Probability and Statistics. IDEA. Answers to List 9.

1. Critical region for testing = p, against p = p;:

Under the null hypothesis,

_ T—py _ k—py R
P > k; =P > : =P > ———5=0.05
{IE_ 7/’LO} {1/\/5 - 1/\/ﬁ7lu0} {Z— } 9

where Z ~ N(0,1). From the table we find that z = 1.645, corresponds to an

entry of 0.4500. Thus,

k— 1o
1.645 =
1/v/n
and
1.645
k= o+ i

When testing the null hypothesis y1 = 1, against the alternative hypothesis
= fty, when p; > py, and a = 0.05, the probability S of the type II error

is given by the area of the ruled region on the left of the figure above. For



Hy:p =10 and H; : p =11, and a = 0.05, we thus get under the alternative

hypothesis that

<10+ 1'645) —11
1.645 z— 11 NG
=Pzx<10+——:115 =P < :11
g {"’< +\/ﬁ’} NG YN

1.645
-1

. /n by
p g = P{Z <1645 —/n},

where Z ~ N(0,1). Now, since

P{Z < —z05} = 0.05,
where zg 05 = 1.645, we set

1.645 — \/n = —1.645,

from which we obtain n = 10.824. Therefore the minimum sample size needed

to keep 8 < 0.05 is n = 11.

2. The likelihoods under the null and the alternative hypotheses are

n
L0:< L ) b (55)’
oV 2T




and

" n Tj— 2
L, = ( 1 ) 6’_% i:l(%) .
oV 22w

After some simplifications their ratio becomes

Ly n fo — 1) O
I, o (Tﬂ (ki = 15) + (%) ;mz)

Thus, we must find a constant k& and a region C' of the sample space such that

exp (%‘2 (13 — pg) + (,uo(;,ul) le) < k inside C
i=1

exp (% (M% — Mg) + <%) le) > k outside C,
i=1

and after taking logarithms, subtracting % (13 — §), and dividing by the

negative quantity % (1 — 1), these two inequalities become

n

A .
i1 i = 7> K inside C

n

Tz < K outside C,

where
oo Bkt e (g —p) _ o’lnk L (ot )
% (fo — H11) n (pg — fy) 2

According to the Neyman-Pearson lemma this is the most powerful test among
the tests with a level of significance no larger than that of this test.
To determine K we make use of the size a of the critical region and the

distribution of the sample mean . Since Z ~ N (p, 02/ n) under the null



hypothesis, we obtain that the value K must satisfy

Ploz Kip = PA T2 T = P ez D) <o

5 — ZTlg ; ; Kopg
and z = — 7 \/% is standard normal under the null hypothesis and — 7 \/3 = Z,.

Therefore,

o
K = o+ 2a—=

\/ﬁ
and, thus, the most powerful critical region of size a for testing the null hy-
pothesis p = i, against the alternative p = py (with py > p,) for the given
normal population is

B o
T 2 o+ 2a——

vn
and it should be noted that it does not depend on p, (this is an important

property).

3. (a) The power function is the probability of rejecting the null hypothesis

as a function of the parameter value.
71 (0) = P ({3 heads in 3 flips};0) = ¢*
(b)

75 (0) = P ({2 or 3 heads in 3 flips};0) = 30% (1 — ) + 6° = 6% (3 — 20)
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We see that
T (0) =30>(1—0)+60>>6>=n,(0) for 6 e (0,1)

and 71 (0) = w5 (0) = 0 and m; (1) = 79 (1) = 1. Therefore, the power function
of the second test is higher than that of the first test, not only on H; (which
is desirable as it implies a lower probability of committing a type II error, i.e.,
of not rejecting Hy when we should reject it) but also on Hy (which is not
desirable as it implies a higher probability of committing a type I error, i.e.,
of rejecting Hy when we should not reject it). Thus, none of the two tests

dominates unambiguously the other.

7(0) = P{ji=0,140r5}:0) =1 (2)92(1—9)3— (?))93(1—9)2

3
= g+5(0- 0.5)> =10 (0 — 0.5)* = —100* 4 200° — 106 + 1.
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5. (a) Since the null hypothesis is simple, it follows that p, maximizes the
likelihood function under the null hypothesis H, and, since the parameter
space is the set of all real numbers, it follows that the sample mean 7 = Zn:Tlx

maximizes the likelihood function L over the parameter space,

1\ " -
T = argmax < ) e~ 507 Zim@imm® arg minz (2 — p)*.

Qov2n , pER

Thus,

and




and the value of the likelihood ratio test statistic is

Lo

max L
pER

— e_ﬁ E?:l [(Ii—ﬂo)2—($i—j)2] '

A:

Note that

n n

Z [(z; — 1o)” — (i — 5)2} = Z (27 + pg — 2aip19 — 7 — T 4 204T)

i=1 =1

n n n n
2 2 2 —2 | o=
:E mi+nu0—2uog xi—g xT; — NI +2$§ x;
i=1 i=1 i=1 i=1

nr nT

= nug — 2npyT — nT? + 2nT? = n,ug — 2n4yT + nT?
= n(7 + gy — 2407) = (T — p1g)°.

Thus,

n =

A= ¢ 202 (37—.“0)2'

Hence, the critical region is
ez’ <

which after taking logarithms and dividing by —1/2 becomes

or




where K will have to be determined so that the size of the critical region is a.
Since the sample & has a normal distribution with the mean j, and the

variance o2/n (or the standard deviation o /y/n) under the null hypothesis,

p= 1Mo N(0,1). Thus, we find that the critical region of the likelihood

o /Vn

ratio test is

T — o

o /vn

> Za

- 2

T — o
tak
oo ke

on a value greater than or equal to zs, or a value less than or equal to —zs.

In other words, the null hypothesis must be rejected when z =

Note:

—_ 2
7" - 2 L — Ho 2

In general, it is true that —2In X ~ X7, where M = 1 in this case. However,
in this exercise we have that —21In A ~ X3

(b) The Wald test statistic is

-Gty - (Go)

or, equivalently,
T — Ho

o /vn

so that the Wald test is exactly the same as the likelihood ratio test.

~N(0,1).

The score test statistic is

(alnL (5 1, T, ---,fﬁn))z
S:

o
= O?InL (ju; &1, %o, ..., Tn)
ou? _

H=Hq



oV 21 o
Note that
Oln L (1 &1, T, ..., Tn 1 o~ .
(M,$1,$2, y L ) — (xi—,u),
Op o i=1
62 lnL(u;i’l,ig, ...,i’n) _ n
op? - o?
62 1I1L(,u;i’l,f2,...,i’n) n
-E -
o o2
Therefore,

OInL (1 %1, Fay ooy @)\ 1 ., 2
( ( 2 )) |:§Zi_l (%‘_Mo)}

S = p _ _
E (az In L (p; &1, T, ...,:i;n)> n/o?
on* H=po
1 2 1 2 1 9
{ﬁ (ima @i = HMO)] {; (nz — nﬂo)] n? [p (Z — Mo)}
n/o? n/o? n/o?
T—1\°
(U/ﬁ) T
or
Tt N(@01).

o/\vn
so that the likelihood ratio test, the Wald test, and the score test are identical
in this exercise. We know that they are asymptotically identical but in this

exercise they are identical even for finite random samples.



Hy:p=8

Hy:p#8

Critical region: |z| > 29005 = 2.575, where z = z ;MO.
NG
Since T = 8.112, n = 25, we get
8112 -8
V25

Therefore, we reject the null hypothesis.

The p-value is 2P {Z > 3.5} = 0.000465 < « = 0.01, where Z ~ N(0,1).
(5 * )

7.
Hy : = 22000
Hy : < 22000
.. . o T =
Critical region: z < —zg05 = —1.645, where z = —5—.
NG

Using & = 21431, n = 100, 0 =~ s = 1295, we get

21431 — 22000
= 1295

100

= —4.3938.

Therefore, Hy is rejected, i.e., the tires are not as good as claimed.
The p-value is P{Z < —4.3938} = 0.000005569 < « = 0.05, where Z ~
N(0,1). (%)
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Hy:p=185
Hy:p <185
.. . o T =y
Critical region: ¢ < —tg 54 = —2.132, where t = ——.
vn

Having z = 183.1, s = 8.2, and n = 5, we get

183.1 — 185
t — T — _0.52.

V5
Since t = —0.52 is larger than —%( 054 = —2.132, the null hypothesis cannot

be rejected.

The p-value is P {zf~ < —0.52} = 0.3153 > o = 0.05, where { ~ ty.

Ho : iy — p1y = 0.2

Hy:py —py #0.2

Critical region: |z| > 2,025 = 1.96, where
B =T 0

z =
of o}
__'__

ny n2

11



Using T, = 261, S1 = 012, ny = 50, To = 238, Sog = 014, and Ng = 40,

2.61 —2.38 - 0.2
z = 0 58— 0 =1.08 < 1.96

(0.12)>  (0.14)*
\/ 50 40

Therefore, the Hy cannot be rejected. Hence, we can either accept the null
hypothesis, or merely say that the difference between 2.61 — 2.38 = 0.23 and

0.2 is not large enough to reject the null hypothesis.

10.
Ho:py —p1p =0
Hy:py—pp #0

Critical region: [t| > t0256 = 2.447, where

T —To—0
1 n 1

S — JE—
P ny )

Having z; = 512,51 = 31,n; = 4,Ty = 492,50 = 26, and ny = 4, s,

t=

becomes

3(31)* + 3(26)°
— = 28.609
°r \/ 114-2

and, since § = 0,

512 — 492
t= 1 1 - 098865 < t0.025’6 - 2447
28.609¢/ — + —
4 * 4

Therefore, the null hypothesis cannot be rejected. Even though the difference

12



between the two sample means seems to be large, the samples are so small

that the results are not conclusive; that is, the difference may well be due to

chance.

11.
H,:0%=0.36
Hy:0%>0.36

Critical region: x* > x§ 5.7 = 27-587, where

n—1)s?
)
0o

Since s? = 0.68 and n = 18, we get

,  17-0.68

- 0.36 =321> X3405,17 = 27.587

Therefore Hy should be rejected.
The p-value is P {Y* > 32.1} = 0.0146 < a = 0.05, where X ~ x2,. (%)
Remark: Note that if & had been 0.01, the null hypothesis could not have
been rejected, since x* = 32.1 does not exceed x§ ;17 = 33.409. Note that
the p-value is larger than 0.01. This serves to indicate that the choice of « is
something which should always be specified in advance, so that we will avoid
the temptation of choosing a level of significance which happens to suit our

purpose.

12.

13



o2 22

H,: 02 +# o2
2
Critical region: % > Foo11215 = 3.67, since s7 > s3. Having s? = 19.2 and
5
s2 = 3.5, we get
192 o esre R = 3.67
235 0.01,12,15 = 3.67.

Therefore, the Hy is rejected.

Tmeme2P{ﬁ25%W}:0MW2<a:0Mmmﬂeﬁmew
()

13.
Hy: 60 <0.20
Hy:0>0.20

Critical region: z > zg01 = 2.33, where

x — nby

V/nb (1 —6y)

Since x = 58, n = 200, nfy = 200 - 0.20 = 40, so that

B 58 — 40
© 7 /200(0.20) (0.80)

= 3.182 > 2901 = 2.33.

Therefore, the Hj is rejected and we can conclude that brand A seems to be

14



bought by more than 20 percent of all automobile owners.

14.
H() . 01 = 92 = 03
H, : the three 6’s are not all equal

Critical region: x2 > X2 55 = 5.991, where
0.05,2

2
2 _ (nij — €ij)
voyy e
The pooled estimate of 6 is given by

9__232-%260-%197__ 689 03
4004+ 500 +400 1300

Thus, we estimate the expected cell frequencies as

e11 =400-0.53 =212 and e =400-0.47 = 188
€21 = 5H00-0.53 =265 and egn = 500-0.47 = 235

es;1 =400-0.53 =212 and ez =400-0.47 = 188

and substitution into the above formula for x? yields

232 —212)%2 (260 — 265)* (197 — 212)?
5 ( ) *_( ) %_( )

212 265 212
_+(168——188)2+_(240——235)2+_(203——188)2
188 235 188
— 6.4733.

15



Since x* = 6.4733 > x§ 50 = 5.991, the Hy is rejected, in other words, the
true proportions of shoppers favoring detergent A over detergent B in the three

cities does not seem to be the same.

15.
Hy : Ability in mathematics and interests in statistics are independent
H, : these two variables are not independent
Critical region: x* > x§ ;4 = 13.277, where

3 3 (n~—e~)2
Xzzzz tj vl
i=1 j=1

eij

120 - 135
The expected frequencies for the first row are 360 - 45, 50, and 25; those

for the second row are 56.25, 62.50, and 31.25; and those for the third row are

33.75, 37.5, and 18.75. Then, substitution in the formula for x? yields

63 — 45)% (42 —50)% (15 — 25)°
2 ( ) %_( ) n ( )

VT 50 25
(58 —56.25)> (61 —62.5)° (31 —31.25)°
+ + +
56 62 31
(14 —33.75)° (47 —37.5)° (29 — 18.75)°
+ + +
34 38 19
— 31.95

Since x* = 31.95 > x§ ;.4 = 13.277, the H is rejected and we conclude that
a person’s ability in mathematics and his or her interest in statistics are not

independent.



16. To determine a corresponding set of expected absolute frequencies for
a random sample from a Poisson population, we first use the mean of the

observed distribution to estimate the Poisson parameter A\, getting

Then, finding the Poisson probabilities for A = 3.0477 and multiplying by 440,
the total frequency, we get the expected absolute frequencies shown in the

right-hand column of the table below:

17



expected absolute
observed Poisson
frequencies e;
Class Number z absolute probabilities
generated by the
1 of errors frequencies with
Poisson:
n; A =3.0477
440 - p (z; \)
1 0 18 0.0475 20.9
2 1 53 0.1447 63.7
3 2 103 0.2205 97.0
4 3 107 0.2240 98.5
5} 4 82 0.1706 75.1
6 5} 46 0.1040 45.8
7 6 18 0.0528 23.2
8 7 10 0.0230 10.1
9 8 2 0.0088 3.9
9 1 0.0030 1.3

Hy : Population has a Poisson distribution with A\ = 3.0477.
H, : Population does not have a Poisson distribution with \ = 3.0477.
Critical region: Combining the last two rows so that each expected absolute

frequency is at least 5, we get the critical region

2 2 —
X" 2 X059 — 1 — 1 = 14.067,
——

7

18



where

Computing y*:

) (18 —20.9)> (53 —63.7)*> (103 —97.0)> (107 —98.5)*> (82 —75.1)°
X = + + + +
20.9 63.7 97.0 98.5 75.1
46 —45.8)° (18 —23.2)>  (10-10.1)*> (3-5.2)°
( ) ) )" )
45.8 23.2 10.1 5.2

= 6.0365.

Since y? = 6.0365 < X%.OE),? = 14.067, Hy cannot be rejected. Indeed, the close
agreement between the observed and expected absolute frequencies suggests

that the Poisson distribution provides a "good fit".

17. Standardizing the observations and using the table of the standard normal

distribution we find that
D,, = sup |F, (z) — F (x)| = 0.565

which corresponds to zligrglg_ |F, (x) — F (z)]. According to the table the ac-
ceptance limit for Diq at 5% significance level is 0.410. Since 0.565 > 0.410
the distribution being tested is rejected at 5% significance level.

In the next figure, the thin distribution function F' corresponds to the
population distribution and the thick distribution function F;, corresponds to

the sample distribution. The length of the dotted line corresponds to the

supremum of the distance between the two functions.

19
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18. We want to find the critical region C' and a statistic such that

L
=0 <k inside C
1

and
L
2% Sk outside C
1

L ()

f(@p,0) = (Vor)o o

Hy:p=80 0=20

20



Hy:p=110 o0 =20

- 1 L | 1 <—n (Inz;—80\2
Ly = 2::80,20) = e~ 2 ()
o = 1/t ) <\/27r-20> |

i=1 Hx%
i=1
L, = ﬁf(xi'llo 20):( 1 >n 1 o3 Si (e
i V2r 20/ 1.,

Lo Iew /Inz; —80\% 1<~ /lnz; — 110\
L_l_eXp{_§Z< 20 )+§Z< 20 )}

=1

1 n n
:exp{@ [Z(lna:z—llo Z (Inz; — 80) ]}
=1

i=1

1 57 3
exp { 200 [570071 — 602 In xZ] } = exp {gn — 4—02 In z;

=1

exp {%n — —Zlnxl} <k inside C'

Taking logs,

57 3«
gn— E;lnxi <Ink

—
- 4 4
Zlnxl>——01 k+§058—7n
i=1 3 ——
95

R n . 401

§ = iz 102 > g5 A0k _ s Gde ©
n 3n

If Z; is lognormal distributed, then InZ; ~ N (u, 0?) =

7} 1 ~i 2 R 2
Zz_l_mNN@,%)(:}gNN(M,J_)

n n

21



2
o
where — is the variance of the sample mean. Under the null hypothesis, we

n
want
. . K—-80 .
P{e > K;uo} —P{zz 20/\%} —0.05, with g = 80
. 6-80 . . . N
where zZ = is a random variable with standard normal distribution.
20 /y/n
Then,
K —80 32.9
1645 =——— — K =80+ —
2o 20 /\/n NLD
. e A 27'1:1 In j.z . ..
Thus, we use the statistic @ = =*=—— and we reject the null hypothesis if
n
- 32.9
0 >80+ —
>80+ =

19. (a) Let 0y = (1/12,1/12,1/12,1/4,1/6,1/6,1/6) and 6; = (a/3,b/3,¢/3,2/3,0,0,0) .
The composite alternative hypothesis includes all the probability functions we
get by assigning different values from 0 to 1 to a, b, ¢, subject to a + b+ ¢ = 1.

Note that Ien%xL (0;2) = L (0p; x) . Note that the parameter space is
€bo

© ={(1/12,1/12,1/12,1/4,1/6,1/6,1/6) U (a/3,b/3,¢/3,2/3,0,0,0)}

for all a € [0,1], b € [0,1], ¢ € [0,1] with a + b+ c=1.
L(eg;ﬂi)

——————— for each value of z, we first let x = 1. For
Iglaé(L (0; )
€

To determine \ =

this value we get L (0p;x) = 1/12 and rglzch (0;1) = 1/3, which corresponds
S

to a = 1 under the alternative hypothesis, and, hence, A = 1/4. Determining

22



A for the other values of x in the same way, we get the following table:

x| 1 | 2 | 3 | 4 [5|6]|7

Al1/a|1/4|1/4(3/8|1]1]1

If the size of the critical region is a = 0.25, we should find the value k
for which P {5\ < k; HO} = 0.25 . Clearly, we must have k € [1/4,3/8). That
is, the null hypothesis is rejected when A = 1/4, namely, when x = 1,2 = 2
or v = 3. Clearly, f(1)+ f(2)+ f(3) = & + & + & = 0.25 as desired. The
corresponding probability of a type IT error is g (4) + ¢ (5) + ¢ (6) + g (7) = 2/3.

(b) The size of the critical region is also o = 0.25 since f(4) = 1/4, but

the corresponding probability of a type II error is

9(1)+9(2) +9(3)+9(5) +9(6) +g(N) =5 +2+5+04+0+0=1,

for all the distributions under the alternative hypothesis, which is less than
2/3.

(c) Obviously, we should prefer the test in (b) as the probability of a type
IT error is lower (i.e., the power is larger) for all the distributions under the
alternative hypothesis. The Neyman-Pearson lemma does not apply here since

the alternative hypothesis is "composite".

20. n = 535 «— number of bombs thrown
0 = e < the probability that, if a bomb were thrown randomly, this
bomb will hit a given square.

23



535
A=nbl =_— =0.9288 = E (&) «— expected number of bombs per square

576
Note that p (z; \) = b(x;n,0) gives us the probability that a square is hit
by  bombs when A = 0.9288 (or when n = 535 and 0 = 1/576), where p (-; \)
and b (+;n,0) are the Poisson and binomial probability functions, respectively.

Multiplying by 576, the total number of squares, we get the expected absolute

frequencies shown in the table below:

(rounded) expected (rounded) expected
Number observed
Class absolute frequencies e; absolute frequencies e;
of bombs absolute
1 generated by the generated by the
per square frequencies n;
Poisson: 576 - p (z; \) binomial: 576 - b (z; n, 6)
1 0 229 228 227
2 1 211 211 212
3 2 93 98 98
4 3 35 30 30
5 4 or more 8 9 9
NS
They are very similar since the Poisson is
a very good approximation of the
binomial when n is large and 6 is small
(so we can use the Poisson directly).
Q—im"_ei)Q S R N
X e 228 98 "30 "9 T
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2 2
Xoo15—1—1 = 11.345 > X" = 1.204
N——

3

—> Therefore, we cannot reject the hypothesis that the bombs were hitting

randomly those squares.

21. (a) We should use the Neyman-Pearson lemma. The probability function

evaluated at the sample value under the null hypothesis is
1
ho (21, 22) = 9 for (x1,22) €{0,1,2} x{0,1,2},

whereas the probability function evaluated at the sample value under the al-

ternative hypothesis is

( 4/9 for (xy,x9) = (1,1)

hy(eraay) — 3 29 o (e €4(12), 2,1

1/9 for (z1,z2) = (2,2)
(ie

., if ; = 0 for some ¢ = 1,2).

{ 0 otherwise

Therefore, we should consider the critical region of the type C} = {% < k:} .
Note that |
[ 1/4 for (z1,25) = (1,1)
y = ho (71, o) _ 1/2 for (wy,72) € {(1,2),(2,1)}
Mrnee) ) for (1) = (2,2)
oo otherwise (i.e., if z; = 0 for some i = 1, 2).

\
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The probability function of the extended real valued random variable A = %
1\T1, T2

under the null hypothesis is thus

1/9 if A=1/4, ie., if (z1,2) = (1,1)

Ot 2/9 if A =1/2, ie. if (z1,22) € {(1,2),(2,1)}
1/9 ifA=1, ie., if (z1,22) = (2,2)

5/9 if A = oo, i.e., if z; = 0 for some i = 1, 2.

If P{S\ < k; HO} = a = 1/9, then k € [1/4,1/2). Thus, we reject the null
hypothesis when A = 1/4, that is, when (z1,25) = (1, 1), and we do not reject
it otherwise.

The power of this test is P {5\ < k; Hl} for k € [1/4,1/2). Therefore, the
power of the test is P {(#1,%2) = (1,1); H1} = 4/9.

(b) The following table summarizes the probability function of the sample

mean under the null and the alternative hypothesis:

T 0 |1/2] 1 [3/2] 2

[z (T Ho) || 1/912/913/9]2/9]1/9

fa(@Hy) | 0 | 0 |4/9|4/9|1/9

Therefore, if P{Z > k; Hy} = a = 1/9, then k = (3/2,2]. Hence, we reject
the null hypothesis when T = 2, that is, when (z1,%2) = (2,2), and we do not
reject it otherwise.

The power of this test is P {Z > 2; H,} = 1/9. Note that this power is lower
than the one of the test obtained in (a) as follows from the Neyman-Pearson

lemma.
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(c) The generic probability function of the population Z is

a ifz; =0
fi: (ZE,CL,b) = b lfl’l =1

l—a—-b=c ifxg =2,

with a,b, and ¢ non-negative. Note that Hy : a = 1/3,b = 1/3. The generic
probability function h of the random sample {7, T2} is thus summarized in

the following table:

(x17x2) (070) (07 1) (07 2) (170) (17 1) (172) (270) (27 1) (272)

h(x1,z2;a,b) a® ab ac ba b? be ca cb c

Under the null hypothesis, the probability function of the random sample is

h(xy,22;1/3,1/3) = fz (21;1/3,1/3) - fz (29;1/3,1/3) = 1/9
for (z1,22) € {0,1,2} x {0,1,2}.

Let us compute the maximum of the likelihood function L (a, b; z1, x2) = h (21, x2;a,b).

To this end note that

max L (a,b;0,0) = max a> =>a=1,b=0,c =0, and max L (a,b;0,0) = 1;

max L (a,b;0,1) = max ab = max a(l —a)

—a=1/2b=1/2,¢=0, and max L (a,b;0,1)=1/4;
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and so on. Therefore, we get

(21, 22) (0,0) | (0,1) | (0,2) | (1,0) | (1,1) | (1,2) | (2,0) | (2,1)

max L(a,b;ay,25) | 1 | 1/4 | 1/4 | 1/4 | 1 | 1/4 | 1/4 | 1/4

Let us consider the likelihood ratio test

L(1/3,1/3;%1,%)  h(&1,#;1/3,1/3) 1/9

\ = = = .
max L (a,b;%1,%2) max L(a,b;T1,72) max L(a,b;T1,Ts)

Note that \ = 1/9 if z; = xo, and A = 4/9 if x1 # z5. Therefore, the
probability function of the test statistic A under the null hypothesis is the
following;:

P{jl = jQ;Ho} = 1/3 if A= 1/9, i.e., if 1 = T2

5 (A Ho) =
P{i'l 7£ .%Q,Ho} = 2/3 if A= 4/9, i.e., if T 7£ xT9.

Therefore, if P {5\ < k; HO} = a = 1/3, then k € [1/9,4/9). Thus, we reject
the null hypothesis when A\ = 1/9, that is, when z; = x5, and we do not reject
it when 7 # x,.

Summing up, in part (a) we reject the null hypothesis when (z1, x2) = (1, 1),

in part (b) when (z1,22) = (2,2), and in part (c) when x; = z.
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22. Note that in the table

successes | failures

Sample 1 1 ny — T

Sample 2 Ty Ny — Ty

Sample k Tr ng — Tg
the observed cell frequencies, n;;, ¢ = 1,2, ..., k and j = 1,2, are n;; = x;
and n;, = n; — z;. Let the null hypothesis be 0, =0, = ... =0, = 0y. If 0y is

unknown, we substitute for it the value 6 of the pooled estimator 6,

N SRR

0= .
ny+mne+ ...+ ng

and the estimated cell frequencies become

e =mn;0 and ep=mn;(1-10), fori=1,2, ..., k,

Then, using the fact that

(@ — ni0)* = [(ni — ;) — na(1 = 0)]7,

the value of the test statistic in (2) becomes




_ i
ni0(1 —6)’

k

=1

ko,
; —n;0)?
which is the value of the statistic Z w

601~ 0) given in (1).

23. Likelihood function under the null hypothesis:

() -06) G -06)

argsuplL (6; x) = arg max(3> 0" (1—0)" =0y, =

9€0,1] fe0,1] \T

3\ sz (3—2\*"
sup L (0;x) = —
96[01,)1] (6:2) (37> <3) ( 3 )

Thus, the test statistic is

1 27
— 8 — = 8 =
#E-3)°" #B-1)7
33

The critical region is defined by a constant k£ > 0 such that we reject the

null hypothesis if
27

fo— 8 <y
7 (3 — i)
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27/8  27/8

If # = 0, then \ = lim = 1/8. Under the null hy-

a=077 (3 — 7)) 1.3
pothesis this occurs with probability (g) (%)3 =1/8.
~ 2
If 2 =1, then A = — G 7/% s—= = 27/32. Under the null hypothesis this
¥ (3 —
occurs with probability (%) (%)3 = 3/8.
~ 27/8
If 2 =2, then A = — 3 /~)35: = 27/32. Under the null hypothesis this
rr (3 —x
occurs with probability (‘I’) (%)3 = 3/8.
27/8 . 27/8

If # = 3, then \ = li -
T , then xlif:l))fi (3_:%)3—:[: 33.1

pothesis this occurs with probability (3) (%)3 =1/8.

= 1/8. Under the null hy-

Note that
. 1
Inx alclg(l) <E x?
lim (z-Inz) = lim (| — | = ——~ = lim <——) = lim (—z) = 0.
z—0 z—0 = hr% (_1_2) z—0 x z—0
Thus,

limz* = liH[lJ exp (- Inz) = exp [lin% (z-In $)] =’ =1.

x—0

N 1
Therefore, the probability function of A under the null hypothesis 6 = 3 is

27\ 3 3 3 N 1 1 1
< _ —_ — _ = — d < —_ —_ — _ = —,
fk<32> g 1™ f*(s) 8§78 1

If we want that the level of significance be 1/4, then

< 1 1
< M = —.
P{/\_k,Q} ;

Therefore, we must choose for the threshold value k£ any real number lying in

1 27
the left semiclosed interval {é, 3—2> . Thus, we reject the null hypothesis when

A =1/8, that is, when we get 0 or 3 successes in 3 trials.
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24. We know that

2 i (T — z)° _ (n—1)s? _ ng* 2
o2 N o2 T g2 et

Therefore,

a2 a2

ns 208
P {X?9,0‘975 < 2 < X%9,0.25§ Ho} =P {8.907 <

= P {2227 < 3* <8213} =0.95

< 32.852}

The acceptance interval is

a=2227T< § <8213=10

25. We now that, in this case, the sample mean Z is a sufficient estimator for

the population mean p (see Exercise 33 of List 8). Since & ~N(u,0?/n), the

pdf of Z is

no_
= exp {7 271y — p1y) — 125+ 417] } ,
which is non-decreasing (in fact, strictly increasing) in Z. Therefore, g(7, 1)

satisfies the MLR property.
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According to the Karlin-Rubin theorem, the test

1 if 2 <7

is a UMP test with size

a=sup P{Z <To;u} = sup [1 — P{Z > To;u}| =1 — inf P{Z > Tp; u}
1> g 1> pg 12 o

=1—P{Z = To; o} = P{Z < To; o}

where the fourth inequality comes from the MLR property.

The value T, is such that

T — Ho

P{i<§0;u0}:P{J/\/ﬁ <f00/_\/%0;u0}:P{2<—za}:oz.

with Z ~N(0,1). Thus,

fo—,u _ o
o = = Mo = o 2

26.
Hy : & ~ N (700, 200?)
Hy : & ~ N (800, 200?)
a = P{type I error}

$ = P {type II error}
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(a) Under the null hypothesis, u = p, = 700,

_ o2 2002

=P{Z>z,}

k=700 +40 - z,

Under the alternative hypothesis, p = p; = 800,

B = P{"E<k;ﬂl}:P{5<k_4§OO}

P ~<700—|—40-za—800 p ~<—100+40-za
= z = z
40 40

— P{Z<—-25+2,)=P{>25—2,}

ap = [ = 24=25—2,=2,=125

ay = B, =P{z>125}=P{5<—125}=0.10565

Note that k£ = 700440z, = 700+40-1.25 = 750. Thus, the null hypothesis

is rejected when & > 750.
(b) A
0—90
0(1—-0)

n

~N(0,1)

Under the null hypothesis, the expected proportion of observations with a
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value smaller than 800 is

800 — 700

«90:P{j<800;u0}:P{2< 500

} = P{3 <05} =0.6915

Under the alternative hypothesis, the expected proportion of observations with

a value smaller than 800 is

800 — 800
01 = P{x < 800; u,} :P{2< T} =P{2<0} =05
Therefore,
Hy:0=0.6915 <= & ~ N(700,200%)
Hy:0=0.5 <= I ~ N(800,200%).
Note that
0o (1—10
If §=0,=06915 — og= B0 =b0) _ 0660 (n = 49)
n
0, (1—-26
If 0=0,=05 — o= 0 =0) _ o714 (n = 49)
n
Therefore, under the null hypothesis,
. k —0.6915
&sz{egk,eo}%P 2§W :P{,%Sza}:P{§>—za}
—
=

k= 0.6915 + 0.0660 - 2,

35



Under the alternative hypothesis,

X  k-05
8, = P{0>k,81}~P{z> 0'0714}

{~ 0.6915 + 0.0660 - z, — 0.5
= Pz>

= P{zZ > 2.682 924 .
00714 } {Z>2.682+0.924 - z,}

ay = f[y= —2, =2682+0924 2, = 2z, = —1.394

ay = By=P{Z>1394} =P {5 < —1.394} =0.0817

Note that £ = 0.6915 + 0.0660 - z, = 0.6915 + 0.0660 - (—1.394) = 0.5995.
Thus, the null hypothesis is rejected when 6 < 0.5995.

We should prefer the statistic given in (b) since
s = By = 0.0817 < ay = 3, = 0.10565

Note that, according the Karlin-Rubin theorem, the test (a) is a UMP test
since the sample mean T is a sufficient estimator for p and the density of &
satisfies the MLR property (see Exercise 25 of this list). The reason why the
statistic in (b) is preferred here is that the sample size in (b) is larger than in
(a). You can check that if, for instance, the sample size in (a) were n = 49,

then we would indeed prefer the test (a).
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27. (a) Note that we can write the likelihood function as

L ~ n P! e*)\ )\xzefA 2\on 67/\
L (N &1, %9, ...,%0) = [[ p(zis A) = . -
i=1

x! ) A |

A(Z?:l xl> e—n)\ B )\ﬂﬂ_ﬁe—n)\

H?:lxi! N Hn_ll'i! .

We construct the test statistic /. ,

5702 ,—70-5
ca ~ T 70% ,—350 70z
L(5,JI1,I2,...,(L’70) . H;LZI.TZ' . 5™ e . § 670
L (6, Zil, 532, ceey Zi70> 60T =706 670%—420 6
n_ ~
H@':ﬂ?i!

Zv:

We reject Hy when [ <k with P <l~ < k; 5> = 0.05.
Note that
70 —Ink

1<k Inl <Ink 70Z (In5 — In6)+70 < Ink T > = K.
<k<=Inl<Ink <= 70Z (In n6)+70 <In <:>m_70~(ln6—ln5)

Thus, since E (Z) = E(Z) = A and Var (Z) = Var (7) A
n n
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-5

\/5/70

> 1.645, that is, when & > 5+ 1.645 - \/5/70 =

Thus, we reject when
544 = K.

(b) The power of the test is

Fﬁizkﬂﬂ—Pqi25Mﬁ}—P{$_6;>“M—66}

V6/70 — \/6/70
~ P{7>-1.913} = P{# < 1.913} = N (1.913) = 0.972.

28. Note that

u(1/2) = —(1/2)* +2-(1/2) + 1 = Z

and

u(l)=—(1P2+(2-1)+1=2.

Let us first use the standard formula

E [u(7)] :/[b]u(x)dFj(x):/ u () dFz(x)

[0,1]

= 2u(0) + 1u(1/2) + Ju(1) = (% - 1) 4 G : 72) + G : 2) -2

Let us now use the formula

B [u(2)] = u(b) — /[ () = () - / Fi(a)du(z)

[0,1]
(1) —/ Fala) (—20 +2) da
(0,1]
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—u(1) — [ /[0 » Fi(2) (=22 + 2) dz + /[1 . Fi(z) (=22 + 2) d:v}

1
—9_ U —(—21:+2)dx+/
0,1/2) 2 [1/2,1)

1
— _{/ —(—2x+2)dw—l—/
0,1/2] 2 (1/2,1]

L a2,
( 1_0> <1+2+——1>
_Q—G i) (4 4) ?‘2’

where the third equality follows since

A~

(—2z+2) dx]

A~ w

(~2042)ds
=2-

-2

N —
pbli—‘
p-lkl

=(x)du(x) = Fo(z)u (z)dx = Fi(z) (22 4+ 2)dx
/MFUd() /H () () /H (2) (~22 +2)

and the fifth equality follows since

(
0 forz <0

1/2 for x €10,1/2)

Fi(z) =
3/4 forx e [1/2,1)
\1 for x > 1.
29. (a)
P{Z>kT7 =P 2-7 , k=T o = P{%>2k—14} =0.05
Y V3/V12 T V3 /V12] - o
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where Z ~ N(0,1). From the table we find that P {z < 1.645} = 0.95. Thus,
1.645 =2k — 14

or

k = 7.8225,

so that the desired critical region of size a = 0.05 is

Ezlil T

i — 2ui=1 i S 7 gooe
v 2 -

The power 7 of this test is the probability of rejecting Hy when p = 9:

-9 _ 7.8225-9
W:P{iz7.8225;9}:P{ T > : }

VaVE © BN
P{z> —2.355} = 0.99074,

(b) Since the null hypothesis is simple, it follows that 1, = 7 maximizes the

likelihood function under the null hypothesis Hy. Moreover, the sample mean

12
= % maximizes the likelihood function L over the parameter space,

1 12 12
T = arg max ( > e 23 Zita(mimn)’ arg min Z (z; — H)2

nER \/g\/ 2w LER i—1

12
Lpswy,wi2)=] [ n(ziinv/3)
=1

since the FOC is

12 12 212 .
Y () =0 = Yo 1p=0 = iy = =T =
=1 i=1
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and the SOC for a minimum is satisfied as the function 312, (2, — u)* is convex

in p.

L ( \/1 >12 5 iz (i)
— e 6 1=1\"7

0 \/5 2

and

—L152 (@—7)2
max L = e~ 2= (@)

= ()

and the value of the likelihood ratio test statistic is

= Lo = e_%zgi1[(%—7)2—(xi—f) ]
max L
pneR
Note that
12 I

Z [(z; — 7V — (@ — E)Q} = Z (27 +49 — 14z; — 27 — &° + 22,7)

i=1 i=1

12

12 12 12
= a4 (12:49) — 14> w;— > a? — 1277 +2T)
=1 =1 =1

i=1
12z 12z

2472

= 588 — 1687 — 1272 + 2472 = 127> + 588 — 168Z%.

and

12(z — 7)> =12 (2> + 49 — 147) = 127” + 588 — 168%.

Thus,
12

> @i =77 = (2 — 2)°] =12(z - 7).

=1

Therefore, the value of the likelihood ratio becomes



Hence, the critical region is

6—2(5—7)2 S k;7

which after taking logarithms and dividing by —2 becomes

or

where K will have to be determined so that the size of the critical region is
a = 0.05.
Since the sample mean & has a normal distribution with the mean 7 and

the variance 0?/n = 3/12 = 1/4 (or the standard deviation 1/2) under the
x—=7
)
region of the likelihood ratio test is

null hypothesis, Z = = 27— 14 is N(0,1). Thus, we find that the critical

’5‘ = ’2i‘ — 14‘ Z 20.025 — 196,

where P {z < 29025} = 0.975. In other words, the null hypothesis must be
rejected when 2x — 14 takes either on a value greater than or equal to 1.96
or on a value lower than or equal to —1.96. Equivalently, we reject the null
hypothesis either when z > 7.98 or when z < 6.02 .

(¢) The power function of the test is

m(p)=P{Z >798;u} + P{Z <6.02;u} =1—-P({6.02 < Z < 7.98; u})

42



2
/7.98 1 1 T — L ~
=1- ——— |exp | —= dz.

6.02 \ \/3/12v27m 2\ /3/12
Note that m(7) = 0.05.
pl0]
0.8 1
0.6 1

0.4 1

0.2 1

00 +—4——F——F——F——
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