Probability and Statistics. IDEA. Answers to List 3.
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Remark: The paradox is that the price a person would be willing to pay to
play this game is limited, but the player’s expected gain is infinite. Nicolas
Bernoulli posed this paradox and his cousin Daniel Bernoulli resolved it by
assuming that individuals are "risk averse". For instance, if the Bernoulli

utility function w is logarithmic, the "expected utility" of this game for an



individual with an initial wealth of $10, 000 will be

E [4(10000 + 2%)] = E [In(10000 + 2%)] = i K%) ) In (10000 + 2“6)} =9.2118.

r=1

In order to find the maximum amount this individual is willing to pay to play
this game, we solve for r in the following equation:
- 2 [/1\"
E [u(10000 + 27 — )] =) K—) In (10000 + 2% — r)] = In (10000)

2

r=1

to get r = $14.24.

If the initial wealth of the individual were $1, 000, 000, he will be willing to
pay at most $20.87 (check it).

If the initial wealth of the individual were $1,000 dollars, he will be willing
to pay at most $10.95 (check it).

If the initial wealth of the individual were $100 dollars, he will be willing
to pay at most $7.79 (check it).

This numbers agree with the famous Canadian philosopher Tan Hacking

when he said "few of us would pay even $25 to enter such a game".

3. Taking into account that the probability that the game never finishes is
zero, define 7w as the probability that Adams will win all the money:

m = P{Adams will win all the money}

1 — 7 = P{Smith will win all the money}

b = Payoff to Adams if he wins the game

—a = Payoff to Adams if he loses the game.



The expected payoff to Adams is

E(Z) = 0=nb+(1—7m)(—a)=n(b+a) —a=

b
1l—m= .
b—i—aand "Thta

7b+a) = a= 7=

What does this suggest about you being able to break the bank at Monte

Carlo?

u—/de—/ idPJr/ ZdP.
Q {#>a} {&<a}

/ xdP > 0
{z<a}

Since £ > 0, then

S uZ/ deZ/ adP:a/ dP
{#>a} {#>a} {#>a}
N dP = P{i > a}.
a {z>a} N—
— =Pz[a,00)
_f[a o) dPs(z)

5. To get the Moment-Generating Function of z:

o0

B() =Yoo (3) - 22 @)

=1

If (%) < 1 (or, equivalently, if ¢ < In 3), then by the property of the geometric



series

Hence,

=3 tfort<ln3
—e

and

M (t) = 2[e'(3 — )" + /(3 — ¢) P (—1)(—¢")].

Evaluating it at ¢ = 0

M70)=2[3-1)"+13 -1 +2-1[-B - 1) (-1)+13-1)7"
11 1 1 1] 3 3
(=23 -1D3(=1)=2|=4+=-|+2|=+=4+=| ==+ =3.
+1(=2)(3 - 1)7°(—-1) [2+41+ [4+4+4} 5ty =3
Thus, u5 = 3.
2
Finally,az—ug—(u’l)2_3—(g) _%

Observe how awkward would be to get the moments by direct computation.



6. The moment-generating function of Z is given by:

for t # 0.

et 1 et — 1
0

M;(t) = E(e') = flem ldx = [T =-[e-1] =
0
Moreover, M;(0) = E(1) = 1, which holds for all random variables. Therefore,
M;(t) is finite in a neighborhood of ¢t = 0.
Note that Mz(t) is continuous at 0 since Mz(0) =1 = Pn&Mj(t), as follows
from L’Hopital’s rule.

Then, all the derivatives of M;(t) are continuous at ¢ = 0. To get u} we

need to find MZ(0),

el el—1 te! —et +1
M(t)=—4+——(-1)= ——.
)=+ (- =
Evaluating it at ¢ = 0 we get that
0
ML(0) = =
10) =5
is indeterminate, hence we should look for 11n(1]M;,(t) According to

L’Hopital’s rule, if g(x) = % and both lim u(z) =0 and lim v(z) = 0 then

r—x* r—x*
"(z)

lim g(r) = lim z,(m). Then, since u/'(t) = te' and v'(t) = 2t

r—x*

tet et

1
. / BT RS co_ /
Mz (1) = lmor = lms =3 =m

To get p}, we look for MZ(0):

t2et — 2tel + 2et — 2
t3

ME(t) =



and

0
MZ(0) = =
Z‘( ) 07

which is indeterminate. To find PI%MJQ’ (t) we use L’Hopital’s rule once again.

2tet + t2et — 2et — 2tet + 2et

ImM(t) = lim

t—0 t—0 3t2
t2et et
= lim— =lim— = = = puj,
t—0 3t2 t—0 3 3

and

Rs(t) = In M (1)

1

Ri(t) = mMé(t)

Since Mjz(t) evaluated at ¢ = 0 is equal to 1

R4(0) = £ M4(0) =

B = JEa+ Apg DM
_ [M}(t)]? {Ma(6)ML(r) — [M(0))?)



Evaluating at t =0

RA0) = 1 {1 M) - MO}

= M(0) — [Mz(0)]* = py — (n)? = 0°.
To find the mean and the variance of Z:

Mi(t) = 4

RL(t) = 4¢'
RI(t) = 4e'
p=R5(0) =4

ML(t) = et2/2% = te!'/?
N 2

MZ(t) = /% 4 et/ <§) = /2 4 22
: 2



Hence,

p=M;(0)=0
and
o?=MI0)—p>=1-0=1
9. (a)
py = 2:4—3-9+4-3=-7
or
4
,ug:aTu:(Q -3 4) 9 | =-7
3
02 = 402 4902 +16-02. —2-6-05,3, +2-8-05.5. —2-12- 0.2
Yy x] xr2 3 r1T2 r1x3 r2x3

— 4.349-5416-7—2-6-1+2-8-(=3)—2-12-(=2) = 157

or
3 1 -3
0?23 = ozTZoz, where ¥ = 1 5 —92
-3 -2 7



p; = 1-442-9-1-3=19
or
4
pr=a'p=(12 1) o [=19
3
o: = U%l+4-0§2+0§3+2-2~05515€2—2~1'051§;3—2-2~a5529~63

= 344-54742-2-1—-2-1-(=3)—2-2-(-2) =48

or
3 1 -3
o2=a'Ya, whereX=| 1 5 _2
-3 -2 7



we first compute

3!
=
\N/z
|
D\w

1
/ (3x + 4y (x + y)dxdy
0
2

1

W =

/ (322 4 Tzy + 4y?)dxdy
0

[ 23 22 !
3+ T—y+4xy?| d
3 + 2y+ xyL y

W =

Il
W |
O\M O\N O\

2

7
1+—y+4y2]dy

1 7y2 y32
= - AL
3{y+22+ ;
1 32] 59
= 24T+ =2
3{+ - } 9

Second, we compute

B(z?) — % / / (32 + dy)*(z + y)dady

1
= g//9x2+24$y+16y2)(x+y)dxdy
0 0

1 xt x3 ZL‘22 3 !
= - — — 40— 1 d
3/_94+333y+ 02y+6yx}0y
0

1 (9
= 5/ Z+11y+20y2+16y3} dy

0
9 y? y® y'?
“y+ 112 1204 4162
[4?“ o T T
9
2

160
+22+—+64] =

1[863] 863
3 3 N

6 18"
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Then,

Var() = Var(3) = B(22) — (B(2))? = o0 <@)

18\ 9
863 3481 7767 — 6962 805
18 81 162 1627

11. P(H) =04
Head in the toss ¢: Z; =1
Tail in the toss i: 2; =0

Probability function of z; :

where

Il
&3
— —~ —
L
— o
SN—
+
g3
o
N
[\
S~—
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where the last inequality follows from the independency between T; and Z,.

Since

E(#}) = 1:04+0*-0.6=04
E(#) = E(@)=1-04+0-06=04
E(Z-w) = 0.4+ (0.4)* = 0.56.

Using the fact that

E(2) =E (%) =04
— E(2)E(@) = 0.32.
E () = E (%) +E(f) =2 (0.4) = 0.8

Hence,

Cov(Z, @) = B(Z - @) — E(3)E(@) = 0.56 — 0.32 = 0.24.

12.

Outcome | s; | Prob | Outcome | sy | Prob || Outcome | s;3 | Prob

Tails 0| 1/2 Not6 | 0| 5/6 | Not Ace | 0 | 12/13

Heads | 1| 1/2 6 1] 1/6 Ace | 1| 1/13

12



(a) Z = 81 + 53 + S3, where the §;’s are independent.

E(Z) = E(31) +E(52) + E(83) = ps, + pg, + 15,
Var(Z) = Var(s;) + Var(s;) + Var(3;) = 02, + 03, + 02,
E()=0-14+1-1=1 " E@E)=0 1+1%
E(3)=0-2+1-1=1 " E(3})=024+12.
E(33)=0-2+1 L=, E@) =0 2+1%
Then
2
/'1/51:%7 051:%_(%) :}L’
2 5
M§2:%7 O%z:%_(%) — 367
1\2 _ 12
Hzy = 1_13’ 023 = 1L3 - (1_3) 169"
Hence
1 1 1 58
s=—+ -4+ —=—=0.743
Pe= 5 6T 377
and
1 5 12
Z)=-+—+—=0.46
Var(2) 1 + 36 + 169
Then
;> =0.743
and

o: = (0.46)"? = 0.678.

(b) W = 811 + 312 + 813 + 821 + S0 + 83

Mgy =

1+1+1+1+1+1—191
2 2 2 6 6 13

13



and

1 1 1 5 5 12
Var(@) = - 2 L2 2% 10988
ar() =7+ 7+ 7+ 35 36 T 169

Then,
5 =101
and
oo = (1.0988)"% = 1.0482.
13. (a)
2z+2y) for0<z<1l,0<y<l1
fla,y) =
0 elsewhere
%) 1

1
(x + 2y)dx = 5(1 + 4y)

\
Kﬁ
B
@
||

—

[GLR N

for 0 <y <1, and f;(y) = 0 elsewhere.

Therefore, if 0 <y < 1,

(z+2y) 2z+4y
(1+4y) 1+4y

TR L)

Wl |win

for 0 < < 1, and fz5(x]y) = 0 elsewhere.

a1 (I

Then,

1
2

>_ 2z+1) for0<z<1

elsewhere

)

14



Thus

1
1 2
B(li=3) = [ 3o na=3
0
1 [ 7
E ~92 ~:_ — - 2 1 e
(x Y 2) /3x (v =19
0
—
1 1 1\7*
o — El#lg==)-IElili==
Var(ny 2> (a: 4 2) { (xy 2>}
_ T (Y1
BT 9/ 162
(b)
1 1
E (%) —//xg(:c+2y)dxdy— 9’
0 0
11 5 1
E(j) = (2 +2 =18
0 O
1 1
E (7 ﬂ)z//wy—(mﬁy)dmdy:‘
0 0
Therefore,

Cov (#,§) =E(&-5) ~E@E@) = 5 - (5) ‘ (%) “%

15



Note:

since

1 1 1

u/(—%)hﬂmﬁﬁpz—% /Ym$ﬁw%:/ﬂnwdy

o+ + 0+
1 1 1
—5 Y (n2)yly + [ylny — ylo.
N e N !

A B

1 1
—§[lnaj—1]:§[1—lnx], for 0 <z < 1.

A=(nz)-1—(Inz)-0=Inz.

B = [1-(In1)—1] - lim [ylny — y]

y—0F

= (0-1)- Llir& (yIny) — 0}

= —1—lim [ylny]=-1-0=—1,

by L’Hoépital’s rule

y—0F
lim [yny] = lim oY — =
m nyj = um —— = ——
y—0+ vy y—o+ 1 0o
oy oy :
lim = = lim =5 = lim (—y) =
y—0+ 1_J y—>0+y—2 y—0t

() = f(1-Inz) for0<z<1

elsewhere.

)

16



(b) Symmetrically,

f(1-Iny) for0<y<l1
a(y) =

0 elsewhere

Thus, if 0 <y < 1,
flz,y)  —3In(ay) Inz+Iny
Jai(zly) = = = — , forO<ax<1.
) = ) T Ty T 1oty
Therefore, if 0 <y < 1,
| |
—W for0<xz <1
Sap(aly) = Ty
0 elsewhere

f(:z:,y);fj(x)-fg(y),for l<r<l,0<y<l1

1 2 1 1
—=In(zy) = 5(1 —Inz)- 5(1 —Iny)

2
1 7 1
—§ln(a:y) = 1(1 —Inz—Iny+ (Inz)(Iny))
1 1 1 1 1 1
—§lnx—§lny;Z—Zlnx—l—llnyjtz(lnm)(lny)
0+ Sy lmed Iyt sy
3 Tamet iy + o (nw)(lny

<= 7 and y are not independent

17



1
B@) - |
o+
271
1
by parts — = {x—] — =
2
u=Inz, v=7%
u =1 V=2
1 1
= ———1(0-0
5o
_ 1, 1.3
4 8 8

(e)If0o<y<1,

E(z|

i=y)

1
I
1

_1—lny

rorl
/0+

1
1—Iny

. B(l—lnx)} dx:/oi

! Inz+Iny
chptelio = [ o (-5

0+

a:lna:da:—i—lny/

zln zdx

1 1
Tir — —/
2 2 0+

) as

1—1Iny
1

xdx
o+

1 r o271
+Iny —1

1
l1—Iny [

sl

B(z]y)

1

1—2Inj
1—Ing |~

1—2lny
1—1Iny

|

Obviously, E(Z|y) is measurable w.r.t the o-algebra generated by 7 since it is

a Borel measurable transformation of .

(f)

18



v

31

301
1 1 1
P{z >2y} = //f(:z:,y)dmdy = —5//1n(xy)dxdy = Z+§ln2 = 0.33664.
0 2y

0 2y

15. In this exercise, we are basically applying Bayes’ theorem to find the

conditional pdf/pmf of § given ¥; = x1, ..., T, = x,.

(a) The conditional density of g, given Ty = 1, ..., T, = Ty, is

. ~ T1y..., &
fyl(El ..... Qﬁn(y’ 1, I T'L) fjl .... jn(l’l’...,xn>

Jiirrin U, 1, Tn) = 9(Y) -+ [ dnlg(T15 s Tnly)

= g(y) - Hh(xi;y)-

19



Therefore,
f@(xl,'-.,xn)z/fg,om ,,,,, fn(yﬂfl,---,xn)dy:/ [g(y)-Hh(:ri;y)] dy > 0.
J :
Then,

E (g |j1 = I, ---ajn = xn) = /yfﬂﬂh ,,,,, fn(y|x1’ "'7:En)dy -

=

(b) The conditional probability function of g, given Z; = x4, ..., T, = x,, is

— fgvjl ----- j'n (y’ xl? vy xn)
fy|$1 ----- CCn(y|x17”~7In> - fjl 77777 j}n(xl’”"l’n) .

Since Zi,...,Z, are independent random variables with the same probability

function h(-;y),

f?]ﬁcl ----- in(yaxlw“axn) = g(y)ffm ,,,,, inlﬂ(ﬁlv“'?xnw)

= g - [[r=sv).
i=1
Therefore,

FETIC N CAP Z S50, Yy T15 o Tp) = Z lg(y)'Hh(xz‘;y)] > 0.

yEH(Q) yeF(Q) i=1

20



Then,

yeY(Q)
g(y)-lﬂlh(xl,y) > v-g9() - ITh(zi;y)
Z y i=1 yeG(2) i=1
A | s [g@)-nh(xum} > [g@)-nh(a:i;y)]
yeY(Q) i=1 yeF(Q) i=1
16. Since
B _P(AﬂBn)
P(Aly, = 1) = =5 p= VA € FVB,
and, thus,
_ P(A) .
P(Allg, =1) = PB,)’ VA e F with A C B,
E(i[lp, = 1) / L sap
e P(B.)"
Bn
=

S P(BIEG s, =1) = S P(B,) P(Zn) / #dP

n B,
= Z/idP:/de:E(j).
" Bn Q

17.

21



1 11—z 1
fy = E(f):/ / 2xdydr = =
o Jo 3
1 11—z 1
py; = E() = / / 2ydydr =
o Jo 3

1 11—z 1

E(z-g) = / / Qxydydmzﬁ

o Jo

2y = Cov(i,§) =B(i5) —B(D) BH) = = — 5 = =

18.
M;z(t) =E (") = Z e fx(x),

z€Z(Q)
where T = the number of black balls extracted in the second round. Let 3 the
number of black balls extracted in the first round. From the theorem of total

probability, we have

P{z=0}=P{g=0}-P{z=0lg=0}+P{g=1}-P{T =0y =1}



Similary,

P{i=1}=P{g=0} - P{T =1l =0} + P{g=1} - P{Z=1[g =1}

_2[(32 N 2 3 +33_15
 5|\54 5 4 55 25

and

P{t =2} =P{g=0}-P{z=2]5 =0} + P{g=1} - P{Z=2[g=1}

Vv
=0

- 7 15 3 1
= t) = E tT\ __ t-0 t-1 t-2 — 7 15 t 3 2t )
M (t) (") gr¢ " T opd Foee —25( + 15¢" + 3e*)

19. Obviously,

Mz(t) = E(e¥) = Z e f(k) =p+epg+edp+eddp+ ...
k=0

— [(etq)o + (')’ + (da)” + .. ] = 1%@’

when e'q < 1, that is, when ¢t < —Ing. Note that —Ing > 0 since ¢ € (0,1).

Therefore, M;(t) is finite in a neighborhood of ¢t = 0.

23



Note that

since p +q = 1.
The following graph shows the moment generation function for p = 0.4,
qg=1—p=0.6. We see that it is finite for ¢ < —1n 0.6 = 0.5108. The function

has an asymptote at t = —1n 0.6 = 0.5108.

M

T N T N T N T N
-0.7 -06 -05 -04 -03 -02 -01 00 01 02 03 04 05 06 07

20. We know that

2 3
v — vy . v
R TR
Therefore,
17 oy 12 g 3
M;(t) = E(e ):E(1)+E(9:)t+E(9:)§+E(x)i+,,_

24



Since E (ik) = k, we have

i 2t
E (e ):1+t+2§+3§+...
2 t3 ! t
Lt + 884 5t gt = 1t

21. We know that M3(0) = E (e°) = 1 for all . However, g(0) = 4, thus g(¢)

can not be a moment-generating function.

M;(t) = poe® + pre + pae® = po + pre’ + pae®,

with po =1 —pg — p1.
(b)

Mi(t) = pre’ + 2ppe™,

and, thus,

E(@) = M,(0)=p1+2p2=p1+2(1 —po—p1) =2 — 2py — p1.

(c)
MZ(t) = pre' + 4pye®

25



and, thus,

E(7%) = MZ(0) =py +4py =p1 +4(1 —po — p1) = 4 — 4dpy — 3y

(d)

Var() = B(#%) — [E(@)]" =4~ 4po —3p1 — (2= 2po — p1)°

= 4py — 4p; — 4pop1 + p1 — Pi.

23. (a) k+ 5+ 5 =4k Thus, k= L.

(b) Mz(t) = E (eti) = ﬁe + 116 2t 4 2 = et

() My(t) = et + e + e, B(3) = My(0) = 1.

T 11

M”( ) — 36

(
M(t) = 1" + f7e* + 1e*, E(3%) = -
M (t) = Set + B¢ 4 1263 E (3) = M;" (0) = 2 = 19.636.
~ ~ ~ 2
(d) Var () =E(#?) - [E(#)]* = 2 — ()" = 2 = 0.595.

(e) Var () = Var (37% + 4) = 9Var (z?) = 9 [E (#) — [E (#2))°
—9 [216 (36)2} _ 9720 _ g0 331,

11 121

fell /]f|pdu<oo.
Q

Let us consider just the non-trivial case where s > r > 0. Thus,

Juran= [ praws [ gfraes [ [y
Q {lr"<1} {117 =1} A" <1} {117 =1}

26



SM{W€Q||f(w)|T<1}+/ |f|8du+/ I du
{If|">1} {|f]"<1}

+/|f|5du<oo
Q

since the first term is finite because p is finite and the second term is finite

because f € L°.
(b)

/|f(m)|d$:/ 1d:):z/ v dr =
R [1,00) T 1

lim [Inz]} = lim (Inb) —0=o00 = f ¢ L',

b—o0 b—o0

/R\f(a:)lzdxz/loo)x—d:c—/looxzdx

[ 11° )
= lim [—} = lim [——] =0—-(-1)=1= fel=

b—oo 1 b—oo T4

This example does not contradict the result in (a) since the Lebesgue

measure on (R, B) is not finite (it is just o-finite).

25. (a) If x € (0,1) and y € (0,1), then

_8(7y
F(z,y) // x—i—y dydx 5<2 3)

27



Moreover, F (z,y) = F (z,1) if y > 1, F (z,y) = F' (1,y) if x > 1. Therefore,

0, ifx<0ory<0
g(w2y+x—), if z € (0,1) and y € (0,1)
F(z,y) = g(giJrg), if € (0,1) and y > 1
g<%+§>, ifz>1andye€ (0,1)

1, ifr>1andy>1,

2
%;;;y)zg(x—i-y?) if x € (0,1) and y € (0,1),

and 82;:—(62’1’) = 0 if (x, y) lies in the interior of the complement of (0,1) x (0, 1),

which is the complement of [0, 1] x [0, 1]. Note that the boundary of (0, 1)x(0,1)

has zero Lebesgue measure in R?
(b)
L6 ) 3. .
W= [ )= @7 +1) ifye ©.1),
0

and f; (y) = 0 otherwise.

=
1 11
<@G>:E

and

28



( 1
g<x+§) for x € (0,1)

0, otherwise
\

;

oo

(SC—F%) B 18z + 2
1L 11

1 15
-

0, otherwise.

for x € (0,1)

29



26. (a) fi5::7(Q) xg(Q) x2(Q) —[0,1],
(1 fr=1,y=0,z=1

1 ifr=1,y=0,2=
1 if 1 0 0
- ifzx= =0,z =
4 7y )
1 .

fegz(w,y,2) = 1 ifr=0,y=1,2=1
L if 0 1 0
- ifz= =1z=
4 7y )
0 otherwise.

ifr=1y=0

ff,g(ﬂﬁ,y) =

ifr=0y=1

0 otherwise,

30



(1
- ifex=12=1
; s , 2
1
1 ifr=1,2=0
faz(@,2) =
1
1 ifr=02=1
1
\ Z 1f$:O,Z:0,
(1
1 ify=0,2=1
1
fﬂ,%(yaz):
1
1 ify=1,2=1
.
W ify=1,2=0.
Finally,
(1
— ifx=1
2
3(z) =
I .
| 3 if x =0,
(1
3(y) =
1.
| 3 ify=0,

31



ifz=1

1

The following tables summarize the joint probability functions and the

corresponding marginal probability functions:

y\z || 0 1

0 | o |1/2]1/2

1 || 1/2] 0 || 1/2

1/2 | 1/2

0 |1/4|1/41/2

1| 174 ] 1/4] 1/2

1/2 | 1/2

2\y || O 1

0 ||1/4]1/4|1/2

1 | 1/4|1/4] 1/2

1/2 | 1/2

We see that 7 and g are not independent since, for instance,

N —
N | —
e

Fra(1,0) = 5 # fo(1) - f3(0) =

Moreover, & and Z are independent since fz:(z,z) = fz(x) - fz(2) for all

(z,2) € 7(Q) x 2(Q) = {0,1} x {0,1}.
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Finally, g and Z are also independent since f;:(y, 2) = f;(y) - fz(2) for all
(y,2) € g () x 2(€) ={0,1} x{0,1}.
()

N —
N —

Cov (Z,9) =E(z-9) —E(2)E(y) =0 -

Cov (Z, 2) = 0 (from independency) and Cov (¢, Z) = 0 (from independency).

27.

1
y=E(x—3)<—»x=Zy+3

A 4

(g k
(a) f35 foé( 9 kydydx = 3= 1= k=3
- Lig— 9 . 1ip 1
(b) E(z) = f35 fOQ( D x - 3ydyde = 3 E(g) = f35 foZ( Dy Bydyde = 3

(c) E(#) = [7 fj(’“"’?” 22 3ydyds = % so that Var(#) = E(#2)— [E(2)]* =

102 (9\* 3
5 2) 20

~ Lig— 3 ~ " 1
E(7?) = [y [247V 2 3ydyde = 1p o that Var(y) = E(7) — [E@)* =
3 (1\* 1
10 2/ 20
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23

1p 2 .
(d) E(z - g) = f35 f02( Dy - Sydyds = % so that Cov(z,q) = 0~

9 1\ _ 1
2 2/ 20

Cov(Z,7)

P Nar@) - /Var(y) ((

Since Cov(Z,7) # 0, then the random variables  and § are not

= 0.57735.

independent.

(¢)

f25y+3 3ydr =6y (1 —y) ify e (0,1)

5 (y) =

0 otherwise.

" (3 9
3 1-1 ifxe (5,5)
Jeg(x,3/4) =
\ 0 otherwise
o2)=03 (-9~
( fag(x,3/4)  9/4 9
e~ W< (39)
o (2 [3/4) =
\ 0 otherwise.
19

(g) E(@[g=3/4) fgx 2dr = .

(h) Var( [§ = 3/4) = E(2*|§ = 3/4) — [E(Z |§ = 3/4)]" = % N (%) N
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271
since B(72|§ = 3/4) = [5 2% - 2dz = TR
2

28. (a) The partition induced on Q by 7 is F(Z) = {{1,4},{3},{2,5},{6}}.
The o-algebra generated by the partition F'(Z) is the o-algebra induced on (2

by z,

F(z)={0,9,{1,4} ,{3},{2,5},{6},{1,3,4},{1,2,4,5},{1,4,6},{2,3,5},

{3,6},{2,5,6},{2,3,5,6},{1,2,4,5,6}, {1,3,4,6},{1,2,3,4,5}} .

=}

if we {1,4}

1 ifw=3

\)

ifwe {2,5}

3 if w=6;

\

G =1{0,9,{1},{2,3,4},{5,6},{1,2,3,4},{1,5,6},{2,3,4,5,6}};

Since

Pia=olyy = SR

pli—oyzsay) = PALAN{234) Py 1

P{2,3,4} - P{2,3,4} 3
Pia=0l(s0) = DO SO g,
Pia=1y =S RE 20 o

Pli—1|{234) = LU23ANEY  Pi3F ]

P{2,3,4} - P{2,3,4} 3
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Pli=1|{56}}= P({3}n{5,6}) P

PG.6) P
P2y = SEOED 2 o
o P({25)n{2,3.4}) P2} 1
P =2l234} = —Fp53 5 T P(2,3,4) 3
- P({25)n{56})  P{5} 1
PA=25.0L =—F 66 ~Pper 2
R
- _rP{6rn{2,3,4) PO
PEE=sl23 4 =—Fnsn ~pPpsn
o _pP{6rn{56})  pP{6r 1
PAZ=3I.6 = —F 56 ~Pper 2
then
(0 141-042:043-0=0 ifw=1
E(z]G) = 0é+1-%+2-§+3-o:1 if we {2,3,4}
\0~0+1.0+2-%+3-%:g if we {5,6}.
Since

P{izo}zp{1,4}:%,
PE=1}=P(3} =
P{i=2}=P{2,5}:%,

P{i=3}=P{6) =,
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then

1 1 1 1 4
E (3 —E(#)=0--4+1--49.= R
(Z|H) (Z)=0 3—1— 6+ 3—1-3 5= 3

forw e {1,2,3,4,5,6} = Q.

Note that, since,

1

P{1} = -
{} 67

1
P{2,3,4} = -,
2

1
P{5,6}=—
5.6} =3,

then

B(E(10)) =B(B@E|0)[H) =0 c+1- 540 =3 =B(E[H) =E().

37



zn: CiCOV (zm: bjgja i’z> = Z C; Z bjCOV (gj, jz) = Z Z bjCiCOV (gja IIEZ) .

i=1 j=1

Therefore,

E (Var (2]7)) + Var (E(Z|7)) = E (°) — [E (#)]? = Var (&) .

38



This relationship is called Eve’s law (EVE: Expectation-Variance-
Expectation.) In fact, it should be called Evve’s law since EVVE stands for
Expectation-Variance-Variance-Expectation.

(b) If Z and y are independent then E(Z|y) = E(z) and Var (Z|g) =
Var (7).

In this case, equality (ii) is also true,

E (Var (z|g)) = E(Var (Z)) = Var ()

since Var (Z) is a real number.

Equality (iv) is also true when Z and ¢ are independent. In this case,

since E (Z) is a real number. Moreover, we know that E (Var (Z)) = Var (%)

always holds. Therefore,

E (Var (z)) + Var (E (Z |g)) = Var () +0 = Var ().

Note that the equality (i) cannot be true in general since, if £ and § are
independent, then E (Z |§) = E (%) . In this case, Var (E (Z 7)) = Var (E (7)) =

0 since E () is a real number and, hence, Var (E (Z|7)) = 0 # Var (Z) > 0.



Note that

We already know that E[(Z — E(Z|7)) - h (§)] = 0 from (x) so that

Cov[(z —E(z]g)),h(y)] =0 (Elz —E(f 9)])-E[h(9)] =0

=0

since E[z—-E(z|7)]=E(@)-E[E((Z|y)=E(z)—-E(z)=0.

This result tells us that the prediction error for Z using the information
provided by ¢ should be uncorrelated with any function of §. Obviously, if
there is some correlation between the error # — E (Z|7) and h(y) then we

should use this correlation to improve our prediction about z.

31. (a) The partition induced on 2 by # is F(z) = {{1,2,3},{4,5},{6}}.
The o-algebra generated by the partition F'(Z) is the o-algebra induced on 2

by ,

F(z)={0,9,{1,2,3},{4,5},{6},{1,2,3,4,5},{1,2,3,6},{4,5,6}}

(b)
1 ifwe{1,2,3}

E@|F(@#)=7T=1 2 ifwe{4,5}
3 ifw=0¢6;

G ={0,9,{1,2},{3,4},{5,6},{1,2,3,4},{1,2,5,6},{3,4,5,6}}.
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Since
Pi—=1/{1,2}} = P({1,2,3}n{1,2}) P{1,2} .

P{1,2} - P{1,2} 7
Pla=1)s0)) = CHEALEO_EOL
Pa=2ia2y = OO BB o

pi2sayy - PEASIOBA) - P} 1

P{3,4}  P{3,4} 2
_ _ P({4,51n{5,6}) P{5} 1
Pz =2{5.6}} = P{5,6} T P{56} 2

Pir=si(12) = R AR = B~

P{j:3|{374}}:P({6}ﬂ{3>4}) PO _,

P{34y  P{34
. P ({6} n{5,6}) P{6} 1
{7 =3[{5,6}} P (5,6} P{56] 2
we get
(
1:1+2:04+3-0=1 ifw={1,2}
- 1 1 3 .
E@G)=9 1-=+2--+3-0=~ ifwe {34}
2 2 2
1 1 5
1. 2.2 - =— if .
[ 10425430 =7 ifwe{56)
Since

1

P{:Z’:2}:P{4,5}:é,
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P{i:?,}:P{G}:é,

we get

~ N 1 1 1 5
E(Z|H)=E(@Z) = .§+2.§+3.6:§
forw e {1,2,3,4,5,6} = Q.

Note also that, since

P12} = .
P{3,4}:%,
P{5,6}:%,
we get
. . 1 31 5 1 5 - ~
E(E(#|6)) =EE@IG)H)=1-5+5-5+55=35=B@EMH) =E@

32. By making the corresponding Taylor expansion around zero, we get that

r

o0
e¥ = g ,
r!
r=0

| <

2 4
o Y Y
and
y® y°
smy:O—i-y—i-O—a—i-(H—a—i—...
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Recall that i = (0,1) and > = —1 = (—1,0). Therefore, for all 2 € R, we have

N (2 R PSR AP BT AT L Ao
‘ _ZU R T TR
P 22 i i
I T TH T TH
2* 2
cosz:l—l—O—g—i—O—i—Z—i—...,
and
- . iz3 iz°
zsmz:O—l—zzﬁLO—j—l-OﬁLﬁ—i—‘..

Hence, we obtain the famous Euler’s formula,
iz .. ..
e” =cosz+isinz=1-(cosz)+i-sinz

=cosz-(1,0)+sinz-(0,1) = (cosz,sinz), for all z € R,

and thus

e = cos (tx) +isin (tx) = (cos (tz),sin (tr)), for all t € R,z € R.

#a(t) = E (¢"7) = Elcos (t7) + isin(t7)] = /

s [cos (tx) + isin (tx)] dPz(x)

- /R cos (tz) dPx(x) + i / sin (tz) dP;(x)

R

= E[cos (tZ)] + (E [sin (tZ)] = (E [cos (tZ)], E [sin (tZ)]) .



33. (a) Let t > 0. The function ¢g(y) = e is non-decreasing in y (its derivative

is ¢'(y) = te" > 0 for t > 0). Thus,

P{g>ct=P{e">e"}.

Define & = e and a = e and note that 7 is non-negative and a is positive.

Therefore, applying Markov’s inequality,

Thus,

M;(t) > e*P{j>c} forallceRandallt> 0.

Let ¢ < 0. The function g(y) = €' is non-increasing in y (its derivative is
g'(y) = te® < 0 for t < 0). As follows from the previous argument, we thus

have

. M(t
P{gjgc}:P{etyZeCt}S# for all c € R and all t <0,
ec

so that

M;(t) > e P{j<c} forallce R andall t <0.

(b) Since g(z) = € is a convex function of = (its second derivative is

g"(x) = t%e!® > 0 for all t), Jensen’s inequality tells us that, for g convex,



34. The partition induced on Q by Z is F(Z) = {{1,2},{3,4,5,6}}. The

o-algebra generated by the partition F(Z) is the o-algebra induced on Q2 by 7,

F(z)={0,9,{1,2},{3,4,5,6}}

2 ifwe{1,2}

E(z|F(z)) =i =
3 ifwe{3,4,56}.

G=1{0,9,{1,2,3},{4,5,6}}.

Since
- ~P{1,2}n{1,2,3})  P{1,2} 1/3 2
Pz =2[{1,2,3}} = P{1,2,3} T P{1,23} 1/2 3
o ~ P({3,4,56)n{1,2,3})  P{3} 1/6 1
Piz=3{123}} = P{1,2,3} T P{1,2,3} 12 3
o _ P{L2}n{456}) PO
Pz =21{4,5,6}} = P{4,5,6} _P{4,5,6}_0’
o _ P({3,4,5,6} N {4,5,6}) P{4,56}
PAz=3[{4,5,6}} = P{4,5,6} TR
(§.2)+(%-3>:§ if w = {1,2,3}
E(Z]G) =
| 2:0)+(3-1)=3 if w e {4,5,6} .
Since

P{i—2)—P{12)} = %

2
P{i:3}:P{3,4,5,6}:§,
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E(3[H) = E(3) (%2)+(§3)

Note also that, since

35. (a) E(z) > GE (7).
Since g(z) = In(z) is an increasing and concave function for > 0, Jensen’s

inequality implies that
InE (Z) > E[InZ| = In(exp(E [In Z])),

which implies that

E (%) > exp(E[lnz]) = GE ().

(b) GE (7) > HE (7).

From part (a) and since 7! > 0, we have
[HE (2)] ' =E [Z7'] > GE [z7'] =exp(E [In (z7")]) = exp(E [~ InZ])

= exp(—E[ln]) = [exp(E nz])] " = [GE(#)] ",

46



which implies that

36. (a) (E[#2])"* > E (7).

From Cauchy-Schwarz inequality,

E(f):b/fdpzz/}f-lyujg [/)QdP

Q Q

(b) (i)

Eo(z) =limE, (Z) = lim (E [#"))M? = lim exp [ln (E [ip])l/p] = lim exp Ll) In (E [fp])} =

p—0 p—0 p—0 p—0

_ E[#"Ing]
lim—————
. In(E[z7P])] pr—0  E[z7] B E[l-Inz]\ L ~
exp LI)E%T] =exp | ————— [ =exp (W) =exp(E[lnz]) = GE (),

where the fifth equality follows from L’Hopital’s rule.

(i)

(i)

pP—00 pP—00 — 00 xmax

S

47

E (2) = lim E, () = lim (E[#))"” = Zmnax- lim <E K ’ )pDUP = Timax

since




as

<1

xmax

(iv) Note that E_, () = (E,[z"!])"". Thus,

E_(Z)= lim E,(Z)= lim E_,(Z) = lim (E, [33—1])*1 = (lim E, [j—l]) —

p——00 p—00 p—00 P—00

(e []) = e B[E)]) ] = [ 12) D] =

since
- \P1\ /P
i (B](722)]) " =
p—oo T
as xnfin < 1.
T

(v) We have to consider the following three cases:
Casel: ¢ >p>0.

For this case, we have q/p > 1.

E, (%) =(E [jp])l/p = (B [jp])(l/p)(q/p)(p/q)

(1/p)(p/q) /q

= [@@pe»]" = e )] (1)

Note that the function g(t) = t%/? is convex for ¢ > 0 when ¢/p > 1 since

1y — ita/p)—1
g(t)=-t
( ) D

and
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Using Jensen’s inequality, we get
g (B[#]) = (B[#7)"" < E[g ()] = E [#4")] = E[#], (2)
Combining (1) and (2), we get

B, ()= |E@) "] " < @) = E, (). (3

Note that the inequality in the previous expression holds because the exponent
1/q is positive.

Case II: ¢ > 0 > p.

For this case, we have ¢/p < 0.

Note that the function g(t) = t9/? is also convex for ¢ > 0 when ¢/p < 0

since

We thus follow the same steps as in Case I to obtain the inequality in (3).
Note that in this case, the exponent 1/q in (3) is also positive, which allows
us to preserve the inequality.

Case III: 0 > ¢ > p.

For this case, we have 0 < ¢/p < 1.

Note that now the function g(t) = t%? is concave for t > 0 when

0 < ¢/p < 1 since
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Thus, applying Jensen’s inequality, the inequality in (2) is reversed,
g (E[#)) = (B[#"))"" > E[g (#")] = E [#*/?] = B[],

which combined with (1) delivers again the inequality in (3) since the exponent
1/q in (3) is now negative, which allows us to reverse the inequality.
Note that from the previous results, we immediately obtain the inequalities

in Exercise 35 since 1 > 0 > —1 and, thus,
E(Z) =E1(2) > GE(2) = Eq () > HE (Z) = E_ (7).

37. Making the Taylor’s expansion around zero (or McLaurin expansion) of

f(y) = e, we get

so that, for y = 1, we obtain
=1
e = Z F
r=0

Using the Newton’s binomial theorem, we get

1\" 1 ’ (2 [1\" (7 1
li 1+—) =1 —+1) =1 E — ] 1" =1 E —
xl—{EIO ( + x) ml—{go (x + > ml—{go p— (T) (x) zl—{{olo = (r) x"

L = x! 1 o2z —1)(2—-2)-(z—-r+1)1
— ] L =
S z_; M=)l oo 2_; rl xr

_xh_{goz lz(z—1)(z—2)---(x—7+1)

rl "
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Polynomial of order r
7\

7 N
—1 —2 2
— lim Z lz"+a " +ax™ “ 4+ ...+ ar_22” + a,_1x + a,
rT—00

r! "
r=0
o0 _ _ [o¢]
Z 1 4 a " a4 a9 a1+ ay Z 1
= — lim
rlg—oo x" r!
r=0 - 4 r=0

1 11
eZZﬁ:1+1+§+ﬁ+"‘>2'

We can find the following indefinite integrals by integrating by parts:

/(lnx)Qdm—/\lf/ (Inz)’de = x [(lnx)2 —2Inz +2],
G

f

(Inz)® dz = 1 -(Inz)’de =z [(In 2)> =3 (Inz)* 4+ 6lnz — 6] .
-] ot

Thus,

/ (Inz)*dr =6 — 2e > 0,
(Lye]

where the inequality follows because e > 1 and Inz is strictly positive for

x > 1. Thus, we are integrating a strictly positive function on (1, e]. Note that

6 — 2e > 0 holds if and only if e < 3.

Note that

/ (Inz)?dr =e—2>0
(Le]

since we are integrating a square and, thus, a strictly positive function on (1, e].
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This is an alternative proof of e > 2. In fact, e = 2.7183...
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