Probability and Statistics. IDEA. Answers to List 4.

1. For this exercise, see https://brilliant.org/wiki/sum-of-n-n2-or-n3/ if you

are not familiar with the required formulae.
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2. For this exercise, see https://brilliant.org/wiki/geometric-progressions/ if
you are not familiar with the required formula.
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Note that Y r* = % for r # 1. Then,
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k

k
My (t) = E(e) = S e f(x) kz = Lef(l — ™) for t # 0,

1_t
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and Mz(0) = 1. Therefore, M;(t) is finite (and continuous) for all ¢ since the

support of Z is bounded above and below (please, check that liHéMj(t) =1).



Thus, the derivatives of all orders of M;(t) are also continuous.
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3. Let # = probability that he gets a correct answer in a single question.

8
P {he gets exactly four correct answers} = (4) 04 (1 — o).

Note that,
3
0 = ZP {choose ith answer} - P {ith answer is correct ‘choose ith answer}
i=1
111 o o 1
= 333 you can skip this step since it is obvious that 6 = 3)
i=1

1\ 72\*
P {he gets exactly four correct answers} = (i) (5) (g) = 0.1707.



4. Let ¢ = probability that each single selected component is without flaw in
each lot. This is the case when 6 is the proportion of flawless components in

a large lot.

(a)

6 =0.95  1—0b(20;20,0.95) =1—b(0;20,0.05) =1 — 0.3585 = 0.6415

(b)
0 =0.9, b(20;20,0.9) = b(0;20,0.1) = 0.1216

0 =038, b(20;20,0.8) = b(0;20,0.2) = 0.0115

0 =0.7, b(20;20,0.7) = b(0;20,0.3) = 0.0008.

5. See https://brilliant.org/wiki/geometric-progressions/ . Note thus that

dort = 7| < 1.
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when €'(1 — 0) < 1. Note that M;z(t) is finite in a neihborhood of ¢ = 0. More



precisely, Mz(t) is finite when 1 — e’(1 — #) > 0, i.e., when t < —In(1 — 0).

Note that —In(1 —6) >0 as 0 € (0,1].
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multinomial distribution:

9 3 3 1 9! ON* /3\2/3\*/1\°
f 4727370;97_a_7_a_ = a0l oA -— — —
1616’ 16’ 16 412131 \ 16 16 16 16

= 1260-9*-32.3%.167% = 0.02923.

7. To prove that

P{t<a+pf—a)}=p.



We use the fact that

f<x):ﬁ—oz’ fora <z < .

f (x)

1
b-a E
b X
Therefore
a+p(B—a) ) )
P{zt<a+pf—a)} = ﬁ—adx: T Mgﬂ)(ﬁ—a)
1 1
= g latp(B-a)-a}= o= {p(f - )} =p.

Note that the quantile function of the uniform distribution on («, [3) is

Q) =a+(B—a)p forpe(0,1),



which directly implies that P {7 < a + p(8 — a)} = p.

8. Setting a =0 and 5 =1,
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for —co <z < 0
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We make the change of variable v = 14+2% = g7 !(z) > 1, so that x = —/v — 1

for z € (—00,0) and x = +v/v — 1 for x € [0,00). Then, |¢'(v)| = _2\/% for



allv =1+ 22> 1.
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Therefore, 1] does not exist.

Note that we can directly see that the primitive (or antiderivative) of 7
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py = —[oo— (—o0)] —1=00—1= 0.

3| =

Hence, the second moment is infinite, and the variance does not exist since
i) (i-e., the mean of Z) does not exist. Note that a Cauchy random variable
does not belong to the L! space and, therefore, cannot belong to the L? space
either. In fact, in the class notes we have already shown that if E(Z) does not

exists (i.e., it is of the type co — 00), then E(7?) = co.

9. I~ f(x)= %e“”/(’, for > 0, with @ > 0, and f(z) = 0 elsewhere.

A f (X)

Q|-

- ging- p)
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1 1 [e /0 P
P{Z < —-0In(1—p)} = / ge_x/edx =3 [6_1/9}

0

— _ [671‘/9} (;Gln(l—P) — 1 _ e*%[*Hln(lfp)] _ 1 _ eln(lfp)

= 1-(-p)=p



10.

k
aa " for x > k
fley=4 7
0 elsewhere

with @ > 0 and & > 0.

f(x) &

o .
k

Note that the area under the density equals 1:

[e.e]

T Ozko‘ P —a— a x_a > Ie% —a « —«
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which is finite if and only if 7 — o < 0. Hence p/. is finite and equal to
a—r

if and only if r < .



11. (a) a =c=0,b>0,d > —b.

which is the density of the gamma distribution for z > 0, with % > —1, % > 0,
and D = eX is the constant which makes the area under the density equal to
one.

(b)a=c=d=0,b>0.

Inf() =~ + K = f(z) = 55 fa) = Deh,

which is the density of the exponential distribution for x > 0, with b > 0.

— _ d—1 d
(C)&—O,b——C,T<1,E>—1.

fllx)  d—ux d—z
f(x)  bxr—br2  ba(l —x)

— lnf(x):%/ﬁdx

Inf(z) = %/E%—f:ﬂda::%[dlnx—(d—l)ln(l—x)ﬁ—K
flz) = exp(lnx%—i—ln(l—x)%—l—[().

1—d

flz) = Dab(1-a)7v ,
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which is the density of the Beta distribution for = > 0 if each exponent is
greater than —1.

%l > —1 = the exponent of x is greater than —1, and

41 < 1 =>the exponent of (1 — z) is greater than —1.

(d)b=c=0;a>0.

which is the normal density when d = y, a = 02 > 0, and D = \/% 7= 21M.

12.

T
< wl

length(AB) = a.
length(AC) =length(C'B) = §.

11



T =length(AX).

T~ flr)=2%for0<z<a

T a

m™=P { (:ﬁ, a— T, %) will form a triangle}

The three segments with lengths {z1, 29, 23} will form a triangle if and only if

(21 + 2’2) > z3, (21 + 2'3) > Z9, and (2’2 + 23) > 2.

3
Therefore, if X lies in the interval (Z, Za)’ then a triangle can be formed:

12



13. &~ f(z) = e /% for z > 0 and f(z) = 0, otherwise.

for x > 0 and F(x) = 0, otherwise.

(a)
P{i>20}=1-F(20) =1— 1 —e 2% = ¢1/2 = 0.6065.

P{i <30} =F(30)=1-e30=1-0472 = 0.528.

13



(1)

F(x)

1 7T
0.6065<

1)

Ul
>0.528
1,/
i |
20 30

M (t) = e"w'w' + e*w" = ev {(w')2 + w"}
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M'{”<t> — e’ww/ |:<w/)2 + w//] + ew [2 (w/w/l) + w//l]

— e'UJ {(wl)?) + w/w// + 2w/wll + wl/l} — e’u} {(wl)3 _'_ 3wlwll + w/l/}

MV = e*u {(w')3 + 3w'w” + w”’} +e¥ {3 (w’)2 w” +3 (w”)2 + 3w

— v {(w/)4 + 6(w’)2 w" _|_4w/w/// +3 (w/1)2 +w1V}

= M;(0)=e"p=p
— Mg(o) :eo {#2_{_0_2} :#2_{_0_2

= MY'(0) = e’ {p® +3uc® + 0} = p® + 3uc”

= M;7(0)=¢" {u4 +61%0° +4 (- 0) +3(0%)" + 0} = ' +6p%0

Using the formula

15

/w/// + wIV}

21 30"



we get (check it!)

py = py — 3upy +2p° = (1° + 3puo®) = 3u (0 + p?) + 2u4°
= P (1-34+2)+ps*(3-3)=0
jg = iy — Apply + 62y — 3t
= (p*+6p20” +30") — 4p (1 + 3u0®) + 6p* (0> + 0°) — 3

= p*[1—4+6—-3]+p*0?[6 — 12+ 6] + 30* = 30*.

P{u—kza<i<,u+k‘0}:P{—k;<2<k;},where2:%NN(O,U.

(a)
Plu—o<i<ptol=P{-1<z<1}=2-03413 = 0.6826

(b)
P{ui—20<i<p+2)=P{-2<3<2)}=2.04772 = 0.9544

()

P{u—30<i<p+30}=P{-3<%<3}=2304987 =0.9974

16



(d)
P{u—40 <% <p+4ct = P{—4 <7 <4} =2-0.49997 = 0.99994

44.5 — 37.6

= 05—-P{0<z<15}=0.5-0.4332 = 0.0668.

3
f)

T T
376 445 X

35 — 37.6 37.6 — 35
P{# <35} = 0.5—P{T<2<0}:0.5—P{0<2<T}

— 05— P{0<Z<0565} =0.5—0.214 = 0.286.

17



f(x)

O
3537.6

(c)

30 — 37.6 40 376
P{30<a:~<40}:13{T : } { ; }

4
_ P{O<,§ 37.6 — 30} { cie 0— 376}

= P{0<z<1625}+P{0< 7 < 0.522} = 0.4507 + 0.1992

l\z

= 0.6499 =~ 0.65.

f(x)

T T
30 376 40 X

L. 0 01 012 )
17. (Z,y) ~ MN (0), , with 0% = 03 = 0 and 015 = 0 for
012 O'%

18



the circular case.

e "Ll for —co< T <00, —0<yYy <0
(27) oo

N

fx,y) =

2

_1|a22 92
PEE L <) = [ 5] ),
C

where C = {(z,y € R? |2? + y* < R?},

A

y

This integration is best carried out by transforming variables to work in polar

coordinates:

x =rcosf

=rsinf

P{#*+3§* <R} =P{r < R}:4//<27T1)026_;rr2rdrd0
0 0

Remark: r is the absolute value of the determinant of the Jacobian of the
transformation.

Let us now make the change of variable u = r2 > 0 < r = v'/? > 0.

19



dr 1
Thus, — = ~u"/2 >0
us, du 2u

w/2 R? /2 R2
2 u 1 2 u 1
P{F+7" <R} =—; / /e‘wul%u—l/?dude =— /e_wﬁdu d
0 o o Lo
w 1 R2 T2
T 252 2 2 2
:% —6122 /d0:z<1—6_2ﬂ;2>[9]3/2=g(1—6_2]?72)121—6_2}22
o P us s 2

(a) For 0 =12 and R = 6,

P P+ <36} =1—c a5 =1—¢ %2 =1_0.8825=0.1175

(b)
2 2 62
8 = 1l-¢e2? 5w =02———=1In(0.2
0.8 e 27 e 2 =02— 533 n(0.2),
® = —288In(0.2) = —288(—1.609) = 463.52,
c=21.53
18. (a) § = &1 + T2 + 13 , y ~N(E(9), Var (7))

E(?j) = gt Ho+ pz =2

Var (§) = o3+ 03+ 03+ 2013 + 2013 + 2093 = 20
3—2
P{j<3} = P{zgﬁ} = P{#<0.223} = N(0.223)

= 054+ P{0<2<0.223} = 0.5+ 0.088 = 0.588.

20



(b) Recall that, if we partition the mean vector and the variance covariance

matrix, we get

1 9 1 | 1

0 1 3 | 1
/"L = R 2 =

1 11 | 2

=
=]
~~
—~
=
T
=
Nl
_|
=
w
I
o
—
|
Nej
—
|
VRS
—_ =
N~
[N}

L
VRS
[a—

[a—y
N
I
7 N >
SIS
N
MMl
>

N |—=
N Ut

1 1 T S N
fousng (o1220) = ——exp (5 (o= )57 - )
2m) |87
1 5 _L
where 7 = (21, 22) € R, "2)2 = (21)Y/2 = 4.5826, and X! = 2 2
117
T4z 42

(¢) Note that the vector (Z,75)' is multivariate normal since it is an affine

. . . ~ ~ ~ N\ T
transformation of the multivariate normal vector (Z1, Zq, Z3)

71

Z a 1 0
= ‘%2

T3 0 01
T3

Then, we use the fact that, under multivariate normality and Cov (Z,73) = 0 <

21



Z and T3 are independent normal random variables.

Cov (2,73) = E(2 - &3) — E(2) - E (Z3)

E(Z-23) = E((aZy+ &3) - &3) = aE (%1 - T3) + E (22 - 3)
= a(ow+ pps) + (023 + piapz) = a(l+1) + (1+0)

= 2a+1

E(2) = E(aZ1 + I2) = apy + py = a

E(Z3) = ps =1

Cov(2,73) =2a+1—-a=a+1=0a=—1

Alternatively,

Cov (2,23) = Cov(aZy + Ta,Z3) = aCov (T1,Z3) + Cov (T2, T3)

= a+1=0&a=-1

19. Moment-generating function of Z (note that k is a strictly positive integer):

Mi(t) =) eb* (w1, 0) = e (i - D 0k (1 — g)**

22



Make the change of variable y = x — k so that

Mz(t) = Z““’“)(ny )9’“(1 0)Y = (fe' ’“i(k“rl) [(1—0)e'])

y=0 y=

From part (d) of Exercise 6 of List 1:
—k E+y—1 k+y—1 —k
:_11/ :_1y
()= () = () = ()

=) S () - oy

= Qet)kg(_yk) [—(1—0)e".

From Part (f) of Exercise 6 of List 1:

o0

(14 2)" = Z(a> z¥, for all o and z real with |z| < 1.
Y

y=0

Note that (1 — 6)e' < 1 when ¢t < —In(1 — ). Therefore, making o« = —k and

—(1—0)e’, we get

_ fet i
thzétkl—l—Htk: _ for t < —1In(1 —0).
Alternatively, we can obtain the moment-generating function of the Pascal
(or negative binomial) distribution by just observing that a Pascal random
variable  with the parameters k£ and 6 is the sum of k geometric random
variables 7; with the parameter 6, T = Zle Z;. This is so because Z; is the

number of independent trials needed to get one success and, thus, Zle T; is

23



the number of trials needed to get k successes. Therefore, since the random
variables 71, Zo, ..., T) are independent, M;(t) = Hle M3, (t). Moreover, from
Exercise 5 of this list we know that the moment-generating function of a

geometric random variable z; is

He!

fort <—In(1-0), i=1,2,...,k.

Therefore,

¢ k
M(t) = TTh, Mz, (t) = (ﬁ) , fort < —In(1 —#0).

We can now compute the mean of the Pascal distribution:

ML) = k(0e) 0t (1—(1—0)e) "

+ (0 (=) (1= =0)e) T (= (1—0)).

po= MLO) = k0" '007F + 0F (k)" (— (1 - 0))

1—6 k
= k+k0'QA-0O=k(1+— ) =—.
+ ( ) (+ 7 > 0

20. (a) Geometric distribution

0 =051, v = 4.

g(z,0) = 0(1-0)""

= (0.51)(0.49)* = 0.06

24



(b) Pascal distribution

0 =051, k=2, 1=4.

b (x, k, 0) = (”” - 1) 0 (1 — )"k = G’) (0.51)2(0.49)2 = 0.187

k—1
(c)
2 2
E(Z) = - = — = 3.92157
() =5 = 0m1
21. (a)
( 1 1 ©0 1
Ze27 fe’indy ifr<0
™ 0
#(z) =
1 _ 1.2 9 _ 1,2 .
—e2® [ e 2Vdy ifxz>0
7T —Oo0
Since
0o 0
/6—;t2dt _ /e_éﬁdt _ E7
2
0 —00
we have
1 1.2 Y 1 1.2
s(x)=—e27, /= = e 2" for —oco< <00
o) = = \@ -
Equivalently,
1 10
A(y) = e 2¥Y for —oco <y <0

— 7~ N(0,1) and § ~ N(0,1).

(b) Let x > 0 and y > 0 = f(z,y) = 0 and fz(z) > 0, fz(y) > 0.

25



Therefore,

flx,y) # fa(x) - f3(y)

for a set with positive Lebesgue measure

<= 7 and y are not independent.

(¢) (#,9) is not multivariate normally distributed, since f(x,y) = 0 in
some set with positive Lebesgue measure, while a multivariate normal density
is positive for all (z,y) € R2

While multivariate normality of (Z,7) implies normality of both Z and g,
normality of both Z and § does not imply multivariate normality of the vector

(Z,7), as can be seen in this example.

22. (a) The region A is

Vv
A

y=x (45" = %radians)

R 4

By changing to polar coordinates,
P 3 1 19
/k(m2+y2)1/2d(x,y) - k// rordrdd = k / r2dr / a0 | = k=L
2 0 2 2 0 12

26



12
We have to choose k such that the above integral equals 1. Thus, k£ = Ton
0

(b) Similarly,

T 4 4 T
/k(x2+y2)”2d(x,y> = k;/ / rordrdd = k </ rzdr) (/ d9) S L
4 o J3 3 0 3

3
Thus, k = ——.
WS B e

23. (a) Using the change to polar coordinates,

T = scosf
= s’ :x2—i—y2,

Yy = ssinf
and noticing that s is the absolute value of the determinant of the Jacobian of

the transformation, we get

/d(:v,y) :/1d(.7:,y): [/OTsds} - Mzﬂde} :?%:W.

C C

This double integral gives us the area of a circle since we are integrating the
constant 1 over the circle so that the volume is equal to the area.

2 we define

(b) Using the equation of a circumference, x*> + y*> = r
y=f(z)=(r*-— x2)l/ ? and we find the area of a quarter of circle multiplied

by 4 as folllows:



We now make the change of variable © = g(«) = rsina for z € (0,r) <

a € (0,7/2) <= sina € (0,1). Then

d
% = ¢'(a) =rcosa > 0.

The inequality comes from the fact that o € (0,7/2), which implies that

cosa > 0.

1/2
. . 1/2
=4 / <r2 — r?sin? a) 19 ()] da = 4 / (r* — r?sin® o) " r (cos a) da

(0,7/2) w2 (0,7/2)

w/2
= 4r? / (1 —sin® 04)1/2 (cos a) da = 4r? / (cos® a) dav
—— 0

(0,7/2) cos? o
m . /2
= 47’2/ Sl CO—S(Qa)dOé — 42 [ﬁr/z + sin(2a) / SR K—
; 2 210 1, 1
———_———

24. Changing to polar coordinates:

L[ e o 11 276
— [/ e " rdr} {/ d@] = —= [—e_r ] c2m)=1—¢e%
T | Jo 0 T 2 0

Thus, the volume equals to 1 — e =36,

25. (a) Multinomial distribution, with parameters n =10, 6, =045,

28



‘92 =0.43 y 03 = 0.08 y 84 = 004, SO

10!

sy (O 45)® (0.43)* (0.08)* (0.04)" = 0.01052.

f<37 47 27 17 n, 81’ 027 937 94)

(b) We have 7 possible disjoint events satisfying the desired property:

A = At least one of them is 0,

B = All of them are AB,

C = Two of them are AB and the other is neither 0 nor AB (that is, the
other is either A or B),

D = Two of them are A and the other is AB,

E = Two of them are B and the other is AB,

F = All of them are A,

G = All of them are B.

3l

P(4) =1~ 2 (0.55)°,
3!
P(B) = 55 (0.04)°,
P(C) = 1?2, (0.04)0.51,
(D) = 1?2‘ (0.43)%0.04,
(E) = 1?2' (0.08)%0.04,
(F) = o (043)°
3!
P(G) = 5 (0 08)° .

29



Therefore,
P {success} = P(A)+P(B)+P(C)+P(D)+ P (E)+ P(F)+ P(G) = 0.93911.
(c) Geometric distribution with parameter = 0.04,
P{z =5} =(0.96)"-0.04 = 0.033974.

26. (a) Using the multivariate hypergeometric distribution:

(5)

(b) Using the multinomial distribution:

5! 7\ / 3\ /2)\"
= (=) (=2) (£) =o0.1241.
m2m!(12) (12) (12)

(c) Obvious. Since the extractions are with replacement in part (b), the
outcome of every extraction does not affect the probabilities of the outcomes
of the other extractions. Therefore, we are facing 5 independent and identical

trials. This is not so in part (a).
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Then, changing to polar coordinates,

27 e’}
M = / / e rdrdd.
0 0

2

)

2m 00 ,—s 1 2m oo 1 2m
M = / / dsdf = —/ / [—e™®], db = —/ 1df = .
0 0 2 2 0 0 2 0

Hence, [ e dx = s eV’ dy = /M = /7.

Now, make a new change of variable, s = r

(b) Since e~*” is a symmetric function with respect to 0, we get fooo e dr = ‘/TE

28. (a) Note that, if the vector (Z,7) were multivariate normal, then

P{s+j=0}= / n(z,y)d(z,y) = 0. (+)

where n(z,y) is the density of the multivariate normal distribution of the
random vector (Z,7) and A = {(z,y) € R*|z+y =0} . The second equality
in (x) follows from the fact that A is a set with zero Lebesgue measure in R?.

However, 2+ § = 2+ 2% = 2 (1 + Z). Therefore, Z + ¢ = 0 if and only if

either the event {Z = 0} or the event {Z = —1} or both occur. Therefore,
P{Zz+g=0}=P({z=0}u{z=-1})

—PE=0}+P{i=-1}-P{z=0}n{i=-1})

:p{5:0}+P{5::—1}—P{2:0}~P{a§:—1}:0+%—0-%:%,

31



which is a contradiction with (x). Note that the third equality in the previous
expression follows from the independence between z and Z, which implies that
P{z=0}n{z=-1})=P{2=0}-P{z = —1}. Therefore, the vector (2, 7)
cannot be multivariate normal.

(b) Use the theorem of total probability to get

= P{Esyli=1 45 P{-F<yli=-1}
=S PGSty P{miSyb =5 PESy 5 PESy)
= P{Z <y} =N(y), ()

where N(-) is the standard normal distribution function. Note that the second

equality in the previous expression follows since y = Z when z =1 and §y = —2
when £ = —1. The third equality follows from the independence between Z and
z. The fourth equality follows since P {—2 <y} = P{Z > —y} = P{Z <y},
that is, Z and —Z have the same standard normal distribution. The last equality

in (sx) follows from the standard normality of Z.

(c)
Cov(z,9) =E(z-9) -E(2)-E(@) =E(2-9) -0-0=E(E(z-7(|7))
=P{i=1}E(2*) + P{t =-1}E(-%*) =
:%-Var(é) _ %Var(é) :%-1—
(d) Since % € [0,1/2) implies that § = & € (—1/2,1/2), then {7 > 1} N {Z € [0,1/2)} = 0.
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Therefore, P ({g > 1} N{z € [0,1/2)}) = P (0) = 0. However,

0=P({§>11Nn{Ze(0,1/2)£P{j>1}-P{Z€[0,1/2)} >0

since P{y > 1} > 0and P{Z € [0,1/2)} > 0 due to the normality of § and Z.

29.

5 le(OéﬂLﬁ)xa_l e — IF(OH'ﬁ)xa AN
8 = [ om0 = [ a0

(1 —z) d

:/1 F(a+B)T (a+ 1T (a+1+6)
o D@D (BT (a+ 1) (a+1+p)

_T@+B)l(a+1) /1 L(a+14p)
ST ()T (a+1+p) o T'(a+1)T(B)

~~

=1

(1 —2) de.

since it is the area under the beta density

with parameters o + 1 and (3

Then, using the properties of the gamma function I'; we get

I'(a+1)
I‘(Oz+5)F(a+1): F(a+p) a-T(a) _
F'(a)T'(a+1+0) F(a)-£a+ﬂ)~f’(a—|—ﬁ) a+ 8
T(a+143)
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30. Making the change to polar coordinates,

[ ttten =2 [ [ sl [ [ ] < [ L) -

31. Let 0 be the smaller positive angle (with vertex at the center of the
circumference) that separates the two points on the circumference. Then, the
distance between the two points is 27 sin (g) (think about it!). The expected

distance is E [27‘ sin <Q>] =2rE [sin <g)} . Clearly,

2

— for0<fb<m
T

0 otherwise.

That is, the distribution of the angle 6 is obviously absolutely continuous and
uniform on (0, 7).

Then,

2rE |sin Q —27"/ lsin Q d@z% —2cos Q :4—T.
2 o T 2 m 2/, m

32. Since the standard normal density is symmetric around zero, we have

P{z>0b} = P{zZ < —b}. Moreover, from the result in part (a) of Exercise 33
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of List 3, we have

Ms(t) /2
P{zzb}g%:% for all b € R and all ¢ > 0.

Consider a b non-negative and make t = b > 0 in the previous expression so

that

33. (a) We use the multivariate hypergeometric distribution:

h(2,2,0;4,6,3,2,1):M:1

6

(b) We use the multinomial distribution:

4 1N\ /1\2/1\° 1
2.2.0:4,1/2.1/3.1/6) = —— | = Py 6l T @
m(2,2,0;4,1/2,1/3,1/6) 2!2!0!(2) (3) (6> 6

34. Since

then
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and
e—(f) e—z/s

] [1 +€—(z)r T s(lqeels)

l(m+x;m,s) =

Let us check that [(m — z,m,s) =1l(m + z,m, s), i.e.,

em/s e—m/s

s(1+ev/s)”  s(1+eo/s)

s /s (1 + e_“/s)z = e /5 (1 + ez/s)Q
— eac/s (1 + 6—21’/8 + 26—:{:/5) _ e—x/s (1 + 62:1:/5 + 26:{:/5)
= P p e L9 = e et 42,

which is what we wanted to check.
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