Probability and Statistics. IDEA. Answers to List 7.
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(b) g, = >_Z; and the Z;’s are independent. Then, since
i=1

Mz (t) =E[e¥] =0+ (1-0)e"" =1+06 (' — 1),
we get
() = [Mz, (0)]" = [1+0 (" = 1)]"

= U, ~ B(n,0) as Mj, (t) is the MGF of a binomial distribution with the
parameters n and 6.

(¢) Dividing numerator and denominator by n and, since E (Z,) = 6 and



0(1—0)

Var (Z,) = , from the Central Limit Theorem (CLT) we obtain
n
U — 10 g F—0
Yn n —__n — T N (O, 1) ,
nd (1 —0) 0(1-6) 0(1-0)

n n

Note: This result (which is the the De Moivre-Laplace theorem) was already
proved in a handout. Thus, we have shown in this exercise that the De Moivre-

Laplace theorem is a particular case of the CLT.

3. T~ f(x), p=py;="7502=256,n=100, 053 = —— = —.

Chebyshev’s inequality:

P{M@_k05<i<pﬁ+kgf}21_ﬁ

Uy — kog = 67 | ug +kog =83
75— k1o =67 | 75— ko =83

k=5 k=5

Chebyshev’s inequality tells us that:
_ 1
P{67<w<83}21—§:0.96.



4. The Central Limit Theorem asserts that, if

T —75
6
10

8l
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8
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then

Z— N(0,1).

Therefore, if

67—-75 xT—-75 83-75
P{67<i<83} = P{ 16 <m16 < 16 }

10 10 10
P{-5< Z <5},

Q

where Z ~ N (0,1). Then, from the table of the standard normal distribution
we get,

P{0 < z <5} =0.4999

P{-5<z2<5}=2-P{0<Z<5}=0.9998,

which is larger than 0.96.

252
5. &~ N(u,25%),n =100, Var(z) = 100
= 252 25 _



T = P{(&-p) <=30{(Z-n) >3}

3 T — 3
= 1—P{—3<5:—u<3}:1—P{——<m M<—}

Oz Oz Oz

3 - 3 -
= 1_P{_T5<Z<ﬁ}—1_P{_1'2<Z<1'2}’

where Z ~ N (0,1).
P{0 < z < 1.2} = 0.3849 from the Table, so that

7=1-2-(0.3849) = 1 — 0.7698 = 0.2302.

6. @ ~ x2, E (%) = 50, Var (Z) = 100.

Therefore, the statement says that

P {# > 68} = 0.04596.

z — 20
v 100

(a) Assuming that Z =

is N (0,1), how close to 0.04596 does one

get?

68 — 50
™ = Pl{z>68'=P<zZ> =P{z>18

From Table

= 0.5— 04641 = 0.0359.

0.0359 is 78.1% of 0.04596.
(b) Assuming that @ = v2& —+/2 - 50 is N (0, 1), how close to 0.04596 does



one get?

U

P{i>68}:P{w> 2~68—10} — P{@ > 1.66}
From Table

0.5 — 0.4515 = 0.0485.

0.0485 is 105.5% of 0.04596.

Therefore, in this case, [\/ 2T — / QV} seems better than {x _ l/] .

V2v

v
v

(c) Let 7, ~ x%. We know that Z, < > 0i, where §; ~ x7 and {g;};_, are

%
=1

independent. Thus,

v ~
xv_ViZi:1yi_V

Vou o Y

Dividing by v, we get

Zizl Yi 1

and

Var (221 yz> _ Var (Z,) _ v 2 Var (yl)
v

5 — N(0,1) as v — oo «— Central Limit Theorem
v

' is the average of the i.i.d. random variables {g:}_, with

14 14

E<M)—E(@>—%'V—1_E(ﬂi)

v Iz v?

We have thus proved that




which justifies the approximation given in (a).

Alternative proof: Note that the chi-square distribution x?2 is a particular
case of the gamma distribution I'(«, 5) when o« = /2 and = 2. As we know
from Exercise 17 of list 6, the standardized gamma random variable converges
in distribution to a standard normal random variable when o — oo and [

remains constant. Therefore if 7, ~ x2 (i.e., T, ~ I'(r/2,2)), then

T, —af  I,—-v

Vo | v

— N(0,1) as @ — o0, i.e., as v — 0.

To justify the approximation given in
(b), observe that the inequality /2%, — v/2v < k becomes /2%, < k + 2v,
which is equivalent to 2z, < (k + \/5)2 = k? 4+ 2v 4 2kv2v. Rearranging,
we get 2%, —2v < k® 4 2kv2v and, dividing by 2v/2v, we finally obtain

]{22
< k+ ——. Therefore,

24/ 2v

T, —V

V2v

~ 2
F o ymk) = P{\/%y—\/ﬂék} :P{x” Y <k K }

distribution function of /2%, —v2v

T, —V
— P <k =Fis-v(k) asv — oo.
=) -mw

-~

distribution function of f¥=Y

V2v

Thus,

(M—@)—(iy\/;_yy)i>0asu—>oo

so that

V2%, —V2vr — N (0,1) as v — oo.



0 elsewhere.

'1'91(1+1'y)7%8:6y(1+y)74 for y > 0

0 elsewhere.

Let

ISy
I
|

2
s

2 —;7 where s; and sg are independent
83

w ~ F44 will have the density

6w (1 +w)™* forw >0

0 elsewhere.
Define

2

=P < 1/2}U{@22})=1—P{1/2<u~)<2}:1—K 6w (1 +w) ™ duw.

2

Evaluate

2
/ 6w (1 +w) " dw
1/2



by integration by parts:

foeaeora = o]

2 1 2
= (—2){——%]4&/ (14 w) " dw
2—4 (1—|—w)_22 4 1
= LR
27 (—2) " 27 [(1+w)
o4 i1y 4 f1o4) 4 3 13
27 |9 9/4] 27 |9 9] 27 9 27
Hence,
13 14
= v < v > =1 —— = —.
r=P{w<1/2}u{w>2}) =1 57 = o7

vi4vo =2 —5(v1+v2)
2 (z) = L ( 2 ) ) (ﬂ)zx?—l (1+ﬂx> 2 , for x > 0.
)T (%)

1 1
g=—-—T=— (y>0). Then,
x )
dm_ 1 dx_l
dy — y* |dy| 9P




For y > 0 we have

I (xate2 vy 3 o vl —2(v1+v2) 1
i) = u(1 : 32 (—) y' > <1+——) —
L () (%) \ve vay y
—_———
=K
2 , 1 —L(witva)
- K(Z) Yy 21(1+ﬂ_)
Vo V2 y

A =1

5 -2 2 N 1
(V_) (2) (y) <y—71> <y—72> <y%> [1 s
V1 vy Vay
—L(w14va)

[(2) T (y—;(mm))] (3 {Hﬂl

1 Va2 y
v2 —L(w14wo)
2 v 1 2

vy Vo y

:| —1(v1tva)

Hence,

0 otherwise

et g ~ Fllg,ljl'
uy /v
Alternatively, we know that if 2 ~ F,,,, then Z A % where
U2/ Vo

Uy ~ x2,, Uz~ X.,, and @ and @y are independent. Therefore,

d ’L~L2/I/2
ﬂl/l/l

<
I
SN

va,V1-°



9. If 2 ~F,, ,,, we should show that

VT — Xz211 as vy — 00.

We know that

d Uy/vy ~ ~ ~ ~ .
/ , where i ~ X12/1 , Uy ~ X12,2, and %, and us are independent.

Note that E (42) = vo and Var (4a) = 2vs.

Let us define the random variable @ as

- Uz
W= —.
Vo
Then
- Vo
E = —=1
@ - 2
. 1
Var (0) = —2u5
3 2
so that
lim Var (w) = 0.
Vo —00
Therefore,
w:@ﬂl:%&u:»@ 41 when vy — 00.
Vo Vo Vo

10



Then, due to Slutsky’s theorem,

_d U /v Wy
T — — when vy — 0.
1 1241

or
- d .
V1Z — U; when vy — 0.

Therefore, as vy — o0

.d Z
T=—=
y/v
2 d Z ) 2~ 2 1 22 ~ .
= where Z° ~ x7, ¥y~ X,, Wwith z° and y independent.

W=2I —~
y/v
:>1DNF171,.

11. The claim o® = 25 is rejected if either sz < 12.102 or s34 > 54.668.

Define
=P ({s}5 <12.102} U {s}; > 54.668})
__15s% 15 3 N
u = 0_216 = 2—58¥6 = 53%6 — 8%6 = gu
U~ X%5-

11



T = P ({gﬂ < 12.102} U {gﬂ > 54.668})

= P({a< 72612} U{a > 32.80})

= P{i<7.2612} + P {i > 32.80}

Table Table

- <1 - 0.95) + (0.005)

= 0.055.

U u, B
A+B=P{i<u}+Pf{i>u,}

12.

o2
2(n—1 a
( (02 ))sn— 2(n—1) L N(0,1)
2(n—1
#Var (sn) ~ 1 for n large
o

12

v



13 (a)

1
NON-1)..(N—n+1)

for x; = ¢1, ¢, ..., CN

f (.Z'l,iEQ, ,l’n) =

i=1,2,...,n

£17éx27éx37é...7éxn.

n! 1
N(N—-1)..(N-n+1) (N
)
(c)
f(z;) ==, for x; = c1,¢9,...,cn

=1
N N
2 . 2 i _ 1 2 2
T = Z(Cl >N—NZ‘% H
i=1 i=1
(e)
1
g (i, ;) = NON-D for z, = c1, ¢y s ons b =14, J5 1 # 2.

13



Cov (ZZ‘Z, 57])

Var (

8l
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[ZQ] - ZQQ —
i=1 ‘

=1
N2p2 N(c24u2)
2 2 o’
N(N-=1)p*—=No*| —p = N1

3, =
M:
q[\')
+
™

ah
=I5

L

N———

S| S| -

14




lim Var (Z) = .
N—oo n

Note that, as the set C' becomes larger, Var (Z) tends to the variance of the

mean of a "random" sample.

14. (a) If Z ~ N(0,1) and & = |Z|, then

2n(x; 0,1) = %6_%1’2, forz >0

fa(z) =
0 otherwise

From independence we have

e"2¥" for z € (0,00),y € (—00,00).

1.2

2 1
f(fv,y)szc(x)fg(y):me v

Then,
Le=3@ ") for x € (0,00), y € (—00,00)

fx,y) =

otherwise

o

E(z) = /000 /_Z zf(z,y)dydx
<1

19 2 1.2
= e 29 . T e 2% dx
J:/m V2 yl {/o Var }

~
Area under the standard normal density=1

\/g/ooo L \/g )" = \/g[o —(—1) = %

7~ N(0,1) = E(y) = 0 and Var(g) = 1.

15



2 1.2
2 e 2" dx

[/’OO ]_ _lyZd } /OO
e 2 . T
—oco V 27T 4 0 vV 27T

TV
Area under the standard normal density =1

1 [ 2 2 o 1
= —/ z? e 2 dy = = / 22— 2" dy
B 2 NG — > 27T J

symmetric function of & with respect to 0

2) o V27
Variance of the standar?irnormal distribution =1
2 -2
= B = 1, Var(z) = B(@#) - B@ =1- > = "2,
T T

Cov(Z,y) = 0, since Z and ¢ are independent.

(c) Let
_y
v==€ (—00,00)
(Uv 5) = g(m,y) =
s=x € (0,00)
. r=1s¢€(0,00)
(l’,y) = g (Ua S) -
y =vs € (—00,00)
Then,
01
Jg-1(v,8) = = [Jg-1(v,s)| = | —s| =
s v
and
1 —l<82+v252>
se 2 s forv e (—o0,00), s € (0,00)
f(a,g)(va s) =
0 otherwise.
Therefore,
o= [ Lot g L[
! 0 | 1402 0
1 1
=TT for v € (—o00, 00)



(d) We know that g ~ N(0,1). Let Z ~ N(0,1). Then 2% ~ y2.

Moreover, ¥ = V22 = |Z|. Therefore, since Z and ¢ are independent,

~t1, as § ~ N(0,1) and 2% ~ x7.

v

15. Recall that

2
N
Var (w) = E (*)
(a) Obviously, Cov (#;, ;) = 0 for i # j since the random variables in the

random sample {1, %o, ..., T, } are i.i.d.

ii’j 1 n
= — % Cov (Z,%;) (from Ex. 29(a) of List 3)

Cov (Z,%;) = Cov | =
njzl

Cov (71, 71) + 3 Cov (7,7 | = % Cov (#,7) + 0] (from (a))
Jj#i

(c)
Cov (Z;,&; — &) = Cov (%, %;) — Cov (T4, T) (from Ex. 29(a) of List 3)

= Var (z;) — %2 (from (b))

17



(d)

Cov (%;,z; — &) = Cov (Z;,%;) — Cov (Z;, )  (from Ex. 29(a) of List 3)

0.2

=0—Cov (7, %) = - (from (a) and (b))

Var (; — &) = Var (&;) + Var () — 2Cov (Z, Z;)

P S ("—2) 202—%2: (”_1) 2. (from (x) and (b))

n n

COV (Cf'l — i,ﬂ?j — iﬁ) =

Cov (Z;,2;) — Cov (&, %;) + Cov (&, Z) — Cov (&, ;) (from Ex. 29(b) of List3)

———
Var(Z)
0'2 0'2 0'2 02
T (from (+), (a), and (b)

Cov (Z,%; — &) = Cov (&, ;) — Cov (Z, Z) (from Ex. 29(a) of List 3)

= Cov (Z,%;) — Var () = — — % =0. (from (%) and (b))



16. (a)

2\ — 44 1 ﬁ(—é) 1\ 2
<1+x—) :<1+7> -(1+7) .
12 P —

v
Let y = — so that y — 00 if ¥ — o0 for —co < & < co. Therefore,
x

22

2\ T2 1 y'(*?) 1 *%
lim (1 4 x—) — lim (1 n —) : (1 n —)
V—00 % Yy—00 y y

) 1\~ 1,2
= |lim (1+ = =e¢ 2% for —oo <z < 00.

lim 7 — lim K(y)} e 2 for — o0 <z < 0.
VHOO\/E . F <§ 1% V—00
.
K(v)

Thus, lim K(v) has to be a constant such that [~ [lim K(l/)] e dy = 1.

V—00 V—00

Therefore, from the standard normal density, we must have

F(V—QH) 1 \/@F(V—gl)_l.

lim = or lim

M) )

2 ) _ 1
(1+x_> :(1—|—x2)1:1+962 when v = 1.

19



Therefore,

9 v+1

v .
K(V)(l—f—%) :K(l)'l—i—aﬂ when v =1.

Note that K(1) has to be a constant such that [~ K(1) o ;dr = 1. The
T
Cauchy density with a =0 and f =1 is
1 1
f(x):;l_l_ﬂ:2 for —oo < < o0,
1 :
so that K(1) = —. Alternatively, note also that
7r
(1 1 1
K(1) = = =—
1
JET <§> VToTow
(c) Since
P(CNA)
P(Clly=1) = ——————, forall
(Clly =1) PA) orall C € F,
we have
P
P(ClIy=1)= %, for all C' € F with C' C A,
so that

E(Z|l4 =1) /P(lA TdP = /P(lA)xf(x)d:c

0,1]

In fact, the conditional density of & given A = {Z € [0, 1]} is

( f(=)
P(A)

if x € (0,1)

0 otherwise,

20



as follows from Exercise 14 of List 2.

11 1 Lodw 1
P(A)—Pi[O,l]—/o ;1+$2d1‘:;[arctanw]():;z:z
Then,
1 1 1 41 L9
BE@lzel0l)= | 177- == |sln(1+2?)| =2
(@ 1% <lo.1) /01/4367r1+$23j len( +x)}0 —n

17. (a) The uniform density on (0,1) is

1 forz €(0,1)

0 otherwise.

and its distribution function is

0 forz <0
F(r) =3 z forz e (0,1)
| 1 fora>1.
Then,
Jou(0) = e @) PP L= P

21



= 1)T!l<!n —y e A frze (0,1)

0 otherwise.
\

Note that the previous density fgg(j) is the density of a beta distribution
with the parameters o = j and f = n — j 4+ 1. Observe that, since n and j are

strictly positive integers,

Therefore,

B () = o= =
! a+p j+Mn—j+1) n+1

fj=2andn="1,

7!

1'—5'331 (1—2)° =42z (1 —=2)° forz € (0,1)

fi(z) ((E) =

0 otherwise.

The plot of the density of the 2nd order statistic with n = 7 is

22



Tttt
-03 -02 -01 00 01 02 03 04 05 06 07 08 09 10 11 12

Note that the density of () reaches its maximum at z = 1/6 = 0.16667.

Moreover, in this case,

. n+1
- 1
E (i‘med) =F (i’(n 1)) = J = ( 2 ) = 5 lfn 1S Odd,

- i‘ n + .% Q+1 1 ~ 5
E (Brea) = E (%) =3 [B(7e) +B (750)]

(3) 5+

n-+1 n+1

1 . )
= — if n is even.
2

Thus, E (Zmea) = 1/2 for all sample sizes.

Since n = 7 is odd, the density of the median of the sample is

n!

Frmea() = — 5 (@) [F(2)] "V [ = F(a) D2

()]

23



(7
(3)?

23 (1 —2)° = 14023 (1 — 2)® for z € (0,1)

0 otherwise.

\

Note that the previous density f;__, is the density of a beta distribution with

the parameters o = 4 and 3 = 4 since

The plot of the density of the sample median with n = 7 is

25T

f

L L L B S B S B B B S B B B B R
-03 -02 -01 00 01 02 03 04 05 06 07 08 09 10 11 12 l.%(

Note that this density reaches its maximum at z = 1/2 and is symmetric with

respect to 1/2.

24



18. (a) The exponential density with parameter 6 is

1
56_5”’/9 forz >0

0 otherwise,

and its distribution function is

1—e /% forxz >0

0 otherwise.

The distribution function of the sample minimum is

1—e /% forx >0

Fipn(2) =1 = [1 = F(2)]" =

min

0 otherwise,

so that the density of the sample minimum is

%e‘”m/e forz >0

dijin (ﬂ?)

Jomin(T) = B

0 otherwise,

which is the density of the exponential distribution with the parameter 6/n.

This implies that E (Zyin) = 0/n.

25



The distribution function of the sample maximum is

(1—6*“’”/9)n forz >0

0 otherwise,

so that the density of the sample maximum is

ge_“/e (l—e_x/e)n_l forx >0
dFy,..(7)

0 otherwise.

When 6 = 3 and n = 11, the density of the sample maximum becomes

11
ge*x/?’ (1—6*1/3)10 forz >0
Somae (T) =
0 otherwise.
Its plot is
fo.15 T
010+
0.05+

t t 1 T  —
2 0 2 4 6 8 10 12 14 1 18 20 22 24 26 28X

26



Note that this density reaches its maximum at x = 31n11 = 7.1937.
0 3
E ~min =—=—=0.27273.
(Fmin) = 2 = 33

* 11
E (Zmax) = / xge—m/:& (1_6_36/3)10 dxr = 9.0596.
0

(b) The population median m satisfies
Fim)=1-¢"™%=1/2= m =0In2

The mean of the exponential population with the parameter 6 is p = 6.
Therefore, since 1 > In2 = 0.69315, the median of the population is smaller
than the mean of the population, y > m.

By modifying the original exponential density function at the single point

x = 0, we can get the following density:

1
56_:8/6 forz >0

0 otherwise,

which characterizes exactly the same exponential distribution. The previous
density reaches its maximum at z = 0 so that the mode of the exponential

distribution is 0.

Therefore, we get the following comparison of the three measures of location

of the population distribution:

mean = §# > median = 6In2 > mode = 0.

27



The density of the sample median when n is odd is

n!

Fomea(@) = g f(@) [F(@)] "2 [1 = F(a)] "2

16—95/9 [1_6—1‘/9] (n—1)/2 [e_x/g] (n—1)/2

n!

(e=2/0) V2 (1 ey g 1 s,

% (e_””/é')(nJrl)/2 (1—6_”/9)(n_1)/2 forz >0

i ()]

otherwise.
\

If # = 3 and n = 11, then

g (€7) (1 /%) = 92407 (1—e7)” for > 0
fi’med<x) =

otherwise.
\

The plot of this density is

28



11
Note that this density reaches its maximum at z = 31n (E) = 1.8184.
This is the mode of the distribution of Zeq.

Expectation of the sample median:
E (Zmed) = / o fs (r)dr = / z-924e72 (1—*/3)” dx = 2.2096.
R 0

We know that the expectation of the sample mean is equal to the population

mearn:

The median of the population is
m=0In2=3In2 = 2.0794.
Therefore,

E(Z) = p=3>E (Fmea) = 2.2096 > m = 2.0794

> mode of Tpeq = 1.8184 > mode of T = 0.

29



19. (a) Assume that n = 2 and let gg = Z1 + Z5. Recall that the formula of

the convolution pmf is

fs2 S2 Z fm fxl(x1> for S2 € S’Q(Q)a with 52 — I € j2(Q)

r1€21(Q)

Note that Sp € S5(Q)=1{0,1,2,..}, 21 €i(Q)={0,1,2,...} and

Se —x1 € T2(2) = {0,1,2,...} so that z; < Sy. Therefore,

Sa )\52*9016—/\2 /\31616—)\1 6—(/\1+>\2) S2 S2|/\3161 )\52*11

fo,(S2) =)

2120 (SQ — 331)' . Il! - SQ' 21=0 131!(52 - ZL’l)'
~tre) B2 rg —(A1+X2)
€ 2 1\ S2—x € S
_c D P P WE
S (x) 1A IR
2 % e (S
) )\Z =1
= (i) e , for S, =0,1,2, ...

So!
where the fourth equality follows from the Newton’s binomial theorem.
Therefore, the random variable 52 = I1 + Zo has a Poisson distribution with
the parameter Z?:1 ;. Note that SZ-H = S’l + Z;11 so that we can proceed
inductively for i = 3,4,... to get that S = S, = >, & has a Poisson
distribution with the parameter » " ; \;
(b) Note that z = ¢g(5) = o where ¢ is a one-to-one correspondence.

Therefore, S = g~1(z) = ni. Since the pmf of S is

(30, )T e (i)

f3(5) = 3 , for S =0,1,2,..,

30



we can apply the change of variable to get

n \nE e*(Z?:l )‘i)
fz(z) = (2ims Azzm)! , forz =0,

9 P

S|
S

(¢) If \; = A for i = 1, ..., n, then the pmf obtained in (b) becomes

o (nA)" e 1
fa‘c(x)_ (nf)' ) f0r$_07n7

S

P

(d) Using the Central Limit Theorem,

20. The derivative of

is the density

31



- Zm -0(}) F@r - >]“’“}

where we have used the fact that (n — k) (n) [F(2)]F[1 = F(z)]" " is equal

k
to zero when k = n, so that

n—1

kf}n—k) (}) P11 - Py - > h (}) P = Py,
Note that
k(Z) N k!(:‘f K (k Enli(}a)!fk)' (Z _ D
and
(n = k) (Z) - /Zl((n _/f))! - k!((:—_li)inl)! - (n 5 1)
Therefore,

- Z (") Fer - >]”"H}

Concerning the first sum inside the brackets, we have
n

. (Z ~ 1) (F@)F 1= Fla))™ =

k=j
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(=) Ewr n-rwr s 3 (3 e - e

J—1 k=j+1

Concerning the second sum inside the brackets, we have

:2; (n k 1) F@) [ = Fz) !

n

=% ()@ - A E DT ekt

, kE—1
k=j+1

Thus, the expression inside the brackets becomes

St oo E (7 mwn-nar

k=j k=j

— (”_ B 1) [F(z) ' 1 = F(x)]" 7,

7 —1

which implies that

(] Enl;(il)'ilj)lf( ) [F(m)]j_l [1 F(m)]n_J
- (J— 1)?('n —J)lf(w) [F(z) " [1 = F(x)]"

21. (a) Notethat P{Z < 2% — 2} = P{% > 2% + 2} for all z € R is equivalent
to P{t—2"<—2} = P{z—2">2z2} or P{g<—2} = P{y >z} for all
z € R, which means that the distribution of g is symmetric with respect to

zZero.
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(b) Note that the random variables § and —g have the same distribution
if and only if Fj;(y) = F_;(y) for all y € R, which is in turn equivalent to
Fj(—z) = F_z(—=) for all z € R.

On the one hand,
Fy(—2)=P{-j< -2} =P{5>2).

On the other hand,

Fy(=2)=P{j < —=z}.

Therefore, F_j(—z) = Fj(—=z) if and only P{y > 2} = P{y < —=z} for all
z € R, which means that the distribution of ¢ is symmetric with respect to
Z€ro.

(c) If 7 is discrete its probability function satisfies f;(y) = P{g >y} —
P{y > y*}, where y* is the smallest value in the range of § that is strictly
greater than y, and f;(—y) = P{y < —y}—P{y < —y*}. Note that —y* is the
largest value in the range of i that is strictly smaller than —y. If the distribution
of § is symmetric with respect to zero then P{y < —y} = P{y >y} and
P{y < —y*} = P{y > y*} which implies that f;(y) = f3(—y) forally € 7 (£2).

If f3(y) = f3(—y) for all y € §(R2), then P{j >y} = ;}fg(z) and
PU<-sh = ¥ i) = X fi(=2) = T fols). Thus, P{j =y} =
P{y < —y} so that the distribution of § is symmetric with respect to zero.

If g is absolutely continuous and its distribution is symmetric with respect

to zero, P{g < —y} = P{y > y} for all y € R, then
—y 00
/ fi(2)dz = / f5(2)dz, forall y € R.
oo y
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Thus, the derivatives with respect to y of the integrals in both sides of the
previous equality must coincide. We compute these derivatives using Leibniz

rule to obtain

—fi(=y) == f3(y) or fi(=y) = fi(y).

If the density of 7 satisfies that f;(—y) = f;(y) for all y € R, then

Plr<—ut=[ 5= [ o= 1-Ba = 1-Fl) = P2 0},

so that the distribution of ¢ is symmetric with respect to zero.
(d) Define the random variable § = & — 2°. Note that, if the probability

(density) function of  is fz, then

fiy) = f2(2° +y),

where the equality follows from finding the probability (density) function of §

from the probability (density) function of & = 2° + y. Thus,
fi(=y) = fa(z* —y).

Acording to part (a), the random variable § has a distribution that is
symmetric with respect to zero. Thus, f;(y) = f;(—y) for all y (see part (c)),
which is equivalent to fz(2° +y) = fz(2° — ) for all y so that the function f;
is symmetric with respect to z°.

(e) Define the random variable § = Z — 2° so that E(g) = E(z) — a°.

Note that, from parts (a) and (b), ¢ has the same distribution as the random
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variable —g, which implies that E(g) = E(—y) = —E(g). Therefore, we must
have E(j) = 0 and thus E(z) = °.

(f) Since E(Z) = 2, the coefficient of asymmetry (or skewness) is given by

cn_ b _BlE—a")

7 Bl — P

Note that

where the first inequality comes from the definition of § given in part (a)
and the second equality follows from the fact that § and —g have the same
distribution (see part (b)). Thus, E (%) = —E (7°) implies that E [(z — z2°)3] =

E (7®) = 0, which implies in turn that CA = 0.
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