Measure Theory

Additional reference:

Kirman, A.P. (1982). Measure theory with applications to economics.
Chapter 5 in Handbook of Mathematical Economics, ed. K.J. Arrow and
M. Intriligator, Vol. 1, 159-209.
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Let / be an interval in R. It may be open: (a, b), closed: [a, b],
right-semiclosed: (a, b], or left-semiclosed: [a, b), with a < b.

The length of [ is
((1)=b—a.

Definition. The o-algebra B of the Borel sets in R is the c-algebra
generated by the collection of all the intervals of IR. In other words, B
is the smallest o-algebra containing all the intervals of R.

Note: A single point in R is a Borel set since

{a} = ﬁ [a,a—l—%].

n=1
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o Moreover, (—oo, b) = nf:jl (a—n,b),
(a,00) = f:j(a,b—l—n), (—oo,b]znizjl(a—n,b],
[a,00) = G [a,b+n), etc.

n=1

@ Not all subsets of IR are Borel sets.

o Definition. Let B be a Borel set in R, B € B. The Lebesgue
measure of the Borel set B is

= irgf;é (),

where C is a countable union of intervals in IR covering B, i.e.,
B C C =Ulk, where {h, h, ...} is a countable collection of intervals
K

in R.
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Let / C R” be an interval (or rectangle or box), i.e.,
a1 < x1 < biya < xp < bp,.ay < xp < bn}-
<) <) <) )

/:{XG]R"

The length (or the area or the volume) of I is £(I) = TT (bi — aj) -
i=1

Definition. The c-algebra B (IR") of the Borel sets in R” is the
o-algebra generated by the collection of all the intervals (or rectangles
or boxes) of R”. In other words, B (IR") is the smallest o-algebra
containing all the intervals of IR".

Definition. Let B be a Borel set in R"”, B € B(R"). The Lebesgue
measure of the Borel set B is

u(B) = irgfgﬁ (Ik),

where C is a countable union of intervals (or rectangles or boxes) in
R" covering B, i.e., B C C = I, where {h, h, ...} is a countable
k

collection of intervals (or rectangles or boxes) in R”.
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Note: The o-algebra B (R") of the Borel sets in R” is sometimes
also defined as the o-algebra generated by the collection of all the
open (or all the closed) sets of R".

Proposition. If A= {x1,x,...} is a countable subset of R, then
u(A) =0.

Proof.
0<pu(A) < 8i>nof;:€ [xk —&,xxk+¢€] =0.

Example: Let Q be the set of rational numbers in [0, 1], then
#(Q) = 0 since Q is countable. Moreover, the Lebesgue measure of
the set Q€ of irrational numbers in [0, 1] is u#(Q°) = 1.

Note: If A= {xi,x,...} is a countable subset of R", then y(A) = 0.

The Lebesgue measure is the unique measure on the Borel sets of R”
with the property that the measure of any interval (or rectangle or
box) equals its length (or area or volume).

J. Caballé (UAB - BSE) Probability and Statistics IDEA 6 /52



o Definition. A measure on (Q, F) is finite if y () < o0.

o The Lebesgue measure on (IR, B) is not finite.

o A probability measure on (Q, F) is finite since P(Q) =1 < 0.
o Definition. A measure on (Q), F) is o-finite if QO = (J A;, where

{A1, Az, ...} is a countable collection of elements of F with
1 (A;) < oo for all i.

o Examples:
o (1) The Lebesgue measure on (R, B) is o-finite.

o (2) Counting measure: p(A) = #A. Obviously, the counting measure
on (R, B) is not o-finite.

o (3) The Lebesgue measure extended on (R, B (R)) is not o-finite.
Note that B (F) is the o-algebra generated by the intervals in R.
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o Definition. A Lebesgue-Stieltjes measure on IR” is a measure y on
(R", B (R")) such that (/) < oo for every bounded interval (or
rectangle or box) / in R", n=1,2, ...

o The Lebesgue measure is a particular case of Lebesgue-Stieltjes
measure.

o A Lebesgue-Stieltjes measure on R” is o-finite (but not necessarily
finite).
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o Definition. A distribution function F : R — R is a (weakly)
increasing and right-continuous function.

o Increasing: a < b= F(a) < F(b).
o Right-continuous at xo: lim F(x) = F (x') = F (x0) , where
X—7XO

X > Xp.

@ A function is right-continuous if it is right-continuous at all points of
its domain.
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o Proposition.

o (a) Let u be a Lebesgue-Stieltjes measure on R. Let F be defined up
to an additive constant by F(b) — F(a) = u (a, b] for all a < b.
Then, F is a distribution function.

o (b) Let F: R — R be a distribution function. Let y be a measure
on (R, B) such that u (a, b] = F(b) — F(a), for all a < b, and
u(B) = irény (Tx) for all B € B, where C is a countable union of

K

right-semiclosed intervals in IR covering B, i.e., BC C = Uik, where
k

{71, b, } is a countable collection of right-semiclosed intervals in IR.
Then, u is a Lebesgue-Stieltjes measure on IR.
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o Note:

lim F(x) —F(x) = lim p (x0,x] = u (@) =0,

X—>X0+ X—>X0

F(xo)— lim F(x) = lim u(x,x]=u{x}.
X=Xy X=Xy
@ Thus, the distribution function F : R — IR is discontinuous at xg if
and only if u {x} > 0.

o The o-algebra generated by the right-semiclosed intervals is the
o-algebra of the Borel sets. To see this, observe that
(ab)= U (ab—1], (=o0,b) = U (a—n,b),

n=1 n=1

(a,0) = U (a,b+n), [a,b] ={(—00,a)U(b )},

n=1

[a,b) = (c,b)N[ad], (—co,b] = n[':jl (a—n, b,

[a,00) = G [a,b+n), {a} = Fj [a,a+ 1], etc

n=1 n
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o Usually in Statistics, when y is a finite measure (for instance, when u
is a probability) on (IR, B), we can make the following normalization
without loss of generality:

lim F(x) =F(—o00) =0
X——00
so that
F(x) = F(x) = F (=00) = (00, x].

o Recall that the Lebesgue measure is a Lebesgue-Stieltjes measure.
The distribution function associated with the Lebesgue measure is
F(x) = x4+ K, where K is an arbitrary constant. However, in this
case, F (—o0) = —oo since the Lebesgue measure is not a finite
measure.

o Clearly, the Lebesgue measure satisfies

u(a, bl =F(b)—F(a)=b—a.
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Lebesgue-Stieltjes measure of intervals:

pia} = F(a) - F(i;)-

N
lim F(x)
xX—a~

p(a bl = F(b) — F(a).

pla,b] = p(abl+pu{a} =F(b)—F(a)+F(a)—F(a")
= F(b)—F(a).

p(ab) = p(ab]—p{b}=F(b)~F(a)—F(b)+F(b")
= F(b)—F(a).

ulab) = p(ab)+pufat =F(b")—F(a)+F(a)—F(a)

F(b~™)—F(a™).
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o Definition. A measure on (Q), F) is concentrated on B € F if
u(B) =0

o Example: Assume a Lebesgue-Stieltjes measure concentrated on the
set of rational numbers in the interval [a, b] such that
0 < u[a, b] < 0. Then, the corresponding distribution function
F :R — R is continuous at each irrational point of [a, b], the
function F must have discontinuity points on the interval [a, b] and,
thus, these discontinuities must occur at rational points.
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(~]

Extension to (R”, B(R")) :

(]

Right-semiclosed interval (or rectangle or box ) (a, b] in R" :
(a,b] = {xG]R"\al <x1<b,a<x<b,..,a, <x, < bn}.

o Definition. A distribution function F : R” — R is a (weakly)
increasing and right-continuous function.

(]

Increasing: a < b = F(a) < F(b), where a and b belong to R".

o Right-continuous at xp: Iim+F(x) =F (x) = F(x), where
X—>X0
x > xg € R".
o Notation. Let x = (x1,...,x,)" and y = (y1, ..., yn)T belong to R".

x = y means that x;, = y; fori =1, ..., n.
x 2 y means that x; > y; fori =1, ..., n.
x >y means that x; > y; fori=1,...,nand x # y.
X > y means that x; > y; for i =1, ..., n.

@ The same relationships hold for row vectors.
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From y to F:

Assume that y is a finite measure on (R”, B (IR")). Define the
corresponding distribution F as follows:

F(x) =pu(—oo,x] =p{w e R"|—0 < w; < x;, i=1,...,n}.

/

-~

(—oo,x]CR"

Note that F(x) — 0 if at least one of the components x; of x € R”
tends to —oo.

Moreover F(x) — p (IR") if all the components x;, i = 1,..., n, of
x € R" tend to co.

Obviously, if p is a probability on (R", B (IR")) then
F(x) — 1= u (R") if all the components x;, i =1, ..., n, of x € R”
tend to co.
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o From F to . :

on=2
%3
by (@, 8) b=(b,b,)
[
: (bl:az)
a:(al:az)
) B x

y(a, b] = F(b]_,b2) — F(bl,az) — F(al,bz) + F(al,az).
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oen=3

y(a, b] = F(bl, b2, b3) — F(al, b2, b3) — F(bl, an, b3>
—F(bl, b2,a3) + F(bl, a, 33) + F(al, by, 33)
+F(a1,a2, b3) — F(al, 82,83).

o We extend the formula to all the Borel sets of IR” as follows:

u(B) = irgf;y (Ic) for all B € B,

where C is a countable union of right-semiclosed intervals (or
rectangles or boxes) in R” covering B, i.e., B C C = |J Iy, where

k
{71, b, } is a countable collection of right-semiclosed intervals (or
rectangles or boxes) in R”.
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o Definition. Consider the two measurable spaces (Q), F) and
(QY, F'). The function f : O — Q' is measurable if f "}(A) € F
for each Ae F'.

Notation for measurable function: f: (Q, F) — (OO, F').

f:(Q,F) — (R, B) is a (real-valued) Borel measurable function.

f:(Q,F) — (R, B) is an (extended real-valued) Borel measurable
function.

f:(Q,F) — (R",B) is a (real vector-valued) Borel measurable
function.

f:(Q,F)— (ﬁn,b’) is an (extended real vector-valued) Borel
measurable function.
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o Recall that we can write B (R), B(R"), B (F") :
o Note that f: (0, F) — (R, B) is Borel measurable iff
{w|f(w)<c}eF, forallceR

o oriff {w |f(w) >c} e F, oriff {w |f(w) <c} € F, oriff
{w |f(w)>c} e F, forall ceR.
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o LIffp: (), F) — (ﬁ, B) , for all n, and
lim £, (w) =f (w) (ie, fh(w) — f(w)) for all w € ), then
f:(Q,F) — (R, B). (The pointwise limit of Borel measurable
functions is Borel measurable).

2. IfA:(QF)— (R B)and f: (QF) — (R, B) are Borel
measurable functions, soare i +h, 1 —fh, fi-f,and /b
(assuming these are well defined, i.e., we do not add +o0 and —oo,
divide by 0, or divide oo by c0).

a [e¢} .
o Note: 0o — o0, 0 for all a € R, and — are not well-defined (or are

©
"indeterminate" or "indefinite") in RR.
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Qo 3. If f: (Ql,fl) — (Qg,fz) and g: (Qz,fz) — (Q3,f3),
then g (f) : (1, F1) — (Q3, F3) . (The composition of measurable
functions is measurable).

04 f: (), F)— (ﬁn,8> if and only if f;: (O, F) — (ﬁ,B), for
i=1,..n where f=(f,.. f).

o Note: fi = p; (f), where the projection maps p;, for i =1, ..., n,
satisfy p; : <ﬁn, B) — (R, B).
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o Definition. The Borel measurable function f : (0, F) — (R, B) is
simple if it takes on only finitely many distinct values {y1,y>, ..., yn} .

o Therefore, f : (O, F) — (R, B) is simple if it can be written as
flw) =) yla(w), forallweq,
i=1

where f(w) = y; if w € A; and 14, is the indicator function of A;.

That is,
lifweA

Ta(w) =
0ifw ¢ A.

o Note that {A;}"_; is a collection of sets in F that form a partition of
Q.
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o 5. Every non-negative Borel measurable function
f:(Q,F) — (R, B) is the limit of an increasing sequence of
non-negative, finite-valued, simple functions f,.

o 6. Every Borel measurable function f : (0, ) — (R, B) is the
limit of a sequence of finite-valued simple functions f,, with |f,| < |f]
for all n.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 24 / 52



Arithmetic of R: if a € R, then

@ a+ 00 =00,
03— 00 = —00,
0 a/oo=a/(—o) =0,

0 a-0=c0ifa>0,

0 a-00=—o00if a<0,

00:-00=0-(—00) =0,

@ 00+ 00 = 00,

@ —00 — 00 = —00.

o Recall that co — oo, g for all a € R, and % are not well-defined (or

(e 9]
are "indeterminate" or "indefinite") in R.
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Definition of integral with respect to a measure y on (), F).

If h: (Q]—") — (ﬁ, B) is a simple Borel measurable function, we
define

/th‘u = Zyl,u (Ai). where h(w) =y if we AI.’ (1)
i=1

provided o0 and —oo do not appear in the sum.

If h: (Q,F) — (ﬁ, B) is a non-negative Borel measurable

function, we define
hdu = su / sdu, 2
/Q K Sp Q K (2)

where s is a simple Borel measurable function with 0 < s < h.

Note: the integral in (1) may be equal to 00, whereas that in (2)
may be equal to o0
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o Ifh: (O, F) — (F, B) is a Borel measurable function, let
h™ = max(h,0) >0, (the positive part of h)

h™ = max(—h,0) >0, (the negative part of h)

and observe that h=hT — h™.

o We define the integral of h w.r.t. u as follows:

hd :/h+d —/h‘d,

provided it is not of the form oo — oo.

o We could write [ h(w) or [ h(w)u(dw).
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Definition: The function h is said to be p-integrable (or integrable
w.rt. p) if [ hdp is finite.

If [, hdy is of the form co — oo, we say that the integral [ hdy does
not exist. Therefore, the condition of u-integrability requires the
previous existence of the integral.

From now on, when we write an integral, it should be understood
that the integral exists.

Sometimes fQ hdyu is called "abstract Lebesgue integral".
We define

/B h(w)dp(w) = /Q h(w)lg(w)dp(w), where B € F.

Let f : (R", B(R")) — (R, B) . The Lebesgue integral of f is the
integral of f with respect to Lebesgue measure and can be written as

/ f(x1,....xn)d(x1, %2, ..., xp), for B€ B(R").
B
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(]

(]

Properties of the integral (for extended real-valued Borel
measurable functions):

1.
/ chdy = c/ hdu, for any constant c.
Q Q

du> | hdu.
| edn> [ hdy

hd </hd.
‘/Q V‘_QHP‘

2. If g > h, then
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o 4. If [ hdy exists, so does [ hdy for all B € F.

o 5. Define A(B) = [ hdyu for all B € F. Then, A is a signed measure
on (), F).

o Proof. Let {B;} be a countable collection of disjoint measurable
sets, then

A(L,-JB') :/UBihdy:Zi:(/thdy) :’ZA(B,-).

Moreover, A(Q) = f{®} hdy =0. Q.E.D.
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/()(sz,-)dﬂzg(/ﬂﬁdﬂ)-

o 7. his integrable if and only if |h| is integrable.
o Note that |h| = h™ + h™.

o 8. If |g| < h and h is integrable, then g is integrable.
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o Definition: Let f and g be Borel measurable functions, then f = g
almost everywhere with respect to u (or a.e. [u]) if

p{f #gt=p{lweQ|f(w) #g(w)} =0.

@ 9. If f = 0 a.e. with respect to y, then [ fdu = 0.
0 10. If f = g a.e. [p], then

fd :/d.
| fdn = [ gdn
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o 11. If h> 0 and [, hdu =0, then h =0 a.e. (with respect to j).

o 12. If his integrable (with respect to p), then h is finite a.e. (with
respect to ).

o 13.

]/t(B):/Bldyz/sdyz/a]lg(w)dy(w) for all B € F.
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o Definition (convergence almost everywhere). Let fi, f, ..., and f
be extended real-valued Borel measurable functions on (Q), F, i) .
The sequence of functions {f,} converges to f almost everywhere
with respect to the measure y (or f = lim £, a.e. [u] or f, — f a.e.

[1]) if
p{wen ‘nILmoofn () # (@)} =0,

o Fatou’s lemma. Let fi, f,, ... be a sequence of non-negative a.e. [y],
extended real-valued Borel measurable functions on (Q), F, i) and

f = liminff, = lim (inffk) ae. [p.

n—oo n—oo \ k>n

Then the function f is Borel measurable and

fdu < | 'f/f,,d,
| < timinf [ fudp

where the integrals may be infinite.
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Monotone Convergence Theorem (Levi). Let i, f,... be a

non-decreasing a.e. [u] sequence of extended real-valued Borel

measurable functions on (Q, F, i) and f = lim f, a.e. [u] (or
n—oo

f, — f a.e. [p]). Then f is Borel measurable and

I'/f,,d:/fd (/fnd /fd),
Jim | fodp= | fdp (or | fudu— | fdu

where the integrals may be infinite.

Dominated Convergence Theorem (Lebesgue). Let f1, 1, ..., f,
and g be extended real-valued Borel measurable functions on

(Q, F, u) with |f,| < g a.e. [u] for all n, where g is p-integrable, and
f= limf ae. [u] (or f, — f a.e. [u]). Then f is p-integrable and

I'/f,,d:/fd (/f,,d /fd).
Jim | fadp = | fdp (or | fadu— | fdp

Thus, under the assumptions of the previous two theorems, "the limit
of integrals is equal to the integral of the limit."
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Let f : (R, B) — (R, B)

o Riemann integral of the function f on [a, b]:

/ab f(x)dx.

o Lebesgue integral of the function f on [a, b]:

/[a,b] f(x)dx.

o Note:

/[a’b] F(x)dx = /(a’b) F(x)dx = /(a’b] F(x)dx = /[a,b> F(x)dx.
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Riemann-Stieltjes (or just Stieltjes) integral of the function f on

(a, b ,
/a F(x)dF (x),

where F is a distribution function (i.e., an increasing and
right-continuous function) on RR.

Lebesgue-Stieltjes integral of the function f on (a, b]:

/ fdF or / F(x)dF (),
(a.t] (a.b

where we are integrating with respect to the Lebesgue-Stieltjes
measure p on (a, b] associated with the distribution function F.

Note that

/[a,b] fdF = /(a,b] fdF +f(a)u{a} = /(a’b] fdF +f(a) [F(a) — F(a7)].
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o See the handout for the relation between these integrals.

o The function defined on [0, 1] by f(x) = 1 if x is irrational, and
f(x) = 0 if x is rational, is the standard example of a function that is
Lebesgue integrable but not Riemann integrable. Its Lebesgue
integral is f[O,l] fdx = 1.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 38 / 52



o Definition. Let (Q), F, ) be a measure space,
h:(Q,F) — (R, B) a Borel measurable function such that [ hdyu
exists. Then the countably additive set function (or signed measure),

Amyz/hw,hmnAeﬁ
A

is called the indefinite integral of h (with respect to ).

o If u is Lebesgue measure and A = [a, x|, then

AHAZ%%ﬁ®W

is the familiar indefinite integral of calculus.
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o Definition. If y is a measure on (), F) and A is a signed-measure
on (Q), F), we say that A is absolutely continuous with respect to ,
A <, if u(A) = 0 implies that A(A) = 0.

o Proposition. If A is an indefinite integral of the Borel measurable
function hw.r.t. u, ie.,

A(A) = / hdu, forall Ac F,
A

then A < p.
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o Radon-Nikodym Theorem. Let i be a o-finite measure on (Q), F)
and A be a signed-measure on (€2, ). Assume that A < p. Then,
there exists a function g : (0, F) — (R, B) such that

A(A) = / gdy, forall Ae F.
A

This Borel measurable function g is called the Radon-Nikodym
derivative of A w.r.t. p, and is written g = dA/dp. Finally, if h is
another such function, then g = h a.e. [y].

o Therefore, if y is o-finite, A < p if and only if A is an indefinite
integral of some Borel measurable function h w.r.t. p.

o If the signed-measure A is finite then the function g should be finite
a.e. [p]. Therefore, in this case, we can assume without loss of
generality that the existing function g is finite,

g: (0 F)— (R,B).
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Note: The assumption that y is o-finite is crucial.

Example: Let u be the counting measure on (IR, B) and A be the
Lebesgue measure on (R, B) .

Obviously, #(B) = 0 implies that A(B) =0, i.e., A < p.

Assume that
A(A) = / gdy, forall A€ B,
A

for some function g : (R, B) — (R, B). Take A = {x} so that
A{x} = g(x). Since A{x} =0 for all x € R, it holds that g(x) =0
for all x € R. Therefore, we obtain that A(A) = 0 for all A € 15,
which is a contradiction.

In this example the Radon-Nikodym theorem does not apply since the
counting measure y on (IR, B) is not o-finite.
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o Definition. The function f : [a, b)) — R is absolutely continuous on
[a, b] if there exists a Borel measurable function
g : ([a b],B) — (R, B), which is integrable w.r.t. Lebesgue
measure, such that
F(x) — f(a) = / g(t)dt, fora<x<b.

[a.x]

o Note: In the previous definition we could have
g : ([a,b],B) — (R, B), but g should be finite a.e. on [a, b] w.r.t.
Lebesgue measure since f is a real-valued function.

o Theorem. Let the function f be absolutely continuous on [a, b], i.e.,
f(x)—f(a):/[ ]g(t)dt, fora<x <b, (%)
a,x

for some Borel measurable function g defined on [a, b], then f' = g
a.e. w.r.t. Lebesgue measure.
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o Therefore, f is absolutely continuous on [a, b] if and only if it is the
integral of its derivative (a.e. w.r.t. Lebesgue measure).

o Clearly, if f is absolutely continuous on [a, b], then

Alnof(x+h) —f(x) = lim /[a'erh]g(t)dt—/[alx]g(t)dt

h—0

=i / tdt:/ t)dt =0 forall x € [a, b].
lim [XYHh]g() {X}g() or all x € [a, b]

Therefore, absolute continuity implies continuity but the converse is
not true (counterexample: the Cantor function).

Note: In (x) if g is continuous at x then f is differentiable at x and
f'(x) = g(x).
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o Definition: Consider the measurable spaces (Q;, F;), i =1, ..., n,
and let

n
Qzﬂl XQQX...XQ,,ZHQ,'.
i=1
A measurable rectangle in the product space () is a set

n
A=A x A x..xA, =]]A,
i=1

where A; € F;, fori=1,..., n.
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o Definition: The c-algebra on () generated by the measurable

n
rectangles, o ({ HA,-

i=1
and is denoted by

A € .7-“,}) , is called the product o-algebra

F=FFh&..QF, :®.7:;.
i=1

o Note that the product o-algebra is not the Cartesian product of the
n

Fi's, FixFo X ... X F, = H]—", The Cartesian product of the F;'s
i=1

n n
is the set of measurable rectangles. Therefore, Q F; = o <H .7-",-) )
i=1 i=1
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o The o-algebra B (R") of the Borel sets of R" is the product
o-algebra generated by the measurable rectangles
A=A; XAy X ... Xx A,, where A; is a Borel set of R for i =1, ..., n,

thatis, B(R") = @B; = ¢ <HB,~> .
i=1 i=1

o Assumption for the next two theorems. Let (Q);, F;, y;) be a
measure space where pi; is o-finite for i = 1,2 and let (3 = ()3 x ()
and F = F1 ® Fo.
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Product Measure Theorem. There is a unique measure y on (Q2, F)
such that

u (Al X A2) = ,ul(Al) . ,‘112(/42), for all Ay € F1, A, € Fo.

Furthermore, u is o-finite and, if y; and p, are probability measures, then
U is also a probability measure. The measure y is called the product
measure of y; and p, (3 = p; X pi,) and is given by

H(B) = [ 1 (Blwn)) dpy (wn) = [y (B (w2) dpy (w2).

for all B € F,
where
B(w1) ={ws € Mo |(w1,w2) € B}, (section of wy),

B(w2) = {wi1 € M |(wi,w2) € B}, (section of wy).

J. Caballé (UAB - BSE) Probability and Statistics IDEA 48 / 52



@ Recall that O =y x (), F=F1 ®F2, and y = p; X l,.

o Fubini’s Theorem. If f : (), ) — (IR, B) is a Borel measurable
function such that [ fdj exists, then

S Fln @) du(nwn) = [ (@rw) dpy (@2) dpy (w2)

= /Qz /01 f (w1, w2) dpy (w1) dpy (w2) .
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o Observe that 1(B) = [, Igdu. Therefore, if we make f = Ig in
Fubini's theorem, we obtain the Product Measure theorem since

V(B):/QHB (w1, w2) dp (w1, w>)

:/Q1 o g (w1, w2) dy, (w2) dpy (w1)

= Jo Jo, Bten) (w2) dity (w2) dpiy (w1)=/01 1y (B (w1)) dpy (w1) .

o Similarly,
u(B) = /QIIB (w1, w2) dp (w1, w2)

= /Qz o, g (w1, w2) dyy (w1) dpy (w2)

= /02 /Q1 g(w,) (1) dpty (w1) dpy (w2) :/Q py (B (w2)) diy (w2) -

2
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o Note also that

/Bf(wl,wz) dy(wl,wz):/Qf(wl,wg)I[B(wl,wg)dy(wl,wz)

:/Q1 /sz(wl,wg)lls(m,m)duz (w2) dpy (w1)

- /. | /. F (@01,@2) Wy (@2) iy (@2) dpy (1)

or

/Bf(wl,wz)dy (w1, w2) = /Qf(wl,wg)ﬂg(wl,wg)dy(wl,wz)

:/02 Alf(wl,wQ)HB(lew2)dV1 (wl)d]“‘2 ((U2)

= /02 /01 f (w1, w2) Ig(e,) (w1)dpy (w1) dpy (w2) .
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o Both the Product Measure theorem and Fubini's theoremncan be

extended to n factors with Q = ()1 x (Qp x ... x Q, = ] (;,
i=1

FeFR®FH®.. ©F =®Fiand
i=1

u=ﬂl><u2><---><ﬂn5,_Hlﬂ,--

o The Lebesgue measure on (R”, B (IR")) is the product measure of n
Lebesgue measures on (R, B). Thus,

/lef(Xl.X2)d(X1,X2)Z/]R/]Rf(xl,xz) dxodxy

://f(xl,xz)dxldXZ.
R JR

o See the handout for an application of Fubini's theorem.
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Riemann and Lebesgue Integrals

Let [a,b] be a bounded closed interval of real numbers and let f be a
bounded real-valued function defined on [a, ], fixed throughout the discus-
sion. If P = {(x;_1,2;]},_, is a subinterval partition of (a,b] with z;,_; < x;
fori=1,...n, xr9p = a, and x, = b, we may construct the upper and lower
sums of f relative to P (also called upper and lower Darboux sums) as fol-

lows.
Let

Mzzsup{f(y) |y€ (xi—laxi]}7 t=1,..,n,
=inf{f(y) |y € (xi_1, 2]}, i=1,...,n,

and define step functions « and 3 on [a, b] , called the upper and lower func-
tions corresponding to P, by

alz) =M, if z€ (r;1,2], i=1,..n,

Blx)=m; if x€ (zi, 2], i=1,...,n,

and both «(a) and f(a) may be chosen arbitrarily. The upper and lower
Darboux sums of f relative to P are given by

EM 1’7,1
E mz z_le

Consider the measure space (Q,]—", w), where Q = la,b], F= B([a,b]),
the Borel sets of [a, b] , and p = Lebesgue measure. Since a and [ are simple
functions, we have that the Darboux sums are equal to the following Lebesgue

integrals:
U(P) = / adz,
[a,b]

L(P) = Bdzx.
[a,0]
Observe that the arbitrary values of a(a) and 3(a) do not affect the values
of the Darboux sums.
Now let {Py};-, be a sequence of subinterval partitions of (a,b] such
that Py, is a refinement of Py for each k (i.e., the intervals in Py, are
subintervals of the intervals in P;) and the length of the largest subinterval



of P, approaches 0 as k — oo. If oy, and 3, are the upper and lower functions
corresponding to Py, then

W >ay> > f> > 6,2 f

Thus, oy and 3, tend to limit functions a and S. If | f| is bounded by B, then
all |a| and |3, | are bounded by B as well, and the function that is constant
at B is Lebesgue integrable on [a, b] since

pla, b =b—a < oo
and, hence,

/ Bdx = B(b—a) < oc.
[a,b]

By the dominated convergence theorem,

lim U(P) = lim ardx :/ adz,
[a,b] [a,b]

k—oo k—oo
lim L(Py) = lim Brdr = Bdzx.
k—o00 k—o0 [a,b] [a,b]

The integrals f[a y Qd and f[a y Bd are called, respectively, the upper and

lower Darboux integrals of f for the sequence { Py },- , of subinterval partitions.
Note that

f is continuous at x if and only if «a(x) = f(z) = (=),

as follows from a standard ¢ — ¢ argument.
If klim U(P,) = klim L(Py;) = a finite number r, independent of the par-

ticular sequence of subinterval partitions, f is said to be Riemann integrable
on [a,b], and the number r = fab fdx is said to be (the value of) the Rie-
mann integral of f on [a,b]. The above argument shows that f is Riemann

integrable iff
/ adr = Bdzx,
[a,b] [a,b]

independent of the particular sequence of subinterval partitions. Moreover,
if f is Riemann integrable, then

b
/ fdx = / adr = Bdx = fdx.
a [a,b] [a,b] [a,b]

From the previous discussion we have the following:
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Proposition 1. Let f be a bounded real-valued function on [a,d].
(a) The function f is Riemann integrable on [a,b] if and only if f is
continuous almost everywhere on [a, b] with respect to Lebesgue measure.
(b) If f is Riemann integrable on [a, b], then f is integrable with respect
to Lebesgue measure on [a,b], and the two integrals are equal, f[a,b} fdxr =

! fd.

The previous proposition gives us in part (a) the precise criterion for
Riemann integrability. From its part (b) we see that Lebesgue integration
is more general than Riemann integration as Riemann integrability implies
Lebesgue integrability (but the converse is not necessarily true).

Riemann-Stieltjes (or Stieltjes) and Lebesgue-Stieltjes Integrals

Let f be a bounded real-valued function defined on the bounded interval
[a,b] and F is a distribution function (i.e., an increasing and right-continuous
function) on R that induces the corresponding Lebesgue-Stieltjes measure p
on the Borel sets of (a,b]. Define M;, m;, a, and § as before and take

U(P) = Y0 Mi(F () = F (512)) = /( o = /( 0P

L(P) = Zmi (F (z;) = F (i) = Bdp = BdF.
i—1 (a,b] (a,b]

Let {P;},~, be a sequence of subinterval partitions of (a, b] such that the
length of the largest subinterval of P, approaches 0 as k — oo and Py is a
refinement of P for each k, and oy, and 3, be the upper and lower functions
corresponding to Pj. Then,

lim U(P,) = / adF,
k=00 (a.b]

lim L(P,) = / BdF,
k—o0 (a,b]

where a = klim ar and § = klim By If U(Py) and L(FPy) approach the same
limit s independent of the particular sequence of subinterval partitions, this
number s = ff fdF is called the Riemann-Stieltjes integral of f with respect

to F on (a,b], and f is said to be Riemann-Stieltjes integrable with respect
to F on (a,b].



Proposition 2. Let f be a bounded real-valued function on [a,b] and F' be
a distribution function on R.

(a) The function f is Riemann-Stieltjes integrable with respect to F' on
(a,b] if and only if f is continuous almost everywhere on (a,b] with respect
to the Lebesgue-Stieltjes measure p on (a,b] induced by F.

(b) If f is Riemann-Stieltjes integrable with respect to F' on (a,b], then
f is integrable with respect to the Lebesgue-Stieltjes measure p on (a,b]

induced by F, and the two integrals are equal, |, ) JAF = f; fdF.



An application of Fubini’s theorem

Let Q; =R, i=1,2, and Q = Q; x Q. Therefore, 1 = R2.

Let u; = Lebesgue measure on (R, ), i = 1,2, where B is the c—algebra of the
Borel sets in R.

Let Bo B = B(R?).

Let g = py X piy. Therefore, p is the Lebesgue measure on (R? B (R?)).

Define the Borel measurable function f : (R% B (R?)) — (R, B),

() = Saly + ).

We want to compute the following Lebesgue integral:

/Afdu=/Af(x7y)d(fE,y),

where the Borel set A is given by
A={(z,y) eR*[0<z<1/2,0+1<y<2}.

2

-—"'-,v=x +1or x=y-1

XV

1/,
Then,

[ @i = [ et nie.y

:/R/Rf(x,y)h(x,y)dydx:/R/Rf(x7y)]IA($)(y)dydx7

where the second equality follows from Fubini’s theorem and
{yeR |ye (x+1,2]} forxe[0,1/2)
Alx) =
0 for x ¢ [0,1/2).



Hence,

//}wwmm@@m:/ t/ fuw@m+/ f (2, y)dyde
R JR 0,1/2) J (21,2 Jio,1/2)° /10y )
-0

63
/‘(Aﬂ5xy+x i)

where the second equality follows from the continuity of the function f, which
allows us to use Riemann integration to compute the Lebesgue integral.

Alternatively, we could integrate first with respect to the variable x and then
with respect to the variable y according to Fubini’s theorem. Thus,

/Af(x7y)d(x7y) = 2 f(l’,y)]IA<J],y)d(fL‘,y)

:/R/Rf(x,y)]IA(a:,y)d:cdy:44f(m,y)HA(y)(x)dxdy,

where {reR|zel0,y—1)} forye(1,3/2]
Alyy=<¢ {zeR|z€[0,1/2)} forye (3/2,2]
0 for y ¢ (1,2].
Hence,

//f@wmmwmwz
RJR
/ / [z, y)dxdy + / / f(z,y)dzdy + / f(x,y)dzdy
(173/2] [Ovy_l) (3/272] [071/2) N (172]c {0} ,

-~
=0

3/2 63
)dxd Ydxdy =
/ / r(y + ) xy+//2/ z(y + x)dedy = 610"




Exercises. Probability and Statistics. IDEA.
Measure Theory

. Let € be a countably infinite set, and let F consist of all subsets of (2 (]—" = 29) .
Define u(A) = 0 if A is finite, p(A) = oo if A is infinite.

(a) Show that y is finitely additive but not countably additive.

(b) Show that €2 is the limit of an increasing sequence of sets A,, with p(A,) =0
for all n, but u(Q2) = occ.

. Let u be a Lebesgue-Stieltjes measure on R corresponding to a continuous
distribution function.

(a) If A is a countable subset of R, show that u(A) = 0.
(b) If u(A) > 0, must A include an open interval?

(c) If u(A) > 0 and p(A°) = 0, must A be dense in R? Note: A set is dense in
R if its closure is R.

(d) Do the answers to (b) and (c¢) change if p is restricted to be Lebesgue
measure?

. The following statement is true:

“A distribution function on R is monotone and thus has only countably many
points of discontinuity.”

Is this also true for a distribution function on R™, n > 17

. If f1, fo,... are extended real-valued Borel measurable functions on (2, F),
n =1,2, ..., show that supf, and i%f fn are Borel measurable.

. Let f = f(z,y) be a real-valued function of two real variables, defined for
a<y<b,c<z<d.Assume that for each x, f(x,-) is a Borel measurable
function of y, and that there is a Borel measurable function ¢ : (a,b) — R
such that |f (z,y)| < g(y) for all z,y, and f(a’b) g(y)dy < oo . If zy € (¢,d) and
lim f(z,y) exists for all y € (a,b), show that

T—T0

lim f(x,y)dy =/ {lim f(x,y)] dy.
T—T0 (a,b) (a,b) T—T0

. The function defined on [0, 1] by f(z) = 1 if x is irrational, and f(z) = 0if z is
rational, is the standard example of a function that is Lebesgue integrable (it
is 1 a.e.) but not Riemann integrable. But what is wrong with the following
reasoning:

“If we consider the behavior of f on the irrationals, f assumes the constant value
1 and is therefore continuous. Since the rationals have Lebesgue measure 0, f
is therefore continuous almost everywhere and hence is Riemann integrable.”



10.

11.

12.

Give an example of a sequence of functions f, on [a,b] such that each f, is
Riemann integrable, | f,,| < 1for alln, f,, — f everywhere, but f is not Riemann
integrable.

. Prove the Borel-Cantinelli Lemma:

If Ay, A, ... € Fand > 7 u(A,) < oo, then p ()2, Ui, Ax) = 0.
Note that w € (o2, U, Ax iff w € A, for infinitely many n.

Give an example of a measure p and a nonnegative finite-valued Borel
measurable function g such that the measure A defined by A(A) = [ 49 dp
is not o-finite.

Let f, f1, f2,... be Borel measurable functions on (2, F,u). We say that f,
converges to f in measure (or in g-measure) if for every ¢ > 0,

Tim i {w ||falw) = f@)] > £} =0,

If f,, converges both to f and g in measure, show that f = g a.e. with respect
to u.

Let f, : (R,B) — (R,B), n=1,2,..., be

1 for z €0,1]
fn<x) =
0 otherwise
if n is odd and
1 for z € (1,2]
fn(x) =

0 otherwise
if n is even.

Does the following equality hold:

lim inf / frndr = / liminf f,dz ?
Let fn,: (R,B) — (R,B), n=1,2,..., be
n for x € (0,1/n]
fal(z) =

0 otherwise

Does the following equality hold:

lim [ f,dx = / lim f,dx 7



13.

14.

Let €1 = Qy = the set of positive integers, F; = F5 = all subsets, p; = p, =
counting measure, f(n,n)=n, f(n,n+1)=-n, n=1,2..., f(i,5) =0 if

j #iorj#1+ 1. Show that le fQ2 f dusy dpy =0 and fm le fduy du, = oco.
Note: Fubini’s theorem fails since the integral of f with respect to p; x u, does
not exist.

Let Q) = Q9 = R, F; = F» = B, p; = Lebesgue measure, p, = counting
measure. Let A = {(w1,ws) |w1 = wse} € F; ® F,. Show that

/Ql /92 Ladpy dpny = /91 fiy (A(w1)) dpy (wr) = o0,

/92 /Ql La dpy dpy = /Q2 111 (A(wz)) dpg(ws) = 0.

Recall that A(wy) = {w2 € Qs | (w1, w2) € A} and, symmetrically, A(wy) =
{wy € O | (w1, ws) € A}. Note: Fubini’s theorem fails since p, is not o—finite.

but



Probability and Statistics. IDEA. Answers.

Measure Thery.

1. (a) If Ay, ..., A, are disjoint subsets of 2, then

n n 0 if all A; are finite,
[ (,UlAi> = ;M(Az') =

oo if some A; is infinite.

Thus p is finitely additive. If Q@ = {xy,29,...} and A; = {z;}, then
oo = pu(J An) # D u(A,) =0, hence p is not countably additive.
n=1

n=1

(b) Take A, = {z1,...,x,}.

2. (a) If A={z1,29,...}, then u(A) = > p{z,} = 0.

(b) No. Let A be the set of irrationaals.

(c¢) No. For example, if F(x) = ¢; for x < a and F(z) = ¢3 for © > b, we
may take A = [a, b].

(d) The answer to (b) is unchanged, but in (c), A must be dense in R.
Consider any point x € R and an arbitrary open interval I, = (a,b) centered
at x. We have u(l,) = b—a > 0 and, hence, I, cannot be a subset of A° since
p(A°) = 0. Therefore, AN I, is not empty. This means that = belongs to the

closure of A. Since this is true for all z € R, A is dense in R.

3. No. For example, let F(x,y) = Fi(z) - F3(y), where F; and F
are distribution functions on R. If F} is discontinuous at xg, then F' is

discontinuous at (zg,y) whenever Fy(y) > 0. For an explicit example, let



Fi(xz) = Fy(z) =1 for > 0, and 0 for x < 0. Then F is the indicator of the

first quadrant.

4. Note that a function f : (2, F) — (R B) is Borel measurable if and only

if {w|f(w)>c} € Fforall ceR (oriff {w|f(w) <c} € F for all ¢ € R).

o

{w ‘i%ffn(w) < c} = nfjl {wlfolw) <c} e F.

Then, if ¢ € R,

s?nwww}zggmnwwnﬁeﬁ

and

5. Let {z,} be any sequence of points converging to xy. For each n,
|f(zn,y)| < g(y), and g is integrable by hypothesis. By the dominated
convergence theorem,

lim [ f (. y)dy = [} | Hm £ (0. )| dy.

as desired. (Note that lim f(z,,) is a limit of Borel measurable functions,

hence is Borel measurable).

6. The restriction of f to the irrationals is continuous; in other words, if we
consider a sequence of irrationals x, — x, x irrational, then f(z,) — f(z).
This is not the same thing as saying that f is continuous at each irrational
point, since if {z,} is an arbitrary sequence (which can be of rationals)

approaching z, f(x,) need not approach f(z).



7. Let 11,79, ... be an ordering of the rationals in [a, b], and take f,, = I, , where

A, = {ry,...,m,}. Since f, is continuous except at ri,...,7,, it is Riemann

integrable. But f = limf,, is the indicator of the set of all rationals in [a, b];
n

hence f is discontinuous everywhere and therefore not Riemann integrable.

8. u(N UAw) <p(UAx) < 5 p(Ar) — 0,88 n — oo
n=1lk=n k=n k=n

9. Let u be counting measure on all subsets of R. Take g = 1, so that A = p.

Then A is not o-finite since R is not a countable union of finite sets.

10. We have p{|f —g| > e} < pf{[f = fol = 5} +0{lfu —9l = 5} — 0.
Therefore p{|f — g| > €} = 0 for each ¢ > 0; hence f = g a.e. with respect to
i

11. Note that [, f,dz = 1 for all n. Therefore, lim [, fodx = liminf [, f,dz =
1. However, liminf f,(z) = 0 for all z € R and, hence, [, liminf f,(z)dz = 0.

n—oo

Thus
0= / liminf f,,(z)dz < lim inf/ fodz =1,
R R

n—oo

which proves that a strict inequality in Fatou’s lemma is possible

12. It is obvious that f,, — 0 pointwise so that fR lim f,dz = 0. Note that

n—oo

1
fR fodx =mn- o= 1 so that lim fR fandx = 1. Thus, the integral and the limit

do not commute in this example.



Note that the sequence of functions {f,} -, of this exercise is NOT
non-decreasing so that we cannot apply the monotone convergence theorem.
Moreover, there is no Lebesgue integrable function g such that |f,(z)| < g(x)

for all x € R and for all n. Therefore, the dominated convergence theorem

does not apply either.

13. Note that p = pq X py is the counting measure on 2 = 2y x Qs.
[fdp= [frdp— [fdp=(1+24+3+..)—(1+2+3+...) = 00— 00,
Q Q Q

so that [ fdu does not exist.
Q

fffdﬂzdm Z(Zf(l J)) Y. (i—i)=30=0,

Q199 i i

[ f Fdudpy = z(zm y>) S (G- 4i) = 1=

Q2

14. Note that
f/h (w1))dpiy (wi) f/h{wl}dﬂl w1) fldﬂl p1 () = 1y (R) = o0,

fﬂl (w2))dpiy(w2) flil{w2}dﬂ2 w2) deﬂz = 0.
92 QZ



