Probability and Statistics. IDEA. Answers to List 1.

1. Let us write

1+y)" = 1+y)" " (1+y)

= (1+y)" TH+y(l+y"

and equate the coefficient of y" in (1+y)" with that in
(I+y)" ' +y(1+y)" . Since the coefficient of y" in (1+y)" is (") and
the coefficient of 4" in (1+1y)" '+ y(1+y)" " is the sum of the coefficient
of y" in (1+4)""", namely, (”;1), and the coefficient of 4"~ in (1 +1y)" ",

namely, (’Zj), we obtain

= + ,
T T r—1
which completes the proof.

2. Using the same technique as in the previous problem, let us prove what is
asked by equating the coefficients of 3" in the expressions on both sides of the
equation

A+ " =0+y" 1A +y)".

The coefficient of y* in (1+y)™ " is (™), and the coefficient of y* in

<1+y)m<1+y)”={(73>+<?>y+ ..... (Z)ym]x{(g>+<7f)y+ ..... (Z)y]

is the sum of the products that we obtain by multiplying the constant term of
the first factor by the coefficient of 3/* in the second factor, the coefficient of 3

in the first factor by the coefficient of 4*~! in the second factor ,....., and the
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coefficient of y* in the first factor by the constant term of the second factor.

Thus, the coefficient of ¥* in (1 +1y)™ (1 +y)" is

DE D)) > (1)

3. If A is the event that the job will be completed on time and B is the
event that there will be a strike, the given information can be written as
P(B)=06,P(B)=1—-0.6=04, P(A|B)=0.35, and P (A|B¢) = 0.85.

Using the theorem of total probability we get:
P(A)=P(B)P(A|B)+ P (B°)P(A|B°).
Then, substitution of the given numerical values yields
P(A) = (0.6) (0.35) + (0.4) (0.85) = 0.55.

1 n
4. (a) Here we have specified P (B,) = (5) , where B, = {I =n},
n =1,2,... If A is the event that the coin comes up heads, we have specified

P (A|B,) = e ™. Hence, from the theorem of total probability,

P(4) = gmBH)P(Aan) S (%)6 = i (%)

n=1

Y2 1 ooma
1—(1/2¢) 2e—1

(b) A€ is the event that the coin comes up tails. Hence,

1 2e —1)

PA)=1=PA) =1- 5 =51




and P (A°|Bs) =1— P(A|Bs) =1 — e °. From Bayes’ theorem,

P(B5|AC) _ P(B5>P(AC’B5) _ (%) (1_675)

c o 2(e—1
P (A ) 2(6—1)
_ b _
_ A=) oy

64(e — 1)
5. We have P(Bl) = 06, P(Bg) = 03, P(Bg) = 01, P<A|B1) = 009,
P(A|By) = 0.2, P(A|B3) = 0.06, where B; is the event that the car was rented
from agency i and A is the event that it needs to be repaired.

(a) Using the theorem of total probability,

P(A) = iP(Bi)P(A|BZ-) = 0.12

=1

(b)
P(B,y|A) = P(BQ;](DS‘BQ) — 0.5
M-
n\ =0 ~nn—-1)n—-2)-..-(n—x+1) n!
6. (2) (x) B x! B r(x—1)(z—-2)-...-2-1 ~2l(n — o)

|
(b) (n) _n(n—1)(n—2)...-2~1'O-...'(n—x—i-l):0.

rr—1)(x—2)-..-2-1
—r _:r(—r—l)(—r—Q)-...-?—r—az—l—?)-(—r—w—{—l}
(C)< )_ 2@ —@—2)-..-2-1
_(_1)36_T(T+1)(r+2)-...-(r+x—2)-(r+x—1)
B z(z—1)(x—2)...-2-1
(1) r+z-1)-(r+z=2)-...-(r+1)-r
= (=1 sz—1)(x—2)-...-2-1
r+az—1)! r+x—1
B =l G

(d) Obviously, if n and z are two natural numbers and n is strictly positive,

—1 -1
then <n+:L' ):(n—{—m > since in this case n +x — 1, x, and n — 1
x

n—1
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are all natural with n +x —1 > x and n+ x — 1 > n — 1. Therefore, using

part (c), we get

(e) Use part (c) to obtain

(—;) _ (_1)35(1 +i_ 1) e (i) (1)

(—2> = (_1)x(2+$— 1) _ (_1)x(a:+1) (1)@t 1) = (—1)5(1 4 2).

T T T

(f) Making Taylor’s expansion around z = 0, we get (14 2)" = > (T> 2®
=0 \T

(Please, do it!).

(g) Just apply Newton’s binomial expansion.

7. We use the formula P(AN B) = P(B) - P(A|B) when P(B) > 0.
E; = The first individual speaks English.
I} = The first individual speaks French.
E5 = The second individual speaks English.

F5 = The second individual speaks French.
P {they understand each other} = P((Ey N FY) N Es) + P((Fy N EY) N Fy)+
P(E;NFy) = P(E1NFY) - P(Ey|Ey N FY) + P(Fy N EY) - P(Fy|Fy N EY)+

60 69 30 39 10 7
PENE)=(— — Y9 _T
TPENA) (100 99>+(100 99)+<100) 11

8. (a) The number of possible orders is 10!. There are 9 possible pairs of

positions next to each other. They can stay there in 2 different orders. On



the other 8 positions the others can stay in 8! different orders. Thus, the

probability that two given persons stay next to each other is
9.-2-8 1
10 5
(b) Now the only difference is that, there are 10 possible pair of positions

next to each other. Thus, the probability is

10-2-81 2
0 9

9. Note that the probability that we can make at least 3 successive extractions
is equal to the probability of extracting a white ball in both the first and the
second round. Moreover, since after a round we replace the ball, we need to
compute first the probability P(W) that we choose a white ball in a given
round, and then [P(W)]* will be the probability that we will extract a white
ball in both the first and the second round.

Note that, from the theorem of total probability,
12

P(W) =) P(k)P(WIk),
k=2

where £ is the sum of the points of the dices. We can calculate that

k—1
for k=2,...,7, and
12—-k+1
Pl = =55
. k—2
for k=8,...,12.  Since P(W]k):m for k=2,...,7 and
12—k
P = ——— f =38,...,12 h
(W k) P or k=38,...,12, we have
7 12
k—1 k-2 12—-k+1 12 -k
P(W) = —_— :
(W) [Z( 36 k—l)]—i_LZ;( 36 12—k+1)
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10. (a) The probability P(i) that there are exactly ¢ red balls in the box is

1
Py with 2 =0,1,2,...n. Let R be the event that we picked a red ball. Let
n

P(R]|i) be the probability of picking a red ball given that there are i red balls
in the box. Obviously, P(R|i) = L. We are asked to to find P(k|R). We apply
n

Bayes’ theorem,

k
P(kIR) = P(k)P(RIk)  wiiw ko k2%
Yo POPRI)  3oims  2imof M n(n+1)

(b) The probability P(i) that there are exactly i red balls in the box is

1
5 for i = 0,1,...,6. Let {R; N Ry} be the event where we pick two red balls
in two extractions with replacement. Let P(R; N Ry|i) be the probability of

extracting two red balls with replacement given that there are ¢ white balls
N\ 2 )
in the box. Obviously, P(R; N Ryli) = (%) = §_6 We are asked to to find

P(5|Ry N Ry). We apply Bayes’ theorem,

1 25
P(5)P(Ry N Ry|5 Ry 25 25
P(5|Ri N Ry) = — O)P(R N Fal5) 671362,2 = 5 =5, = 02747,
> PO)P(RiNRoft) Yooz D4
=0 i:O7 36 =0

(c)
{B1} = the first extracted ball is black
{B2} = the second extracted ball is black
{j} = there are j black balls in the box, i.e, there are 7 — j red balls in the

box, 7 =0,1,...,7.

P(B1NB2) =) P(j)-P(B1NB|j)

J=0



=0 3
Note that

7 7 é N 7 % 7 J/g\l N
P(BINB2) =) P(j)- P(B1|j) - P(B2|B1Nj)
—0 SN———

N

J

P(BlNj) P(B2n(B1NJ))

P(j) P (B1Nj)
P((B1NB2)N )
P(j)

Vv
P(B1NB2j)

{R2} = the second extracted ball is red.

Then,
7
P(BINR2)=> P(j)- P(B1NR2|j)
j=0
7 . . 7
Ly Ty 1 . L1 1
=257 5 ~md (i) =g 56=5
Jj=0 j=0
11. Let

F1 = to extract a figure from the first deck in the first extraction
I3 = to extract a figure in the second extraction.
From the theorem of total probability,
P(Fy) = P(FiN{1})P(F|Fin{1}) + P(Ff N {1})P(Fy|Fy N {1})+
P(FyN{2})P(Fy|Fyn{2}) + P(Fy N {2})P(Fy | Fy n{2})

+P ({3,4,5,6}) P(F3|{3,4,5,6}).
Note that

P(RA{1}) = P(R)-P(1) = o=
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and

P(Fyn{1

Y= P(Fy) - P{1}) =

P(FiN{2}) = P(F) - P({2}) =

P(FyNn{2}) = P(FY) - P({2}) =

Moreover,

and

Thus, from (1) we have

1 11 1 12 1 13
P = [ —. = -z = .2
(F2) (24 47>+(8 47)+(24 49

12. (a)

P({3,4,5,6}) =

P(FRy|Fin{l}) =
P(F|FyN{l}) =
P(Fy|Fin{2}) =

P(Fp|Fyn{2}) =

P(F3|{3,4,5,6}) =

|~

11

47
12

47’
13

49’
12

49’

24
96

B, = {Bulls win t

he game ¢}

W, = {Warriors win the game ¢}

Assumptions:

(2)

P(B) =06
P (Bt |Bt_1> - 07
P (Bt |Wt—1) == 05

P(Wt ‘Btfl) - 1 -

)+ (s

Z.

1 12
8 49

P(B,|Bi1)=1-0.7=0.3

8

n)

2

3



(17) P (By N By N B3N By)

=P (B1)-P(By|B1)-P(B3|BiNBy)- P(Bs|Bi1N BN Bs)

= P (By)-P(B:|By) - P(Bs|By) - P (Bs|Bs)
=0.6-0.7-0.7-0.7 = 0.2058

(iid) P (W, N W) N Wy 1 W)

— P(Wh)-P (Wa |Wh) - P (Ws Wy O W) - P (Wa Wy 0 W Ws)
=P (W) -P (Wz[Wy) - P (W3 |Wy) - P (Wy|Ws)
=04-0.5-0.5-0.5=0.05

(iv) By Bayes’ Theorem:
P (Wy) - P(By|Wy)

04 OP5(W1) . P(BQOHS/l) + P(B1) . P(Bg ’31)
— - — % —0.3226
(0.4-0.5)+ (0.6-0.7)  0.62

(b)
P (B,) = 0.5.

P (Wi |By) =

P (Bt |Bt—1) - P (Bt |Wt—1) - 05

P{4 game series under conditions (a)} =

Pl [BinBnBnBy | U | WinWenWs N W,

B W
= P(B) + P(W) = 0.2058 + 0.05 = 0.2558, since B and W are disjoint

events.

P{4 game series under conditions (b)} =

Pl [BinBnBnBy | U [ WinWanWanW,

= P(B) + P(WB) = (0.5)* 4 (0.5)* = 0.12V5V.

0.125 < 0.2558 «— More than twice more likely under conditions of (a).



141312 91
P {the th h he Mi T 50101R  orr”
{t e three have passed the Micro exam} 201918 285

8 7 6 14
P {the th h d the M = 507012 osr’
{the three have passed the Macro exam} 201918 285

Since only two students have passed both exams, the events

{the three have passed the Micro exam}
and
{the three have passed the Macro exam}
are disjoint so that their intersection has zero probability. Therefore,
91 14 7

P {the three have passed the same exam} = 285 + 2 =19 = 0.36842.

(b)

P {the three have passed the Micro exam} |{the three have passed the same exam} =

P {the three have passed the Micro exam} N {the three have passed the same exam}
B P {the three have passed the same exam}

91

P {the three have passed the Micro exam}  9g5 13

= = = — = (0.86667.
P {the three have passed the same exam} 7 15

19
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Note that
{the three have passed the Micro exam} C {the three have passed the same exam}
so that

({the three have passed the Micro exam} N {the three have passed the same exam})

{the three have passed the Micro exam} .

14. (a) § = P(ANB) = P(A)- P(B) =3 -1 =1. A and B are independent.

1=P(ANC)=P(A)-P(C)=1% -3 =1 Aand C are independent.
1=PBNC)=P(B)-P(C)=1%-1=1 Band C are independent.
1=PANBNC)#P(A)-P(B)-P(C)=3-1-3=13. A B,and C are

not independent.
(b) PLAUBUC(C)
= P(A)+P(B)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC)
T
(c) Note that, in general, G=(GNH)U(GNH®) and, obviously
(GNH)N(GN H®) = 0.
Therefore, PG =P(GNH)+P(GNH°) SO that
P(GNHY)=P(G)—P(GNH).

=0.

Therefore, P (ANB)NC°)=P(ANB)—P(ANBNC)=1—1

(d) 0.48 = P(DNE) = P(D)-P(E

) =0.6-0.8 = 0.48. D and F are independent.
)

) =
P(

0.3=P(DNF)=P(D)-P(F)=0.6-0.5=0.3. D and F are independent.
) -

038 = P(ENF) # P(E)-P(F) =08-05 = 04. F and F are not

independent.
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0.24 = P(DNENF) = P(D)-P(E)-P(F) = 0.6-0.8-0.5 = 0.24. However,
D, E, and F are not independent since P(ENF) # P(E) - P(F).
() P(DNE)NF?)=P(DNE)—P(DNENF) =048 — 0.24 = 0.24.
(f) PA(DUEUF)
= P(D)+P(E)+P(F)-—P(DNE)—P(DNF)—P(ENF)+P(DNENF)
=064+0.8+0.5—-048 -0.3 —0.38 +0.24 = 0.98.

P(DUEUF))=1-P(DUEUF)=1-0.98 =0.02.

15. Note that P (B;NC) > 0 for ¢ = 1,2,... implies that P (C') > 0. Let us

check that the expression in the statement holds,

P(A|C)=> P(B;|C)-P(A|BinC), (1)
where |
Paje) =5 ac
Ple) = “ 55
P(A|B;iNC) = P(If(gﬁig)@

Thus, (1) becomes

P(ANC) P(B;,NnC) P(AnB;NC)
POy

P(0) P(B;NC)

1
= — P((A B;). 2
Py L P (NN B) )
Note that {(ANC) N By, (AN C) N By, ...} is a countable partition of the event

AN C. Thus, using the countable additivity property of probability, we get
Y P((ANB;)NC)=P(ANC).
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Therefore, (2) becomes

P(ANC) P(ANC)
50~ PO Q.E.D.

Note that, if C' = €, then we recover from (1) the original theorem of total

probability,
P(A)=) P(B;)-P(A|B;), forall A€ F,

P(ANQ P(A
since B; N Q = B;, P(A|Q) = ED(S) ) = (1 ) = P (A), and similarly

P(B,10) = P(B).

16. Let us consider an arbitrary individual from the set of n individuals and
consider the following events:
S = {the individual picks the shortest straw},
j = {the individual is placed in the jth position}
p = {the individual picks a straw},
p N j = {the individual picks a straw and is placed in the jth position} .
Note that p and p® constitute a partition of the sample space. Therefore,

applying the theorem of Exercise 15, we have
P(Slj)=P(pli)-P(Spnj)+ P i) P(Sp Nj)

P (S|pnyj) is the probability that an individual placed in the position j
and who actually picks a straw picks the shortest straw. Then, P (S |pNj) =
since there are n— (j —1) straws left in the fist when the individual

1
n—(-1
placed in the jth position has to pick a straw.
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Obviously, P (S [p° N j) = 0 since this individual placed in the jth position

does not pick a straw and, thus, he cannot pick the shortest.

P (p|j) = P {None of the previous j — 1 individuals has picked the shortest straw}

n—-1n-2  n-0(-2 n-(U-1) _ n—-(-1)
n n—-1"n—-(0(-3) n—(G—-2) n '

Therefore,

P(S|j)=P(plj)-P(Slpnj)+P i) -P(S[p°Nj)

_n=0-1
n n— (-1

1
+P(p°lj)-0==, forallj=1,2, ... n.
— n

j—1
n

Therefore, the order in which individuals pick the straw does not affect their
probability of picking the shortest straw.

One implication of the previous result is that, if you were one of the six
individuals playing Russian roulette with a six-chamber revolver with one
bullet in the cylinder and the gun is spun just once at the beginning of the
game, no matter if you go first, second, ... or sixth, your odds of seeing what
a bullet feels like would be the same. This is so because the more rounds that
are played, the more likely the bullet is to appear, but this is offset by the fact
that the game is less likely to reach that round (so for instance, in the first
round, there is a 100% chance that the trigger of the gun will be pulled, and a
1/6 probability that the chamber will contain the bullet. In the sixth round,
there is a 100% chance that the chamber contains the bullet, but only a 1/6
probability that the game actually gets there.) Thus, in this case, according

to our previous formula with n = 6,

1
P ({getting the bullet} |j) = 5 for all j =1,2,...,6.
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However, if the rules were different, there may be an advantage to playing
later. Imagine that the rule is the following: the first player spins and shoots,
then the second one spins and shoots, and so on. In this scenario, the game is
effectively “reset” each time. That is, the likelihood of the bullet being in any
of the chambers is totally unaffected by the chamber it was in the previous
turn. So this time the bullet is no more likely to appear as the game continues.
However, the chance of the game continuing still goes down over time (as it
is more likely that the bullet would have appeared at some point). Let us
formalize that: the first player has a 1/6 probability of getting the bullet when
he pulls the trigger. If he survives, the second player also has a 1/6 probability
of getting the bullet when he pulls the trigger. However, the second player only
has a 5/6 probability of ever pulling the trigger at all, so he has a slightly better
chance of surviving. In this case, let us define the following events:

B = {the individual gets the bullet} ,

j = {the individual is placed in the jth position} ,

p = {the individual pulls the trigger},

pNj = {the individual pulls the trigger and is placed in the jth position} .

Applying the theorem of total conditional probability,

PBlj)=Pplj)-PBlpnj)+Pp°lj)-P(B]p°Nj)

6-(—1)1 : 6-(U-1) 77— :
G 6+ (p°l7) 26 g 0 Jorallj=12,..6,

j—1

6
which is decreasing in j. For example, P (B|1) = 1/6 whereas P (B|6) = 1/36.
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