
Probability and Statistics. IDEA. Answers to List 7.
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2. (a)

E (�xn) = E (~xi) = �:

Var (�xn) =
Var (~xi)

n
=
� (1� �)

n
:

(b) ~yn =
nP
i=1

~xi and the ~xi�s are independent. Then, since

M~xi (t) = E
�
et~xi
�
= �e1�t + (1� �) e0�t = 1 + �

�
et � 1

�
;

we get

M~yn (t) =M nP
i=1

~xi
(t) = [M~xi (t)]

n =
�
1 + �

�
et � 1

��n
=) ~yn � B (n; �) as M~yn (t) is the MGF of a binomial distribution with the

parameters n and �:

(c) Dividing numerator and denominator by n and, since E (�xn) = � and



Var (�xn) =
� (1� �)

n
; from the Central Limit Theorem (CLT) we obtain

~yn � n�p
n� (1� �)

=
~yn
n
� �q
�(1��)
n

=
�xn � �q
�(1��)
n

�! N(0; 1) ;

Note: This result (which is the the De Moivre-Laplace theorem) was already

proved in a handout. Thus, we have shown in this exercise that the De Moivre-

Laplace theorem is a particular case of the CLT.

��������������

3. ~x � f (x) ; � = ��x = 75; �2 = 256; n = 100; ��x =
�p
n
=
16

10
:

Chebyshev�s inequality:

P f��x � k��x < �x < ��x + k�xg � 1�
1

k2

��x � k��x = 67 ��x + k��x = 83

75� k 16
10
= 67 75� k 16

10
= 83

k = 5 k = 5

Chebyshev�s inequality tells us that:

P f67 < �x < 83g � 1� 1

52
= 0:96:

��������������
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4. The Central Limit Theorem asserts that, if

~z =
�x� ��x
�p
n

=
�x� 75
16
10

;

then

~z �! N(0; 1) :

Therefore, if

P f67 < �x < 83g = P

�
67� 75

16
10

<
�x� 75
16
10

<
83� 75

16
10

�
� P f�5 < ~z < 5g ;

where ~z � N(0; 1). Then, from the table of the standard normal distribution

we get,

P f0 < ~z < 5g = 0:4999

=)

P f�5 < ~z < 5g = 2 � P f0 < ~z < 5g = 0:9998;

which is larger than 0:96.

��������������

5. ~x � N(�; 252) ; n = 100; Var(�x) = 252

100

=) ��x =
p
Var (�x) =

r
252

100
=
25

10
= 2:5 =) �x � N(�; 2:5) :
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� � P (f(�x� �) < �3g [ f(�x� �) > 3g)

= 1� P f�3 < �x� � < 3g = 1� P
�
� 3
��x
<
�x� �
��x

<
3

��x

�
= 1� P

�
� 3

2:5
< ~z <

3

2:5

�
= 1� P f�1:2 < ~z < 1:2g ;

where ~z � N(0; 1) :

P f0 < ~z < 1:2g = 0:3849 from the Table, so that

� = 1� 2 � (0:3849) = 1� 0:7698 = 0:2302:

��������������

6. ~x � �250; E (~x) = 50; Var (~x) = 100:

Therefore, the statement says that

P f~x > 68g = 0:04596:

(a) Assuming that ~z =
~x� 50p
100

is N(0; 1), how close to 0:04596 does one

get?

�1 = P f~x > 68g = P
�
~z >

68� 50p
100

�
= P f~z > 1:8g

= 0:5�
From Tablez }| {
0:4641 = 0:0359:

0:0359 is 78:1% of 0:04596:

(b) Assuming that ~w �
p
2~x�

p
2 � 50 is N(0; 1), how close to 0:04596 does

4



one get?

�2 = P f~x > 68g = P
n
~w >
p
2 � 68� 10

o
= P f ~w > 1:66g

= 0:5�
From Tablez }| {
0:4515 = 0:0485:

0:0485 is 105:5% of 0:04596:

Therefore, in this case,
hp
2~x�

p
2�
i
seems better than

�
~x� �p
2�

�
.

(c) Let ~x� � �2� : We know that ~xv
d
=

�P
i=1

~yi; where ~yi � �21 and f~yig
�
i=1 are

independent. Thus,
~xv � �p
2�

d
=

P�
i=1 ~yi � �p
2�

:

Dividing by �; we get

P�
i=1 ~yi � �p
2�

=

P�
i=1 ~yi
�

� 1r
2

�

�! N(0; 1) as � !1 � Central Limit Theorem

since

P�
i=1 ~yi
�

is the average of the i.i.d. random variables f~yig�i=1 with

E

�P�
i=1 ~yi
�

�
= E

�
~xv
�

�
=
1

�
� � = 1 = E (~yi)

and

Var

�P�
i=1 ~yi
�

�
=
Var (~xv)

�2
=
2�

�2
=
2

�
=
Var (~yi)

�
:

We have thus proved that

~xv � �p
2�
�! N(0; 1) as � !1;
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which justi�es the approximation given in (a).

Alternative proof: Note that the chi-square distribution �2� is a particular

case of the gamma distribution �(�; �) when � = �=2 and � = 2: As we know

from Exercise 17 of list 6, the standardized gamma random variable converges

in distribution to a standard normal random variable when � ! 1 and �

remains constant. Therefore if ~x� � �2� (i.e., ~xv � �(�=2; 2)), then

~x� � ��p
��2

=
~x� � �p
2�
�! N (0; 1) as �!1; i.e., as � !1:

To justify the approximation given in

(b), observe that the inequality
p
2~x� �

p
2� � k becomes

p
2~x� � k +

p
2�;

which is equivalent to 2~x� �
�
k +
p
2�
�2
= k2 + 2� + 2k

p
2� . Rearranging,

we get 2~x� � 2� � k2 + 2k
p
2� and, dividing by 2

p
2�; we �nally obtain

~x� � �p
2�
� k + k2

2
p
2�
: Therefore,

Fp2~x��
p
2�(k) = P

np
2~x� �

p
2� � k

o
| {z }

distribution function of
p
2~x��

p
2�

= P

�
~x� � �p
2�
� k + k2

2
p
2�

�

�! P

�
~x� � �p
2�
� k

�
| {z }

distribution function of ~x���p
2�

= F ~x���p
2�

(k) as � �!1:

Thus, �p
2~x� �

p
2�
�
�
�
~x� � �p
2�

�
d�! 0 as � �!1

so that p
2~x� �

p
2� �! N(0; 1) as � !1:

��������������
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7.

f (y) =

8>>>>><>>>>>:

�
�
�1+�2
2

�
�
�
�1
2

�
�
�
�2
2

� ��1
�2

� �1
2

y
�1
2
�1
�
1 +

�1
�2
y

�� 1
2
(�1+�2)

for y > 0

0 elsewhere.

For �1 = �2 = 4

f (y) =

8>>>>><>>>>>:

� (4)

� (2) � (2)
� 1 � y1 (1 + 1 � y)�

1
2
8 = 6y (1 + y)�4 for y > 0

0 elsewhere.

Let

~w =

s21
�2

s22
�2

=
s21
s22
, where s1 and s2 are independent

~w � F4;4 will have the density

f (w) =

8>>>><>>>>:
6w (1 + w)�4 for w > 0

0 elsewhere.

De�ne

� � P (f ~w � 1=2g [ f ~w � 2g) = 1�P f1=2 < ~w < 2g = 1�
Z 2

1
2

6w (1 + w)�4 dw:

Evaluate Z 2

1=2

6w (1 + w)�4 dw

7



by integration by parts:

F (w) = w G0(w) = (1 + w)�4

F 0(w) = 1 G(w) = (1+w)�3

(�3)

6

Z 2

1=2

w (1 + w)�4 dw = 6

(�
w

�3 (1 + w)3
�2
1=2

�
Z 2

1=2

(1 + w)�3

(�3) dw

)

= (�2)
�
2

27
�

1
2
27
8

�
+ 2

Z 2

1=2

(1 + w)�3 dw

= �2
�
2� 4
27

�
+ 2

"
(1 + w)�2

(�2)

#2
1=2

=
4

27
�
�

1

(1 + w)2

�2
1=2

=
4

27
�
�
1

9
� 1

9=4

�
=
4

27
�
�
1

9
� 4
9

�
=
4

27
+
3

9
=
13

27
:

Hence,

� � P (f ~w � 1=2g [ f ~w � 2g) = 1� 13
27
=
14

27
:

��������������

8. ~x � F�1;�2

f~x (x) =
�
�
�1+�2
2

�
�
�
�1
2

�
�
�
�2
2

� ��1
�2

� �1
2

x
�1
2
�1
�
1 +

�1
�2
x

�� 1
2
(�1+�2)

; for x > 0:

and f~x (x) = 0; otherwise.

~y =
1

~x
! ~x =

1

~y
(~y > 0) : Then,

dx

dy
= � 1

y2
;

����dxdy
���� = 1

y2
:
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For y > 0 we have

f~y (y) =
�
�
�1+�2
2

�
�
�
�1
2

�
�
�
�2
2

�| {z }
�K

�
�1
�2

� �1
2

y1�
�1
2

�
1 +

�1
�2

1

y

�� 1
2
(�1+�2) 1

y2

= K

�
�1
�2

� �1
2

y�1y�
�1
2

�
1 +

�1
�2

1

y

�� 1
2
(�1+�2)

= K

�
�1
�2

� �1
2

=1z }| {�
�2
�1

�� �2
2
�
�2
�1

� �2
2 �
y�1
� �
y�

�1
2

� =1z }| {�
y�

�2
2

��
y
�2
2

��
1 +

�1
�2

1

y

�� 1
2
(�1+�2)

= K

�
�2
�1

� �2
2

"�
�2
�1

�� 1
2
(�1+�2) �

y�
1
2
(�1+�2)

�#�
y
�2
2
�1
��
1 +

�1
�2

1

y

�� 1
2
(�1+�2)

= K

�
�2
�1

� �2
2

y
�2
2
�1
��

�2
�1

�
y

�
1 +

�1
�2

1

y

��� 1
2
(�1+�2)

= K

�
�2
�1

� �2
2

y
�2
2
�1
�
1 +

�2
�1
y

�� 1
2
(�1+�2)

:

Hence,

f~y (y) =

8>>>><>>>>:
�( �1+�22 )
�( �12 )�(

�2
2 )

�
�2
�1

� �2
2
y
�2
2
�1
h
1 + �2

�1
y
i� 1

2
(�1+�2)

; for y > 0

0 otherwise

=) ~y � F�2;�1 :

Alternatively, we know that if ~x � F�1;�2 then ~x
d
=

~u1=�1
~u2=�2

where

~u1 � �2�1 ; ~u2 � �2�2 ; and ~u1 and ~u2 are independent. Therefore,

~y =
1

~x
d
=
~u2=�2
~u1=�1

� F�2;�1 :

��������������
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9. If ~x � F�1;�2 ; we should show that

�1~x! �2�1 as �2 !1:

We know that

~x
d
=
~u1=�1
~u2=�2

, where ~u1 � �2�1 ; ~u2 � �
2
�2
; and ~u1 and ~u2 are independent.

Note that E (~u2) = �2 and Var (~u2) = 2�2:

Let us de�ne the random variable ~w as

~w =
~u2
�2
:

Then

E ( ~w) =
�2
�2
= 1

Var ( ~w) =
1

�22
2�2 =

2

�2

so that

lim
�2!1

Var ( ~w) = 0.

Therefore,

~w =
~u2
�2

m! 1 =) ~u2
�2

p! 1() ~u2
�2

d! 1 when �2 !1:

10



Then, due to Slutsky�s theorem,

~x
d! ~u1 /�1

1
=
~u1
�1

when �2 !1:

or

�1~x
d! ~u1 when �2 !1:

Therefore, as �2 !1

�1~x! �2�1 :

��������������

10. ~x � t� : Let ~w = ~x2: We want to show that ~w � F1;� :

~x
d
=

~zp
~y /�

with ~z � N(0; 1) ; ~y � �2� ; with ~z and ~y independent.

~w = ~x2
d
=

~z2

~y /�
where ~z2 � �21, ~y � �2� ; with ~z2 and ~y independent.

=) ~w � F1;� :

��������������

11. The claim �2 = 25 is rejected if either s216 < 12:102 or s
2
16 > 54:668:

De�ne

� � P
��
s216 < 12:102

	
[
�
s216 > 54:668

	�
:

~u � 15s
2
16

�2
=
15

25
s216 =

3

5
s216 ! s216 =

5

3
~u:

~u � �215:

11



� = P

��
5

3
~u < 12:102

�
[
�
5

3
~u > 54:668

��
= P (f~u < 7:2612g [ f~u > 32:80g)

= P f~u < 7:2612g+ P f~u > 32:80g

=

�
1�

Table
0:95

�
+

Table
(0:005)

= 0:055:

2u1u

A B

{ } { }21
~~ uuPuuPBA >+<=+

��������������

12.

~xn =
(n� 1) s2n

�2
� �2n�1

p
2~xn �

p
2 (n� 1) a� N(0; 1)

r
2 (n� 1) s2n

�2
�
p
2 (n� 1) a� N(0; 1)

 r
2 (n� 1)
�2

!
sn �

p
2 (n� 1) a� N(0; 1)

2 (n� 1)
�2

Var (sn) � 1 for n large

12



=)

Var (sn) �
�2

2 (n� 1) for n large.

��������������

13 (a)

f (x1; x2; :::; xn) =
1

N (N � 1) ::: (N � n+ 1) for xi = c1; c2; :::; cN

i = 1; 2; :::; n

x1 6= x2 6= x3 6= ::: 6= xn:

(b)
n!

N (N � 1) ::: (N � n+ 1) =
1�
N

n

�
(c)

f (xi) =
1

N
; for xi = c1; c2; :::; cN :

(d)

� =
NX
i=1

ci
1

N
:

�2 =
NX
i=1

(ci � �)2
1

N
=
1

N

NX
i=1

c2i � �2:

(e)

g (xi; xj) =
1

N (N � 1) for xk = c1; c2; :::; cN ; k = i; j;xi 6= xj:

13



(f)

Cov (~xi; ~xj) =
X
i6=j

NX
j=1

1

N (N � 1) (ci � �) (cj � �)

=
1

N (N � 1)

2666664
NX
i=1

ci
X
j 6=i

cj �
X
j 6=i

NX
i=1

ci�| {z }
N(N�1)�2

�
X
i6=j

NX
j=1

cj�| {z }
N(N�1)�2

+
X
i6=j

NX
j=1

�2| {z }
N(N�1)�2

3777775
=

1

N (N � 1)

"
NX
i=1

X
j 6=i

cicj �N (N � 1)�2
#

=
1

N (N � 1)

266664
"
NX
i=1

ci

#2
| {z }
N2�2

�
NX
i=1

c2i| {z }
N(�2+�2)

377775� �2

=
1

N (N � 1)
�
N (N � 1)�2 �N�2

�
� �2 = � �2

N � 1 :

(g)

Var (�x) = Var

0BB@
nP
i=1

~xi

n

1CCA =
1

n2
Var

 
nX
i=1

~xi

!

=
1

n2

"
nX
i=1

�2 +
X
j 6=i

nX
i=1

�
� �2

N � 1

�#

=
1

n2

�
n�2 + n (n� 1)

�
� �2

N � 1

��
=

�2

n
+
1

n
(n� 1)

�
� �2

N � 1

�
=

�2

n

�
N � n
N � 1

�
:

14



(h)

lim
N!1

Var (�x) =
�2

n
:

Note that, as the set C becomes larger, Var (�x) tends to the variance of the

mean of a "random" sample.

��������������

14. (a) If ~z � N(0; 1) and ~x = j~zj; then

f~x(x) =

8><>: 2n(x; 0; 1) = 2p
2�
e�

1
2
x2 ; for x > 0

0 otherwise

From independence we have

f(x; y) = f~x(x)f~y(y) =
2p
2�
e�

1
2
x2 1p

2�
e�

1
2
y2 for x 2 (0;1); y 2 (�1;1):

Then,

f(x; y) =

8><>:
1
�
e�

1
2
(x2+y2) for x 2 (0;1); y 2 (�1;1)

0 otherwise

(b)

E(~x) =

Z 1

0

Z 1

�1
xf(x; y)dydx

=

�Z 1

�1

1p
2�
e�

1
2
y2dy

�
| {z }

Area under the standard normal density=1

�
�Z 1

0

x
2p
2�
e�

1
2
x2dx

�

r
2

�

Z 1

0

xe�
1
2
x2dx =

r
2

�

h
�e� 1

2
x2
i1
0
=

r
2

�
[0� (�1)] =

r
2

�

~y � N(0; 1)) E(~y) = 0 and Var(~y) = 1:

15



E(~x2) =

�Z 1

�1

1p
2�
e�

1
2
y2dy

�
| {z }

Area under the standard normal density=1

�

26664
Z 1

0

x2
2p
2�
e�

1
2
x2| {z } dx

symmetric function of x with respect to 0

37775
=
1

2

Z 1

�1
x2

2p
2�
e�

1
2
x2dx =

2

2
�

Z 1

�1
x2

1p
2�
e�

1
2
x2dx| {z }

Variance of the standard normal distribution=1

) E(~x2) = 1; Var(~x) = E(~x2)� E(~x)2 = 1� 2
�
=
� � 2
�

:

Cov(~x; ~y) = 0, since ~x and ~y are independent.

(c) Let

(v; s) = g(x; y) =

8><>: v =
y

x
2 (�1;1)

s = x 2 (0;1)

(x; y) = g�1(v; s) =

8><>: x = s 2 (0;1)

y = vs 2 (�1;1)

Then,

Jg�1(v; s) =

0B@ 0 1

s v

1CA) jJg�1(v; s)j = j � sj = s
and

f(~v;~s)(v; s) =

8><>:
1
�
e�

1
2(s2+v2s2)s for v 2 (�1;1); s 2 (0;1)

0 otherwise.

Therefore,

f~v(v) =

Z 1

0

1

�
e�

1
2
s2(1+v2)sds =

1

�

�
� 1

1 + v2
e�

1
2
s2(1+v2)

�1
0

=
1

�
� 1

1 + v2
; for v 2 (�1;1):
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(d) We know that ~y � N(0; 1). Let ~z � N(0; 1). Then ~z2 � �21.

Moreover, ~x =
p
~z2 = j~zj. Therefore, since ~x and ~y are independent,

~v =
~y

~x
=
~y

j~zj =
~yp
~z2
� t1; as ~y � N(0; 1) and ~z2 � �21:

����������������

15. Recall that

E (�x) = �

Var (�x) =
�2

n
(?)

(a) Obviously, Cov (~xi; ~xj) = 0 for i 6= j since the random variables in the

random sample f~x1; ~x2; :::; ~xng are i.i.d.

(b)

Cov (�x; ~xi) = Cov

0@ nP
j=1

~xj

n
; ~xi

1A =
1

n

nP
j=1

Cov (~xj; ~xi) (from Ex. 29(a) of List 3)

=
1

n

"
Cov (~xi; ~xi) +

X
j 6=i

Cov (~xj; ~xi)

#
=
1

n
[Cov (~xi; ~xi) + 0] (from (a))

=
1

n
Var (~xi) =

�2

n
:

(c)

Cov (~xi; ~xi � �x) = Cov (~xi; ~xi)� Cov (~xi; �x) (from Ex. 29(a) of List 3)

= Var (~xi)�
�2

n
(from (b))

17



= �2 � �
2

n
=

�
n� 1
n

�
�2:

(d)

Cov (~xi; ~xj � �x) = Cov (~xi; ~xj)� Cov (~xi; �x) (from Ex. 29(a) of List 3)

= 0� Cov (~xi; �x) = �
�2

n
: (from (a) and (b))

(e)

Var (~xi � �x) = Var (~xi) + Var (�x)� 2Cov (�x; ~xi)

= �2 +
�2

n
� 2

�
�2

n

�
= �2 � �

2

n
=

�
n� 1
n

�
�2: (from (?) and (b))

(f)

Cov (~xi � �x; ~xj � �x) =

Cov (~xi; ~xj)�Cov (�x; ~xi) +Cov (�x; �x)| {z }
Var(�x)

�Cov (�x; ~xj) (from Ex. 29(b) of List3)

= 0� �
2

n
+
�2

n
� �

2

n
= ��

2

n
: (from (?), (a), and (b))

(g)

Cov (�x; ~xi � �x) = Cov (�x; ~xi)� Cov (�x; �x) (from Ex. 29(a) of List 3)

= Cov (�x; ~xi)� Var (�x) =
�2

n
� �

2

n
= 0: (from (?) and (b))

����������������
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16. (a) �
1 +

x2

�

�� �+1
2

=

�
1 +

1
�
x2

� �
x2
�
�
�x2

2

�
�
�
1 +

1
�
x2

�� 1
2

:

Let y =
�

x2
so that y !1 if � !1 for �1 < x <1. Therefore,

lim
�!1

�
1 +

x2

�

�� �+1
2

= lim
y!1

24�1 + 1
y

�y���x2

2

�
�
�
1 +

1

y

�� 1
2

35

= lim
y!1

�
1 +

1

y

�y���x2

2

�
� lim
y!1

�
1 +

1

y

�� 1
2

| {z }
1

=

�
lim
y!1

�
1 +

1

y

�y��x2

2

= e�
1
2
x2 for �1 < x <1:

Hence,

lim
�!1

�

�
� + 1

2

�
p
�� � �

��
2

�
| {z }

K(�)

�
1 +

x2

�

�� �+1
2

=
h
lim
�!1

K(�)
i
e�

1
2
x2 for �1 < x <1:

Thus, lim
�!1

K(�) has to be a constant such that
R1
�1

h
lim
�!1

K(�)
i
e�

1
2
x2dx = 1:

Therefore, from the standard normal density, we must have

lim
�!1

�

�
� + 1

2

�
p
�� � �

��
2

� = 1p
2�

or lim
�!1

p
2 � �

�
� + 1

2

�
p
� � �

��
2

� = 1:

(b) �
1 +

x2

�

�� �+1
2

=
�
1 + x2

��1
=

1

1 + x2
when � = 1:

19



Therefore,

K(�)

�
1 +

x2

�

�� �+1
2

= K(1) � 1

1 + x2
when � = 1:

Note that K(1) has to be a constant such that
R1
�1K(1)

1

1 + x2
dx = 1: The

Cauchy density with � = 0 and � = 1 is

f (x) =
1

�

1

1 + x2
for �1 < x <1;

so that K(1) =
1

�
: Alternatively, note also that

K(1) =
� (1)

p
� � �

�
1

2

� = 1p
� �
p
�
=
1

�
:

(c) Since

P (CjIA = 1) =
P (C \ A)
P (A)

; for all C 2 F ;

we have

P (CjIA = 1) =
P (C)

P (A)
; for all C 2 F with C � A;

so that

E(~xjIA = 1) =
Z
A

1

P (A)
~xdP =

Z
[0;1]

1

P (A)
xf(x)dx:

In fact, the conditional density of ~x given A = f~x 2 [0; 1]g is

f (x jA) =

8>>>>><>>>>>:

f(x)

P (A)
if x 2 (0; 1)

0 otherwise,

20



as follows from Exercise 14 of List 2.

P (A) = P~x [0; 1] =

Z 1

0

1

�

1

1 + x2
dx =

1

�
[arctanx]10 =

1

�

�

4
=
1

4
:

Then,

E (~x j ~x 2 [0; 1]) =
Z 1

0

1

1=4
x
1

�

1

1 + x2
dx =

4

�

�
1

2
ln
�
1 + x2

��1
0

=
2

�
ln 2:

��������������

17. (a) The uniform density on (0; 1) is

f(x) =

8>>>><>>>>:
1 for x 2 (0; 1)

0 otherwise.

and its distribution function is

F (x) =

8>>>>>>>>>>><>>>>>>>>>>>:

0 for x � 0

x for x 2 (0; 1)

1 for x � 1.

Then,

f~x(j)(x) =
n!

(j � 1)!(n� j)!f(x) [F (x)]
j�1 [1� F (x)]n�j

21



=

8>>>>><>>>>>:

n!

(j � 1)!(n� j)!x
j�1 (1� x)n�j for x 2 (0; 1)

0 otherwise.

Note that the previous density f~x(j) is the density of a beta distribution

with the parameters � = j and � = n� j +1: Observe that, since n and j are

strictly positive integers,

�(a+ �)

�(�)�(�)
=

�(n+ 1)

�(j)�(n� j + 1) =
n!

(j � 1)!(n� j)! :

Therefore,

E
�
~x(j)
�
=

�

�+ �
=

j

j + (n� j + 1) =
j

n+ 1

If j = 2 and n = 7,

f~x(2)(x) =

8>>>><>>>>:
7!

1!5!
x1 (1� x)5 = 42x (1� x)5 for x 2 (0; 1)

0 otherwise.

The plot of the density of the 2nd order statistic with n = 7 is
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Note that the density of ~x(2) reaches its maximum at x = 1=6 = 0:16667:

Moreover, in this case,

E
�
~x(2)
�
=

j

n+ 1
=

2

7 + 1
=
1

4
:

(b)

E (~xmed) = E
�
~x(n+1

2
)

�
=

j

n+ 1
=

�
n+1
2

�
n+ 1

=
1

2
if n is odd,

E (~xmed) = E

�
~x(n

2
) + ~x(n

2
+1)

2

�
=
1

2

h
E
�
~x(n

2
)

�
+ E

�
~x(n

2
+1)

�i

=
1

2

" �
n
2

�
n+ 1

+

�
n
2
+ 1
�

n+ 1

#
=
1

2
if n is even.

Thus, E (~xmed) = 1=2 for all sample sizes.

Since n = 7 is odd, the density of the median of the sample is

f~xmed(x) =
n!��

n� 1
2

�
!

�2f(x) [F (x)](n�1)=2 [1� F (x)](n�1)=2

23



=

8>>>>><>>>>>:

7!

(3!)2
x3 (1� x)3 = 140x3 (1� x)3 for x 2 (0; 1)

0 otherwise.

Note that the previous density f~xmed is the density of a beta distribution with

the parameters � = 4 and � = 4 since

�(a+ �)

�(�)�(�)
=

�(8)

�(4)�4)
= 140

The plot of the density of the sample median with n = 7 is
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x

f

Note that this density reaches its maximum at x = 1=2 and is symmetric with

respect to 1=2:

��������������
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18. (a) The exponential density with parameter � is

f(x) =

8>>>><>>>>:
1

�
e�x=� forx > 0

0 otherwise,

and its distribution function is

F (x) =

8>>>><>>>>:
1�e�x=� forx > 0

0 otherwise.

The distribution function of the sample minimum is

F~xmin(x) = 1� [1� F (x)]
n =

8>>>><>>>>:
1� e�nx=� forx > 0

0 otherwise,

so that the density of the sample minimum is

f~xmin(x) =
dF~xmin(x)

dx
=

8>>>><>>>>:
n

�
e�nx=� forx > 0

0 otherwise,

which is the density of the exponential distribution with the parameter �=n:

This implies that E (~xmin) = �=n:
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The distribution function of the sample maximum is

F~xmax(x) = [F (x)]
n =

8>>>><>>>>:
�
1�e�x=�

�n
forx > 0

0 otherwise,

so that the density of the sample maximum is

f~xmax(x) =
dF~xmax(x)

dx
=

8>>>><>>>>:
n

�
e�x=�

�
1�e�x=�

�n�1
forx > 0

0 otherwise.

When � = 3 and n = 11; the density of the sample maximum becomes

f~xmax(x) =

8>>>><>>>>:
11

3
e�x=3

�
1�e�x=3

�10
forx > 0

0 otherwise.

Its plot is

­2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28

0.05

0.10

0.15

x

f
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Note that this density reaches its maximum at x = 3 ln 11 = 7:1937.

E (~xmin) =
�

n
=
3

11
= 0:27273:

E (~xmax) =

Z 1

0

x
11

3
e�x=3

�
1�e�x=3

�10
dx = 9:0596:

(b) The population median m satis�es

F (m) = 1�e�m=� = 1=2 =) m = � ln 2

The mean of the exponential population with the parameter � is � = �:

Therefore, since 1 > ln 2 = 0:69315; the median of the population is smaller

than the mean of the population, � > m:

By modifying the original exponential density function at the single point

x = 0; we can get the following density:

f(x) =

8>>>><>>>>:
1

�
e�x=� forx � 0

0 otherwise,

which characterizes exactly the same exponential distribution. The previous

density reaches its maximum at x = 0 so that the mode of the exponential

distribution is 0:

Therefore, we get the following comparison of the three measures of location

of the population distribution:

mean = � > median = � ln 2 > mode = 0:
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The density of the sample median when n is odd is

f~xmed(x) =
n!��

n� 1
2

�
!

�2f(x) [F (x)](n�1)=2 [1� F (x)](n�1)=2

=)

f~xmed(x) =
n!��

n� 1
2

�
!

�2 1�e�x=� �1�e�x=��(n�1)=2 �e�x=��(n�1)=2

=
n!��

n� 1
2

�
!

�2 1� �e�x=��(n+1)=2 �1�e�x=��(n�1)=2 ; for x > 0:
Thus,

f~xmed(x) =

8>>>>>>><>>>>>>>:

n!��
n� 1
2

�
!

�2 1� �e�x=��(n+1)=2 �1�e�x=��(n�1)=2 for x > 0

0 otherwise.

If � = 3 and n = 11, then

f~xmed(x) =

8>>>>><>>>>>:

11!

(5!)2
1

3

�
e�x=3

�6 �
1�e�x=3

�5
= 924e�2x

�
1�e�x=3

�5
for x > 0

0 otherwise.

The plot of this density is
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Note that this density reaches its maximum at x = 3 ln

�
11

6

�
= 1:8184:

This is the mode of the distribution of ~xmed.

Expectation of the sample median:

E (~xmed) =

Z
R
xf~xmed(x)dx =

Z 1

0

x � 924e�2x
�
1�e�x=3

�5
dx = 2:2096:

We know that the expectation of the sample mean is equal to the population

mean:

E (�x) = � = � = 3:

The median of the population is

m = � ln 2 = 3 ln 2 = 2:0794:

Therefore,

E (�x) = � = 3 > E (~xmed) = 2:2096 > m = 2:0794

> mode of ~xmed = 1:8184 > mode of ~x = 0:
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19. (a) Assume that n = 2 and let ~S2 = ~x1 + ~x2: Recall that the formula of

the convolution pmf is

f ~S2(S2) =
X

x12~x1(
)

f~x2(S2 � x1)f~x1(x1), for S2 2 ~S2(
); with S2 � x1 2 ~x2(
):

Note that S2 2 ~S2(
) = f0; 1; 2; :::g ; x1 2 ~x1(
) = f0; 1; 2; :::g and

S2 � x1 2 ~x2(
) = f0; 1; 2; :::g so that x1 � S2: Therefore,

f ~S2(S2) =

S2X
x1=0

�S2�x12 e��2

(S2 � x1)!
� �

x1
1 e

��1

x1!
=
e�(�1+�2)

S2!

S2X
x1=0

S2!�
x1
1 �

S2�x1
2

x1!(S2 � x1)!

=
e�(�1+�2)

S2!

S2X
x1=0

�
S2
x1

�
�x11 �

S2�x1
2 =

e�(�1+�2)

S2!
(�1 + �2)

S2

=

�P2
i=1 �i

�S2
e�(

P2
i=1 �i)

S2!
; for S2 = 0; 1; 2; :::

where the fourth equality follows from the Newton�s binomial theorem.

Therefore, the random variable ~S2 = ~x1 + ~x2 has a Poisson distribution with

the parameter
P2

i=1 �i: Note that ~Si+1 = ~Si + ~xi+1 so that we can proceed

inductively for i = 3; 4; ::: to get that ~S � ~Sn =
Pn

i=1 ~xi has a Poisson

distribution with the parameter
Pn

i=1 �i:

(b) Note that �x = g(S) =
S

n
, where g is a one-to-one correspondence.

Therefore, S = g�1(�x) = n�x: Since the pmf of ~S is

f ~S(S) =
(
Pn

i=1 �i)
S
e�(

Pn
i=1 �i)

S!
; for S = 0; 1; 2; :::;
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we can apply the change of variable to get

f�x(�x) =
(
Pn

i=1 �i)
n�x
e�(

Pn
i=1 �i)

(n�x)!
; for �x = 0;

1

n
;
2

n
; :::

(c) If �i = � for i = 1; :::; n; then the pmf obtained in (b) becomes

f�x(�x) =
(n�)n�x e�n�

(n�x)!
; for �x = 0;

1

n
;
2

n
; :::

(d) Using the Central Limit Theorem,

�xn � E (�xn)p
Var (�xn)

=
�xn � �p
�=n

=

p
n (�xn � �)p

�
�! N(0; 1) , as n �!1:

Thus,
p
n (�xn � �) �! N(0; �) :

��������������

20. The derivative of

F~x(j)(x) =
nX
k=j

�
n

k

�
[F (x)]k [1� F (x)]n�k

is the density

f~x(j)(x) =

nX
k=j

k

�
n

k

�
[F (x)]k�1 f(x) [1� F (x)]n�k

�
nX
k=j

(n� k)
�
n

k

�
[F (x)]k [1� F (x)]n�k�1 f(x)
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= f(x)

(
nX
k=j

k

�
n

k

�
[F (x)]k�1 [1� F (x)]n�k

�
n�1X
k=j

(n� k)
�
n

k

�
[F (x)]k [1� F (x)]n�k�1

)
:

where we have used the fact that (n� k)
�
n

k

�
[F (x)]k [1� F (x)]n�k�1 is equal

to zero when k = n; so that

nX
k=j

(n�k)
�
n

k

�
[F (x)]k [1� F (x)]n�k�1 =

n�1X
k=j

(n�k)
�
n

k

�
[F (x)]k [1� F (x)]n�k�1 :

Note that

k

�
n

k

�
=

n!k

k!(n� k)! =
(n� 1)!n

(k � 1)!(n� k)! = n
�
n� 1
k � 1

�

and

(n� k)
�
n

k

�
=
n!(n� k)
k!(n� k)! =

(n� 1)!n
k!(n� k � 1)! = n

�
n� 1
k

�
:

Therefore,

f~x(j)(x) = nf(x)

(
nX
k=j

�
n� 1
k � 1

�
[F (x)]k�1 [1� F (x)]n�k

�
n�1X
k=j

�
n� 1
k

�
[F (x)]k [1� F (x)]n�k�1

)
:

Concerning the �rst sum inside the brackets, we have

nX
k=j

�
n� 1
k � 1

�
[F (x)]k�1 [1� F (x)]n�k =
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�
n� 1
j � 1

�
[F (x)]j�1 [1� F (x)]n�j +

nX
k=j+1

�
n� 1
k � 1

�
[F (x)]k�1 [1� F (x)]n�k :

Concerning the second sum inside the brackets, we have

n�1X
k=j

�
n� 1
k

�
[F (x)]k [1� F (x)]n�k�1

=

nX
k=j+1

�
n� 1
k � 1

�
[F (x)]k�1 [1� F (x)]

n�kz }| {
n� (k � 1)� 1 : (Check it!)

Thus, the expression inside the brackets becomes

nX
k=j

�
n� 1
k � 1

�
[F (x)]k�1 [1� F (x)]n�k �

n�1X
k=j

�
n� 1
k

�
[F (x)]k [1� F (x)]n�k�1

=

�
n� 1
j � 1

�
[F (x)]j�1 [1� F (x)]n�j ;

which implies that

f~x(j)(x) = nf(x)

�
n� 1
j � 1

�
[F (x)]j�1 [1� F (x)]n�j

=
(n� 1)!n

(j � 1)!(n� j)!f(x) [F (x)]
j�1 [1� F (x)]n�j

=
n!

(j � 1)!(n� j)!f(x) [F (x)]
j�1 [1� F (x)]n�j :

��������������

21. (a) Note that P f~x � x0 � zg = P f~x � x0 + zg for all z 2 R is equivalent

to P f~x� x0 � �zg = P f~x� x0 � zg or P f~y � �zg = P f~y � zg for all

z 2 R, which means that the distribution of ~y is symmetric with respect to

zero.
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(b) Note that the random variables ~y and �~y have the same distribution

if and only if F~y(y) = F�~y(y) for all y 2 R, which is in turn equivalent to

F~y(�z) = F�~y(�z) for all z 2 R.

On the one hand,

F�~y(�z) = P f�~y � �zg = P f~y � zg :

On the other hand,

F~y(�z) = P f~y � �zg :

Therefore, F�~y(�z) = F~y(�z) if and only P f~y � zg = P f~y � �zg for all

z 2 R, which means that the distribution of ~y is symmetric with respect to

zero.

(c) If ~y is discrete its probability function satis�es f~y(y) = P f~y � yg �

P f~y � y�g, where y� is the smallest value in the range of ~y that is strictly

greater than y; and f~y(�y) = P f~y � �yg�P f~y � �y�g : Note that �y� is the

largest value in the range of ~y that is strictly smaller than�y: If the distribution

of ~y is symmetric with respect to zero then P f~y � �yg = P f~y � yg and

P f~y � �y�g = P f~y � y�g which implies that f~y(y) = f~y(�y) for all y 2 ~y (
).

If f~y(y) = f~y(�y) for all y 2 ~y (
) ; then P f~y � yg =
P
z�y
f~y(z) and

P f~y � �yg =
P
z��y

f~y(z) =
P
�z�y

f~y(�z) =
P
s�y
f~y(s): Thus, P f~y � yg =

P f~y � �yg so that the distribution of ~y is symmetric with respect to zero.

If ~y is absolutely continuous and its distribution is symmetric with respect

to zero, P f~y � �yg = P f~y � yg for all y 2 R; then

Z �y

�1
f~y(z)dz =

Z 1

y

f~y(z)dz; for all y 2 R:
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Thus, the derivatives with respect to y of the integrals in both sides of the

previous equality must coincide. We compute these derivatives using Leibniz

rule to obtain

�f~y(�y) = �f~y(y) or f~y(�y) = f~y(y):

If the density of ~y satis�es that f~y(�y) = f~y(y) for all y 2 R; then

P f~y � �yg =
Z �y

�1
f~y(z)dz =

Z �y

�1
f~y(�z)dz = j�F~y(�z)j�y�1 = 1�F~y(y) = P f~y � yg ;

so that the distribution of ~y is symmetric with respect to zero.

(d) De�ne the random variable ~y = ~x � x0: Note that, if the probability

(density) function of ~x is f~x; then

f~y(y) = f~x(x
0 + y);

where the equality follows from �nding the probability (density) function of ~y

from the probability (density) function of ~x = x0 + y: Thus,

f~y(�y) = f~x(x0 � y):

Acording to part (a), the random variable ~y has a distribution that is

symmetric with respect to zero. Thus, f~y(y) = f~y(�y) for all y (see part (c)),

which is equivalent to f~x(x0 + y) = f~x(x0 � y) for all y so that the function f~x

is symmetric with respect to x0:

(e) De�ne the random variable ~y = ~x � x0 so that E(~y) = E(~x) � x0.

Note that, from parts (a) and (b), ~y has the same distribution as the random
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variable �~y; which implies that E(~y) = E(�~y) = �E(~y): Therefore, we must

have E(~y) = 0 and thus E(~x) = x0:

(f) Since E(~x) = x0; the coe¢ cient of asymmetry (or skewness) is given by

CA =
�3
�3
=

E [(~x� x0)3]
(E [(~x� x0)2])3=2

:

Note that

E
�
(~x� x0)3

�
= E

�
~y3
�
= E

�
(�~y)3

�
= E

�
�(~y)3

�
= �E

�
~y3
�
;

where the �rst inequality comes from the de�nition of ~y given in part (a)

and the second equality follows from the fact that ~y and �~y have the same

distribution (see part (b)). Thus, E (~y3) = �E (~y3) implies that E [(~x� x0)3] =

E (~y3) = 0; which implies in turn that CA = 0:

��������������
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