesgue). Let f1, f2, ..., f ,
and g be extended real-valued Borel measurable functions on
(Ω,F , µ) with jfn j � g a.e. [µ] for all n, where g is µ-integrable, and
f = lim

n!∞
fn a.e. [µ] (or fn �! f a.e. [µ]). Then f is µ-integrable and

lim
n!∞

Z
Ω
fndµ =

Z
Ω
fdµ

�
or
Z

Ω
fndµ �!

Z
Ω
fdµ

�
.

Thus, under the assumptions of the previous two theorems, "the limit
of integrals is equal to the integral of the limit."
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9. The Lebesgue and the Lebesgue-Stieltjes integrals and
their relation with the Riemann and the Riemann-Stieltjes
integrals.

Let f : (R,B) �! (R,B)
Riemann integral of the function f on [a, b]:Z b

a
f (x)dx .

Lebesgue integral of the function f on [a, b]:Z
[a,b]

f (x)dx .

Note:Z
[a,b]

f (x)dx =
Z
(a,b)

f (x)dx =
Z
(a,b]

f (x)dx =
Z
[a,b)

f (x)dx .
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Riemann-Stieltjes (or just Stieltjes) integral of the function f on
(a, b]: Z b

a
f (x)dF (x),

where F is a distribution function (i.e., an increasing and
right-continuous function) on R.

Lebesgue-Stieltjes integral of the function f on (a, b]:Z
(a,b]

fdF or
Z
(a,b]

f (x)dF (x),

where we are integrating with respect to the Lebesgue-Stieltjes
measure µ on (a, b] associated with the distribution function F .

Note thatZ
[a,b]

fdF =
Z
(a,b]

fdF + f (a)µ fag =
Z
(a,b]

fdF + f (a)
�
F (a)� F (a�)

�
.
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See the handout for the relation between these integrals.

The function de�ned on [0, 1] by f (x) = 1 if x is irrational, and
f (x) = 0 if x is rational, is the standard example of a function that is
Lebesgue integrable but not Riemann integrable. Its Lebesgue
integral is

R
[0,1] fdx = 1.
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10. Absolute continuity of measures

De�nition. Let (Ω,F , µ) be a measure space,
h : (Ω,F ) �!

�
R,B

�
a Borel measurable function such that

R
Ω hdµ

exists. Then the countably additive set function (or signed measure),

λ(A) =
Z
A
hdµ, for all A 2 F ,

is called the inde�nite integral of h (with respect to µ).

If µ is Lebesgue measure and A = [a, x ] , then

λ [a, x ] =
Z
[a,x ]

h(t)dt

is the familiar inde�nite integral of calculus.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 39 / 52



De�nition. If µ is a measure on (Ω,F ) and λ is a signed-measure
on (Ω,F ) , we say that λ is absolutely continuous with respect to µ,
λ � µ, if µ(A) = 0 implies that λ(A) = 0.

Proposition. If λ is an inde�nite integral of the Borel measurable
function h w.r.t. µ, i.e.,

λ(A) =
Z
A
hdµ, for all A 2 F ,

then λ � µ.
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11. Radon-Nikodym theorem.

Radon-Nikodym Theorem. Let µ be a σ-�nite measure on (Ω,F )
and λ be a signed-measure on (Ω,F ) . Assume that λ � µ. Then,
there exists a function g : (Ω,F ) �!

�
R,B

�
such that

λ(A) =
Z
A
gdµ, for all A 2 F .

This Borel measurable function g is called the Radon-Nikodym
derivative of λ w.r.t. µ, and is written g = dλ/dµ. Finally, if h is
another such function, then g = h a.e. [µ] .

Therefore, if µ is σ-�nite, λ � µ if and only if λ is an inde�nite
integral of some Borel measurable function h w.r.t. µ.

If the signed-measure λ is �nite then the function g should be �nite
a.e. [µ] . Therefore, in this case, we can assume without loss of
generality that the existing function g is �nite,
g : (Ω,F ) �! (R,B) .
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Note: The assumption that µ is σ-�nite is crucial.

Example: Let µ be the counting measure on (R,B) and λ be the
Lebesgue measure on (R,B) .

Obviously, µ(B) = 0 implies that λ(B) = 0, i.e., λ � µ.

Assume that
λ(A) =

Z
A
gdµ, for all A 2 B,

for some function g : (R,B) �!
�
R,B

�
. Take A = fxg so that

λ fxg = g(x). Since λ fxg = 0 for all x 2 R, it holds that g(x) = 0
for all x 2 R. Therefore, we obtain that λ(A) = 0 for all A 2 B,
which is a contradiction.

In this example the Radon-Nikodym theorem does not apply since the
counting measure µ on (R,B) is not σ-�nite.
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12. Absolutely continuous functions

De�nition. The function f : [a, b] �! R is absolutely continuous on
[a, b] if there exists a Borel measurable function
g : ([a, b] ,B) �! (R,B) , which is integrable w.r.t. Lebesgue
measure, such that

f (x)� f (a) =
Z
[a,x ]

g(t)dt, for a � x � b.

Note: In the previous de�nition we could have
g : ([a, b] ,B) �!

�
R,B

�
, but g should be �nite a.e. on [a, b] w.r.t.

Lebesgue measure since f is a real-valued function.

Theorem. Let the function f be absolutely continuous on [a, b] , i.e.,

f (x)� f (a) =
Z
[a,x ]

g(t)dt, for a � x � b, (?)

for some Borel measurable function g de�ned on [a, b] , then f 0 = g
a.e. w.r.t. Lebesgue measure.
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Therefore, f is absolutely continuous on [a, b] if and only if it is the
integral of its derivative (a.e. w.r.t. Lebesgue measure).

Clearly, if f is absolutely continuous on [a, b], then

lim
h!0

f (x + h)� f (x) = lim
h!0

Z
[a,x+h]

g(t)dt �
Z
[a,x ]

g(t)dt

= lim
h!0

Z
[x ,x+h]

g(t)dt =
Z
fxg
g(t)dt = 0 for all x 2 [a, b] .

Therefore, absolute continuity implies continuity but the converse is
not true (counterexample: the Cantor function).

Note: In (?) if g is continuous at x then f is di¤erentiable at x and
f 0(x) = g(x).
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13. Product measures

De�nition: Consider the measurable spaces (Ωi ,Fi ) , i = 1, ..., n,
and let

Ω = Ω1 �Ω2 � ...�Ωn =
n

∏
i=1

Ωi .

A measurable rectangle in the product space Ω is a set

A = A1 � A2 � ...� An =
n

∏
i=1
Ai ,

where Ai 2 Fi , for i = 1, ..., n.
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De�nition: The σ-algebra on Ω generated by the measurable

rectangles, σ

 (
n

∏
i=1
Ai

�����Ai 2 Fi
)!

, is called the product σ-algebra

and is denoted by

F = F1 
F2 
 ...
Fn =
nO
i=1

Fi .

Note that the product σ-algebra is not the Cartesian product of the

Fi�s, F1 �F2 � ...�Fn =
n

∏
i=1
Fi . The Cartesian product of the Fi�s

is the set of measurable rectangles. Therefore,
nN
i=1
Fi = σ

 
n

∏
i=1
Fi

!
.
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The σ-algebra B (Rn) of the Borel sets of Rn is the product
σ-algebra generated by the measurable rectangles
A = A1 � A2 � ...� An, where Ai is a Borel set of R for i = 1, ..., n,

that is, B (Rn) =
nN
i=1
Bi = σ

 
n

∏
i=1
Bi

!
.

Assumption for the next two theorems. Let (Ωi ,Fi , µi ) be a
measure space where µi is σ-�nite for i = 1, 2 and let Ω = Ω1 �Ω2

and F = F1 
F2.
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Product Measure Theorem. There is a unique measure µ on (Ω,F )
such that

µ (A1 � A2) = µ1(A1) � µ2(A2), for all A1 2 F1,A2 2 F2.

Furthermore, µ is σ-�nite and, if µ1 and µ2 are probability measures, then
µ is also a probability measure. The measure µ is called the product
measure of µ1 and µ2 (µ = µ1 � µ2) and is given by

µ(B) =
Z

Ω1

µ2 (B (ω1)) dµ1 (ω1) =
Z

Ω2

µ1 (B (ω2)) dµ2 (ω2) ,

for all B 2 F ,
where

B (ω1) = fω2 2 Ω2 j(ω1,ω2) 2 B g , (section of ω1),

B (ω2) = fω1 2 Ω1 j(ω1,ω2) 2 B g , (section of ω2).
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14. Fubini�s theorem

Recall that Ω = Ω1 �Ω2, F = F1 
F2, and µ = µ1 � µ2.

Fubini�s Theorem. If f : (Ω,F ) �!
�
R,B

�
is a Borel measurable

function such that
R

Ω fdµ exists, thenZ
Ω
f (ω1,ω2) dµ (ω1,ω2) =

Z
Ω1

Z
Ω2

f (ω1,ω2) dµ2 (ω2) dµ1 (ω1)

=
Z

Ω2

Z
Ω1

f (ω1,ω2) dµ1 (ω1) dµ2 (ω2) .
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Observe that µ(B) =
R

Ω IBdµ. Therefore, if we make f = IB in
Fubini�s theorem, we obtain the Product Measure theorem since

µ(B) =
Z

Ω
IB (ω1,ω2) dµ (ω1,ω2)

=
Z

Ω1

Z
Ω2

IB (ω1,ω2) dµ2 (ω2) dµ1 (ω1)

=
Z

Ω1

Z
Ω2

IB (ω1) (ω2) dµ2 (ω2) dµ1 (ω1) =
Z

Ω1

µ2 (B (ω1)) dµ1 (ω1) .

Similarly,

µ(B) =
Z

Ω
IB (ω1,ω2) dµ (ω1,ω2)

=
Z

Ω2

Z
Ω1

IB (ω1,ω2) dµ1 (ω1) dµ2 (ω2)

=
Z

Ω2

Z
Ω1

IB (ω2) (ω1) dµ1 (ω1) dµ2 (ω2) =
Z

Ω2

µ1 (B (ω2)) dµ2 (ω2) .
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Note also thatZ
B
f (ω1,ω2) dµ (ω1,ω2) =

Z
Ω
f (ω1,ω2) IB (ω1,ω2)dµ(ω1,ω2)

=
Z

Ω1

Z
Ω2

f (ω1,ω2) IB (ω1,ω2)dµ2 (ω2) dµ1 (ω1)

=
Z

Ω1

Z
Ω2

f (ω1,ω2) IB (ω1)(ω2)dµ2 (ω2) dµ1 (ω1)

orZ
B
f (ω1,ω2) dµ (ω1,ω2) =

Z
Ω
f (ω1,ω2) IB (ω1,ω2)dµ(ω1,ω2)

=
Z

Ω2

Z
Ω1

f (ω1,ω2) IB (ω1,ω2)dµ1 (ω1) dµ2 (ω2)

=
Z

Ω2

Z
Ω1

f (ω1,ω2) IB (ω2)(ω1)dµ1 (ω1) dµ2 (ω2) .
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Both the Product Measure theorem and Fubini�s theorem can be
extended to n factors with Ω = Ω1 �Ω2 � ...�Ωn �

n
∏
i=1

Ωi ,

F = F1 
F2 
 ...
Fn �
nN
i=1
F i , and

µ = µ1 � µ2 � ...� µn �
n
∏
i=1

µi .

The Lebesgue measure on (Rn,B (Rn)) is the product measure of n
Lebesgue measures on (R,B) . Thus,Z

R2
f (x1, x2) d (x1, x2) =

Z
R

Z
R
f (x1, x2) dx2dx1

=
Z

R

Z
R
f (x1, x2) dx1dx2.

See the handout for an application of Fubini�s theorem.
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Riemann and Lebesgue Integrals

Let [a; b] be a bounded closed interval of real numbers and let f be a
bounded real-valued function de�ned on [a; b], �xed throughout the discus-
sion. If P = f(xi�1; xi]gni=1 is a subinterval partition of (a; b] with xi�1 < xi
for i = 1; :::; n, x0 = a; and xn = b; we may construct the upper and lower
sums of f relative to P (also called upper and lower Darboux sums) as fol-
lows.
Let

Mi = sup ff(y) jy 2 (xi�1; xi]g ; i = 1; :::; n;

mi = inf ff(y) jy 2 (xi�1; xi]g ; i = 1; :::; n;

and de�ne step functions � and � on [a; b] ; called the upper and lower func-
tions corresponding to P; by

�(x) =Mi if x 2 (xi�1; xi] ; i = 1; :::; n;

�(x) = mi if x 2 (xi�1; xi] ; i = 1; :::; n;

and both �(a) and �(a) may be chosen arbitrarily. The upper and lower
Darboux sums of f relative to P are given by

U(P ) =
nX
i=1

Mi (xi � xi�1) ;

L(P ) =
nX
i=1

mi (xi � xi�1) :

Consider the measure space (
;F ; �), where 
 = [a; b] ; F= B ([a; b]) ;
the Borel sets of [a; b] ; and � = Lebesgue measure. Since � and � are simple
functions, we have that the Darboux sums are equal to the following Lebesgue
integrals:

U(P ) =

Z
[a;b]

�dx;

L(P ) =

Z
[a;b]

�dx:

Observe that the arbitrary values of �(a) and �(a) do not a¤ect the values
of the Darboux sums.
Now let fPkg1k=1 be a sequence of subinterval partitions of (a; b] such

that Pk+1 is a re�nement of Pk for each k (i.e., the intervals in Pk+1 are
subintervals of the intervals in Pk) and the length of the largest subinterval
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of Pk approaches 0 as k !1: If �k and �k are the upper and lower functions
corresponding to Pk; then

�1 � �2 � ::: � f � ::: � �2 � �1:

Thus, �k and �k tend to limit functions � and �: If jf j is bounded by B; then
all j�kj and j�kj are bounded by B as well, and the function that is constant
at B is Lebesgue integrable on [a; b] since

� [a; b] = b� a <1

and, hence, Z
[a;b]

Bdx = B (b� a) <1:

By the dominated convergence theorem,

lim
k!1

U(Pk) = lim
k!1

Z
[a;b]

�kdx =

Z
[a;b]

�dx;

lim
k!1

L(Pk) = lim
k!1

Z
[a;b]

�kdx =

Z
[a;b]

�dx:

The integrals
R
[a;b]
�dx and

R
[a;b]
�dx are called, respectively, the upper and

lower Darboux integrals of f for the sequence fPkg1k=1 of subinterval partitions:
Note that

f is continuous at x if and only if �(x) = f(x) = �(x);

as follows from a standard "� � argument.
If lim

k!1
U(Pk) = lim

k!1
L(Pk) = a �nite number r; independent of the par-

ticular sequence of subinterval partitions, f is said to be Riemann integrable
on [a; b], and the number r �

R b
a
fdx is said to be (the value of) the Rie-

mann integral of f on [a; b] : The above argument shows that f is Riemann
integrable i¤ Z

[a;b]

�dx =

Z
[a;b]

�dx;

independent of the particular sequence of subinterval partitions. Moreover,
if f is Riemann integrable, thenZ b

a

fdx =

Z
[a;b]

�dx =

Z
[a;b]

�dx =

Z
[a;b]

fdx:

From the previous discussion we have the following:
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Proposition 1. Let f be a bounded real-valued function on [a; b] :
(a) The function f is Riemann integrable on [a; b] if and only if f is

continuous almost everywhere on [a; b] with respect to Lebesgue measure.
(b) If f is Riemann integrable on [a; b] ; then f is integrable with respect

to Lebesgue measure on [a; b] ; and the two integrals are equal,
R
[a;b]
fdx =R b

a
fdx:

The previous proposition gives us in part (a) the precise criterion for
Riemann integrability. From its part (b) we see that Lebesgue integration
is more general than Riemann integration as Riemann integrability implies
Lebesgue integrability (but the converse is not necessarily true).

Riemann-Stieltjes (or Stieltjes) and Lebesgue-Stieltjes Integrals

Let f be a bounded real-valued function de�ned on the bounded interval
[a; b] and F is a distribution function (i.e., an increasing and right-continuous
function) on R that induces the corresponding Lebesgue-Stieltjes measure �
on the Borel sets of (a; b] : De�ne Mi;mi; �; and � as before and take

U(P ) =
nX
i=1

Mi (F (xi)� F (xi�1)) =
Z
(a;b]

�d� �
Z
(a;b]

�dF;

L(P ) =
nX
i=1

mi (F (xi)� F (xi�1)) =
Z
(a;b]

�d� �
Z
(a;b]

�dF:

Let fPkg1k=1 be a sequence of subinterval partitions of (a; b] such that the
length of the largest subinterval of Pk approaches 0 as k !1 and Pk+1 is a
re�nement of Pk for each k, and �k and �k be the upper and lower functions
corresponding to Pk: Then,

lim
k!1

U(Pk) =

Z
(a;b]

�dF;

lim
k!1

L(Pk) =

Z
(a;b]

�dF;

where � = lim
k!1

�k and � = lim
k!1

�k: If U(Pk) and L(Pk) approach the same

limit s independent of the particular sequence of subinterval partitions, this
number s �

R b
a
fdF is called the Riemann-Stieltjes integral of f with respect

to F on (a; b] ; and f is said to be Riemann-Stieltjes integrable with respect
to F on (a; b] :
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Proposition 2. Let f be a bounded real-valued function on [a; b] and F be
a distribution function on R:
(a) The function f is Riemann-Stieltjes integrable with respect to F on

(a; b] if and only if f is continuous almost everywhere on (a; b] with respect
to the Lebesgue-Stieltjes measure � on (a; b] induced by F .
(b) If f is Riemann-Stieltjes integrable with respect to F on (a; b] ; then

f is integrable with respect to the Lebesgue-Stieltjes measure � on (a; b]
induced by F; and the two integrals are equal,

R
(a;b]

fdF =
R b
a
fdF:
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An application of Fubini�s theorem

Let 
i = R, i = 1; 2, and 
 = 
1 � 
2. Therefore, 
 = R2:
Let �i = Lebesgue measure on (R;B), i = 1; 2; where B is the ��algebra of the
Borel sets in R.
Let B 
 B = B (R2) :
Let � = �1 � �2: Therefore, � is the Lebesgue measure on (R2;B (R2)) :
De�ne the Borel measurable function f : (R2;B (R2)) �! (R;B),

f(x; y) =
3

5
x(y + x):

We want to compute the following Lebesgue integral:Z
A

fd� =

Z
A

f(x; y)d(x; y);

where the Borel set A is given by

A =
�
(x; y) 2 R2 j 0 � x < 1=2 ; x+ 1 < y � 2

	
:

Then, Z
A

f(x; y)d(x; y) =

Z
R2
f(x; y)IA(x; y)d(x; y)

=

Z
R

Z
R
f(x; y)IA(x; y)dydx =

Z
R

Z
R
f(x; y)IA(x)(y)dydx;

where the second equality follows from Fubini�s theorem and

A(x) =

8<:
fy 2 R j y 2 (x+ 1; 2]g for x 2 [0; 1=2)

; for x =2 [0; 1=2) :

1



Hence,Z
R

Z
R
f(x; y)IA(x)(y)dydx =

Z
[0;1=2)

Z
(x+1;2]

f(x; y)dydx+

Z
[0;1=2)c

Z
f;g
f(x; y)dydx| {z }
=0

=

Z 1=2

0

Z 2

x+1

3

5
x(y + x)dydx =

63

640
;

where the second equality follows from the continuity of the function f; which
allows us to use Riemann integration to compute the Lebesgue integral.

Alternatively, we could integrate �rst with respect to the variable x and then
with respect to the variable y according to Fubini�s theorem. Thus,Z

A

f(x; y)d(x; y) =

Z
R2
f(x; y)IA(x; y)d(x; y)

=

Z
R

Z
R
f(x; y)IA(x; y)dxdy =

Z
R

Z
R
f(x; y)IA(y)(x)dxdy;

where

A(y) =

8>>>><>>>>:
fx 2 R jx 2 [0; y � 1)g for y 2 (1; 3=2]

fx 2 R jx 2 [0; 1=2)g for y 2 (3=2; 2]

; for y =2 (1; 2] :
Hence,Z
R

Z
R
f(x; y)IA(y)(x)dxdy =Z

(1;3=2]

Z
[0;y�1)

f(x; y)dxdy +

Z
(3=2;2]

Z
[0;1=2)

f(x; y)dxdy +

Z
(1;2]c

Z
f;g
f(x; y)dxdy| {z }
=0

=

Z 3=2

1

Z y�1

0

3

5
x(y + x)dxdy +

Z 2

3=2

Z 1=2

0

3

5
x(y + x)dxdy =

63

640
:
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Exercises. Probability and Statistics. IDEA.
Measure Theory

1. Let 
 be a countably in�nite set, and let F consist of all subsets of 

�
F = 2


�
:

De�ne �(A) = 0 if A is �nite, �(A) =1 if A is in�nite.

(a) Show that � is �nitely additive but not countably additive.

(b) Show that 
 is the limit of an increasing sequence of sets An with �(An) = 0
for all n; but �(
) =1:

2. Let � be a Lebesgue-Stieltjes measure on R corresponding to a continuous
distribution function.

(a) If A is a countable subset of R; show that �(A) = 0:
(b) If �(A) > 0; must A include an open interval?

(c) If �(A) > 0 and �(Ac) = 0; must A be dense in R? Note: A set is dense in
R if its closure is R.
(d) Do the answers to (b) and (c) change if � is restricted to be Lebesgue
measure?

3. The following statement is true:

�A distribution function on R is monotone and thus has only countably many
points of discontinuity.�

Is this also true for a distribution function on Rn; n > 1?

4. If f1; f2;::: are extended real-valued Borel measurable functions on (
;F) ;
n = 1; 2; :::; show that sup

n
fn and inf

n
fn are Borel measurable.

5. Let f = f(x; y) be a real-valued function of two real variables, de�ned for
a < y < b ; c < x < d : Assume that for each x; f (x; �) is a Borel measurable
function of y; and that there is a Borel measurable function g : (a; b)! R
such that jf (x; y)j � g(y) for all x; y; and

R
(a;b)

g(y)dy <1 : If x0 2 (c; d) and
lim
x!x0

f(x; y) exists for all y 2 (a; b) ; show that

lim
x!x0

Z
(a;b)

f(x; y)dy =

Z
(a;b)

�
lim
x!x0

f(x; y)

�
dy:

6. The function de�ned on [0; 1] by f(x) = 1 if x is irrational, and f(x) = 0 if x is
rational, is the standard example of a function that is Lebesgue integrable (it
is 1 a.e.) but not Riemann integrable. But what is wrong with the following
reasoning:

�If we consider the behavior of f on the irrationals, f assumes the constant value
1 and is therefore continuous. Since the rationals have Lebesgue measure 0, f
is therefore continuous almost everywhere and hence is Riemann integrable.�



7. Give an example of a sequence of functions fn on [a; b] such that each fn is
Riemann integrable, jfnj � 1 for all n; fn ! f everywhere, but f is not Riemann
integrable.

8. Prove the Borel-Cantinelli Lemma:

If A1; A2; ::: 2 F and
P1

n=1 �(An) <1, then � (
T1
n=1

S1
k=nAk) = 0:

Note that ! 2
T1
n=1

S1
k=nAk i¤ ! 2 An for in�nitely many n:

9. Give an example of a measure � and a nonnegative �nite-valued Borel
measurable function g such that the measure � de�ned by �(A) =

R
A
g d�

is not �-�nite.

10. Let f; f1; f2; ::: be Borel measurable functions on (
;F ; �). We say that fn
converges to f in measure (or in �-measure) if for every " > 0 ,

lim
n!1

� f! j jfn(!)� f(!)j � "g = 0:

If fn converges both to f and g in measure, show that f = g a.e. with respect
to �:

11. Let fn : (R;B) �! (R;B) ; n = 1; 2; :::; be

fn(x) =

8<:
1 for x 2 [0; 1]

0 otherwise

if n is odd and

fn(x) =

8<:
1 for x 2 (1; 2]

0 otherwise

if n is even.

Does the following equality hold:

lim inf
n!1

Z
R
fndx =

Z
R
lim inf
n!1

fndx ?

12. Let fn : (R;B) �! (R;B) ; n = 1; 2; :::; be

fn(x) =

8<:
n for x 2 (0; 1=n]

0 otherwise

Does the following equality hold:

lim
n!1

Z
R
fndx =

Z
R
lim
n!1

fndx ?



13. Let 
1 = 
2 = the set of positive integers, F1 = F2 = all subsets, �1 = �2 =
counting measure, f (n; n) = n ; f (n; n+ 1) = �n; n = 1; 2; :::; f(i; j) = 0 if
j 6= i or j 6= i+ 1: Show that

R

1

R

2
f d�2 d�1 = 0 and

R

2

R

1
f d�1 d�2 =1:

Note: Fubini�s theorem fails since the integral of f with respect to �1��2 does
not exist.

14. Let 
1 = 
2 = R, F1 = F2 = B, �1 = Lebesgue measure, �2 = counting
measure. Let A = f(!1; !2) j!1 = !2g 2 F1 
F2: Show thatZ


1

Z

2

IA d�2 d�1 =
Z

1

�2 (A(!1)) d�1(!1) =1;

but Z

2

Z

1

IA d�1 d�2 =
Z

2

�1 (A(!2)) d�2(!2) = 0:

Recall that A(!1) = f!2 2 
2 j (!1; !2) 2 Ag and, symmetrically, A(!2) =
f!1 2 
1 j (!1; !2) 2 Ag : Note: Fubini�s theorem fails since �2 is not ���nite.



Probability and Statistics. IDEA. Answers.

Measure Thery.

1. (a) If A1; :::; An are disjoint subsets of 
; then

�

�
nS
i=1

Ai

�
=

nP
i=1

�(Ai) =

8><>: 0 if all Ai are �nite,

1 if some Ai is in�nite.

Thus � is �nitely additive. If 
 = fx1; x2; :::g and Ai = fxig, then

1 = �(
1S
n=1

An) 6=
1P
n=1

�(An) = 0, hence � is not countably additive.

(b) Take An = fx1; :::; xng.

�����������

2. (a) If A = fx1; x2; :::g, then �(A) =
P
n

�fxng = 0:

(b) No. Let A be the set of irrationals.

(c) No. For example, if F (x) = c1 for x � a and F (x) = c2 for x � b, we

may take A = [a; b].

(d) The answer to (b) is unchanged, but in (c), A must be dense in R.

Consider any point x 2 R and an arbitrary open interval Ix = (a; b) centered

at x. We have �(Ix) = b� a > 0 and, hence, Ix cannot be a subset of Ac since

�(Ac) = 0. Therefore, A \ Ix is not empty. This means that x belongs to the

closure of A: Since this is true for all x 2 R, A is dense in R.

�����������

3. No. For example, let F (x; y) = F1(x) � F2(y), where F1 and F2

are distribution functions on R. If F1 is discontinuous at x0, then F is

discontinuous at (x0; y) whenever F2(y) > 0. For an explicit example, let

1



F1(x) = F2(x) = 1 for x � 0, and 0 for x < 0. Then F is the indicator of the

�rst quadrant.

�����������

4. Note that a function f : (
;F) !
�
R;B

�
is Borel measurable if and only

if f! jf(!) > cg 2 F for all c 2 R (or i¤ f! jf(!) < cg 2 F for all c 2 R).

Then, if c 2 R, �
!

����sup
n
fn(!) > c

�
=

1S
n=1

f! jfn(!) > cg 2 F ,

and n
!
���inf
n
fn(!) < c

o
=

1S
n=1

f! jfn(!) < cg 2 F .

�����������

5. Let fxng be any sequence of points converging to x0. For each n,

jf(xn; y)j � g(y), and g is integrable by hypothesis. By the dominated

convergence theorem,

lim
n!1

R b
a
f(xn; y)dy =

R b
a

h
lim
n!1

f(xn; y)
i
dy;

as desired. (Note that lim
n!1

f(xn; �) is a limit of Borel measurable functions,

hence is Borel measurable).

�����������

6. The restriction of f to the irrationals is continuous; in other words, if we

consider a sequence of irrationals xn ! x, x irrational, then f(xn) ! f(x).

This is not the same thing as saying that f is continuous at each irrational

point, since if fxng is an arbitrary sequence (which can be of rationals)

approaching x, f(xn) need not approach f(x).

�����������

2



7. Let r1; r2; ::: be an ordering of the rationals in [a; b], and take fn = IAn, where

An = fr1; :::; rng. Since fn is continuous except at r1; :::; rn, it is Riemann

integrable. But f = lim
n
fn is the indicator of the set of all rationals in [a; b];

hence f is discontinuous everywhere and therefore not Riemann integrable.

�����������

8. �(
1T
n=1

1S
k=n

Ak) � �(
1S
k=n

Ak) �
1P
k=n

�(Ak)! 0, as n!1.

�����������

9. Let � be counting measure on all subsets of R. Take g � 1, so that � = �.

Then � is not �-�nite since R is not a countable union of �nite sets.

�����������

10. We have �fjf � gj � "g � �fjf � fnj � "
2
g + �fjfn � gj � "

2
g ! 0.

Therefore �fjf � gj � "g = 0 for each " > 0; hence f = g a.e. with respect to

�:

�����������

11. Note that
R
R fndx = 1 for all n: Therefore, limn!1

R
R fndx = lim infn!1

R
R fndx =

1: However, lim inf
n!1

fn(x) = 0 for all x 2 R and, hence,
R
R lim infn!1

fn(x)dx = 0.

Thus

0 =

Z
R
lim inf
n!1

fn(x)dx < lim inf

Z
R
fndx = 1;

which proves that a strict inequality in Fatou�s lemma is possible

�����������

12. It is obvious that fn �! 0 pointwise so that
R
R limn!1

fndx = 0. Note thatR
R fndx = n �

1

n
= 1 so that lim

n!1

R
R fndx = 1: Thus, the integral and the limit

do not commute in this example.

3



Note that the sequence of functions ffng1n=1 of this exercise is NOT

non-decreasing so that we cannot apply the monotone convergence theorem.

Moreover, there is no Lebesgue integrable function g such that jfn(x)j � g(x)

for all x 2 R and for all n. Therefore, the dominated convergence theorem

does not apply either.

�����������

13. Note that � = �1 � �2 is the counting measure on 
 = 
1 � 
2:R



fd� =
R



f+d��
R



f�d� = (1 + 2 + 3 + ::::)� (1 + 2 + 3 + ::::) =1�1;

so that
R



fd� does not exist.

R

1

R

2

fd�2d�1 =
P
i

 P
j

f(i; j)

!
=
P
i

(i� i) =
P
i

0 = 0,

R

2

R

1

fd�1d�2 =
P
j

�P
i

f(i; j)

�
=
P
j

(�(j � 1) + j) =
P
j

1 =1.

�����������

14. Note thatR

1

�2(A(!1))d�1(!1) =
R

1

�2f!1gd�1(!1) =
R

1

1d�1 = �1(
1) = �1(R) =1,R

2

�1(A(!2))d�2(!2) =
R

2

�1f!2gd�2(!2) =
R

2

0d�2 = 0.

�����������
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