ANSWER
Probability and Statistics. IDEA-UAB.
Final Exam 2022-23. Prof. J. Caballé.

1. (a)

1

—elz—p)/0 <

59 ¢ forz<p
flaip,0) = X

e (z—p)/0

296 for x > pu.

For = —3 and 0 = 2,

1 (z+3)/2

Ze z for z < -3
flaip,0) =

1
Ze*(x”)/z for x > —3.

Note that this density achieves its maximum value (1/4 = 0.25) when = = —3. This density
is continuous everywhere but not differentiable at = —3 since its left derivative is 1/8 and the
right derivative is —1/8 at @ = —3. Moreover, the second derivative of the density is strictly
positive for both x < —3 and = > —3.
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(b) For = < p,
T 1 e_u/e T e_/»‘/e T e_:u/e 1
o= [ L ewse g, _ / /0, € peato]” _ € 2 _ L (w-wyse
() /_00296 dx 59 _Ooe dx 50 [96 }700 5 € 5¢
For = > p,
T 1 1 en/f 1 en/f x
Flo) = F 1w, 1 / S S NP
() (u)—i—/ﬂ 55¢ dx 2+ 2 ), dx 2+ 59 { 0 ]“
L e a1 e ) I S NV L EOIL
2t | L—i 3 e e = 5 - ge Ty =toge '
Thus,
%e(m*u)w forx < p
F(z) =

1
1- 56_(””_“)/9 forz>p



The cdf is differentiable everywhere since the density is continuous. However, the cdf is
not twice differentiable at © = p since the density is not differentiable at x = p.
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(c) For ¢ sufficiently close to zero (i.e., when ¢t € (—1/6,1/0) so that ¢ + s 0 and ¢ — g7 < 0),

we have

Mi (t) = E (6t93) =

[ [ et [
- \

etxe_(x_“)/gdx}

" [e’¢)
= i {e”/e/ e””(Hé)dx—i-e“/e/ e“(t_é)da:]
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20 t4 1 .
L 0 1 0 1,
1 _1
_ 1 o /0 et (1+5) _ o0 | € (-=5)
20 t4 1 -1
L 6 0
e/’bt Qe—ﬂ/eeﬂ/g eeru'/ee_p'/e e“t 1 1
T2 6t+1  6t—1 _2{1+9t+1—6t}
e T1-0t+1460t] e
2 [(14+6t)(1—6t)]  1-—6%2

M3 (t) with p = —3 and 6 = 2 becomes

e—3t

Malt) = g

which has two asymptotes at t = 1/6 = 1/2 and at t = —1/6 = —1/2. It has negative slope at
t =0 since M. (0) = E(Z) = p = —3 < 0 (see next part (d)) and satisfies M3 (0) = 1.
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p - 20%t
M (0) = “602 S+ e20% (1- 0%2) 72| = Mg (1) + My () —— o
— 0t =0 1—6%t? |,

20%¢
= M) (p+——ps )| =1-(u-0)=p
()(u 1_92t2>t_0 (h—=0)=p

In fact, we already know that E (Z) = p from the symmetry of f (x; u, ) with respect to p.
Var(z) = o’=E (532) —u? = MI(0) — p?

, 262 20% (1 — 62t2) + (26%t)?
= Mw)(ml_eﬁtz)wf(t)[ ( (1_93%2( )]

= (p-p)+ (1-20%) — p? = 260%

t=0

(e) If Z=[Z — p| > 0, then
Fi()=P{<s) = P{li—pl <) = P{-s<i-p<o} = P{stu<i<ztn)
=Pi[-z+pz+p =F(z2+p)— lm Fz(s+p), for 2>0.

and F3(z) = 0 for z < 0. Since 7 is absolutely continuous, the cdf F; is continuous so that the
distribution function of Z = |Z — p| becomes

Fi(z+p) — Fz(—z+p) for z>0

F3(2) =
0 for z < 0,
and its density is
flz+psp,0) + f(—2+ psp,0) for 2>0
2(2) =
0 for z < 0.
Note that ) ) )
. — e letupl/0 2 R0 = —2/0
f(z+ u;p,0) 55¢ 53¢ 55°¢ or z > 0,
and . . )
_ . el —=al/0 - —2/0 g,
f(=z+ u;p,0) 55°¢ 55°¢ 53¢ or z > 0.

Therefore, f(z + u;p,0) = f(—z + u; p, ), which also follows obviously from the symmetry of
the density function f(z;u, ) with respect to u. Thus,

1
2f(z+ p; p, 0) = 56_Z/9 for z >0

fz(z) =
0 for z <0.
E(E):/ ng(z)dx:/ Z-O-dm—{—/ . ge_z/edz
g(z

=0+ [H(2)G(2)]g" — /000 h(z)G(z)dz



00 —2/0 &
_ . ,—2/0 o _ o —z/0 e B
= [ze }0 /0 \1//( e )dm—[_1/0] =0,
~———— hz) S—~— 0
s z _ . 1 _ G(Z)
‘JT&(;Z?)*O—‘JT;(éewe)—O
L‘H()pitTal‘b rule
where H' = h and G' = g.
(f)

P({Ee (-4} {ze (-5 -3} = L Z{l;zli}(f—es)(}_ =
P{z e (-4,-3)}
P{z e (-5,-3)}

1
Since the cdf of z is F(x) = §€($+3)/2 for z < -3,

1 1 1 1
P{ie(-4,-3)} = F(=3) — F(—4) = §e<—3+3>/2 - §e<—4+3>/2 == 56—1/2.

1 1 11
P{% e (=5,-3)} = F(=3) — F(-5) = 56(—3+3>/2 - §e<—5+3>/2 =5 Ze 1t
i i % _ %671/2 1—e1/2
P({z e (-4 D}{z € (-5, -3)}) = ;2 = 57— = 06225,
27 2¢ €

(9) The method of moments consists of solving the following equations for the two parameters
we want to estimate:

my, = pp, k=1,2

where

k
mly = D1 T :
n
and pj, = pand ph =E (502) = 1> 4+ 0% = % 4 262 as follows from part (d). Thus, we solve for

wand 6 in
D i Ti _
n

Z?:l %2 :M2+292-
n

and

The solution is

. T N T
By = L nl = UMM = L nl
and
A [1 <Zf1mf [Z?lxir>r/z
n n
n o ~2 n o~ 2 1/2
— Oy = [1 (Zlez o [Zz‘leZ] )]
2 n n
(h) 1
2 = -
OR = [nE (8 lnfgx,ﬁ))]
o0
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Note that E (| — u|) = E(2) = 0 as follows from part (e).

2. The partition induced on 2 by Z is F(z) = {{1,2},{3,4,5,6}}. The o-algebra generated
by the partition F'(Z) is the o-algebra induced on Q2 by Z,

F(z)=1{0,9,{1,2},{3,4,5,6}}

{ 2 ifwe {1,2}

E(Z|F(3) ==
3 ifwe {3,4,5,6}.

G ={0,9,{1,2,3},{4,5,6}}.

Since P 520123} - P({1}231T2f;,}2,3}) _ Pp{il;?})} _ 5; _ ;
pie=alaan = SR R - S S
e e e X R (il
P =30 = FRRTR - D =1
B1G) <§~2>+<;-3>:; if w=1{1,2,3}
200+ (3-1)=3 if w e {4,5,6) .
Since

P{izQ}zP{l,Q}z%,

2
P{j:3}:P{3747576}:§7



E(#|H) = B (3) = (;2> + (§3> zg for w € {1,2,3,4,5,6) = Q.

Note also that, since

P{1,2,3}:%,
P{3,4,5) =,
we get
B(E@10) ~EEEI0) M) = (5-1) +(573) =5 ~BG@M -E@

1
3. (a) The probability P(7) that there are exactly ¢ white balls in the box is = fori =0,1,...,6.

Let {W; N W3} be the event where we pick two white balls in two extractions with replacement.

Let P(W1 N Wali) be the probability of extracting two white balls with replacement given that
. 2 .9

there are ¢ white balls in the box. Obviously, P(W; N Wsli) = (é) = ;—6 We are asked to

to find P(5|W1 N Wy). We apply Bayes’ theorem,

1 25
PB)P(W1NWs|5 AT 25 25
P(5|W1 N W) = 6() WnWal5) _ BT = g = gy = 02747,
> P@OPWiNWali) > oo >4
=0 =7 36 =0

(b)
{B1} = the first extracted ball is black
{B2} = the second extracted ball is black

{j} = there are j black balls in the box, i.e, there are 6 — j white balls in the box, j =0, 1, ..., 6.

(c) We use the multivariate hypergeometric distribution

h(2,2,0;4,6,3,2,1):®(§><é)—1.

(d) We use the multinomial distribution

4 /N2 /1N\?/1\° 1
m(2,2,0:4,1/2,1/3,1/6) = 505, <2> <3> <6> "6




ANSWER
Probability and Statistics. IDEA-UAB.
Final Exam 2023-24. Prof. J. Caballé.

1. By changing to polar coordinates,

™ 4 4 -
/k(m2 +y*) " 2d(z,y) = k/ / r-rdrdd = k (/ T‘er) (/ de) = 2=
A 0 3 3 0 3

Thus, k& = i
e
2. (a)
r—7 k-1
P{Z>kT) =P > 74— Pz > ok — 14} = 0.05,
{—}{ﬁ/mﬁ/m}{ }
where Z ~ N(0,1). From the table we find that P {z < 1.645} = 0.95. Thus,
1.645 =2k — 14
or
k = 7.8225,

so that the desired critical region of size o = 0.05 is
Zzlil Li

;= 2ui=1Ti S 7 gooe
v 2 -

The power 7 of this test is the probability of rejecting Hy when p = 9:

z — 8225 —
7r=P{:7:27.8225;9}:P{ 2 }

z

> ;9
V3B Z V3D
P{z> —2.355} = 0.99074,

(b) Since the null hypothesis is simple, it follows that p, = 7 maximizes the

12
i=1%i

likelihood function under the null hypothesis Hy. Moreover, the sample mean 7 = =5

maximizes the likelihood function L over the parameter space,

1 12 1 12 2 12

o —53 o1 (@i—p)" 1 . 2

T = arg max e 23 =1 = arg min E T; —
peR (\/5\/ 27T> B per ( #)

(&

-~

12
L(pswy,ewi2)=] | n@izu,v/3)
=1

since the FOC is

12 12 212 ‘
i=1 i=1



and the SOC for a minimum is satisfied as the function 3.2, (z; — p)® is convex in p.

and

]_ 12 1 12 —\2
max L = e~ 6 2im1(Ti—T) ,
HER <\/§\/ 27r)

and the value of the likelihood ratio test statistic is

A= Lo _ o8 L2 [(@i=1)~(2i-2)°]

max L
pER
Note that
12 12
Z [(z; — 7 — (2 — 3?)2} = Z (27 +49 — 14z; — 27 — &° + 22,7)
i=1 i=1
12 12 12 12
= Zw? +(12-49) — 142@ — fo —122% + 2:%21:1-
1=1 i=1 i=1 i=1
12 12
N——
2472
= 588 — 1687 — 1272 + 247% = 1272 + 588 — 1687%.
and
12(z — 7)> = 12 (2% 4 49 — 14%) = 127% + 588 — 168z.
Thus,

12

> @i —7)? = (2 - 2)*] =12(z - 7).

i=1

Therefore, the value of the likelihood ratio becomes
N\ = ef%(s’c77)2 _ 672(:@77)2.
Hence, the critical region is
6—2(5—7)2 S k7

which after taking logarithms and dividing by —2 becomes

7-7\"_ Ink
>_ "
1/2 -2
=7
1/2
where K will have to be determined so that the size of the critical region is o = 0.05.

Since the sample mean Z has a normal distribution with the mean 7 and the
variance 0/n = 3/12 = 1/4 (or the standard deviation 1/2) under the null hypothesis,

or

o

2



-7
1/2
ratio test is

zZ= = 27 — 14 is N(0,1). Thus, we find that the critical region of the likelihood

|§| = |2Zf’ - 14| Z 20.025 — 196,

where P {z < zg025} = 0.975. In other words, the null hypothesis must be rejected when
2T — 14 takes either on a value greater than or equal to 1.96 or on a value lower than
or equal to —1.96. Equivalently, we reject the null hypothesis either when = > 7.98 or
when 7z < 6.02 .

3. (a)

fa, (x1) = / 6e 1220y, = 37 for 11 > 0 and f;, (z1) = 0 otherwise.
0

o
fa, (x2) = / 6e 122y = 272 for x5 > 0 and f;, (72) = 0 otherwise.
0
The random variables Z; and Zy are independent since
fjhg}z (ZEl, Ig) = 66_311_212 = fg}l (I'l) . sz (ZL’Q) = 36_3m1 . 26_212 for xr1 > 0, To > 07

and, obviously, fz, z, (z1,22) =0 = fz, (1) - fz, (z2), otherwise.
(b) If fz (x) = Oe % for x > 0 and f; (z) = 0 otherwise, with § > 0, then

0o e—(@—t)a: o0
M;(t) :/ Oe e dx = 9/ e DTy = ¢
0 0 0 —1) 1o

z—e( ) 7 fort <.

B(®) = MA(1) S A

S <e—t>2t:o_02_9’
B = M) = | =22
O—1?,_, ¢ 0
- - 2 1 1
Var(Z) E(:rf")—[E(af)]Q—e2 el

Var(z) 1/6

v, =Y
E(z)]  1/0
Thus,

3 ~ 1 - 1
Mil(t):r fOI't<3 E(.I'l):g, Var(ajl):§, Cvjlzl’
Miy(t) = —2—, fort <2, E(E) =2, Var(d) =<, Vi =1

To —Z_ta 0) 9 '1.2—27 ax2—4, Ty —

()



A Xa=y - 4%

v

/4

X1

For y > 0,

Fi(y) = P{§ <y} =P{43 + T2 <y} = P{(31,72) € A}

y/4 y—4z; 8 3
= / / Ge 322 pody, = 1 — Zem 1Y + e,
0 0 5

5
Therefore,
8 5. 3 o .
1—56 4y+ge v oify >0
Fy(y) =
0 ify <0
d [1 — %e‘gy + %e_Qy] 6 .
3(y) = Fy(y) = 7 =z (e*zy - e*Qy) if y > 0.

Thus,

— (e’%y - 6_2?/) if y >0

0 otherwise.

(d) Consider the following change of variable for x; > 0 and z5 > 0:

y =4z + 19 € (T9,00)
(y, z2) = g(x1,22) :
Ty = x5 € (0, 00)

so that

e r= (=) € (0,0
Ty, T2) =9 \Y,x2):

To = x5 € (0,00)

e e ) AL



Then,

e 3l —m)] 2w 1 3 sy e, ify>asandz; >0
f?j,572 <y7 .732) - 4 2 <~ T2 € (07 y)
0 otherwise

3, 5
 f () Bemiviim 3
fy\m (y’l?) = fi‘g (1’2) = 9272 = 46 1

y+ 5z

for y > x5 and fjz, (y|22) = 0 otherwise, with x5 > 0.

Thus,

§e’%y+% ify >3

folz (W3) =
0 otherwise

E(g) = E(4% + ;) = E(471) + E (22) = 4E (T1) + E (22)
11

Alternatively, we can compute
> 11
E (i) = _(*%y_ *2y>d _
(#) /0 y= e e V=

4 13
= E4%)+3=4E (%) +3 = §+3: 3
since 7; and 7, are independent.
Alternatively, we can compute
0 3 9 13
E(y|z,=3)= —e aVtady = —.
(|72 =3) /3y4644y 3

COV (3], ZZ‘Q) = COV (41~11 + i’g, 572) = COV (4&1, i’g) + COV (532, fg)
1

= 4Cov (571, jz) + Var (‘%2) =0+ Var (i’g) = Z

as Cov (Z1,&3) = 0 due to the independence between #; and Z.
Alternatively, we can compute

[y 3 7
E(7- %) = / / y:cg—e’%y’%”d:cgdy = -
0 0 2 6

5



or
E(y-72) = / / y$2§€_%y_%$2dyd$2 = Z
0 To 2 6
Then,
=~ . - - 7 1 1 1
Cov (7, 32) = B (§ - 32) ~ E(j) B (3) = ¢ - (_ | ‘) -

4. In this exercise, we are basically applying Bayes’ theorem to find the conditional pmf
of § given ¥y = x4, ..., T, = xp,.
The conditional probability function of g, given 71 = x4, ..., T, = x,, is

ila 7 L1y, I
fy|a:1 ..... xn<y| 15 an) fg‘f;l 77777 jn(lj,-..,l’n)

Since {Z1,...,Z,} is a random sample and, thus, it is composed of identically and
independently distributed random variables,

fﬂ,i"l ..... :En(yaxlw-'axn) = g(y)ffl ..... jnw(ml,,l‘n’y)

=1
Therefore,
fa:l ,,,,, :pn($1a 73311) - Z fﬂjl ..... mn(y>$17 71'71) = Z [g(y) Hh(xzvy)] >0
vey(Q) yEY(R) i=1
Then,
E(g|j1 :Ilg 7In:xn) = Z yfﬂlin ..... .in(y|x17 71‘n> =
yEG()
g(y) - TIM(zsy) > y-9) - [z y)
Z y i=1 _ yeF(Q) i=1
V) o) Hrtesn)] | 5 o) Hatein)
YEF() i=1 yeG(Q) i=1



