Probability and Statistics. IDEA. Answers to List 2.

2z

1. What one should show is that (i) f (r) = ——— is non-negative and

k(k+1)
k
(i) Y flx)=1
=1
(i) Since x and k are positive integers, the numerator and the denomi-

nator of f (x) are positive.

.. b 2x 2

(#) ;k;(kﬂ) B ICES

k(k+ 1)
2

k
)Zx Since the last sum is equal to
r=1

by the property of the arithmetic progression,

oo 2 [k(k+1)
;k(k+1):k(k+1)[ 5 }:1

. For f (x) to be a probability function it should satisfy (i) f (z) > 0 and

)Y @) =1.
(1) 0< (1= k) k* i 0 < < 1

(11) Z (1—K) Kk =(1-k) ka For k € (0,1) the last sum is equal
=0 =0
1
to - by the property of the geometric progression so that
(L Rk = (1 k) 1
~ B 1—k

Therefore, f(z) = (1—k)k*, for x = 0,1,2,..., is acceptable as a

probability function for all k£ € (0,1).



3. (a) the value of k:
/ f(x)dz = 1=
0
2
o0 ) ko[edle kr_.1° k k
/ kze 7 dz = ——/ [ ]d,z:——[ez] =——[0-1==-=1.
0 2 Jo 2

Therefore, k = 2.

(b)

F(z) = /Oz 2te ' dt = (—1) /OZ ! [Z: ] dt = — [e’tQ]Z =— {e’ZQ - 1]
— 1—e 7,

Hence

0 if 2<0

1—e* if z>0.

2z¢ % if z>0

0 otherwise.

The graph of the density function:
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The graph of the distribution function:
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We see that the distribution function is differentiable everywhere since

the density is continuous.

(d) Solving for p in F'(z) = p, for p € (0,1) we get the quantile function

Q(p) = {ln (%)]m for pe(0,1),

-Dp



whose plot is

Q]

4. (a) [ f()dz= [' f(2)dz =k =k =1

(b) The graph of the density function:

0 if

—z if
f(z) =

z if

0 if

—1<2z<0
0<z<«1

1<z
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The distribution function:

z z 1
F(z):/ —tdt:[—ﬂ 25(1—22) for —1<2<0
- -1

1
1 z 1 tQZ 1
F(z):§+/0 tdt:§+{§} :§<1—|—22) for0<z<1
(z

F(z)=0for z < —1and F(z) =1 for z > 1.

The graph of the distribution function:
0 if 2<-1
(1-2%) if —1<2<0

(1+22) if 0<z<1

1 it 1<z



We see that the distribution is not differentiable (i.e., exhibits kinks) at

the points z =1 and z = —1 where the density is discontinuous.
1 1 11 1 1 5 3 1
Pi——-<zZ<=p(p=PFP|—=,-|=F|=)-F|——=]|==—==-.
(C){222} (22) <2) (2)884
(d) Solving for p in F'(z) = p, for p € (0,1) we get the quantile function

—(1=2p)"? if 0<p<1/2
Qlp) =

2p—1DY?  if 1/2<p<1

whose plot is
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5. The distribution function is:
N G
F(z)= §te dt for x > 0
0

Integrating by parts: [ u(t)v'(t)dt = u(t)v(t) — [v(t)u'(¢)dt and letting

u(t) =t = u/(t) =1 and v'(t) = e™¥/? = v(t) = —3e/3

/te—t/?’dt =t(-3e""/3) — / (=3e7*) dt = —3te™/* — 9e7/3 4 O

Hence,

F(z) = % [—3te™"/® — 9e71/3] | = % [(=3we™/* — 9e7/%) — (0 —9)]
= 1—e B 1xe’x/?’

Then,

1—e @3 — %xe*x/‘o’ forz >0

0 forz <0



(a) P{# <6} = P; (—00,6] = F (6) = 0.594

(b) P{z > 9} = P;(9,00) =1 —P{z <9} =1—F(9) =1—0.801 =
0.199.
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P{i+§>1/2) = Pi;(AUB)= / f(y)d(z,y) + / £ y)d(z,y)

A B
1y 1/2 y 1
1 1 2
— //—d:vdy+/ / Sdady = 1— =2 — 0.65343.
(0 (0 2
172 0 1417y

Note that

1 yl 1 1 ) 1 1 1
/ / —dxdy:/ [—x} dy:/ ldy=[yi=1-===
1 Jo Y 1y o 1 2 2 2
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and
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\H\ N»—‘\
NIt
—
< | =
S
||
[ <
<
QL
<
I
»MH\
S
1
@ |
|
—~
N
< | |
<
~—
[N
QU
<

7. (a) P{p<03,5>2} =

0.3 00 0.3 5p€—ps e 9] 0.3
/ / bpe Pidsdp = 5/ [ } dp = (—5)/ [0 — 6_211 dp =
02 J2 0.2 (—p) 2 0.2

e )% [ 0.4 06}
5[ = et —e 7 =0.3038
(—2)]0.2

N | Ot

(b) P{0.25 <p<0.3,5< 1} =

0.3 p1 0.3 pe P 1 0.3
/ / Spe P dsdp = 5/ [ ] dp = 5/ (—e*p + 1) dp =
0.25 Jo 025 | (=D) 0 0.25

5[+ p]oas = 5[ +0.3 e —0.25] = 0.06

8. (a)

[\

TYZ ry  2xy 1y
z,7 5 = T T Tno Tho T on) :1a2737 :1a273
fai @y) =3 108 108 " 108 36 " 4

z=1

TYZ rz 2wz 3rz X2
o)=Y T T T o123 2212,
foz (@, 2) Z18 108 " 108 T10s 18 ¢ :



f(1,2,2) =z
fra9 (21L,2)="—— =5, 2=1,2
(e)
fﬁm@JB)zigﬁﬁz L y=1,23 2=1,2

fi“ (3) =3 18

. (a) The joint probability function and the marginal probability functions

of = and y are given by the following table:

z\y | =1 | 1 | fz(x)

—1 [1/4|1/4]| 1/2

1 | 1/4]1/4] 1/2

(y) | 1/2]1/2

Then, f; (x)- f3 (y) = f(z,y) = i for all (z,y) € (Q) x 7 () = = and

y are independent.

(b) The joint probability function and the marginal probability functions

of  and ¢ are given by the following table:

z\y | 0 L | fz(=)
0 |1/3]1/3] 2/3

1 | 0 |1/3| 1/3

() | 1/3]2/3

We see that f;(0) - f;(0) = f5(1)- f;(1) =2 # 1= £(0,0) = f(1,1),
f:(0)- f3(1) =3 #3=/,(0,1) and f;(1)- f3(0) =5 #0=f(1,0) =

x and y are not independent.



1 1 2 1 1
10. (a) fj(x):fOQ—@x—l—y)dy:— [2@;—#%] =-[4x+2)—-0=x+=
4 4 o 4 2
for0<ax<1
Hence,
1
a:—i-é for0<z<1
(7)) =
0 elsewhere
11 1 [222 |
) fiy)=[f,~Qe+y)de=- |7 +ay| =-[l+y| for0<y<?2
4 41 2 o 4
Hence,
1
Z(l—l—y) for 0 <y <2
5 (y) =
0 elsewhere
flz, 1) (2z+1) 1
(c) fag (x|1) = = =zrz+-Tfor0<z<l1
v FIOETIES) 2
Hence,

1
1:—1—5 for0<x<1

0 elsewhere

1/4 L. 14 2y + 1
:f(/,y):4( 1 y): y;— for 0 <y <2

for0 <y <2

0 elsewhere

11



X

1L (a) fa (2) = [, 7 () dy = 5 5 (20 - 1> dy= o K@ - 1) yr

1 T
2—5(10—5),for 10 < 2 < 20.
Hence,
L (10 "E) for 10 < z < 20
— S or T
25 2
(7)) =
0 elsewhere.
y
A
y=x
() pfaiuiaieiiaieiniaieinieiateieiuieieiaieieieiuieiieieieiaiiaiiaiei '/'Z
B
~
y=x/2
10 ------======-==== _
I e
10 20 >x
Region A: 5 <y <10
2 oy 1 (20 1
o f(,y)de = [if 25 (? - 1> dr = 2% 20Inz — 33]?8

1 2y
=—(20ln| =) -2 10 ) fi <1
25(011(10) Y+ 0) or b <y <10

Region B: 10 < y < 20

12



20 20 1 (20 1 20
J, flzy)de = [ —<——1)d1’:2—5[201nx—x]y

20
-1 [QOln <?) +y—20} for 10 <y <20

Hence,

"

1 2y
— 1 201 —= ] =2 10 for 5 <10
25( n(m) Y+ ) or o <y<

1 2
7 (y) = o {QOln (50) —i—y—QO} for 10 < y < 20

\ 0 elsewhere

2y (B
(b) fﬂ\i (y|12)_ I (12) o 4/25

1
:6f0r6<y<12.

Hence,

for 6 <y < 12
fg|5: (y[12) =

0 elsewhere

12. Let = be an arbitrary random variable with a density, and take y = .

Then necessarily (z,7) € L, where L = {(x,y) € R?|z = y}. Note that

the Lebesgue measure of the set L in R? is zero. Therefore, if (Z,7) has

13



13.

density f, then

1= P{(z.§) e L} = / f(y)d(z.y) = 0.

A contradiction.

(a) On the one hand,

P{iEA,g]GB}:/P@GB | =) fz(x)dx
A

/[(;fyuylx) gc ] yEB[/fm ol ].fﬂ@,

where the last equality arises from exchanging the order of integration

and summation and from dividing and multiplying by f;(y).

In particular,

Pl Aimi) - [ /fmg@(;;mdx] YT

On the other hand,

Plie A, g=yt=P{T € Alg=y}f;(y)

- [ / fap (@ |y>dx] 3. 2)

Combining (1) and (2) we get that

fa(@) fz12 (y )
f3(y)

fw\y( zly) =

, as desired.

(b) On the one hand,

P{ic Aje B} =) P €B|i=ux)fi)

T€EA

14



> K/f (v]) dy) fola )]

[ fy‘x y'“””’)] £()dy, 3)

where the last equahty arises from exchanging the order of summation

and integration and from dividing and multiplying by f;(v).

On the other hand,

P{i c A,j€ B} = /P(a? € Alyey)fzly)dy

B

2/ [me(ﬂy)] fa(y)dy. (4)

B TEA

Comparing (3) and (4), we can make

fi(@fgﬁ (y|z)
f3(y)

Ve (zly) =

, as desired.

14.
Plic BIA} = P{ic Blic By} — LU 613{54;730}}
f(x) ,
" P4 )B!Bof £P(A)HBO<5U)d£U, as desired,
/() f(@)
P(A) Bo(7) = P(A) if z € By
and

@),
P(A)HBO(:C) 0if v ¢ By



15. (a)

/ /
Pli<1/2) = /1 ) = /01 = [a])/? %

Y

1/3
Pz <1/3}n{F<1/2}) = P{i <1/3} :/ ldz = [2];/* =

N = W=

1/2
Pz <3/4}n{z<1/2})=P{i<1/2}= / ldz = [z])* =

P({1/3<i<3/4yn{z<1/2})=P{1/3<i<1/2}

1/2 1 1 1
1/2
_ / ldx = [x]1?3 =53"3 ¢
1/3

Thus,

Plic1/3|setjey - PUESIBN{E<1/2) 1/3 2

P{i<1/2} 12 3
Pli<s/|i<1y2) - 242 <P3{/§}<ﬂl{/j2}< 12h _ 1/% —1,
P13 < <3/a|i<1/2} = LU/ <Ji?j3i4f/2}{i <12) _ 1—;2 - %

(b) Let us compute the previous conditional probabilities using the

conditional density of Exercise 14:

(&) _ f(=) .
P(A) :1—/2:2f(x) ifx<1/2
faa (@A) =
0 if x >1/2,

where A = {Z < 1/2}.

(

2f(zr) =21=2 ifxe(0,1) and x < 1/2

foga (@|A) =1 2f(x)=20=0 ifx ¢ (0,1) and z < 1/2

0 if 2 > 1/2,

16



The previous conditional density simplifies to

2 ifz € (0,1/2)
foia (@]A) =
0 otherwise.
1/3

1/3
P{E<1/3|z<1/2}= [ fuu (:(;|A)dgj:/ 2dm:[2x]3/3:§,
o) 0

3/4 1/2
Pla<3/ali<1/2}= [ fia (x|A)dx:/ 2 — [2]17 = 1,
— 0
3/4 1/2
P{1/3<&<3/4|i<1/2}= fla (:c|A)d:c:/ 2dz = [22])); =
1/3 1/3
(c)
1 ifzeB
P{icB|i-z}=-
if v ¢ B.

Theorem of total probability:
/RP{:zeB 5= 2} dPs()
:/BP{:iEB |f:x}de(x)—|—/cP{:%€B = 2} dPy()
—/Bl-de(m)—i-/CO-de(x)—/Bde(a:)—Pf(B)—P{iEB}.

16. If either x < 0 or y < 0, it follows immediately that F'(x,y) = 0. For

0<z<land0<y<1(Region I of the figure) we get
yz 1
= [[(s+t)dsdt = zzy(z +y),
00 2
for x > 1 and 0 < y < 1 (Region II of the figure) we get
y 1 1
= [[(s+ t)dsdt = y(y + 1),
00 2’

17
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for 0 < x <1 and y > 1 (Region III of the figure) we get

1z

F(z,y) = {{(s + t)dsdt = %x(x + 1),

and for z > 1 and y > 1 (Region IV of the figure) we get
11

F(z,y) = [[(s+t)dsdt = 1.

I v

Since the joint distribution function is everywhere continuous, the

boundaries between any two of these regions can be included in either

18



one, and we can write

.
0 forx <0ory<0

sey(z+y) for0<z<1,0<y<]1

F(z,y) = tyly+1) forz>1,0<y<1

tr(z+1) for0<z<1l,y>1

1 forx>1,y>1

\

It is immediate to see that

O?F(z,vy)
R el f 1 1
and
O*F(z,y)
8:6—6’(1/ = 0, for (Z)’J,y) S C,

where C' is the interior of the complement of Region I. Note that
the distribution function F(x,y) is not differentiable at the boundary

of Region I (except at the point (0,0)). This boundary has zero

0?F(z,y)
0xdy

to Lebesgue measure in R%. Note also that the density function f(z,y) is

Lebesgue measure. Therefore, = f(x,y) a.e. with respect

not continuous at the boundary of Region I (except at the point (0,0)).

17. (a) fol ff c(a? — y)dedy = . Thus, ¢ = 6/11.

19



(b) Itz € (1,2), then fi(x) = [ &(a® —y)dy = & (22® — 1), so that

% (222 —1) ifze (1,2
3(z) =

0 otherwise.
If y € (0,1), then fy(y) = [ & (22 — y)dz = 2(7 — 3y), so that
2 :
7(7—3y) ity e(0,1)
3(y) =
0 otherwise.

Therefore, if y € (0,1), then Fy(y) = P{g <y} = [ Z(7 - 3y)dy =
y (14 —3y)

, so that
11

(

0 ify <0
14 -3 )
Fy(y) = y(14 = 3y) ify € (0,1)
11
\ 1 ify > 1.

(c) For (z,y) € (1,2)x(0,1), we have fz(x) f;(y) = & (222 — 1) Z (7 — 3y) =

11 11

% (142% — 62%y + 3y + 7) , which is not equal to f(z,y) = %( 2 ).

"=y

Therefore, £ and ¢ are not independent.

0 otherwise.

20



Therefore,

‘6 (2 1)
JE— x —_ —
VA 43 ety ifre,)

— =0 otherwise.

18. (a) - Properties of F't :

(1) lim  F(z,y) = min{l,1} = 1.

(2,y)—(00,00)

(27) lim F*(z,y) = min{0, F;(y)} = 0.

r——00

(17i) lim F*(x,y) = min{F;(x),0,} =0.

y——00

(iv) F* is non-decreasing;:
(z1, 1) < (22,92) = F(21,91) = min{F(21), Fy(y1)}

< min{ F5(z2), Fy(y2)} = F (2, 92).

(v) F't is right-continuous:

lim FT(s,t)= lim [min{Fz(s), F5(t)}]

(s:)=(.9)* ()= (@)
= min{F3(z), Fy(y)} = F"(x,y).

Therefore, F'* is a distribution function associated with a probability

measure on (R?, B(R?)).
- Properties of F':

(1) lim F(z,y) =max{l+1—-1,0} =1.

(2,y)—(00,00)

(¢7) lim F~(x,y) = max{0+ Fj(y) — 1,0} = 0.

r——00

21



(14i) lim F~(x,y) = max{Fz(x)+0—1,0} =0.

y——00

(iv) F~ is non-decreasing;:
(@1,91) < (@2, 92) = F (21,91) = max{Fz(z1) + Fy(y1) — 1,0}

< max{Fz(z2) + Fy(y2) — 1,0} = F™ (22, 92).

(v) F~ is right-continuous:

lim F(s,t)= lim  [max{Fs(s)+ Fj(t) —1,0}]

(s,t)=(z,y) " (s,t)= ()"

= max{F;(z) + F3(y) — 1,0} = F~(z,y).

Therefore, F'~ is a distribution function associated with a probability

measure on (R?, B(R?)).

(b) Marginals of F't :

Fif(z) = lim F"(z,y) = lim [min{F;(x), F;(y)}] = min{F:(x), 1} = Fz(x).

y—o0 y—o0
Similarly, F (y) = F5(y).

Marginals of F'~ :

Fo (z) = lim F~(x,y) = lim [max{F;(z) + F;(y) — 1,0}]

y—00 y—00
= max{Fz(z) +1—1,0} = Fz(x).

Similarly, F; (y) = F(y)

(c) We know that, for any two events A and B,

(i) P(AN B) < min{P(A), P(B)} since (ANB) C Aand (ANB) C B.

(i) P(AU B) < P(A) + P(B).

22



Let A={z <z}, B={y <y}. Then, (i) implies that

F(z,y) =P ({55 <zpn{y < y}) < min{P(A), P(B)}
A B
= min{F;(x), F;(y)} = F" (z,y).
Moreover,

P(A°UB%) = P((ANB)") =1 — P(AN B).

Then,

Ae Be

P({i>x}u{gj>y}) =1—P {§:<x}ﬂ{g<y})
—_——  ~———
}

=1-F(z,y) < P{Z>z

and, moreover, F'(x,y) > 0. Therefore,

F(z,y) > max{Fz(z) + F(y) — 1,0} = F~ (z,y).

Summing up,

F~(z,y) < F(z,y) < Ft(z,y), VY(z,y) € R
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