Probability and Statistics. IDEA. Answers to List 8.

1. If 6 is an unbiased estimator for 0, then

E(8)=0.
(o) - 5(5) - [50)]
= B(8")-6* = E(0") = var (8) +6°

Hence,

E (éQ) > 62 if Var (é) > 0.

2. Bernoulli distribution: & ~ f (z;0) = 6% (1 —0)", for z =0, 1.

E@) =0-["1-0)""]+1[0'Q1-6)""]=0+1-0-1=0.

Var ( E[(#-0°]=E(#)—-0*=[0*(1-0)+1-0] — 6

S
Il

= 0-0°=0(1-90).

Z?:l T

{1, Za, ..., Ty} is a random sample and 6 = -

n

N1 N R 1 5 . :
E (0> = ﬁ;E (%) = E;H = (nf) =0 = 0 is an unbiased estimator for 0.



Var (7)

Since 0 is the sample mean, Var (9) =

D
——
)
—
—
|
>
N—

:>Var<

The Cramér-Rao ( C'R) lower bound on the variance of all unbiased estimators

for the Bernoulli parameter 6 is:

n.E[(ﬁlnlgéx;my

f@:0)=60"1—60)""=Inf(z;0) =2Inf+(1—2)In(1—-90),

CR =

Oln f(z;0) =« (1—ux) x—0

0 6 1-60 60(1—0)

Var(Z)

on £ (7:0)]? @-o? ) F0-9 1
E({ 90 }>:E[e2(1—9)2]:92<1_9)2:9(1—9)'

Note also that

OInf(z;0)] 1 :
—E [ P 1 =00 (Check it!)

Thus,

)

Since the variance of 8 is equal to the C'R lower bound and 6 is an unbiased

estimator, then @ must be a minimum-variance unbiased estimator.



Let
b= wZy + (1 —w) Z
(a)
E(p) = Ewz+(1-w)Z]=wE(Z)+(1-w)E(2,)
= wpt+(l-wp=p
= [i is an unbiased estimator for u.
(b)
2 2

~ 201
Va — w2ty (1— 22
r(fi) =w " + (1 —w) -

OVar (i o2 ol 2
T(M) :210#—1—2(1—10)(—1)—2 = ﬁ{w o1+ 03] —a3}.

Find the value of w - call it w* - where

OVar ([t 2,
—gz)('u) =0— ﬁ{w [U%—FJ%} —Jg} =0,



o2+ o3
Since
O*Var () 2
W:ﬁ [U?‘i‘ag} >O,

Var (1) must be a minimum at w*.

Let

E(i) = wE(@)+(1—w)E(@)=wu+(l—w)u=p
= [i is an unbiased estimator for pu.

2 2

Var (ji) = w*Var (Z1) + (1 — w)” Var (Z2) = wQZ— +(1—w)” Z—
1 2

ni

To show that Var (i) is at a minimum when w = w* = ) let us first
s N9




compute

Wa_f(mzzw0—2+2(1—w)<—1)a—2=2"2{w F+i] _i}’

ow 1 N9

and find w = w* such that

M:202{w* [iJri} _i}zo,

ow ny My N9

n
n1 + no

w*[n2+n1]—n1:O:>w*:

Since
9*Var (i 1 1
ONar(fi) _ g2 | L L]
ow? ny  No
w* = —"1 minimizes Var (f1) indeed.
ny + No
5.
1 0
—e=®/% for x>0
0
f(x;0) =
0 elsewhere

Sufficient condition for Z to be a weakly consistent estimator for 6 :
(i) Z is an unbiased estimator for 6.

(ii) lim Var (Z)

n—oo

0



Since
92

lim — =0,
n—oo N

T meets both conditions and, therefore, Z is a weakly consistent estimator for

6.

1
ge_m/(’, for x > 0

f(z;0) = «—— exponential density

0 elsewhere

Let X = (&1, %0, ..., &),
fg (1,29, yxn; 0) = f(x1;0) - f(29;0) - oo f (2050)

r 1 n .
g OXP (—Z:’:Tlx) , for X = (21,29, ...,2,) € R},

0 elsewhere.




then
n
T;
1=1

1 0 .
g XP <—%) for X = (21,29,...,2,) € R}, and 0 = =—,

f(f(’@) (371,332, ...,wn’é; 9) —
elsewhere

Recall that the MGF of an exponential distribution is

M;(t)=(1—0t)"" fort<1/6

= The MGF of

X

n
P
i=1

is
My(t)y=(1-6t)" fort<1/6

and this is the MGF of a gamma distribution with parameters (n, ). Then,

the density of X is

4 1 N
n=le=9 for T >0

elsewhere




X

— the density of @ = = is thus
n
[ (wd) e = i et 0> 0
n e on = n e e, for
6" (n) 6"T" (n) ’
0)-
0 elsewhere

—
o f()Z"@) <$17$27 "'737717@; 9)
f)~(|é ($1,3§'2,...,(En|9; 9) = "
()
( I'(n)
1 n
P .
1) o
—, for X = (z1,29,...,2,) € R} and § = ,
— n"o n
0 elsewhere,

with 6 > 0, which is independent of 0. Thus, 8 is a sufficient estimator for 6.

(b) If we use the factorization theorem, we see that

~

f)~( (mla Loy eeey Ty 0) - h(xtha 7In)g(07 0)7

R 1 R R "o
with h(zq,z9,...,2,) = 1 and ¢(0;60) = e—ne*”e/e, with 0 = Z’:—lx for
n
X = (21,29, ...,0,) € R}, . Clearly, h(zi,,...,2,) does not depend on 0,

which means that 8 is a sufficient estimator for 6.



7. (a) Since
fzi:0) = 6% (1—60)"" for z; =0,1.

Let X = (.%1,.%2, 75371)

n

5 (X1, @9,y p;0) = HG“ (1—0) ™

=1
n n

= o) g2 for gy = 0,1,

f(ff,@) (xl,mg, ooy Ty O; 0) — g (1-— 0)”_”9, for z; = 0,1 and 6 = 2 T

n

Moreover, since § = > .. & is binomial, it has the following probability

function:
n

y)@y (1—-6)""Y, fory=0,1,...,n.

b i) (

[ p. o nA nd . n—nd N l
fs (9,9) _ <n9)9 (1= forf=0,=,...,1
Thus, we obtain the conditional probability function,
N f(f(ﬁ) (.’13'1,1'2, 7$n7979> g (1 — H)n—nO
o\ S0 (1 —-0)""
; (1) a0




3 |

which evidently does not depend on . We can conclude, therefore, that 0 =
is a sufficient estimator for 6.

(b) If we use the factorization theorem, we see that

~

ff( (*1'17 L2y ey T 9) = h<$1>x27 7xn)g(97 9)7

with h(z1, 23, .., 2,) = 1 and g(0,6) = 00 (1- Q)n_né where 6 = i1 % for
n
x; = 0, 1. Clearly, h(xy, z3, ..., x,) does not depend on 6, which means that 7]

is a sufficient estimator for 0.

8. .
— for0O<ax <@
T f(z)=1 "
0 elsewhere
f(x).ﬂ
1
e s
? o— >
a=0 ﬁ =8 X

Since f (z) has only one parameter, only one moment is needed.

10



Let .
> )
Let m|, = =2 — =z, then 7 = —=,
—
OMM =2Z
9. 56
( ; 7) for0<ax <6
T~ f(2)= 0
0 elsewhere
F 3
F(x)
2
g
q :
g




(a) If we differentiate w.r.t. x4 and o2 we get

OlnL (p,0;X 1 < ,
(8/2 ) = ;E (2, —p) =0 (i)
OlnL(p,0; X n 1 « .
o = gt gad =0 (1)

=1

Solving the system (i) and (ii) for p and o, we get the following values of the

estimators:

and

= —Z )? #s% = 62, is a biased estimator for o

12



(b) If 1 is known

n 2
InL(o; X) = —gln(Qw)—nlna—— <x, ,u)

do o 203 —

dln L (o; X) n (_2)2(%—#)220

Solving for &:

n 1
——+ =) (m—p)’=0
o &
=1
2 (i — p)” 21 (& — p)°
~2 1= ~2 =
= —_— - ——
oML n oML n

— &M = \/ G2y, is @ ML estimator for o (as follows from the invariance principle)

Remark: It is easy to verify that the estimator &34 in (b) is an unbiased
estimator for 2. Knowing the mean 1 means that one does not "lose a degree
of freedom" to get the Z for the formula of &34;.. Therefore, it is not necessary
to subtract 1 from n in the denominator as we had to do to "debias" the

statistic s2.

T = x r— 6) = x T
Mz(t) = E(e'") = > e0(1 - 0)"" = mZet (1-10)
=1 =1

13



9 > t x 0 €t(1 - 9)
1—9;[6( )] 1—9{1—@(1—9) ’
where the last inequality follows from the well-known formula for an infinite

geometric series. Note that |e/(1 — #)| < 1 when ¢ is close to 0 since 6 € (0,1).

Using the MGF, we have

" e'(1-19)
E (%) = M;(0) = 1-0 ({1 —et(1 —9)]2>

1
9 Y

t=0

where the last two equalities follow after some simplifications.

(a) Method of Moments:

T = E(2)
_ 1
T = =
eMM
- 1
GMM = =
€T

(b) Maximum Likelihood:

X ={x1,29, ..., Tp}

0 n N 0 n

= n{lnd—-In(1-0)+1In(l1-40)- -z}

alnL(G;X)_n{l 1 (—1>,}

14



Set

I
o
_I_

Oln L (0; X) N 1 1 iy
0 "

QML

or OML =

ST

Omr =

8|~

Therefore, ML estimator = MM estimator.

12.

, forxz>40

0 elsewhere

15



L(0;xq, 29, ..., 7,)

0 elsewhere

Note that x; > 0, for : = 1,2, ...,n, means that 6 < x.;,, where x,;, is the

smallest value of the random sample, x;, = min {1, xg, ..., 2, } .

)*”.\

xmin 9

Note that L is equal to 0 when it is evaluated at z.,,. This is so because
we use the convention of writing x > 6 in the density of Z. If we replace
the strict inequality by a weak one, then the distribution will be exactly the
same. Therefore, if we write x; > 0, for i = 1,2,....,n, (or 0 < x;,) in the
expression for L (0;xy,zs, ..., T,), then x,;, maximizes indeed the likelihood
function L so that 0y = Tuin (or 0y = Zmin)- If we do this, the likelihood
function L reaches the supremum (in fact, the maximum) e~ "% ¢ #min,

We can always replace strict by weak inequalities when defining the regions

of a density function whenever we find it convenient since we are not going

16

( n n
[Te @0 = e~ 2o @) — onTnd _ e e forx; >0, i=1,2,..
i=1



to affect the corresponding distribution. Recall that two density functions

associated with the same distribution are equal except on a set of zero Lebesgue

measure.
13.
T~ N(a+p,1)

oo =7, By, =7

1

n
1 ) 1 ,
L (CY, ﬁ;g, y) = H { e*§[$i*(a+5)] } {_eg[yi(aﬁ)] }
N 1 vV 27T

3

<.
Il

Inl = —nln(20) = 23" [oi— ot HP 23l — (a— O

0;? _ _%.2-“ [xz‘—(oz—l—ﬁ)](—l)—%'2';[%—(04_5)](_1)

= nT—n(a+p)+ny—n(a—pF)=-n2a—(T+7)]

S]]
+
<

—TL[2(34ML — (f—i—g)] =0= apr =

17



n

aglﬁL — _Z.9. Z —(a+B)] (- )—%'2‘;[%_(“_5)]

= na:—n(oz—l—ﬂ)—ny—l—n(a—ﬁ):n[—26—|—f—y]:0

~ _f—y
B =5

Remark: One should check that they are maxima.

Alternative Method (much easier!):

T~ N (1, 1) py =+ 3 . o=t
J~N(p,,1) py =a—[ B="tt

We know from Exercise 10 of this list that
The ML estimator for p, =7

The ML estimator for u, =y
Therefore, the invariance principle implies that

Q _ Tt or & _Tty
ML = 5 ML = 5

A T — - T—y
By = 9 or By = 5

14. (a) For this exercise, it will be convenient that you look at Exercise 13 of

List 2.
For @ = 6, the probability function of the population 7 is

[z (x]0) = (Z) 6*(1—0)""" forx=0,1,2,....n

18



and
I'(a+p)

fo(0) =4 T(@T(B)

0 elsewhere.

0t (1-0)"" foro<fh<1

Hence,

fo (0) fzio (|0) = %9“—1 (1—6)"" (Z) 0" (1 —0)" "
_ (\T(@+8) porac1q  pyn—atp
- ()T a0

for 0 < <1and z =0,1,2,...,n, and fp () fzje (x|#) = 0 elsewhere. To
obtain the marginal probability function of & we use the fact that the integral

of the beta density from 0 to 1 equals 1 and, hence,

! a—1 . /-1 . F((){)F(B)
/09 (1= 0yt = FLS

Therefore, we get

@)= [ 1o ®) o (aiyan = () OO L =)

for x =0,1,2,...,n and, hence,

~ Jo(0) fze (x]6) I'(n+a+p) r+a—1 n—z+p-1
forz (0lr) = fz () _F(a+I)F(n—x+ﬁ)9 -0y

for 0 < 0 <1 and fgz (f|x) = 0 elsewhere, with  =0,1,2, ..., n.
As can be seen by inspection, this is a beta density with the parameters

r4+aandn—z+ 0.

19



(b) Under a quadratic loss function, the Bayesian estimate satisfies

~ - T+ « a+x
Op =E[0|7=2z]= (r+a)+(n—x+p5) Ca+B+n

and the corresponding Bayesian estimator is

~ o+
O0p=E0|2] = ——F—
w =Bl =
as follows from the formula for the mean of the beta distribution (see Exercise
29 of List 4).

(c) Note that

If 8 = 0, then

a.s
— #, when n — oo,

1

lim

n—oo

(07
n
+

3| 2

s

z
n
+
n

as follows from the strong law of large numbers, i.e., the proportion of successes
in n independent trials converges almost surely to the probability 6 of success

in each trial when n — oo.

15. (a) For p = pu we have

fi\u (f|'u) - O'\/%



and

fﬂ (:u) = 0_0\/%
so that
L) feu ) v () (e
fuiz (plz) = £ 7. (;) = Yroool (f)e ( /f) for —0o < & < 00

Now, collecting powers of ;1 in the exponent of e, we get

1(n 1Y\ , nT 1 (nz*
2<02+03>M+<02+03)M 2(02+0(2]

and, if we let

-4 *
o2 o2 o} ()
and
= 2 2
nrogy + oo
= *ok
Hq nO_(Q) + 0_2 ’ ( )
factor out —=1z, and complete the square, the exponent of e in the expression

E?
for fuz (1|Z) becomes

1

—W(M—M1)2+R
1

where R involves n, Z, i1, and o, but not p. Thus, the posterior density of p

becomes

.ol (e )2
Vn-e . 207 (=)

—_— f — <<
21000 [z (T) oF Teos TS oo

Juz (uz) =

which can easily be identified as a normal distribution with the mean p; and

21



the variance o2. Hence, it can be written as

fua (17) = ——e ()
T xTr) = € 71 or — oo < <00
uia L o1V 2T

Note that we did not have to determine fz (Z) as it was absorbed in the
constant in the final result.
If we write (*) and (xx) in terms of the precisions 7 = 1/0?, 79 = 1/02, and
71 =1/0% we get
T1=To+nT (s % %)

and

(i)
——

To nr _
Hy = Totnr Ho + (m)%
—
so that the mean p, of the posterior distribution of p is a convex combination
between the mean i, of the prior distribution of g and the value of the sample
mean Z. Note that the larger is the precision 7 of the prior distribution, the
larger is the weight we put on p, Conversely, the larger is the precision n1 of
the sample mean, the larger is the weight we put on 7.
Moreover, (x* x) tells us that the precision 71 of the posterior distribution
of p is the sum of the precision 7 of the prior distribution and the precision
n

1
nT = — = ——— of the sample mean.
o2 o%/n

(b) Under a quadratic loss function, the Bayesian estimate satisfies

nf02+u o? To nr
HB (] T] =y no? + o <7_0 +m’) Ho + <7_0 +n7’) Z,

22



and the corresponding Bayesian estimator is

R _ NTo3 + o> To nr _
.u’B:E[ﬁ”m]:#:( )uo+< )w

nog + o?

16. For o = 0.05 we find zg 925 = 1.96. Therefore, the 95% confidence interval

for p is
15 15
64.3 —1.96—— < p < 64.3+1.96——
vao - V20
which simplifies to
7.7 < <709

17. Substituting * = 66.3,s = 8.4, and tan—1 = toozs11 = 2.201, the 95%

confidence interval for ;1 becomes

5.4 8.4
66.3 — 2201 < 1 < 66.3 +2.201 ——
vz " V12

or

61.0 < pu<71.6

18. For a = 0.06 we find ze = 2003 = 1.88. Therefore, the 94% confidence

interval for p; — py is

262 222 262 222
418 — 402) — 1.88¢/ S + 25 < 1y — piy < (418 — 402) + 1.884/ = 4 =—
( ) 0 T Eg STk ( ) + 0 1 50

23



which can be simplified as

6.3 < py — py < 25.7

19. Summarizing the data

Brand A Brand B

For o = 0.05 and n; + ny — 2 = 16 degrees of freedom, we find from the

table that ¢ 2516 = 2.120. The value of s, is

. _\/9-(0.25)+7-(0.49)

16 = 0.596

and, therefore, the 95% confidence interval for p; — p, is

1 1 1 1
(31 =2.7)=2.120-(0.596) \/ 15 + ¢ < pn—hy < (3.1 = 2.7)+2.120-(0.596) 1/ 15 + ¢

which simplifies to

—0.20 < 1y — iy < 1.00

24



20.
e~ o for x > 0; with >0

0 elsewhere

Find (1 — «) 100% confidence interval of the form (0, kz) for 0, That is,

find the value of k£ such that

I (R i e e

21. .
i for O0<x<¥b

0 elsewhere

Find a (1 — ) 100% confidence interval for € of the form (0, k (z1 + 2)) .
P{O<k(F +2))=P{0<k-§)

where

25



The density of ¢ is the following (see the handouts of Chapter 5):

(1
ﬁy, for 0<y<4¥
- 1 2
g~ fly)= —?y—kg, for 6 <y <26
\ 0 elsewhere

i)

~—

>

A

=Nl

<)

——

Il

0
—N

<

vV
=l IS
—

Il

—_

|

o

so that

Since o < 1/2, then % < 0.

26



y

Thus,
0 1601 1
< — = ——— = — =
P{y_k:} okok 2k

— k= «— The positive root is the relevant one as k > 0.

1
++/ 2«

. . T1+ X2
The (1 — a)100% confidence interval is | 0, :
(1 —a)100% ( o )

22. i ~ N (u,100)

X = {.1}1,!172, ...,.1325} — T = 140
P{Z—196-05<pu<Z+196 0z} =0.95.

Computing

27



Therefore the 95% confidence interval for the population mean u is

z—196-0; < pu<x+196-0z

140 — (1.96) -2 < < 140 + (1.96) - 2.

So

136.08 < 11 < 143.92

23. Substituting 0 = % = 0.35 and Ze = Z0.025 = 1.96, an approximate 95%

confidence interval for the binomial parameter 6 is given by

0.35 —1.96 - —> < 0 <0.35+1.96 -

(0.35) (0.65) 6~ 035+ 1.96. 1/ (0:35) (0:65)

35 —1.96 -
0.35 96 00 < 200

which simplifies to

0.303 < 6 < 0.397

24. Substituting 0; = 32 = 0.66,0, = 45 = 0.6, and z2 = 29005 = 2.575, an

approximate 99% confidence interval for 6; — 0, is given by

+ < 01— 0,
nq %)

(91 —92) o 0, (1 —91) 0, (1 —(92)

28



_I_
ny U]

_ <él_é2>+Z%. 91 (1—§1> 92 <1—92)‘

That is,

(0.66) (034) , (0.6) (0.4)

0.66 —0.6) — 2.575
( ) \/ 200 150

<91—92

(0.66) (0.34) , (0.6) (0-4)

0.66 — 0.6) + 2.57
< )+ 55\/ 500 150

which simplifies to

—0.074 < 6; — 05 < 0.194.

25. Assuming that the observed data can be looked upon as a random

sample from a normal population in order to get a 99% confidence interval

for 0* we substitute n = 16 and s = 2.2, along with x§ 5,5 = 32.801 and

X6.995.15 = 4.601 into the following form:

(n—1)s? P (n—1)s?
2 2
X%,nfl leg n—1
15(2.2)? 21502 2)?
32.801 4.601

or

221 < 0% < 15.78.

Taking square roots

1.49 <o < 3.97.



26. From Exercise 19 we have n; = 10,n, = 8,s; = 0.5, and sy = 0.7, and

from the F-statistic we find that F{ 197 = 6.72 and Fj o179 = 5.61. Thus,

2
substitution into the confidence interval for Z—;, which is given by
2

yields

or

s 1 o?
—_——_ < —

2 2
S5 F%,nlflungfl 05

025 1 o2

<
0496.72 o2

2

0.076 < 2L
02

2
S
1
< _QF%,ngflmlfl )
2

0.25
< ——=5.61
0.49

< 2.862

Since this includes the possibility that the value of the ratio 02/03 is 1, we

cannot conclude that the assumption of equal variances in Exercise 19 was

unjustified.

27.
(a)

£(0,0,0,0) = (1-6)*; £(1,0,0,3) =1 —-0)*0; f(0,0,1,1)=(1-0)6;

f(1,0,1,2)
£(0,1,1,2) = (1-0)6%

30

f(1,1,1,1) = 6%



70)=1=07 f;(5) =1=0°0; f;(5) = (1-0)0;
fy(3) = =00+ 1 =0)6"=(1-0)6: f;(5) = (1-6)0%

)= (L-0)6% f;(1) =0

o
—~
Dot

h(0,0)=(1-0)7% h(0L)=01-070 h(0}
h(l3)=0=0%0; h(1,5)=0-00% h(L3)=01-0)6%  h(1,1)=0¢"
(d)

1 1 1
Cov (ii'g, g) = Cov <ZZ’2, 6 (ii'l + 2.%2 + 31'3)) = 6 -2 -Var (i’g) = 59 (1 — 9) .

You could also use the probability function given in (c) to compute Cov (Z3,7) .

(e)

i 1\ _ f(11,0,5:0)  (1-6)6°
fX'g<1’1’0'5’9)_ fg(é;ez) = —ao "

7 is not a sufficient estimator for € since fjﬂg (1, 1,0 }%, 9) depends on 0,
and sufficiency requires that fg; (X|y; 0) be independent of ¢ for all the values

(X,y) in the range of <)~(,g> with f; (y;0) # 0.

(f)

E(g)=E (:1:1 + 23;2 + 31:3) =@ = g is an unbiased estimator for 6
- ?In f (7;0)\]

Cramér-Rao lower bound = {—nE (%)] (with n = 3).

31



flz:0)=6"(1—-0)"" forx:O,lj(w):_ﬁ l—=

06° 0 (1-06)
E(821nf(5:;9)): 6 1-6 1 ap_f00-0

06 P 1-02 6(1-9) 3

Var () 1—789 (1—6) > CR.

g is not a minimum variance unbiased estimator since, if we consider the

sample mean,
T1+ 2o+ T3

z = )
3
then
E(z)=060
and
- 1_
Var (Z) = 3Var (7) = A ) < Var ()
9 3
Var (Z) = CR
28.

1
P{lg,—3 <et>2—" — lim P{|i, — 2| <e} =1= plim &, = 2.
n n—oo

n—oo

Apply the theorem of total expectation:

1 1
lim E (7,,) = lim [” E (2, |in = 2) + —E (@ |&n = n)}
n

n—o0 n—oo n

1 1 1 1
— lim {” E(E)—i——E(n)}:lim {” -O—i——-n]:O—I—l:l.
n n

n—00 n n—00 n

32



In the limiting distribution we have the following:

Z  with probability 1

IS
I

oo with probability 0.

Thus, applying the theorem of total expectation, we get

AE(%,) = 1-E(#|f=2)+0-E(|7 = o0)

= 1-E(3)+0-00=1-0+0=0.

Note that the sufficient condition for having lim E (Z,,) = AE (Z,,) does not

n—oo

hold in this example since

E(j#,%) = B (i2) = — 1E(gzi|:zn =Z)+ %E (22 ]2, =n) =

" n

n_lE(§2)+lE(n2): <n_1-1)+n:n+1—l.
n n n n

We see thus that lim E (|£n|2) = 00 so that there is no finite M such that

n—oo

E (|Z,) < M for all n.

29.

-1
P{ljn—0] <et > "= — lim P{|, — 0| <} = 1 = plim §j, = 0.
n n—00

n—oo

lim E (§,) = lim K”;l -0> + (%nﬂ = lim (0 +n) = limn = co.

n—oo n—oo n—oo n—oo
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In the limiting distribution we have the following:

0  with probability 1

oo with probability 0.

Thus,
AE (9,) =(1-0)+(0-00) =04+0=0.

n—oo

Note that the sufficient condition for having lim E (7,) = AE (3,) does not

hold in this example since
-1 1
E(gl) =E@) = (2—0)+(=n*)=n*
(19.1) = E (5) (n +(oont)=n

We see thus that lim E (|§n\2) = 0o so that there is no finite M such that

E (]g]n|2) < M for all n.

30. (a) We want to maximize

L(0;x) = b(x;n,0) = <n) 6°(1 — )"

T

0y = arg maxIn L(6; z) = arg max {ln (n> +xInf+ (n—z)In(1 — 9)}
x

0€[0,1] 0€[0,1]
dinL(6;z)] = n—=x - x
_— =~ — =0= 0Oy = —
o 6 1-6 ME= 0
= éML = f
n
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Note that

d*[In L(6; x)] T n—ux
bl el S e /s R S S
17 oy ="

so that we are indeed finding a maximum.

(b)

A~ T 1 _ 1 _
Var(6y,) = Var (z) B o 2 2 - d 9)'
n n n
C ér-Rao 1 bound = CR = !
ramér-Rao lower bound = = {82 In b(f;n’g)]
—1E |——5—
00
Pnb(Enb) T n-T
892 - 92 (1 — 9)2
g [Pb(@n,0)] 06 n-nb _ n
002 o (1-0)2 0(1-0)
OR — 1 — o1 — ) = Var(0y1).

o)

Therefore, ] v 1s the best estimator in the class of unbiased estimators for 6.

Alternatively,
CR = 1( N
Olnb(z;n,0
1-E D St s
S )
Olnb(i;n0) x n-—u
00 0 1-0
Olnb(z;n,0) 2_ T n—i > (2 —nb)
90 S\ 1-6)  g(1-06)]
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b n,0)\*| | (@ —nb)’| E[F—nb)’]
)] o g

0% (1 — 0)° 0% (1 — )
E[(-E(%)? _ Var(@) _nb(1-6)
0% (1 —6)* 0*>(1—-6)°> #2(1-0)> 06(1-0)
Therefore,
R 1 0(1 — )

1E[<w)] —2) —Var(@®n).
ol

()

E {(ém — 0)2} =E {(ém ~E (9ML>>2] — Var <9ML> — Var (%) _ (1 -9)

n
N 2 —

n—o0 n

A b d
:>0MLL>9:>0ML—>9

Moreover, since @y, is equal to the "average" ¥, of a random sample

(91, Y2, -+, Un) coming from a Bernoulli population,

~

OML =

_ Z?:1 gz

3| =

n
n

as =) .y~ B(n,0), we can apply any of the two Kolmogorov theorems
to conclude that 9ML =¥ =5 6.
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% for x € [0, 5]
T~ [ 5) =

0 otherwise.

Note: In this exercise, nothing would change if the region of positive density

were the open set (0, 3) .

( 1 n
(B) for0<az; <pB,i=1,....n

0 otherwise.

Note that z; < 3, fori = 1,2, ..., n, means that x,., < 3, where ., is the

largest value of the random sample, x,,x = max{xy, s, ..., 2, } . Therefore,

dL(B;xy1, ..., xy)

<0 when x,. < pB.

dp
F 3
L
: f
Clearly, L reaches its maximum when § = z*, thus B v = x* and
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ﬂML ="

(b) For all £ > 0,

P{li*=plze} = P{i"-fzep+P{i" - < —¢}

= P{&*>pB+e}+P{B—-T">c}=0+P{f—3">¢}.
since P{7* > f+¢c} < P{z* >} =0.
P{—3">c}=P{Z"<p—-c}=P{mn<f—-¢ ...,5, <p—¢}

~JIPG<s-a=[[FG-2)=(FE -

;

0 forz<O
x

F(x) = 5 for z € [0, 0]
1 forz>p.

\

Since f — e < 3, we have F( —¢) = max{%,O} <1

= lim P{|z* - | >¢e} = lim [F(B—¢)|" =0, Ve >0,
n—oo nﬁoow_/

<1

Thus, z* is a weakly consistent estimator for (.
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mi = =
n N——
1y
n ~
2 o 2 21:1 L
= Bum = n

32. The density of the vector (%1, Za, ..., Tp,) is

o = (1) w155 (222)]

The log of the likelihood function is thus

n 2
In L (p; 1, 22, ..., x,) = —nln <U\/ﬁ> — %Z (5’7% - M)

/ o
=1
so that
dln L Ti— b . =1 _
- :2( - ):oj;xi_nu:owm: .
and
dln® L n
=——<0.
du? o

Then, observe that the density of (%, Za, ..., &) could be written as

1 " L >
f(wl,fl?g,...,fljn,/l/) - <O’ 2’/T) €xp 20_2 Z + sz 20_2
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where h (1, 22, ..., ) is independent of ;. Therefore, Z is a sufficient estimator
for pu.

33. (a) For this exercise, it will be convenient that you look at Exercise 13 of
List 2.
For A = X\ > 0, the probability function of the population z is
Ae A

Pea (T |N) = I forz=0,1,...

Let X = (%1, Zo, ..., Tp) and X = (x1, 3, ...,x,) so that

~ n )\xie—/\ )\( ;Lzl $71)e_n/\ .
=1 ZL’Z'
i=1
Since
¢ 1 LM for s 0
o )\a— e or A >
BT ()
f()\’ «, ) -
0 otherwise,
\
we get
1 )\(Z?:1 371) —nA
T, B)paa (@ |X) = =5 )\a—le—A/ﬁn—e
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_ 1 i Aa—1+(z?:1wi)6_A(%+n) R (XA S )
BT () (H xil)

=1

22)

for A > 0and 2; =0,1,..., withi = 1,...,n, and f(X; e, B)pza(x|X) = 0
elsewhere. Note that K(X) depends on X but not on .

To obtain the marginal probability function of X, we must integrate
f(Xa, B)pzia(z|A) with respect to A. The resulting integral will depend on

X but not on A,

fx (X) = / " O Bpa (@ NN = 5(X)

for x; =0, 1,..., with 2 = 1,...,n, and, hence,

P B (210) | KOO o) a5
fe (X) (X))

f>\|)2 (A[X) =

for A\>0and z; =0,1,..., withi=1,..,n, and f ¢ (A|X) = 0 elsewhere.
As can be seen by inspection, fAI % <A]X > is a gamma density with the

n ~ B
arameters a = a+ Y x; >0 and 8 = > 0.
P X P=Tvnp

Notice that the coefficient % of the posterior density fyz (A|X), must

be equal to

K(X) 1 1
FTE (LY (ax )

1+np

(b) Observe that Y |, #; = n® and Y ;| x; = n. Therefore,

fAIE (Az) = %Aaﬂrnxex(l?ﬂ)
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for A > 0 and T =

Z?:l Li
n

, with ; = 0,1,..., and ¢+ = 1,...,n; and

faz (A[T) = 0 elsewhere. We thus see that the posterior density fxiz (AT)

s
1+nB’
Under a quadratic loss function, the Bayesian estimate satisfies

is a gamma density with the parameters @ = « + nT and E =

. o ~  (a+nx)p
p=EQ}lE=z]=0af="—"— 5
and the corresponding Bayesian estimator is
2 _ (a + nﬁ) 15}
A=E[A|lZg]|=——7—.
B Alz) 1+np

as follows from the formula for the mean of the gamma distribution.
(c) (i) Note that E(Z|A=X) = E(Z|X = X) = A since Z has the Poisson

distribution with the parameter A\. Then

E[S\B—M)\:)\} :E[S\B‘AzA} “EAA =]

_B (a—l—nw)ﬁ)\:)\ _)\:[oz—l—nE(a:])\:)\)]ﬁ_)\
1+np 1+np
~(a+n))pB - afl — A
- 1+4np 14 n8’
which is, in general, different from zero.
Note: Observe that
N aff — A
E — = )
Re-AA] = 53
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—_——
R Ap
AB
Equivalently,
B [As] 2 =] = €720
1+np
so that

E[S\B—A‘@:ﬂ :E[S\B‘@:ﬂ—E[A\@:f]

_ (o +nz)p

—Ag=0.
1+np B

Note: Observe that

(iii) Since E (%) = E(Z) = E(E (Z|A)) = E(X) = af, then

——
A
. _ |la+nz)p
E[AB—A}_E{ o }—E()\)
_|la+nE(®@)]B _(a+nap)p . aB-—aB
1+ np —ap= 1+np of = 1+ns

Equivalently, since E [5\3 — )\‘ zf:] = 0, then

E[XB—)\} :E[E[S\B—)\‘:ﬁ” —E(0) = 0.
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aff — A
1+np’

Similarly, as E [5\ B— A \)\] = then

B|As -2 =E[E[As - A[A]] :E(aﬁ_w

1+np

_af-EQ) _af-af _
 14n8  14n8

(d) (i)
E[(S\B—Ay
= Var [Ap | A=) + (E[As - A[a=1])

B < B af — A 2_ (a+nx)B|, af — A\’
_Var<)‘B‘>\_)\)+(1+nﬁ) —Var(w‘)\—)\)%—( )

(B N -2\ [ 8\ af —A\2

_(1+n6) Var(nm|)\—)\)+(1+n6) _<1+n6) n/\+(1+nﬁ>
Ca?B = 2aBA+nBPA+ AT (A —aB)’ +nBA
B (1+np)° (1 +nB)?

)\:A] :Var[j\B_}\)A:)\]+(E[5\B—)\‘)\:)\D2

where the sixth equality comes from the fact that

Var (nZ| A = \) = Var(Zji )\:/\> = Var (& A=)
=1 =1
= nVar (Z| A= \) =n\.

Therefore,

2 2
limE{(j\B—)\)Q‘)\:)\] _ i Ao aB) A nBA

2 0,

which implies that A -5\ Therefore, Ap is a weakly consistent estimator
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for the parameter value .

Obviously, the limiting bias of \p is zero,

lim E(S\B)AZA> — lim (M) — A,

“ 2
which is also implied by the fact that lim E [(AB _ )\> ‘ A= A] —0.

n—oo

Note: Observe that

Bl (A )

)\} (A= aB)?+nsA
— ey
(1+npB)

(i)

B | (A )
:VarP\B—)\)i}za_:]—i—O:Var(S\B—)\‘a_c::E)

- A izx)zVar(%—)\

i:i} :Var[j\B_)\‘zE::f]—l—(E[(;\B—)\)‘i’:f])?

(iii) Since

45



E {(S\B —A)Q] ~-E [E [(S\B —A)2 ,\H

& A —aB)?+nBX| . [A2 — 208\ + a2 + nﬁz)\}
B (1+np)° B (1+np)°

=E

A*+ (nB® — 2a8) A+ a5 B (A*) + (nB* — 2aB) E(X) + 25
(14 npB)? B (1+npB)*

ala+ 1)5% + (n62 — 2046) aff + a2p? B af?
(1+np)? 1+

Equivalently, since

then

Therefore,
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which implies that Ag —~ X (or plim Ag = A).

n—oo

34. If § = 0, the probability of 5 heads in 7 flips of the coin is

o 010) = (D)o -0

In fact, this is the conditional probability of 5 heads in 7 flips given 6=46.

The prior density of 0 is

1 for0<f <1

0 elsewhere.

Hence,

f3(0) fg~5|g) (5|6) = <g>¢95 (1-6)* for0<6 <1,

and f; (0) fj‘(; (5]0) = 0 elsewhere.
To obtain the marginal probability function of ¥ evaluated at T = 5, we use
the fact that the integral of the beta density with parameters o and /3 from 0

to 1 equals 1 and, hence,

! a—1 _ p\B-1 o F<a)r(6)
/09 (10" o=

Therefore, we get

o= [ 50 ne00= () [va-orw=(7)HOL0
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This is the unconditional probability of 5 heads in 7 flips of the coin.

From Bayes’ theorem

f3(0) f35 (510)
foz (0]5) = ! 7 (‘59) =7 (g)(i)(g)ﬁ‘r’ (1-— 0)2 for 0 <6 <1,

and fp; (0]5) = 0 elsewhere. As can be seen by inspection, this is a beta

density with the parameters 6 and 3. Hence, from Exercise 29 of List 4,

1
E<9|:T::5> —/O 9%95(1—9)%9 L_Q_;

Note that the prior expectation was the mean of the uniform distribution on
(0,1), E (9) = 1/2, so that the outcome of the experiment raises the expected
probability of getting a head when we flip the coin once.

Note: We could have used for this exercise, the results in Exercise 14 of
this list since the uniform distribution is the beta distribution with parameters

a =1 and g = 1. In Exercise 14 we found that the posterior density was

I'(n+a+p)
I'a+x)T(n—z+p)

foz (0]z) = oot (1—0)" " for 0< 0 < 1,

and fp; (0|x) = 0 elsewhere, with x = 0,1,2,...,n. Therefore, since o = 1,

B =1, n=7Tand z =5, we immediately get that

r'(9)

a1z (615) = WHE) (1—0)* for0<6<1,

and f; (0|5) = 0 elsewhere. Moreover E <§ |z = 93) is equal to the Bayesian
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. ~ x
estimate /g = ————— so that
a+pB+n

35. We know that E (s2) = 02 so that the bias of s? as an estimator for o2 is
bs2 (%) = 0.
Since 5% = <

n—1

) s2, we have

n

E(8%) = (";1)0—27&02

so that the bias of §2 as an estimator for o2 is

_ 2
bes (0%) = (" 1) R S

n n

Moreover, we know that

and




It is immediate to see that E [(52 — 02)2} >E [(32 — 02)2] forn=1,2,...

Thus, 82 is more efficient than s2.

36. (a) Since p is known,

1 C1(e—w)?

T ~ ,V e
z f ('ZC ) (27T>1/2 . V1/26

, —oo <1< 00.

Let V=nh (%1, Ta, ..., T) be an unbiased estimator for V. Then,

v () > (o[22 20])

1(F — 2
Inf(z;V) = —1n(27r)1/2—1nv1/2—5w
1 1 1(i —p)?
= —-In(2n) —=InV — =~~~
5 n (2m) 5 nV T

If we differentiate In f (Z; V') twice w.r.t. V we get,

Ol f(z;V) 1 . 9
v = aw TaE
PInf(z;V) 1 1. 2
vz oy @)
=
Pf(Fo)] 1 1. 5 1 1 1
[ 5 (02)? ] v a0 W] =5y - s = g
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we get

Var [“’L ‘V”ﬂ _ ‘;21)2Var (s2) =2(n—1)

212

and, thus, Var (s2) = . (we have proved this in the class notes of Chapter

7).
Thus, the variance of the unbiased estimator s? does not reach the Cramér-

Rao lower bound CR,,,

212 212
> — =
n—1 n

Var (s2) = CR,.

However, s2 is efficient in the limit since

lim _CRn = lim M — 1 n—1 —1
n=oo \ Var (s2) ) n5oo \ 2V2/(n — 1) "l n -

37. (a)
5 T
= =B () = A= =0
n
= Ay = iz i =7 or Aum = 2ica T =z,
n n

where T is the value of the sample mean Z.
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(b) The likelihood function is

Then,

Ay = argmax L (N, 21, Tg, ..., k) = argmax In L (\;xq, 2o, ..., Ty) ,
A A

where

In L (A 21,2, .y T,) = (i xl) In\ —nA—In (ﬁ xi!) _

i=1 =1

F.O.C.:

dIn L (X; 21,22, ..iTn) Do T

= = —n=20
d\ A
n n ~
~ A ~ R _
— )\ML = —2171 L = T or AML = —Zl*l L = .
n n

Note that the second order condition for a maximum holds:

PInL (N 2y, 29,0 80) DT 0
N2 e U

(c) We have just seen that the sample mean is simultaneously the method

of moments estimator and the maximum likelihood estimator for A,
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The probability function of the vector (1, Zs, ..., T,) is

APle=A \T2e=A \Tnp=A

f(x1, @, gy N) =

1! zo! T ay!

AR ) gy |

= — . )\TLE . 6—71)\
noop e .zl | S —
=1"17" =1"" —

N—— g(T,\)

h(xl)z2 ~~~~~ xn)
where h (x1, z, ..., ) is independent of A\. Thus, Z is a sufficient estimator for

A

(d) Since, E (Z)

E (%) = A, the sample mean is an unbiased estimator

for A\. Moreover,

Var (Z) = Vaz(a?) = %

The Cramér-Rao lower bound for an unbiased estimator for A is

CR = <nE [(—a mJ;(;z-; A)ﬂ ) : :

Inp(Z;A) =ZInA— X —In(a!),

alnp(j;)\)_é_l
O\ A
dlnp (i \) 2—‘%—2+1—§
O\ SN2 A
dlnp (HN)\°|  E(@?) 2F (%)
o[y - B
_ Var (@) + [E@))? 2E () A+ A 20 1
B A2 S S L W



so that Z is a minimum variance unbiased estimator for .
Alternatively, the Cramér-Rao lower bound is

o [ (L@ )

O?Inp(z;N) I

ax: o\

E(f%%§§>:_E®%_ A

R SRR

(e) Note that the function g(A) = A™? is a one-to-one correspondence since

A2 N2

A > 0 (g is strictly decreasing in A). From the invariance principle of maximum
likelihood estimation, the maximum likelihood estimator for the coefficient of

skewness is

38. (a)
1
%e(”ﬁ_“)/e forz < p
fla;p,0) =
1
%67(%“)/9 for z > p.
For p = —3 and 6 = 2,
L (at3)2
Ze(” )2 for x < —3

[z p,0) =

1
Ze*(“?’)/z for x > —3.

o4



Note that this density achieves its maximum value (1/4 = 0.25) when

x = —3. This density is continuous everywhere but not differentiable at z = —3

since its left derivative is 1/8 and the right derivative is —1/8 at x = —3.

Moreover, the second derivative of the density is strictly positive for both

z < —3 and x > —3.

03T

“1 z—u)/0 eu/9 v x/0 € x/0717% e_u/ecz:G
F():/_m%e( W0y = 50 /_Ooe/dx: 6 /]ﬂo: 5 /
For z > p,

r 1 en/f [ 1 enl? z
I —F - f(xfu)/éd T f:r/Hd e T 0 —xz/0
(x) (u)+/ﬂ2 e T 2+ % J, T 2+ 26[ LL
1 e —aone 1 er? /0 —u/0 (=0, L -
st [ =gt e e = g g = e
Thus,
1
Ee(m*“)/e forz < p
F(z) =

1
1— 56*(““)/9 forz > p

95
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The cdf is differentiable everywhere since the density is continuous.
However, the cdf is not twice differentiable at * = p since the density is
not differentiable at = = pu.

(¢) For t sufficiently close to zero (i.e., when ¢t € (—1/6,1/0) so that

1 1
t+§>0andt—§<0),wehave

1 H o)
Mj (t) = E (etx) = 2—9 |:/ etxe(x_u)/adx +/ etxe_(x_ll)/edx]

I

I )
_ 6 e“/e/ ex<t+é>dx+e“/9/ e (=3) d
20 . ;
( _ n [0}
T tJrl z(t—1
_ i 6*#/9 e ( 9) +€“/0 e ( 0)
20 t+ 1 t 1
\ R g1,
) - _
1 1
— i e H/0 6M(t+0) — M eu(t 0)
20 t+ 1 t !
\ | 6 0
eht [ Qe 0er/0  fer/0e—n/0 ekt 1 1
B %{ ot+1 6t —1 }_7{1+9t+1—9t}
e 1-0t+140t] e
2 (1)1 =0t 1—6%2

M; (t) with p = —3 and 6 = 2 becomes

6—3t

Met) =14

which has two asymptotes at t = 1/ = 1/2 and at t = —1/0 = —1/2. It has
negative slope at ¢t = 0 since M (0) = E(Z) = u = —3 < 0 (see next part (d))
and satisfies M; (0) = 1.
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30T

10T

B() = M.(0)= < 4 omogy (1—0*2) 7| = M () + M; <15)L275
7 1 — 6% o ! R ) P

260°t
— M;(t = =1-(p—0)=p
()(u+1_92t2) . (h—=0)=p

In fact, we already know that E () = p from the symmetry of f (z; u, ) with

respect to p.

Var (£) = o> =E(2%) —p* = M (0) —

= MNw<u+_§ﬁ_>+m&@[%ﬂﬁa%jingﬂ1

2
—p
t=0

F:(z)=P{z<z}=P{lt—p| <z} =P{—2<t—pu<z}=P{—z24+u<z<z+u}

o7



=Pi[—z+p,z+pul=Fs(z+p)— lim Fz(s+u), for z > 0.

S§——2

and F:(z) = 0 for z < 0. Since Z is absolutely continuous, the cdf F; is

continuous so that the distribution function of Z = | — u| becomes

Fi(z4+p) — Fz(—2+p) forz>0
F(z) =

0 for z < 0,

and its density is

[+ p,0) + f(=2z+ pyp,0) for z>0
:(2) =

0 for z <0.
Note that
Flot i, 0) = aeternmnlio = Lomtso - Lo g
T 20 20 20 ’
and
1 —|—z+pu—pul|/0 1 —|—z|/0 1 —z/0
f(—z—{—u;u,@):%e pH = 55¢ = 25¢ for z > 0.

Therefore, f(z + u;p,0) = f(—z + p; p, @), which also follows obviously from

o8



the symmetry of the density function f(z; u,6) with respect to p. Thus,

1
2f(z 4+ p;p, 0) = 56_2/0 for 2 >0

:(2) =
0 for z < 0.
o 0 0o 1
E (g> / z fg(z)dx / 2.0 -dx+ / > ée—z/adz
—00 o) 0 H('z) < —
9(2)
0+ [H(2)G(2)lg — / h(2)G(z)dz
0
) o0 —2/7®
[—ze—z/b"}o _ / 1 - (_6—2/9) de {e } _ 9,
N~ 0 h("z) 7(,)_/ —1/«9 0
iy () r0= tim (3.2 )0 z

L’Hopital’s rule

where H' = h and G' = g.

In fact, Z has the exponential distribution with parameter 6 and, thus, its
mean is 6.

(f)

P({ze(—4 )} {ze (-5 -3} - LUEE (;?;Elé}(fléif_e?))(}—&—i%)})
P{ie(~4,-3)}
P{ic (-5 —3)}

Since the cdf of 7 is F(x) = %e(‘”+3)/2 for x < -3,

1 1 1
P{ic (—4,-3)} = F(=3) — F(—4) = —e(73%3/2 _ _p(=443)/2 — ~

1 1

_ - _ Z_-1)2

(& = 9 26 .
~ L sigye L sy 11
P{z € (=5,-3)} = F(=3) — F(=5) = =¢ - 5e == -2l

2
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1671/2 1 — 671/2
P({z € (-4, 1)}{7 € (-5,-3)}) = 2 = = 0.6225.

e ! 1—e1

(g) The method of moments consists of solving the following equations for

the two parameters we want to estimate:

m;i‘:/"t;ﬂ ]{::1727

where

no_k

o Zi:lxi

my, = =———,
n

and y), = p and pfy = E(7%) = p? + 0% = p? + 26? as follows from part (d).

Thus, we solve for ;1 and # in the system

Z?:l Li

and
> e ?:M2+292-
n
The solution is
P = i1 = fyv = iy &

and

- E (zynl p x})] e

n  ~2 n o~ 2 1/2
— Oy = [l (211% _ [Zzl xz] )]
2 n n
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cr=|-ng

06?

f(@;p,0) 50

In f(Z;p,0) = —In2 —1nb —

0*In f (z;0)

|z

)

_ L e

17— pl

6

dnf(@0) 1 |i—yl

a0
Plnf(#;0) 1
Lk 2

] _ 1 2E(|z —pl)
E 0?

e |
cr=|-ng

0
1

0%1n f (7;6)
962

d

02

0?In f (7; 9)1 B
06? B

0?In f (7;0)
06?

02

n

0*

I

2|2 — pf
03

1 26 1
- =

2
0

02

92
77,'

Note that E (|7 — p|) = E (2) = 0 as follows from part (e).

(i) Note that the first-moment equation, m} = pj = p, does not help

in estimating the population variance o2

as p) only depends on the known

parameter x. Thus, the method of moments estimator for 02 would be obtained

as follows:
no 2
R i
N2+0-2 — =11
n
Iz f
my
—_—
no 2
~2 Zi:l Z; 2 ~2
Ovm = — . — W = 0nymMm =

Moreover, we know from part (d) that pj
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i=1 L5

n

j— M2.

E(#?) = u® + 26* since



02 = 26?. Thus, we have to solve the following equation:

E(63m) = E{M_ﬂz} Y BE@) o,

== —H
n n
_ 2 (W +0%) = ny’® + no’ =2
n n

— 0 as n — 0.

n  ~2 ~2
Var (6’2 ) — Var {211 i M2:| _ Var(z?)

MM
n n

Note that the Var(z?), which depends on the moments of order smaller or

equal than 4, is finite since the moment-generating function is finite in a

neighborhood of ¢ = 0. Therefore, &35 — 02 as

E [(&K/IM — 02)2} = Var (&12\/1M) + (E [&12\/1M — 02})2 — 0 as n — oo0.

J/

~2 m 2 . . ~2 p 2 . ~2 _ 2
We know that 6y — o implies that 6y — 0 or plim&ym = 0°.

n—oo

(k) Observe that @y = [163m] "2 Let us now proceed by contradiction.

Assume that

62



- . 2
is an unbiased estimator for 6, E <0MM> = @. Then <0MM> is not an unbiased

estimator for #%. Note that, from Jensen’s inequality,

since we are making a quadratic (and thus strictly convex) transformation of
9MM, which is a random variable taking more than one value (see also Exercise

1 of this list). However,

so that

E (OA'i/IM) =2E |:(éMM>2:| > 202 = 0'2,

which is a contradiction with the result obtained in part (j). Therefore, N
is a biased estimator for 6.

(1) If we have a random sample of size n, whose value is

X = {mlax% an} )

n

]_ Ti—H 1 n 1 n
LX) =][p5e 7 = (%) S )

i=1
1 n
InL(6; X)=—nln(20) — 5; |z; — pl

OlnL(6;X) 2n 1 B
00 29+92§|x1 #=0

n

n 1
g g2l

=1
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D

— eML =
n
n ~
Oppr = i1 [T —
n
Since
o? = 260°,

N . 2
if Oy 1s a ML estimator for 6 then &K/IL =2 <0ML) is a ML estimator for

o? as follows from the invariance property.

n 2
22 iy o — pl]
n2

~ 2

and
n ~ 2
~2 2 [Zi:l |Z; — pl] .

B (63) = E (2 i h ) —Zg [Z @+ Y1 al —u|]

i=1 j#i =1

= % [ZE(@—N)“ZZE%_M Ii’j—u|)] ,

ji i=1
where

E (% —p)’ =0’

and

E (|1 — pl |5 — n)) =E(|% — u) E(|&; —pl) = 0-0 = 6> =

0.2
& 2
from independency

since E (|Z; — p]) = 0 for all i as follows from part (e) and the i.i.d. assumption.
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E(62y) = % (f}ugi“;) zzn;f [n%—%n(n—l)]

i=1 j#i i=1
202 2 1
n? 2 n

Note that &35, is an unbiased estimator and &3, is a biased estimator

for 2. However, lim E (5'12\/[L) = 02 so that 63y, is unbiased in the limit.
n—oo

(n)

B (@ )_EFﬁﬂm—Ml_ZLﬁM@—MLJﬁ_G

OML
n n n

since E (|Z; — p|) = E(2) = 0 for all i as follows from part (e) and the i.i.d.

assumption. Thus, @y, is an unbiased estimator for 6.

n 5 s~ ~ 2
W@MF%%LJ%MLJMMMDVW@H

- —— =CR
n n n n

Note that, from part (e), Z has the exponential distribution with parameter 6
and, thus, its variance is 6.

Note that the density function of the random sample {Z, %o, ..., T, } is

1 leiznl 1\" " L\" _w
f(mbg;%m,g;n;g):l—[%e— _— — <%> e_% ienlmi—al 1 <%> - GQ/IL’

=1 h(X)~

-~

9(Orrri0)

where h(X) = h(zq, 22, ...,2,) = 1 for all (zq,x9, ..., z,,) € R™. Thus, O, is a
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sufficient estimator for 6.

39. From part (c) of the previous Exercise 37 we know that the sample mean
T is a sufficient statistic for \. Let us proceed with the Rao-Blackwellization

of the unbiased estimator X = 7, (note that E (Z;) = \),

where the last equality follows since {Z, %9, ..., Z,, } is a random sample from

:i) =nk

so that A" = E (5\|zi) = E(%,|Z) = Z. Note that Z is also an unbiased

the Poisson population Z (i.e., the #;’s are i.i.d.) Note that

nE (7, |%) :ZE(:m:z) :ZE(ME) :ZE(mz) =E (Zaz

estimator for A,

E(i)zE(%) :%E;E(fi):%z;E(:f)z%z;A:%:x

Thus, the Rao-Blackwellized estimator X" = % should have smaller mean
square error than the extremely crude estimator X = #;. Since both #; and Z
are unbiased estimators for A, we only have to compare the variances of both

estimators,

)

Var (Z;) = A and Var(Z)= Var (7) _A
n n
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which implies that Var (Z;) > Var (Z) for n > 1.
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