Probability and Statistics. IDEA. Answers to List 5.

1. (a)
1 z—p)?2
T~ fi(z)= 6_%(0), for —oco<x <00
2mo
=g =Ing; G=g@)=e"=7§>0
dz dgl<y>‘ 1
—| = =— fory>0
dy ‘ dy y
( dgl(y)’ 1 _1(lny—p)?
s(Iny) - = 62(”),f01‘ >0
faliny) |0 - y
g~ f5(y) =

0, otherwise

\

The log-normal density:

fiy) T

01

5
y

1 ny—p)2
Note that lim 2 (M) = (Check it!). Hence, the log-normal

y—0t\/2moy

.

1)
density is continuous.

(b)



1/2
_ ptg0? (eo® _
oy, _ [Var @) _ <6 1) _ <602 B 1)1/2

! E @) e e '

(c) Note that m = E(g) > 0 as § > 0.

m2+s2)

CV; = % = <e"2 — 1) i — o2 =1In (1 + (CVg)z) =1In ( 3

1
m:e“+%"2>O:>1nm:,u+§c72:>

1 1
pzlnm—502:lnm—§ln<

m? + 52
m2

=Inm — %ln (m?+ %) + %lan =Inm — %ln (m*+s*) +In (m2)1/2

B 1 2 o\ m?
_2lnm—§ln(m —I—S)—ID(W)

1l for0<z<1

T~ fz(z) =

0 otherwise

g = ¢g(Z)=-2InZ >0, for z € (0,1)

= glp=e"?



\J

Therefore

1-de7v/2=1ev? for 0<y<oo
fi(y) =

0 elsewhere

This is the density of an exponential distribution (or of the gamma distribution

with @ =1 and 8 = 2).
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Since the z;’s are independent,

=515 (oo () - (o (55

- E (H@@) - HE (%) = HM“‘ (t)=[(1- gt)—a}” — (1= Bt)")

for t < 1/8. This has the same form as the MGF of a I" variable. Since the
exponent of Mj (t) is —na, the parameter corresponding to « in the I' is now
na,

1

fi (y;na, B) = mym*le’y/ﬁ; for y > 0,

and f; (y;no, B) = 0, otherwise. Thus, § ~ I' (na, ).

Since the exponential distribution is the gamma distribution with a@ = 1
and § = 60, the sum of n independent exponential random variables has the
gamma distribution with parameters n and 0, I" (n, ).

Note that the gamma distribution when « is equal to a natural number n is
used to model waiting time in a queue when the individual under consideration
is in the nth position in that queue. In this case, we know that the expected

waiting time will be a5 = nf.

5. If § is the angle that a "random spinner" makes with the positive side of
the z axis, what is the density function of tanf? Note that the distribution

of the angle 0 is obviously absolutely continuous and uniform on (—7/2,7/2).



Thus, this exercise can be formulated as follows:

and f; (6) = 0, otherwise.

g: t=g(f) =tan € (—o0,0) ,

~1 -1 T T
. 0= g \(t) = arct te(——,—).
g g " (t) = arctan 53

fi @) =7
tan &
Itis b11ect1ve
/ 011 J
- f 6
do 1
J-1(t) = — 0
=3 = 15p
Hence,
1 1 1 . N
P (t) = = |Jy2(t)| = = for —oo <t < oo (Density of the Cauchy distribution)
7r T 1+1¢2



Check (for free!):

[e.e]

1 1 1 1
/ —- dt = —J[arctant]™ = — |lim arctan () — lim arctan (¢)
T 1412 7r O s t——o0

—00

f(ry,29) =1, for0<z; <1, 0<zy<1

U = (—21nx1)% sin (2mxs), — o0 < wuy < 00
g:
Uy = (—21nm1)% cos (2mxy), —o00 < uy < 00
fﬁl,sz (ula u?) :?
uj = —2Inz;sin® (272s)
2 _ 2
us = —2Inzycos® (2mxs)
Since
ui +uy = —2Inw; [sin® (272s) + cos® (2mas)| = —21Inay,
then

1

T, = e~z (vi+id) ¢ (0,1).



Since

e tan (2mz3) ,
U2

Uy
2wxy = arctan (—),
U2

then
L aretan (X2 € (0,1)
re = — arctan | —
T or Us ’
doy  do o3 (utd) (_yp) o3 (udHB) Ly,
[Ty (ug,up)| = |det | ™ | | = |det
duy  day L12LL12<_%)
duy dus 27T1+(%) ug 27r1+(%> uZ
—U —Uu 2
= i 1 5 6_%(11’%"’_”%) det 1 ! ? — i 1 . 6_%(u%+u%) 1 + ﬂ
M1+ oM 2y u3
Uy Us U% uy
)
2T
1 ~1(u3+ud)
Jan i (U1, u2) = 1+ Jy-1(ug ug)| = ——e 2\"172) | for —oco < uy < 00, —00 < Uz < 00.

2

Thus, (a1, ds) ~ MN (0,1), where I is the identity matrix. That is, @; and s

are independently distributed standard normal variables.

y =11+ x9 € (T2,29+ 1)
g — g
xg =29 € (0,1) X9 =29 € (0,1)

-1 $1:y—$26(071)



dzy  dzy 1 —1

| Jy-1 (y, 22)| = |det WA — et = 1.
doy dzy 0 1
dy dxo

Then,

fg,jz(y,xg)zl-lzlfor0<x2<1andx2<y<:l:2+1

1 for O<zo<landazy<y<ay+1

fg,:z:Q (%552) =
0 elsewhere
A
)
x, =1

- ]

Xy =) E

X, =y—I i
x, =0 | 2 ) .

The density of y for y € (0,2) is

h(y) = / fz},:zz (?%132) dzry = /I[C (y,@) -ldxy = / ldxo,

R C(y)

where the set C' is the interior of the parallelogram in the previous figure.

Then,

0 for y <0
foyldxgzy for 0<y<1

fyl_lldx2:2—y for 1<y<?2

0 for y>2

10



This 1s the
“triangular”
density.

N

8. (a) The joint distribution of the random vector (Z,7) is

1
f(z,y) = We_ﬁ(zgﬂf), for x € (—o00,4+00) and y € (—o0, +00).

Let (r,0) = g(z,y) with r = (22 +4?)"? and 6 = arctan (4). Thus, (z,y) =

g *(r,0) is given by x = r cosf and y = rsin . Therefore, |J,-1(r,0)| =7 > 0.
Then,

1
2o

1”2
e 221 for r € (0,00) and 6 € [0, 27)

0 otherwise.

= e 27 for r € (0, 00)

0 otherwise.
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Thus, the distribution of the modulus 7 of the vector (Z,7) with random
coordinates that are independent and normally distributed with zero mean
and standard deviation o is the Rayleigh distribution with parameter o. Its

density looks like this:

06
0.5F

04}

02t

01F

1 foo(r0)d 1 [ ER for 6 € [0, 2m)
SN S
27 0o 27 or for 6 € (0,2)
5(0) =
0 otherwise.

(b) The random variables 7 and 6 are independent since we see that

fap(1,0) = f:(2) fz(r) for all r and 6.

(c) To find the density of the square of the modulus @ = 7* = 7% + §* with

12



r € (0,00), we note that # = @w'/2 > 0 so that

dr

dw| 202 0
Then,
dr w’? . 1 1 w
. — £ (12 — - — -
fo(w) = fe(w'?) e e R v R L for w € (0, 00),

and fz(w) = 0, otherwise. This is the density of an exponential distribution

with parameter 202.

The previous result also tells us that, if @ is exponential with parameter A,

1
e w/A >0
)\6 or w

0 otherwise,

then the random variable 7 = @2 = V& > 0 is Rayleigh with the scale

parameter o = y/A/2 > 0.

Since the density of a x? distribution is

( 1 v—2 —w/2
2’//2—1_‘(%)10 2 € / for w >0

flw;v) =

0 otherwise,

13



it is immediate to see that

1
—e /2 forw >0

=

(w) = fw;2) =

0 otherwise,

when ¢ = 1 so that w ~ 3.

(d) We integrate by parts.

Floy T~—
G'(r)
2] 0 2 0 2
[—7“6202] —/ 1 (—6%2>d7’:0+/ e 202dr = ...
0 0 M 0
F(T)ﬁ,—/
G(r)
dr

Make the change of variable z = r /o so that = > 0.

z

o2 2 7
L= e 2odr=o0 e 2dr =04/ —.
0 0 2

E(7%) :/ ’I“fo(’l“)dT:/ 7 %e_;?dr:
0 0o

iy S~—
G'(r)
2] 00 2 00 2
|:—7"2€_202:| —/ 2r (—e_on)dr =0+ 2/ re 202dr = ...
~—~
0 0 0
F' (1) — ——

G(r)

P o0
2 |:—O26_202:| = 202
0

Thus,

14



(e) As 6 is uniform on [0, 27) or, without loss of generality, on (0, 27),

E(#) =7 and Var(d)=

(2n)> w2

12 3

zy(x + 2y)

_z(x+4)
12

y(y +1)

9. (a)
;
0
=T+ 2t
foy 0 19 drdt =
. 2 ,x T + Qt
F('rhy) - fO 0 Td?"dt
27 + 2t
foy 0 13 drdt =
1
\
(b)
fO 12
#(z) =

fgczt—l—Zydx: 142y

2x+2ydy::c+2

6

012

i(y) =

6

15

ifr<Oory<O0

f0<z<20<y<?2

fo<ax<2,y>2

ifr>20<y<2,

ifx>2,y>2.

if z € (0,2)

otherwise.

if y € (0,2)

otherwise.



(
fy) U avn
= == 1
s () x 2 21 +4 y=15
fg|:z= (y |x) = 6
0 otherwise.
\
for z € (0,2).
= f 0,2
AL 0 if y € (0,2)
1 2
Ol
\ 0 otherwise.

. > 2 142 11
E(y)—/ yfg(y)dy—/ v W=
—00 0

or, equivalently,

~ [e’s) fe’e) 2 2 T + 2y 11
E(y) =/ / yf(x,y)dxdy =/ / Y dedy = —.
—00 J —o0 0 0 12 9

1 32 9 1
P({0<5:<1}m{1<g<3/2})—// x—;ydyd:&—g.
0 1

16



(f) Note that fyz(y|z) = fz(y) for all y € (=00, 00) if and only if

r+2y 142y

2(x +2) 6

for all y € (0,2). Hence, = = 1.

The random variables & and 7 are not independent since

folw) fly) = 2E2 1 (z+2) - (1+2y)

1

for all (z,y) € (0,2) x (0,2), except when (z,y) = (1,1). Note that, for

(z,y) € (0,2) x (0,2),

(x+2)-1+2y) 1

fa(x) - f3(y) — fla,y) = 36 ~ 13 (z + 2y)

—1—18(33'—1)(3/—1)—Oifand0nlyif (x,y) = (1,1).

(g) Let y € (0,2). Then, w = g(y) =2 -y <=y =g w) = (2—w)’
for g7 {(0,2)} = (2 — 2'/3,2) = (0.74,2) .

Moreover,

dy  dg'(w)

_ - 2
e 32—w)" <0

for w e (2 —213,2) <y € (0,2).

142
_ % for y € (0,2), then

Since f;(y) =
|

- (%4—(2—11))3) (2 —w)?, forw e (2 —23,2).

)33 (2 —w)?

17



Thus,

(/1
<—+(2—w)3> (2—w)? for2—23 <w <2

0 otherwise.

7 00 1+ 2y
E(@) = [% 9) f3(w)dy =[5 (2— ') dy

1 ) ; 6 12
=2 Jo @+ 4y — P —2) dy = 2 |2y + 27 = Tyt — oy

0 6 1 7,

1 69 23
= |12 =.218 )| =2 — [ == .23 ) = 0.965.
6 { (14 >] <28 )

Alternatively (and much more difficult and inefficient), we can compute

E(@) = / w(ir@—w?) - wlde=2— (2 243) = 0.965.
2721/3 2 28

-~

fo(w)

(h) Density function method: Let (z,t) = g(x,y) be given by z = zy and

18



t = y. Therefore, (z,y) = g~!(z,t) is given by x = z/t and y = t. Therefore,

1/t —z/t?
|Jy-1(2,t)| = |det =1/t
0 1
and
fag (5:1) [T (2. 0) =55 (5 +2t) j=55 (5 +2) if5€(0,2) and t € (0,2)
fé,f(z7t) =

0 otherwise.

The set of positive density, C' = {z/t € (0,2) and ¢t € (0,2)}, can also be
written as {z € (0,2t) and t € (0,2)} or as {z € (0,4) and t € (2/2,2)}. Make
a draw in the plain (z,t) to see this!

Then, computing the marginal density of Z,

¢

4—z .
H{]Ic (z,1) fop(zt)dt = [2 5 (7 +2) dt = —— 20,9

0 otherwise.

Distribution function method:

19



y’

(8]

.
- ‘||

0
Fo(z) = ¢ [z (e + 20)d(,y) + [ 35 (2 + 29) d () = 32 = §52°
A B
1
\
Note that

/ 112 (z + 29) d(z,y) + / 112 (z + 29) d(z,y) =
A B

3 21 2 ry 1
/ / E(x—f—?y) d:z:dy—i—/ / B (z + 2y) dxdy =
o Jo 3 J0

20
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if2<0

if z € [0,4]

ifz>14
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Therefore, by just differentiating,

4 —
F'(2) = TZ if z € (0,4)

0 otherwise.

10. If z < 0, then

If x > 0, then

T 0 T
1 1 1 1 1 1
—e Mgt = —eldt /—tdt:— S e t=1-_e"
/26 /_0026 +02e 2+2 26 26
——

—0o0

1/2

Therefore,

er forx <0
Fi(r) =

1-— %e*"” for x > 0.

Note that y = g(z) = 2% is a one-to-one correspondence (or bijection) and

r =g '(y) = y*/3 so that
1

i) = ey for 4 € (—00,00)

Note that z = g(z) = In(Jz| + 1) > 0 is not a bijection. Then, we use the

21



distribution function method. Note that for z > 0 we have
F:(z)=P{Z<z}=P{ln(|z|]+1)<z}=P{l—-e"<i<e* -1} =

]. z ]- z z
Fi(e? —1)— Fy(1—€*) =1 — —e (7D _ Ze=e) — 1 _ o(1=¢7),
~—— 2 2

0 for z <0
1 —e(=¢9) for 2 > 0.
Differentiating F; one gets the density function,

el=¢e? = eltz—e" for z > 0.

0 for z <0.

11. y = g(z) = 9 — 2? is a one-to-one correspondence (or bijective function)
on (0,3). When z € (0,3) then y € (0,9). Therefore, x = g~ '(y) = (9 — y)1/2

with y € (0,9). Moreover,

'dgd;(y)‘ _ % (9 —y) V2.

W =19 —y)"t?  fory € (0,9)

0 otherwise.

22



Integrating the density f; we get the distribution function:

0 fory <0
9 _— 1/2
Fyly) =4 JPL9—t) V2t =1~ % for y € (0,9)
\ 1 for y > 0.

We could have used instead the distribution function method:

F(y) =0for y <0, Fy(y) =1 for y > 9, and, for y € (0,9), we have,

Fyly) = P{g<y}=P{o—-#<y}=P{9—y<*}
~ P({O- )" <3} U<~

= P{O-y'"?<3}+P{i<-(9-y)?}=P{9-y)/? <3} +0.

Note that P{ & < —(9 —y)/2 3 = 0 for y € (0,9) since the density of 7 is
—_———

negative

positive only on (0, 3).

0 fory <0
R 9 — 1/2
Fyy) =9 P{O-y)2 <3} = f(?;,y)l/z tde=1- % for y € (0,9)
| ! for y > 9,

which is the same as before. Differentiating Fj;(y) we obtain f;(y) a.s.

Density function f; :

23



06T

04T

02T

Note that lim+fg(y) =1/18 and lim f;(y) = oc.
y—0

y—9~
Distribution function Fj :

F
10T

08T
06T

04T

Note that Fj is continuous and differentiable except at y = 0 and y = 9

since yli{}){Fg(y) = yEf(I)LFg(y) = anlig}Fg(y) = yligLF@(y) =1, yli%{Fg(y) =

L F(y) = 1/18 and Jim Fy(y) = o0 # ylirg+Fg(y) =0.

24



12. (a)

Fyly) =P{g<y}=P{l7| <y} =P{-y <7<y} =Fi(y)— lim F3(z) fory>0

z——y~

and Fj(y) =0 for y < 0.
(b)
F;(y) = Fi(y) — Fz(—y) fory >0
and Fj(y) =0 for y < 0.
(c)
fiy) = faly) + fa(—y) fory >0
and f;(y) =0 for y < 0.

(d)

3(y) = 2fz(y) fory >0

13. (a) y = g(x) = 22 — 8 is bijective on (0,4). When z € (0,4) then

y € (—8,8). Therefore, z = g~'(y) = (y +8)"/* with y € (—8,8) . Moreover,

dg—'(y)| _ 1
2

_ - —1/2
a0 =—(y+8) )

25



Therefore,

;

dg_l(y) (y + 8)1/2 1 -1/2 1
= - — f
Iy (?J+8) 6 orye( 8,8)

(97 (y) ' 3 5

7(y) =

0 otherwise.

Integrating the density f; we get the distribution function:

0 for y < —8

1 1
Fw) = e =3 (% + 1) for y € (—8,8)

1 for y > 8.

We could have used instead the distribution function method:

F;(y) =0 for y < =8, F;(y) =1 for y > 8, and, for y € (—8,8), we have,

Fyly) = P{g<y}=P{i*-8<y}=P{i*<y+8}

— P{-(+8)?<i<(y+8)) =P{i<(y+8)")

since —(y + 8)'/% is negative for y € (—8,8) and the density of 7 is positive

only on (0,4).
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0 fory < -8

1/ 1
Fyly) = P{i<(y+8)"} = ’ gdx == (% +1)  forye (-8,8)

1 for y > 8,

which is the same as before. Computing the derivative of Fj(y) we obtain the
density f;(y).

(b) P{1 << 8} = Fy(3)~F(1) = | (§ + 1)—1 <1 + 1) - % — 0.125,

8 2 \8
P{j>—-2}=1—F;(—2)=1 L2 00) 22 o6
SO A A 8
14. (a)
! 1
E(g) = / 2%62(1 — x)dz = =,
0 5
2 b 1
E(77) = 6x(1 —x)der = —
(7 ) /0 2°6x(1l — x)dx 13
and, thus,
1 1\* 13
(b)
2071 (W) || = 6yM3(1 -y )y = 2(y™ P — 1) fory € (0,1)
3(y) =
0 otherwise,

27



and, integrating, we get

0 for y <0

Fy(y) = 3y*/3 -2y fory e (0,1)

1 for y > 1.

Note that we could also compute the mean of § by doing

1 1
- _ 1
E (7) =/ yfg(y)dyz/ y -2y~ = 1dy =,
0 0
and similarly for the variance.

L J

B={(z,y) eR*|z > 0,2 +y* <1},

28



/k(m—i—y)d(m,y) =7

B

Change of variable to polar coordinates:

Tz =1rcosf cos@ —rsinf
gt = Jy-1(r,0) =

y =rsinf sinf)  rcosf

and

| Jg1 (r,0)] = |rcos® 0 +rsin*6| =r > 0.

Thus,
L or3g
/k:(a:—l—y)d(x,y):// k (r cos @ + rsin @) rdfdr
0 —

B

1 1
:k{/ r2dr} / (cos +sin ) df :kz-—-2:—:>k:§
0 _z 3 3 2

(b) Note that

[ME]

INIE

so that

3
§(zcosﬁ+zsin(9)z, for z € (0,1),0 € (—g,g>

0, otherwise,

29



which implies that

2? (cos + sin ) df = 32* for z € (0,1)

\
—

w3
DO | o

VB

\ 0, otherwise.

fa, (x1) = / 6e 3717272y = 3¢73" for 11 > 0 and f, (z1) = 0 otherwise.
0

Then

Jo1.s (X1, 22) G 3717272 B
faz13 (2|21) = Il;; (:C;) = 3o € 222 for 15 > ()

and fz, |z (v2]21) = 0 otherwise, with x; > 0. Therefore,

71,82 (9, _
Jis 12 (@2|5) = le—(@) = 2¢72%2 for x4 > 0.

fih (5)

o 1
E (79 151:5):/ x2-2e*2x2dx2:§.
0

The random variables Z; and Z, are independent since

fy (x2) = / 6e 2122y = 222 for x5 > 0 and fz, (72) = 0 otherwise.
0

30



Therefore,

Jiras (1, @2) = 6757272 = fo (21)- fz, (w2) = 3e™2"1-2¢ 72" for x; > 0, z2 > 0,

and, obviously, fz &, (z1,72) =0 = fz (21) - [z, (22), otherwise.

Note that independence implies that E (75 |71 =21) = E(Z) = 1/2 for
all x;1 > 0.

Similarly, E (& |Z2 =22) = E(Z1) = [; 21 - 3¢ *dxy = 1/3 for all
T > 0.

(b) If fz (z) = 0e % for z > 0 and fz (x) = 0 otherwise, with 6 > 0, then

oo 00 e—(0—t)z o0
M;(t) = / fe e dr = 9/ e DTy = —f [ }
0 0 (9 - t) 0
1 0
=—0 (0— (Q—t)) =0 for t < 6.
0 0 1
B(7) = M.(t)],_o = ———| ==,
(:C) CC( )‘t—O (9 . t)2 —o 02 9
B@#) = MI() = 2| =% =2
(0 —1)" 1=
- - . 2 1 1
Var(z) = E ($2) — [E(x)]2 @R
Var(z) 1/6
Cvi = TYT4o= T 15—
BE(@)]  1/0
Thus,
Mxl (t) = ST for ¢t < 3, E(Iil) = -, V&I'(!f‘l) = — Cvil = ].7
2 - .
M;,(t) = T for t <2, E(#) =, Var(Z;)=-, CV; =1



A Xa=y - %

v/4

Xy
For y > 0,

Fi(y) = P{y <y} =P{421 + 32 <y} = P{(Z1,72) € A}
y/4 y—4x 8 3

= / / 6e 3T 222 o dyy = 1 — ZemiY 4 Ze,

0 0 5 5

Therefore,

8 3
1-— ge_%y + 56*2?/ ify>0

0 ify <0

(d) Consider the following change of variable for z; > 0 and x5 > 0:

y =4z + 19 € (T9,00)
(y,l’z) = 9(9017372) :

Ty = x9 € (0,00)
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so that

v =3y ) € (0,00)

(z1,22) = g~ " (y, 22)

Ty = 12 € (0, 00)

1/4 —1/4 1
Jg_l(yaxZ) = g ’Jg_l (y,$2)| = Z_l
0 1
Then,
( T
—_——— .
66_3[‘11 (y — 3(:2)]—2:(;2 ' 1 _ §€7%y7%2 if y > a9 and 9 > 0
4 2 < x5 € (0,)
f@iz(yax?) =
0 otherwise
\
(e) For y > 0,

0 otherwise

6
(f) F;(y) = foyg (e*%t —e’2t> dt = 1 — %e*%y + 2 if y > 0, and

Fy(y) =0if y <0.
d [1 — %e_%y + %e”y}
fily) = Fyly) = =

dy
fily) =0if y <0.

o] O

<e_%y — 6_29> if y > 0, and
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. 3 —3y—3Sa,
Forny (] mg) = D2 (B0 22) N3 gy
fa, (72) 2e—2x2 4

for y > x5 and fjz, (y|22) = 0 otherwise, with zo > 0.

Thus,

Ceivti ify >3

0 otherwise

4 13

since 1 and T, are independent.

Alternatively, we can compute
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Cov (g, jg) = Cov (4[%1 + CZ’Q, fg) = Cov (42%1, 532) + Cov (fg, Zf'g)

1
= 4COV (571, Zig) + Var (.f?z) = 0 + VaI‘ (5}2) = 4_1

as Cov (Z1,T3) = 0 due to the independence between Z; and Z.

Alternatively, we can compute

Y 3 7
E(7-32) = / / ywame Vi drydy = -
o Jo 2 6

or
E(@-i’g):/ / yxg—e_%y_%“dyd:vg:—.
0 Ja 2 6
Then,
7 11 1 1
§.70) =B (§-G2) —E@)E(f) =~ — (=) ==
Cov (7.32) = B 22) - B@)E () = - (5 +3) = §
17. (a)

Fy) = P{j<y}=P{i'"? <y}

2

y
/ e tdr=1—eV for y > 0,
~ pla<y)=d

0 otherwise.
(b) y = g(x) = 2'/? is bijective for z > 0. Then, z = g~ !(y) =3 for y > 0
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and dg;—;(y) = 2y > 0. Thus,

eV . (2y) = 2ye ¥ for y > 0,
3(y) =
0 otherwise.

(c) It is immediate to see that Fy(y) = [Y_ f;(s)ds and f;(y) = Fj(y) for
all y € R.

(d) F3 is not differentiable at x = 0 since the density fz is discontinuous
at © = 0. However, f;(0) = 0 so that the density function f; is continuous

everywhere. Hence, the distribution function Fj; is differentiable everywhere.

In particular, the derivative of Fj; at y = 0 is F;(0) = 0.

fx) ° T

1.0 1
0.8
0.6
0.4

0.2 1

l1—e® >0

Fi(r) =
0 otherwise
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10T
F(x)
08+
06
04+
02+
: = = ‘
1 0 1 2 s 4

X L

e

Note that argmax f;(y) =
yeR

f(y) 0.4 "

0.3
0.2 1

0.1

04

02T

<, L
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Iy e vemdyde = (1 —e ") (1 —e¥) ifx>0,y>0

0 otherwise.

[ e Edy = e if x>0

0 otherwise

J e Wdy = eV ify >0
3(y) =

0 otherwise.

# and g are independent because f(z,y) = fz(z) - fz(y) for all (z,y) € R?.

()

( —3—y
fBy) e iy =0

fae(y13) = <

0 otherwise.

In fact, from independence we have that fjz(y|z) = f;(y) for all z > 0.

(d)
1 pl 1 1
/ / e dydy = St — et 4 5 = 01998,
0 T

1
<:>f:2+3gj<:>g:§(j—2).

y
F(z)=P{Z<z} =P{2-37< 2z} =P;;(C),



where C' = {(z,y) € R*|z — 3y < z}.

Note that © = 2+ 3y > 0 and y > 0 in the set A where f(x,y) # 0.
Therefore, y > max{0,—z/3} in the set A. Hence, if z > 0 then y > 0,
whereas if z < 0, then y > —z/3.

Therefore, if z < 0 then

F() = Pog () = [, (™ o) dy = et
whereas, if z > 0,

oo ( rz 1
F(z) = P; 5 ()= f() (fo +3y e*(m+y)d$> dy=1— Zefz.

Zer/3 for 2 <0

1 L, f >0
— —€ or z .
4

(f) Let us consider the following one-to-correspondence g : A — g(A),

where A is the set for which f(z,y) #0:

z=x—3y € (—00,00)
(z,2) = g(z,y) :

x =z > max {0, z}

r=x>0
(z,y) =g (z,2) :
1
y:§(x—z)>0.

1
Note that x > 0 and y = 3 (x — z) > 0 on the set A where f(z,y) # 0.

Therefore, x > max {0, z} in the set A. Hence, if z < 0 then = > 0, whereas if
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z > (0 then z > 2.

1 1
Note that — (z +y) = — (az + - (x— z)) =-3 (4x — z) . Therefore,

1 1
g7t (z,2)) [ Jg=1 (2, 3)| = e"3(a=2). 3 for z € (—00,00), > max{0, z}

fra(z,2) =

0 otherwise.

Hence, computing the marginal density of Z, we get

* 1 1
fz:(2) = / e"3(4e=2) gdx = Ze_z for z > 0,

and

o0 1 1
:(2) = / em3e=2) . Zgp — ~ %3 for 4 <0.
0 3 4

so that .
Ze3 <0
46 or z <

> .
4

(g) Obviously Fx(z) = [7_ f:(z)dz

4 4

—00

( [F 1 3
/ Ze*3dy = Zer/3 for z <0

Fg(Z) =

01 “1 3 1 1 1
\/_ Z€Z/3dz+/0 L_le_ZdZ:Z_l_'_(Z_l_Ze_z):l_Ze_z for z > 0,

[e.9]
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while f3(z) = FL(z) a.e. since

The density function f; is not differentiable at 2 = 0. However, the density

fz is continuous everywhere. This implies that the distribution function F3 is
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differentiable everywhere. In particular, note that

Another implication of the previous facts is that F; is not twice differentiable

at z = 0.

19. (a)

y:$1+$2€<$2,l’2+2)

g =g
Ty =12 € (0,1) X9 =29 € (0,1)
doy dny 1 -1
[Ty (g, m2)| = |det | @ %21 | = |det =1
dzy dop 0 1
dy dxo
Then,

for0 <z <1and z9 <y < x9+ 2,

DN | —

1
fg,@ (yaxZ) = 5 1=

so that

for O<zy<landzy <y <mxg+2
foz2 (U, 72) =

0 elsewhere.
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xz A

Yy
The density of y for y € (0,3) is
> 1 1
[ (y) = / fo.2 (y, 02) dg = /HC (y, x2) gdr2 = / 5422,
- R )

where the set C' is the interior of the parallelogram in the previous figure.

0 for y<0
foyldxzzy for 0<y<1
2 2
i (y) = folédxg—% for 1<y<?2
;72 %dm = 3% for 2<y<3
0 for y>3.
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)t

N =

=
w

I

o

oo 1 21 33_
/ Ii (y) :0—|—/ ydy—l—/ —dy + —ydy—l—()
e 0 2 1 2 9 2

§
0 for
Y 1
I §dy = ZyQ for
o 1 % — 1
Fﬂ (y> Z + fly Edy = 1 for
3 y3—Y > 3y 5
S Y= L Y2 g
it TR
\ 1 for

44
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F(y) 1.0

08T
06T

04

(¢) Note that

o0 2 1
f5:2 ($2) = / f(901,$2)d$1 = / §d901 =1 for0<ay<1
oo 0

and fz, (2) = 0 otherwise. Therefore

for zo <y <9+ 2

f?],i‘z (ya .%'2)
~C~02 xr = - =
fy' (y| 2) e (1'2)
0 elsewhere
with 0 < 25 < 1. Hence,
1 ¢ 1 < 9
g gtV y
1
s (o)) -
0 elsewhere.
and, thus,
Gl =1/0) = [ yhay="
Eg:i2:14:/ y—dy = —
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We have

(12 1
I for 0<zo<y, 0<y<l1
y/2 y
1/2
1_/2:1 for 0<ao<1, 1<y<2
Jaalg (22|y) = fo2a (9, 72) =
2 fi ()
1/2 ! f 2< <], 2<y<3
= or y— ) 9 Yy
B-y)/2 3-y
| 0 otherwise,
with 0 <y < 3. Therefore
( 1 1
= =2 for -<mzy<1
5 573 ?
sl (552 5) =9
0 otherwise
\

so that
1 3
1/2 4
Moreover,
1 for O<ay<1
3
poi (]3) -
0 otherwise
so that
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;

1
4
/g(x—i-xy)dy:Qm for0<z <1
0

0 otherwise
\

( 1

2

/g(m—l—xy)da::g(l—l—y) for0<y<1
0

3(y) =

0 otherwise

Note that fz(z)- f5(y) = 296-; (1+y) = %(Hwy) so that f(z,y) = fz(2)- f3(y)
for (z,y) € (0,1) x (0,1) and, obviously, f(z,y) = fz(x) - f3(y) = 0 for
(z,y) ¢ (0,1) x (0,1). Therefore, & and § are independent.

(b) Since Z and y are independent,

foz(y]z) = f(~m,y) = :(2) (xf)y(y) = f;(y), for0<z<1.

1
E(lnz) = / (Inz-2z)dx (integrating by parts)
0

1 71 ) ! 1
:[lnx‘xﬂo—/o (E-xQ)dxzo—iE%(lnx-f)—/o:cd:c:—§
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since

lim (1119: . xz) = lim (ln_a:) = ﬁ,

z—0 x—0

and, thus, we can apply L’Hopital’s rule,

. (Inz , = , x?
i:f%(m)—i% o0 —;5%(_—2)—0’

and
1 271
/ rdxr = {I—} = }
) 2|, 2
(d) If either x < 0 or y < 0, it follows immediately that F(z,y) = 0. For

0<z<1land0<y<1 (Region I of the figure) we get

1
(x + zy dmdy—gx y(y+2),

-Ifs

w I

for x > 1 and 0 < y < 1 (Region II of the figure) we get

1
(x 4+ xy d:vdy—3 y(y+2),

115

w |

for 0 <z < 1and y > 1 (Region III of the figure) we get
1 T4
x y):ff (z + zy)dady = 22,
003
and for > 1 and y > 1 (Region IV of the figure) we get

y):ff (x + zy)dady = 1.
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1T v

»X

Since the joint distribution function is everywhere continuous, the boundaries
between any two of these regions can be included in either one, and we can

write
0 forz <0Oory<0

1 2

5xy(y+2) for0<z<1,0<y<1
1

F(z,y) = < gy(y+2) fore>1,0<y<1

x? for0O<ax<1l,y>1

1 fore>1,y>1
\

It is immediate to see that

2F 4
D Sk, fora e 01). v (0.1)
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and

O*F(z,y)
——=2 =0, fi ,y) € C,
where C'is the interior of the complement of Region I. Note that the boundary
O*F
of Region I has zero Lebesgue measure. Therefore, # = f(z,y) ae.
oY

with respect to Lebesgue measure in R2. Note also that the discontinuities of

the density function f(z,y) occur only at the boundary of Region I.

dg—'(z)

=e*>0
dz €

2e%e* = 2¢* for 2z € (—00,0)

0 otherwise
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0
M:(t) = E(etg):/ 2e* et dz

0 2(2+t) 70 9
= 2 @ =2]|" == —2(t+2)!
. 2+t . t+2
ez(2+t)
since lim ;= 0 when t is around zero. Note that M; () is well defined

for t > —2 so that it is well defined in a neighborhood of zero.

ML(t) = —2(t +2) 2 — B (3) = ML(0) = _%,

which agrees with what we have obtained in part (c).

ML (1) =4(t+2)7* = E (%) = ML (0) = %
so that

Var () =B(#) - G = 5 - (-5) =3
21. (a) fa(z)
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06T

X
)
0 for x < =2
T x4 2 2?2 xr 1
dep = —+ 2 4+ = f —2.0
,J; T R ore € (=20
Fi(z) =
Yo +2 A 1 z2—x 22 oz 1
d dr = = dr= -2+ 012 g 0,2
= ““Lof s 2+0f =g gty free(02)
1 for x > 2.
L
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(b) Since

Fﬂ(y):P{ggy}:P{.f?2§y}:P{_y1/2§a~:§yl/2}

0 y1/2
2 2—
_ / xz da:+/ 4xd$:yl/2_% forz € (=2,2) <=y € (0,4).
—yl/2 0
Therefore,

0 for y <0

Fy(y) = ¢ y'/? —% for iy € (0,4)

1 for y > 4.
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<l

We know that f;(y) = Fj(y) for all y where the distribution function Fj is

differentiable. Thus,

—1/2 1
y2 7 for y € (0,4)
i(y) =
0 otherwise

f2.5 B
20
15
10+
05+

1 0 1 2 3 4

<u,l

Note that the density f; is continuous at y = 4 and, hence, the distribution

function Fj is differentiable at y = 4. However, the density f; is discontinuous

o4



at y = 0 and thus the distribution function Fj; is non-differentiable at y = 0.
We see that

lim f5(y) =0 # oo = yl'gggfg(y)-

y—0~
Note: This exercise could be also solved using the density function
technique instead of the distribution function technique. To this end we first
need to make the transformation Z = |Z| and find the distribution function F;

of Z. Note that

F:(z)=P{Z<z}=P{|l7| <z} =P{—2<T <z}

0 z
2 2 — 2
:/m+ dx+/ xdx:z—z—forxe(—2,2)<:>z€(0,2).
4 4 4
—z 0
Therefore,
0 for z <0
2
Fx(z) = i= for z € (0,2)

1 for z > 2.

Therefore, the density of Z is

Fi(z)=1- g for z € (0,2)
z(2) =

0 otherwise

Then, define §j = g(Z) = z2. Note that g : (0,2) — (0,4) is a one-to-one

-1 —1/2
Z_Z: dgdy(y) Y Y for

correspondence. Thus, z = ¢g7'(y) = y'/? and
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y € (0,4). Therefore, the density of ¢ is

y*1/2

dy
i(y) =

and, thus, the distribution function is

b1
N y TN e Y
Fy(y) = /( 5 4)dy—y 1
0

|2 (1) 2

1
51 for y € (0,4)

otherwise.

fory <0

for y € (0,4)

for y > 4.

(c) The distribution of the random vector (Z, ) does NOT have a density

fz.5(z,y). To see this, let us define the following subset C' of R*:

C = {(:I:,y) ERQ‘y:xQ}

The set C' is the graph of a parabola on the plane. Then, on the one hand,

P{(z,y) e C} = 1.

but, on the other hand, if the density f; ; (x,y) exists, we should have

/ Fra(a,y)d (,y) = 1,
C
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which is impossible since the set C' has zero Lebesgue measure on R? and, thus,

the previous integral should be equal to zero.

(d)
0 2 22—
E(f):/x~x+ dx—i—/x- $dx:0,
4 0 4

0 2 2 2 — 2
E@):E(iQ):/ x2-x+ dx+/ac2- xdx:—
4 0 4 3

or

However, even if © and 3 are uncorrelated, they are not independent. It is
obvious that the values taken by 7 depend on the values taken by Z. According
to the definition of independence between two random variables, if £ and 3 are

independent we should have that

P{% € By,j€ By} =P{i € B} -P{y € By}

for all pairs B; and By of Borel sets. Then, we can check that the random

variables  and g are not independent. For instance,

P{ie(~1,0),5€ (2,4} =0

as {Z € (—1,0)} N{g € (2,4)} = 0 because z € (—1,0) = g € (0,1).

Moreover,
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0
2
P{fe(—l,())}:/ 5’”1 o=
1

rueeu= [ (G-1)a=3-v2

Therefore,

P{ie(=1,0),5€ (24)} £P{iec(-1,00}- P{j e (2,4)}.

22. Assume that the random variables are absolutely continuous. Define
J = T1 + Tg so that Z = Z1 + Zo + T3 = y + T3. We know that the density of

4+ @ is
fas(2) = Frusanin (@) = £:2) = [ 2= 0)fs(0)dy
Moreover, the density of § = 71 + T is

F3(0) = froranly) = / Joly — 2) f1 (2)d.

Therefore, combining the previous two equations, we get
frrsnssan(9) = £:(2) = [ sl = ) fs(w)dy
R

— [ =) [ 2o -0t

N /R/ng(z —y) faly — ) f1(z)dxdy.
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We can obtain an alternative formula for the convolution density. To do
so, we define §j = 5 + 3 so that Z = 71 + T2 + T3 = T1 + . We know that the

density of T + 7 is

Froia(2) = frvvmmras(2) = fo(2) = / f3(z — o) o).

Moreover, the density of § = T + 23 is

F3(0) = forsaa(y) = /R Foly — w2) fa(s) .

Therefore, combining the previous two equations, we get

frrtaaras (2) = f2(2) = /ng(z — x1) fi(@1)dmy

_ /R [ /R oz — 21 — ) fQ(xz)de] fulay)day

= /R/Rfs(z — 71 — x2) fa(x2) f1(71)dzody.

Following the same steps, it is straightforward to prove that, if the random

variables are discrete, then the probability function of the convolution is

frrmias(2) = f:(2) = D> > filz—y)faly — 2) fi(x), for = € H(Q),

y€y(2) z€21(2)
with z —y € 3(Q) and y — = € T2(2).

Alternatively,

frrriaras (2) = f2(2) = Z Z fa(z—z1—22) fo(x2) fi(21), for z € 2(2),

22€Z2(Q) £1€E1(N)
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with z — 21 — 29 € Z3().

Making the binomial expansion of [(f] — uj) + (p; — u)]k , we get

n=0

ijij [Zk: (i) (1= 1) (&~ uj)"]

-5 (32 (5) s e - ]).

(b) We can evaluate the formula obtained in (a) for k = 2 (please, do it!).

Alternatively, we can also perform a direct computation,

where
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Therefore,

0= pi (3 + 1)) =12 = p; (0F + 4 — 1),

J

where the last equality holds since > p; = 1.

4. (a) fz(w fo 3 (x4 xy)dy = 2z for x € (0,1) and fz(z) = 0, otherwise.

4 2
fily) = fo 3 (x + zy)de = 5(1 +y) for y € (0,1) and f;(y) = 0, otherwise.

Cov(z,7) = 0.

Clearly f;5(z,y) = fz(z)- f3(y) so that Z and § are independent and, thus,

Alternatively, you can compute

Lrtog 10
y) = ry=(z + zy)dedy = —,
/0/0 3( 27
! 2
// x+a:ydxdy—/x-2.rdm:§,
0

Loty L2 5
J :/ / yg(a:—l—a:y)dxdy:/ y-§(1+y)dy:§.
o Jo 0

Thus,

Cov (Z,7)

~B(#5) - E@E@) = o - (;g) —0,

M;z(t) =E (') = /01 e fz(x)dx = /01 e - 2xd.

The previous integral can be solved by parts by making F(z) = 2z and
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tx

g(x) = G'(x) = e so that f(z) = F'(x) =2 and G(x) = 67. Then,

1 tz1 1 tx tz1 tz1
Mz(t) = [ € 2zdw = 2 | — [ 2% dr =225 ] — |25
) tly Jo Tt t #2

0

2¢t 2t 2 B 2tet — 2et + 2

=T Ete- o rt#0
and Mz(0) = 1. Note that
0
t—0 0

and, from I'Hopital’s rule, we get

The derivative of Mj(t) is

2et det  4et 4 2t%el — 4tel +4et — 4
!
Mf(t):—t Ty +—t3 BT 3 for t # 0.
Therefore,
0
. !/ _ 2
%Lr% M (t) = 9

Let us apply 'Hopital’s rule,

212! 2! 2
lim M.(t) = lim —— = lim — = -.
t—0 t—0 3t2 t—0 3 3

(

(w, 2) = g(w,y) :




r=e" e (0,1)
(z,y) =g H(w,2) :

y=e""7*€(0,1)
Note that z =Inz —Iny = w — Iny. Since y € (0,1), then Iny € (—o0,0) and

—1Iny € (0,00) . Therefore,

z=Inzx—Ilny=w—Iny € (w,00).

Jy-1(w, 2) = = det J,-1(w, 2) = —e*7* <0

— |det J,-1]| = e2*

Then,

4 4
g(e“’ + eve? ) e = 3 (3% 4 et 2%) | for w € (—00,0), 2z € (w,00)

0, otherwise.

(d) The region of positive density for fg :(w,z) is C'U D:
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Marginal density fz(w) :

( 0y
/ 3 (e3w=% + M 2%) 4z = 2e* for w € (—o0,0)

0, otherwise
(

ol

Marginal density fz(z) :
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If 2 <0, then

If z > 0, then

7
Note that f;(0) = g and that the density is continuous (but not
differentiable) at z = 0. Thus,

5622 for 2 <0

3(2) =

1
9 (372 +4e*) for z > 0.
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25. (a) Marginal densities:

( 2
2z +y 1+ 2z )
dy = f 0,2
/0 12 Yy 6 11:6(7 )

0 otherwise.

( 2
ety y+2
dz fye (0,2

i(y) =

0 otherwise.

\

00 (e} 00 2
5:)—/ / xf(x,y)dxdy—/ xfi«(x)d:z:—/ xl—zzvdx—%.
—00 J —00 —o0 0
2
+2 10
/ / yf(z, yd:vdy—/ yfs(y )dy—/ nydy— 5
E(Z-9) / / xyfxyda:dy—//xy +yd:z:dy—;1

Cov(§) = E(5 ) ~ E@E() = 5 - (191 190) =5

Thus, since Cov(Z - §) # 0, the random variable Z and ¢ are not independent.

(b) If y € (0,2), then

2r +y
_fly) 12 204y
fag (T ly) = ) - U+2 T a(y+2) for z € (0,2)
6

and fz5(z|y) = 0 otherwise.
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Thus,

1
205 dr41

f¢|g(x|1/2):2(1 ) 0

for z € (0,2)
S 42

2
and fz5(2]1/2) = 0 otherwise.

. 2 4r+1 19
E(:c|y:1/2):/ox 10 dx:ﬁ.

(c)
x
—3y— =
2=3y -3
g:(z,y) — (z,2) :
r=ux € (0,2),
r=u1x¢€(0,2)
g7 (z@) — () :
= ( + x) € (0,2)
= — ya —
y 3 2 Y )
0 1 1 1
|Jy-1(2, x)| = det :'—§’:§.
1/3 1/6
Note that
1
§<z—|—§>6(0,2)<:>:c€(—2,z,12—22)<:>26(—g,6-§>.
Thus,
1
2x+—<z—|——> 1
foalz,x) = 312 2 5 0 €(0.2) and € (22,12 -22),
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which, after simplifying, becomes

1 13 .
_1082 + —216x if x € (0,2) and z € (—22,12 — 22)
ff,i(zax) =

0 otherwise.

The region where the density of the random vector (Z, %) is different from zero

is the interior of the following parallelogram, which is g((0,2) x (0,2)) :

X

.U

15717

To compute the marginal density f(z), we consider the following intervals

for 2 :

13 11 1 13
for z € (—1,0) :>/ (—z+—>da::——22+— + —
2z

108" 216 108 54" 108
for z € ( :/ z+ d ! z + 13
or z — — r = —Z —
1()8 216 o4 108
12—-2z
1 13 11 4 13
f 5,6 — it —g)dr=—2— 4 —
or z € (5, ):>/O (1082+216) T = 1087 3z+3
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Then,

(U LB <<

—_—— —_— [ 1 J—
108° " 547 T 108 =7
1 13
S =2 if0<s2<5
51 T 108 Hhses<
2(z) =

11, 4 13 .
22,0 f5<2<6
1082 3z+ 3 1 <z

\ 0 otherwise.

26.
dx

z

so that

z
z=cr+b<=z =

1
o

Cc

Note that the logistic and the three types of generalized extreme value

distributions have a density that can be written as
« z—ml" [z—m]"*
fi(x7ma87a):_h<|: :| 7|: :| >a
s s S
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where £ = «a = 1 for the logistic and generalized extreme value type
I distributions, ¥ = —a < 0 for the generalized extreme value type II
distribution, and & = «a > 0 for the generalized extreme value type III

distribution. Thus, if

T~ fz(z;m, s, a),
then the density of Z will be

z—>b Forz—ob k=1
m

fg(z;m,s,a) = Jz <Z—_bam7 S,O[)
C

([ [

Therefore, the random variable Z has the logistic, generalized extreme value

type I, type II or type III distributions with location parameter ¢m + b and

scale parameter cs > 0 and the shape parameter a remains the same.
Obviously, if ¢ = 1/s and b = —m/s, then the distributions become

standard as the density of Z would be
ah (zk,zk_l) = f3(%;0,1, ).
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27. (a) The density of @ is exponential with parameter equal to one,

e forw>0

0 otherwise.

z—m

Note that z = m — slnw € (—o00,0) <= w = e (5%) > 0. Then,
dw
dx

= le_<gc_sm>. Thus,
s

=e S e for all z € R.

fz(z) = fa <€_<%)) Z—:

Thus, the random variable & has the generalized extreme value type I

(or Gumbel) distribution distribution with location parameter m and scale

parameter s > 0, & ~ G(m,s). Conversely, if Z ~ G(m, s) then @& = e (557)
is exponential with parameter equal to 1.

(b) Since w; and w, are independent, their joint density is

e e %2 forw; > 0 and we >0
foon o (W1, w2) = f, (w1) far, (w2) =

0 otherwise.

The distribution function of Z = wy /W is
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where A = {(wy, wy) € R? |wy < 2w, } . Hence,

[e’e] zZw1 oo Zw1
F:(z) = / / e e "2 duwydw, = / e "1 [/ e‘“’deg} dw,
o Jo 0 0

— / e~ w1 [_e—wz}gwl dw1 — / 6—w1<1_e—zw1)dw1 — / (6—w1 i 6—(1+z)w1) dw1
0 0 0

—(142)w; T 1
= —e_“’1+e— =1- S for z > 0,
1+2z |, I+z 1+=z
and F;(z) =0 for z <0.
1
Therefore the density of Z is f;(z) = Fi(z) = ﬁ for z > 0, and
+z

f3(2) = 0 otherwise.

(c) Let § = ¥1 — Z5 and define the random variable G as

(j:g_(ml_mQ) :531—7711 _ (fz—m2>

S S

i (B (%) |

LTg—My

Let w; = e*( s ), i = 1,2. From part (a), since #; and T, have the
Gumbel distribution and are independent, @w; and wy are independent and
both have the exponential distribution with parameter equal to 1. Therefore,

from part (b), the random variable
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has the density function

0 otherwise,

Note that
_(acgfmz)
e S
q:ln<w> Zlnze(—oo,oo)<:>z:eq>0
e s
dz . ~ .
so that 0l = e?. Thus, the density of ¢ is
q

el e 4
falq) = fz(e?)e? = Tre) Ore 1(¢;0,1) for all ¢ € R.

where the third equality follows from multiplying the numerator and the
denominator by e™2¢ > 0. Thus, we have proved that ¢ has the standard
logistic distribution.

Since

— — 1
q:y (m1 = m>) so that ’@‘:—>0,
dy S

the density of § = &1 — T = sq + (my — my) is

faly) =

q = :l(%ml _m2a8>7

(ﬂ - (m1 — mg)) 1 €_<M)
f~ g y—(m3—mg) 2
S [1 + e_( s )]

which is the logistic density with location parameter m; — ms and scale

parameter s. We could omit this last step by just using the result of Exercise
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26.
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