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Jordi Caballé a,*, Judith Panadés b
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Abstract

We analyze the effects of inflation both on tax compliance and on the amount of govern-

ment revenues in the framework of a monetary economy where households face a cash-

in-advance constraint on consumption purchases. Since households are exposed to random

audits from the tax enforcement agency, the stationary equilibrium exhibits a non-degenerate

distribution of consumption. Our main results include a non-monotonic characterization of

the relationship between the rate of monetary expansion and government revenue. This is

in contrast to the standard cash-in-advance model with no evasion, where that relationship

is monotonic. In our model, as government creates inflation, the penalty imposed on evaded

taxes becomes smaller in real terms. This stimulates tax evasion and, hence, aggregate revenue

turns out to be decreasing in the rate of monetary expansion when inflation is sufficiently high.

Even if inflation raises the variance of the distribution of consumption, we show that high

inflation rates end up being welfare enhancing.
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1. Introduction

All the tax codes around the world contain a series of provisions concerning tax

enforcement. Without these provisions no rational, selfish taxpayer would voluntar-

ily report his true taxable income. Tax authorities conduct random inspections of the
reports submitted by taxpayers and, if a taxpayer is caught evading, he has to pay a

fine proportional to the amount of evaded taxes. Usually, the tax inspection occurs

some months or years after taxpayers have submitted their income reports. In this

scenario, inflation modifies the real payoffs of the risky investment implicit in tax

evading activities. In particular, the nominal fine paid by caught tax evaders could

be substantially reduced in real terms when the economy is experiencing a hyperin-

flationary process. Inflation could then result in both less voluntarily paid real taxes

and less real revenue accruing from the fines imposed on audited taxpayers. This neg-
ative effect of inflation on the real fiscal revenue is dubbed the Tanzi–Olivera effect

(see Tanzi, 1977; Olivera, 1967). Fishlow and Friedman (1994) pointed out that one

of the consequences of the Tanzi–Olivera effect is that governments facing a large

amount of evasion due to inflation will increase the rate of monetary growth in order

to get additional inflationary financing. Therefore, the Tanzi–Olivera effect adds

extra difficulties to the stabilization efforts of countries experiencing inflation. The

empirical estimation conducted by Fishlow and Friedman for the cases of Argentina,

Brazil and Chile seems to confirm the relevance of the aforementioned effect.
The aim of this paper is to analyze the effects of inflation on tax compliance and

on the revenue raised by the government. The novelty of our approach is that we

undertake the analysis within a dynamic general equilibrium framework where infla-

tion and tax evasion are phenomena arising as by-products of monetary policy. In

order to make explicit the relationship between the rate of monetary expansion

and inflation, we introduce a cash-in-advance (or liquidity) constraint on the pur-

chases of consumption goods. Therefore, money will have positive value in equilib-

rium. Moreover, since the government has the monopoly of issuing money, there will
be room for seignorage.

One feature of the standard monetary model with liquidity constraints when tax

evasion is absent is that government can always raise its revenue by increasing the

rate of monetary growth. In fact, the resources absorbed by the government can be-

come arbitrarily close to the total resources of the economy by selecting a sufficiently

high rate of monetary growth. In this paper we will show that this monotonic rela-

tionship does not longer hold when tax evasion is present. Following the aforemen-

tioned contributions of Tanzi and Olivera, we show that, due to both the delay in tax
auditing and the lack of indexation of fines, taxpayers will decrease the amount of

reported income and, thus, the real fiscal revenue from taxes and fines could also de-

crease with inflation. Moreover, we will show that the plot of the total revenue raised

by the government, accruing from both tax collection and seignorage, against the

inflation rate exhibits and inverted U-shape. This means in particular that a given

level of feasible government revenue (or government spending under balanced bud-

get), can be financed by two different rates of monetary growth. At the low-inflation

equilibrium government spending is locally increasing in the rate of monetary
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growth and the converse occurs at the high-inflation equilibrium. This non-mono-

tonic association between government spending and inflation implies in turn that

the decrease in regular tax collection due to inflation could not be outweighed by

the additional revenue accruing from seignorage.

Other authors provide different explanations for the aforementioned positive rela-
tionship between tax evasion and inflation. For instance, Fishburn (1981) and Crane

and Nourzad (1985, 1986) basically argue that inflation reduces the real value of tax-

payers� future disposable income. Therefore, taxpayers find optimal to increase their

levels of tax evasion in order to restore their future purchasing power. The paper of

Fishburn shows in a static framework that the amount of evaded income increases

with the future price level whenever individual utilities display an increasing index

of relative risk aversion. The papers of Crane and Nourzad confirm empirically

the previous positive effect of inflation on the amount of unreported income.
Finally, another group of authors consider the opposite causality from evasion to

inflation. For instance, Nicolini (1998) and Al-Marhubi (2000) take as given the

existence of some amount of underground markets. Since cash is used in these mar-

kets, the government finds optimal to create inflation in order to tax the transactions

in these illegal markets and obtain thus the corresponding seignorage. Here, the

existence of corruption and/or tax evading activities results in more inflation.

Concerning the relationship between monetary growth and government revenue,

we should mention the paper of Palivos and Yip (1995), where in the context of an
endogenous growth model with liquidity constraints, distortionary income taxation

is compared with inflationary financing in terms of growth and welfare for a given

level of useless government spending. In our paper we take instead as given the

tax rate and then we allow for untruthful income reports. Thus, we just look at

the effect of the rate of monetary growth on the government revenue through the in-

duced change in the reporting strategies of taxpayers.

Our model shares several features with other monetary models exhibiting cash-in-

advance constraints. Households will accumulate monetary holdings before knowing
the state of the nature and, thus, before knowing their future consumption. There-

fore, the demand for money will arise because of transactions, precautionary, and

store-of-value motives as in Svensson (1985). More precisely, households will enjoy

identical income in each period but they will face idiosyncratic shocks, since some

households will be audited and others will not. Therefore, the economy exhibits het-

erogeneity both in monetary balances and in consumption as these variables will de-

pend on the whole history of audit shocks experienced by each household. In this

respect, the model resembles that of Lucas (1980), where individuals differ in their
money holdings depending on the realization of an idiosyncratic preference shock.

Finally, as in Hodrick et al. (1991) and Dotsey and Sarte (2000), we will assume

for tractability reasons that the cash-in-advance constraint is strictly binding, which

means that the simple quantity equation will hold in equilibrium. 1

1 Svensson (1985) and Palivos et al. (1993) allow for non-binding liquidity constraints in some states so

that the quantity equation does not generally hold. These authors consider a model with macroeconomic

shocks in order to analyze the response of the velocity of money to aggregate shocks.
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Finally, our model makes also explicit the relationship between the return to the

risky (and illegal) activity of evading taxes and the inflation rate. We are thus mod-

elling tax evasion using the portfolio approach made famous by Allingham and

Sandmo (1972) and Yitzhaki (1974). By viewing tax evasion as a particular kind

of investment, our model is related to those of Bohn (1991) and Nakibullah
(1992), where the effects of inflation on asset returns was also analyzed.

Our paper also contains some welfare considerations. Since we assume that gov-

ernment spending is unproductive and does not affect the households� utility, the rate
of monetary growth maximizing the government revenue will be the one that mini-

mizes the average consumption of taxpayers. However, the inflation rate also affects

other moments of the distribution of individual consumption and, therefore, in order

to evaluate the effects of inflation on the resulting expected utility of taxpayers, we

should also take into account these other changes in the distribution of consumption.
When inflation is very small, fines on evaded taxes are very high in real terms and,

hence, no taxpayer finds optimal to misreport his true income. In this case, the dis-

tribution of disposable income and consumption is degenerate as no penalties are im-

posed on audited households. When inflation increases, the variance of consumption

rises, since more heterogeneity among consumers is introduced by the random audit-

ing process. However, we show that, for sufficiently high values of the rate of mone-

tary expansion, the shift in the distribution of consumption due to inflation implies

an improvement in terms of first order stochastic dominance. Therefore, higher infla-
tion rates could be welfare improving.

The paper is organized as follows. Section 2 introduces the tax evasion phenom-

enon in a model of inflationary finance with liquidity constraints and characterizes

the policy functions of households for both monetary holdings and income reports.

Section 3 characterizes the resulting distribution of consumption at a stationary

equilibrium. Section 4 analyzes the relationship between inflation and the different

components of the government revenue. The welfare effects of inflation are discussed

in Section 5. Section 6 contains some concluding remarks and discusses briefly some
extensions. All the proofs appear in Appendix A.

2. Tax evasion and inflation

Let us consider a pure exchange monetary economy where time is discrete and the

time horizon is infinite. There is a continuum of households distributed uniformly on

the interval [0,1]. Each household consists of a worker-shopper pair. The shopper
purchases consumption goods and faces a cash-in-advance constraint. Thus, the

shopper cannot purchase an amount of goods having a monetary value greater than

the nominal cash holdings of the household in each period. The worker produces a

constant amount of a non-storable good per period. This output is sold by the

worker to the shoppers of the other households in exchange for money. Moreover,

the government collects a fraction of the output produced by workers using two

financing methods. On the one hand, there is a flat-rate tax on the amount of output.

On the other hand, the government introduces money in the economy in exchange

570 J. Caballé, J. Panadés / Journal of Macroeconomics 26 (2004) 567–595



for goods. Therefore, the government gets both fiscal and seignorage revenues. These

revenues are devoted to a completely unproductive and useless spending. We assume

that households could underreport their true income before paying their taxes. How-

ever, since tax evasion is an illegal activity, taxpayers will be audited by the govern-

ment and, if a household is caught evading, then it will have to pay a fine
proportional to the monetary amount of evaded taxes.

The timing of events within each period is thus the following. Each household

enters period t with some amount Mt of money holdings. At the beginning of each

period t the tax enforcement agency picks randomly a fraction p 2 (0,1) of house-

holds to be audited. Therefore, the law of large numbers implies that the probability

that a given household will be audited is also equal to p. The inspection takes place

immediately and consists on verifying the accuracy of the income report submitted

by the household to the tax authority in the previous period t � 1. We assume that
the reports of all earlier periods are not audited. The true income is always discov-

ered by the tax enforcement agency. Note that, even if there is no uncertainty about

the output produced by a worker, an audit by the agency is necessary in order to

certify indisputably the level of income of a given household. Then, the shopper

leaves home and purchases ct units of the consumption good using the money hold-

ings of the household. Therefore, the shopper will conduct his purchases after

knowing the exact amount of the penalty (if any) that the household will have to

pay during the current period. Simultaneously, the worker stays at home and pro-
duces the constant amount y of a non-storable good per period. Consider now a

worker of a household that has been audited by the tax enforcement agency. After

he has produced the output, he pays the corresponding fine at the rate u > 1 on the

nominal amount of taxes evaded in the previous period. Let s 2 (0,1) be the con-

stant tax rate on the amount of output. If xt�1 is the real income reported by the

household in period t � 1, then the amount of evaded taxes measured in monetary

units is pt�1s(y � xt�1).
2 Note that in the vast majority of tax codes around the

world the fine is imposed proportionally to that monetary amount. We are thus
assuming that the penalty rate is not indexed. Therefore, an audited household

has to pay the nominal amount upt�1s(y � xt�1) as a tax penalty in period t. More-

over, each worker sells the remaining output to the shoppers of the other house-

holds and to the government in exchange for money. The growth of aggregate

nominal monetary balances is set by the government at the constant net rate

r > 0. After finishing the purchasing session, the shopper returns home. Then, the

consumption of the perishable goods purchased by the shopper takes place. Finally,

the household fills a tax income report and decides to declare a real income xt (or,
equivalently, a nominal income ptxt). This means that the household voluntarily

pays an amount sxt of real taxes (or sptxt in nominal terms) in period t. The

amount of money carried by the household into period t + 1 will be the amount

2 In fact, taxpayers report the nominal income ptxt in period t. However, since the price level is known,

we will consider the amount xt of reported real income as the relevant choice variable.
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collected by the worker plus the amount not spent on consumption purchases and

tax payments.

The budget constraint faced by an audited household is thus

ptct þMtþ1 6 Mt þ pty � sptxt � upt�1sðy � xt�1Þ;

whereas for a non-audited household is

ptct þMtþ1 6 Mt þ pty � sptxt:

The previous two constraints can be compactly rewritten as

ptct þMtþ1 6 Mt þ pty � sptxt � htpt�1sðy � xt�1Þ; ð2:1Þ
where ht is an i.i.d. random variable taking the value u with probability p and the

value zero with probability 1 � p for all t. Let us define the amount of evaded real

income et � y � xt. Thus, making this change of variable and dividing (2.1) by pt,

we obtain the budget constraint in real terms,

ct þ ð1þ ftþ1Þmtþ1 6 mt þ ð1� sÞy � s
1þ ft

� �
htet�1 þ set; ð2:2Þ

where ftþ1 ¼ ptþ1�pt
pt

is the inflation rate and mt denotes the real money balances per

household at t.
Moreover, the household must satisfy the liquidity (or cash-in-advance) con-

straint on consumption purchases:

ptct 6 Mt: ð2:3Þ
Dividing the previous constraint by the price level pt, we obtain the following version

of (2.3) in real terms:

ct 6 mt: ð2:4Þ
The problem of a given household is to maximize the following expected sum of dis-

counted utilities:

Et

X1
j¼t

qj�tuðcjÞ
" #

; 0 < q < 1;

where q is the discount factor and the operator Et is the conditional expectation in

period t computed immediately after the potential tax inspection has occurred, that

is, after observing the realization of the random variable ht. The instantaneous utility
function u is strictly increasing and strictly concave. The two constraints of the pre-

vious problem are the budget constraint (2.2) and the cash-in-advance constraint

(2.4). To solve the problem of the household we write the corresponding Lagrangian,

£ ¼ Et

X1
j¼t

qj�t uðcjÞ þ kj mj þ ð1� sÞy � s
1þ fj

� �
hjej�1

��"

þ sej � cj � ð1þ fjþ1Þmjþ1

�
þ hjðmj � cjÞ

�#
;
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where kt and ht are the Lagrange multipliers associated with constraints (2.2) and

(2.4), respectively. Differentiating £ with respect to ct, et, mt+1, kt and ht, we get

the following first order conditions:

u0ðctÞ ¼ kt þ ht; ð2:5Þ

kt ¼
q

1þ ftþ1

Et½ktþ1htþ1�; ð2:6Þ

ð1þ ftþ1Þkt ¼ qEt½ktþ1 þ htþ1�; ð2:7Þ

and the constraints (2.2) and (2.4).

As aggregate nominal monetary balances grow at the net rate r > 0, the market

clearing equation for money is

M�
tþ1 ¼ ð1þ rÞM�

t ; ð2:8Þ

where M�
t denotes the aggregate amount of nominal balances in the economy at the

beginning of period t. Let m�
t ¼ M�

t =pt be the aggregate amount of real monetary bal-

ances at the beginning of period t. Note that this aggregate amount of real balances

coincides with the corresponding average amount per household, since households

are uniformly distributed on the interval [0,1]. After dividing by pt, the market clear-

ing equation (2.8) becomes thus

ð1þ ftþ1Þm�
tþ1 ¼ ð1þ rÞm�

t :

Since at a stationary equilibrium the distribution of monetary real balances across
households must be time-invariant, we have that m�

tþ1 ¼ m�
t . Therefore, the previous

market clearing equation for money at a stationary equilibrium becomes simply

f ¼ r; ð2:9Þ

where the variables without subindex denote their corresponding stationary values.

It is important to point out that the inflation rate ft is a macroeconomic variable

determined by a simple monetary rule that consists on increasing the aggregate nom-
inal monetary balances at the constant rate r. Therefore, the inflation rate is non-

stochastic.

Note that, since the instantaneous utility function u is strictly increasing, the con-

straint (2.2) will hold with equality. Following Hodrick et al. (1991) and Dotsey and

Sarte (2000), for the sake of tractability we will assume that the cash-in-advance con-

straint (2.4) also holds with equality for all households. We will provide at the end of

this section the exact condition under which households effectively face a strictly

binding cash-in-advance constraint.
For simplicity we are going to assume that the instantaneous utility function is

logarithmic, u(c) = lnc. The qualitative results of this paper will also hold under

an isoelastic utility, uðcÞ ¼ c1�g�1
1�g , when the parameter g takes values close to one.

Since the cash-in-advance constraint (2.4) holds with equality by assumption, the

budget constraint (2.2) becomes in equilibrium
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ð1þ ftþ1Þmtþ1 ¼ ð1� sÞy � s
1þ ft

� �
htet�1 þ set: ð2:10Þ

The following proposition gives the policy functions followed by households at a sta-

tionary equilibrium.

Proposition 2.1. Assume that the cash-in-advance constraint is binding for all the
households at a stationary equilibrium. Then, the policy functions for real monetary

balances mt+1 and for the amount et of evaded real income at a stationary equilibrium

are

mtþ1 ¼ aþ bhtet�1; ð2:11Þ

and

et ¼ dþ chtet�1; ð2:12Þ

where

a ¼ ð1� sÞð1� qpÞuy
ð1þ f Þ½u� ð1þ f Þ� ; ð2:13Þ

b ¼ �ð1� qpÞs
ð1þ f Þ2

; ð2:14Þ

d ¼ ð1� sÞ½ð1þ f Þ � qpu�y
s½u� ð1þ f Þ� ; ð2:15Þ

c ¼ qp
1þ f

: ð2:16Þ

In order to generate a positive demand for money for all households and, thus, a
positive level of consumption, it is necessary to assume that

u > 1þ f ; ð2:17Þ
which ensures that the value of the coefficient a is positive. Note that the real money

demand by households that are not inspected in period t is equal to a, since these are
the households for which ht = 0.

We are also going to assume that always some evasion takes place at the individ-

ual level. Therefore, we need to assume that d > 0, since d is the amount of income

evaded by the households that are not audited in period t. It is immediate to see that

d > 0 if and only if

1þ f > qpu; ð2:18Þ
whenever (2.17) holds. Note that the amount of real income evaded by households

inspected in period t is larger than that of non-audited households. This is so because

c > 0 and, hence,
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et ¼ dþ cuet�1 > d > 0:

It should also be pointed out that audited households, which are the ones for which
ht = u, exhibit a demand for real monetary balances that is lower than that of non-

audited households. This is so because b < 0 and et�1 > 0, which implies that

mtþ1 ¼ aþ buet�1 < a:

Finally note that, since only the income report submitted in period t � 1 is poten-

tially inspected in period t, both the money demand and the amount of evaded

income of a non-audited household take always constant values (a and d,
respectively) independently of the previous audit and evasion history of the

household.

We should check now under which circumstances the maintained assumption of a

binding cash-in-advance constraint for all households holds effectively. The follow-

ing lemma provides the exact parametric restriction.

Lemma 2.2. The cash-in-advance constraint is always strictly binding for all house-

holds if and only if

pu > 1: ð2:19Þ
Recalling that the inflation rate satisfies f = r at a stationary equilibrium, we can

summarize the conditions on the parameters of the model for positive consumption,

positive evasion and binding cash-in-advance constraint given in (2.17)–(2.19),

respectively, by means of the following chain of inequalities:

u > 1þ r > qpu > q: ð2:20Þ
We will assume from now on that the parameter constellation of our model satis-

fies the previous condition whenever the amount of evaded taxes is assumed to be

strictly positive. We will see that the limiting case with no evasion at the stationary

equilibrium is obtained when the inequality (2.18) is replaced by the corresponding

equality.

3. The distribution of consumption

At the stationary equilibrium of our economy, households follow the policy func-

tions (2.11) and (2.12), the inflation rate is equal to r, and the distributions of real

balances and of evaded income across households are time-invariant.

Let us analyze first the distribution of evaded income at the stationary equilib-

rium. The dynamics of this distribution is governed by the policy function (2.12).
The Markov process of evaded income within a household is thus

etþ1 ¼
d with probability 1� p;

dþ cuet with probability p:

�
The distribution of evaded income across households in each period is a probability

measure defined on the measurable space ðR;BÞ where B is the r-algebra of Borel

J. Caballé, J. Panadés / Journal of Macroeconomics 26 (2004) 567–595 575



sets of R. Let lt be the distribution of evaded income at period t. This distribution

evolves along time according to the following equation:

ltþ1ðBÞ ¼ ð1� pÞIBðdÞ þ p
Z
gðBÞ

dlt; for all B 2 B; ð3:1Þ

where IB is the indicator function of the Borel set B, that is,

IBðeÞ ¼
1 if e 2 B;

0 if e 62 B;

�
and

gðBÞ ¼ fe 2 R such that ðdþ cueÞ 2 Bg:

Proposition 3.1. There exists a unique distribution l� on the measurable space ðR;BÞ
such that, for every initial distribution l0, the sequence of distributions of evaded

income fltg
1
t¼0 defined in (3.1) satisfies

lim
t!1

jltðBÞ � l�ðBÞj ¼ 0; for all B 2 B:

The time-invariant distribution l� of evaded income across households should

satisfy

l�ðBÞ ¼ ð1� pÞIBðdÞ þ p
Z
gðBÞ

dl�; for all B 2 B; ð3:2Þ

as dictated by (3.1). The next proposition fully characterizes this time-invariant dis-

tribution at a stationary equilibrium:

Proposition 3.2. The unique time-invariant distribution of evaded income at a

stationary equilibrium satifies

l� d
XK
i¼0

ðcuÞi
( ) !

¼ ð1� pÞpK ; for K ¼ 0; 1; 2; . . . ð3:3Þ

Now we are in the position of finding the time-invariant distribution m� of real
monetary balances. This distribution coincides in fact with that of consumption

according to the maintained assumption (2.19), which means that the cash-in-ad-

vance constraint is binding. The law of motion of real monetary balances is driven

by the policy function (2.11) so that

mtþ1 ¼
a with probability 1� p;

aþ buet�1 with probability p:

�
ð3:4Þ

The time-invariant distribution of real balances at a stationary equilibrium is thus a

by-product of the distribution of evaded income. Combining (3.3) with the previous

law of motion of real balances, we get the following:
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Proposition 3.3. There exists a unique time-invariant distribution of real monetary

balances (and of consumption) at a stationary equilibrium. This distribution satisfies

m�ðaÞ ¼ 1� p;

and

m� aþ bd
XK�1

i¼0

ciuiþ1

( ) !
¼ ð1� pÞpK for K ¼ 1; 2; 3; . . . ð3:5Þ

Moreover, for any initial distribution m0 of real balances, the sequence of distributions

fmtg1t¼0 of real monetary balances satisfies

lim
t!1

jmtðBÞ � m�ðBÞj ¼ 0; for all B 2 B:

Figs. 1 and 2 depict the shape of the probability functions associated with the dis-

tributions of evaded income and real monetary balances (and consumption), respec-

tively. It should be noted that the support of the two distributions is bounded.

Concerning the distribution l� of evaded income, the infimum of its support is

e = d, whereas its supremum is

e ¼ lim
K!1

d
XK
i¼0

ðcuÞi
" #

¼ d
1� cu

;

Fig. 1. Probability function of the time-invariant distribution of evaded income with eK ¼ d
PK

i¼0ðcuÞ
i
, for

K = 0,1,2, . . ..
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where the second equality follows because

0 < cu ¼ qpu
1þ f

< 1;

as dictated by condition (2.18).

The supremum of the support of the distribution m* of real balances is m ¼ a,
whereas its infimum is

m ¼ lim
K!1

aþ bd
XK�1

i¼0

ciuiþ1

 !
¼ aþ bdu

1� cu
¼ 0;

where the second equality follows again because 0 < cu < 1, and the last equality is

obtained by just using the equilibrium values of the coefficients a, b, d and c.
We can now compute the aggregate amounts of evaded income and of real mone-

tary balances (and consumption). Note that these aggregate amounts coincide in fact

with the corresponding average and expected values of the distributions l* and m*,
since households are uniformly distributed on the interval [0,1].

Corollary 3.4. The aggregate amount of evaded income in the economy at the

stationary equilibrium is

e� ¼ ð1� sÞð1þ rÞ½ð1þ rÞ � qpu�y
s½u� ð1þ rÞ�½ð1þ rÞ � qp2u� ; ð3:6Þ

Fig. 2. Probability function of the time-invariant distribution of real monetary balances (and of

consumption) with m0 = a and mK ¼ aþ bd
PK�1

i¼0 c
iuiþ1, for K = 1,2, . . ..
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and the aggregate amounts of consumption and of real monetary balances in the eco-

nomy at the stationary equilibrium are

c� ¼ m� ¼ ð1� sÞð1� pÞð1� qpÞuy
½u� ð1þ rÞ�½ð1þ rÞ � qp2u� : ð3:7Þ

The previous expressions for the aggregate amounts of evaded income, consump-

tion, and real monetary balances play a crucial role in order to derive the effects of

inflation on government revenue, as we will see in the next section.

It should be noticed that the standard model of inflationary finance with a cash-

in-advance constraint on consumption purchases is in fact the limiting case of the

previous model when evasion is absent. In order to remove the evasion phenomenon

from the economy, we should set the inspection policy parameters p and u so that

they satisfy

pu ¼ 1þ r
q

: ð3:8Þ

The previous condition means that the inspection policy is no longer exogenous and

is chosen instead as a function of the rate of monetary growth. Condition (3.8)

means that the condition (2.18) holds now with equality. In this case, it is obvious
that the inequalities (2.17) and (2.19) hold, since q 2 (0,1), p 2 (0,1), and

r = f > 0. Therefore, real monetary balances are strictly positive and the cash-in-

advance constraint is always binding. Moreover, when (3.8) is satisfied, we have

that

a ¼ ð1� sÞy
1þ f

¼ ð1� sÞy
1þ r

;

and

d ¼ 0;

as follows from (2.13) and (2.15). Finally, it is immediate to see from Propositions

3.2 and 3.3 that in this case the distributions of evaded income and real monetary
balances (and of consumption) are degenerate at a stationary equilibrium. The sta-

tionary value of evaded income by each household is in fact e = 0, whereas the sta-

tionary amount of consumption and real monetary balances of each household is

c ¼ m ¼ ð1� sÞy
1þ r

: ð3:9Þ

It is worth noting that this amount of monetary balances is also obtained under a
general (not necessarily logarithmic) increasing and concave utility function u.

4. Inflation and seignorage

In order to discuss the relationship between the inflation rate and the revenue

raised by the government from the private sector, let us first write the budget

J. Caballé, J. Panadés / Journal of Macroeconomics 26 (2004) 567–595 579



constraint of the government when tax evasion activities are present. This constraint

in monetary terms at a stationary equilibrium is

ptg ¼ ptsðy � e�Þ þ puspt�1e
� þ ðptþ1m

�
tþ1|fflfflfflffl{zfflfflfflffl}

M�
tþ1

� ptm
�
t|ffl{zffl}

M�
t

Þ;

where gt is the government revenue per household. This revenue is devoted entirely

to finance the consumption of the government. Recall that we assume that govern-

ment consumption is unproductive and does not enter in the utility function of
households. The first term of the RHS of the previous equation is the amount of

taxes voluntarily paid in period t, the second term is the revenue accruing from

the fines imposed on the fraction p of audited taxpayers, and the third term is the

revenue accruing from seignorage, that is, from the purchases of goods made by

the government in exchange for money.

By noticing that at a stationary equilibrium f = r and m�
t ¼ m�, for all t, we can

divide the previous budget constraint by the price level pt to obtain the following

government budget constraint in real terms at a stationary equilibrium:

g ¼ sy þ s
pu

1þ r
� 1

� �
e� þ rm�: ð4:1Þ

Using the equilibrium values of e� and m�, we will obtain the exact relationship be-

tween the rate r of monetary expansion and the government revenue.

Let us first consider the scenario where tax evasion is absent, which means that the

inspection policy satisfies condition (3.8). In this case, e = 0 for all households, the

distribution of real monetary balances is degenerate at the value m given by (3.9),

and the government budget constraint in real terms at a stationary equilibrium

(4.1) becomes simply

g ¼ sy þ rm: ð4:2Þ
Therefore, plugging the stationary value of real monetary balances given in (3.9) into

(4.2), we obtain the total revenue collected by the government at a stationary

equilibrium,

g ¼ ðsþ rÞy
1þ r

:

By differentiating the revenue with respect to the rate of monetary growth, we easily

obtain

dg
dr

¼ ð1� sÞy
ð1þ rÞ2

> 0:

Moreover, g = sy when r = 0, while and g tends to y as r approaches infinity.

Therefore, by increasing the rate of monetary expansion (i.e., by creating inflation)

the government can raise its revenue. In fact, by letting the rate of monetary

growth be arbitrarily large, the government can extract from the private sector

an amount of resources arbitrarily close to the total resources available in the econ-

580 J. Caballé, J. Panadés / Journal of Macroeconomics 26 (2004) 567–595



omy. We will next see that this monotonic relation between the government reve-

nue and the inflation rate does not longer hold if we allow for the possibility of tax

evasion.

It is also clear from (3.9) that the stationary amount of consumption (and of real

monetary balances) is monotonically decreasing in the rate of monetary growth
when there is no evasion. Since the government can raise its spending by injecting

money in the economy and the total output per period is fixed, the amount of re-

sources left for private consumption decreases and, thus, inflation ends up reducing

the welfare of households at the stationary equilibrium. We will also see that the neg-

ative effect of inflation on welfare does not necessarily hold when evasion is present,

i.e., when condition (2.18) is satisfied.

When evasion is strictly positive, inflation (or, equivalently, the rate of growth of

nominal balances) affects the government revenue through two channels. First, it af-
fects the regular revenue accruing from the tax system. The two first terms of the

RHS of (4.1) constitute the fiscal revenue in real terms,

r � sy þ s
pu

1þ r
� 1

� �
e�:

As r increases, the real value of the penalties paid by the audited taxpayers decreases

in a direct way. This effect is captured by the term pu
1þr in the previous expression.

Moreover, inflation affects the incentives of taxpayers to report their true income.

This effect is captured by the dependence of e* on r (see (3.6)). Second, the rate of

monetary growth r obviously affects the real amount of seignorage, which is the last

term of expression (4.1),

s � rm�:

The following proposition provides the comparative statics of the different com-

ponents of the government revenue with respect to the rate r of monetary growth. In

our analysis we restrict the rate r to lie in the interval (qpu � 1,u � 1) in order to

satisfy the condition (2.20). Part (d) of the proposition constitutes in fact the main

result of our analysis.

Proposition 4.1

(a) de�

dr > 0 for all r 2 (qpu � 1,u � 1).

(b) There exists a r̂ 2 ðqpu� 1;u� 1Þ such that dr
dr > 0 for r 2 ðqpu� 1; r̂Þ, and

dr
dr < 0 for r 2 ðr̂;u� 1Þ.

(c) If qp2u > 1 and

½ðu� 1Þðqp2u� 1Þ�
1
2 > qpu� 1; ð4:3Þ

then there exists a ^̂r 2 ðqpu� 1;u� 1Þ such that ds
dr < 0 for r 2 ðqpu� 1; ^̂rÞ, and

ds
dr > 0 for r 2 ð^̂r;u� 1Þ. Otherwise, ds

dr > 0 for all r 2 (qpu � 1,u � 1).

(d) There exists a r� 2 (qpu � 1,u � 1) such that dg
dr > 0 for r 2 (qpu � 1,r�), and

dg
dr < 0 for r 2 (r�,u � 1). Moreover,
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dm�

dr
¼ dc�

dr
¼ � dg

dr
:

Part (a) of the previous proposition tells us that, as inflation increases, the real

penalty rate u
1þr on evaded taxes decreases and, therefore, individuals decide opti-

mally to evade more income. Part (b) reflects the trade-off between the decrease in

regular revenue due to the fact that individuals are willing to pay less taxes voluntar-

ily, as follows from part (a), and the increase of revenue accruing from the total pen-
alty imposed on audited taxpayers who evade a larger amount of taxes. For low

values of the inflation rate the second effect outweighs the first, and the opposite oc-

curs for high values of the inflation rate.

Part (c) also shows some ambiguity concerning the relationship between seigno-

rage and inflation. For the case qp2u > 1 such ambiguity could appear as a conse-

quence of the non-monotonic behavior of real monetary balances (see part (d)).

However, when qp2u 6 1 such an ambiguity vanishes and seignorage revenue is

monotonically increasing in r, as occurs in the model without tax evasion. It
should also be pointed out that the inequality qp2u 6 1 holds for any reasonable

calibration of the model, so that seignorage is generally increasing in the inflation

rate.

Finally, part (d) establishes the main difference with the model without tax eva-

sion. Now the government cannot increase monotonically the revenue extracted

from the private sector by arbitrarily raising the rate of inflation. On the one hand,

a higher inflation rate makes individuals to evade more taxes, since penalties be-

come smaller in real terms. On the other hand, money creation is generally a source
of revenue for the government. The first effect dominates for sufficiently large val-

ues of r, whereas the second one is the dominating for small values of r. Fig. 3
depicts the set of admissible values of the parameters r and uaccording to condi-

tion (2.20) and the subsets for which the government revenue either increases or

decreases with the rate r of monetary growth. We see thus that the maximum level

of the government revenue is achieved for an inflation rate equal to r� ¼
1
2
uð1þ qp2Þ � 1 (see (4.12) in Appendix A). Moreover, for each revenue level smal-

ler than that maximum, there exist two rates of monetary growth and, thus, two
rates of inflation that support it. The relation between government revenue and

inflation is locally increasing at the low-inflation equilibrium, whereas the converse

holds at the high-inflation equilibrium. Obviously, at the latter equilibrium, the

government cannot increase its revenue by means of increasing further the rate

of monetary growth.

The inverted U-shaped relationship between government revenue g and the

rate r of monetary growth implies that the relationship between aggregate private

consumption c� and r is U-shaped, since the total output is kept constant a the
level y. Finally, the effect of r on aggregate real monetary balances m� is

the same as that on consumption since, under our parametric assumptions, the

cash-in-advance is strictly binding for all households so that m� is always equal

to c�.
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5. Distributional and welfare implications of inflation under tax evasion

When government spending does not provide utility to the agents of the economy,

the objective of revenue maximization by the government implies the minimization

of average private consumption. In principle, this results in a reduction of the ex ante

welfare of households. However, in order to calculate the overall impact of inflation

on welfare, we need to take into account all the effects of changes in the rate r of

monetary growth on the time-invariant distribution m� of consumption. In fact,

the expected utility of a household at a stationary equilibrium will be the result of
the interaction between the utility function u and the time-invariant distribution of

consumption.

As a first step towards discussing distributional issues, we have the following re-

sult concerning the distribution l* of evaded income.

Proposition 5.1

(a) The variance Var(e) of the distribution of evaded income at a stationary equilib-

rium is increasing in the inflation rate.
(b) Let Fl�(e;r) be the cumulative distribution function of evaded income at the station-

ary equilibrium when the rate of inflation is r. Then,
dF l� ðe;rÞ

dr 6 0 for all e 2 ½e;�e�,
with strict inequality for at least one e 2 ½e;�e�.

Part (a) tells us that the distribution of evaded income displays more variance as

inflation rises. This is a consequence of the fact that the amount of evaded taxes asso-

ciated with a given evasion and audit history rises when the tax fine becomes smaller

Fig. 3. Regions for which dg
dr < 0 and dg

dr > 0. The admissible values of u and r are in the shaded region.
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in real terms. Part (b) tells us that, as inflation increases, the cumulative distribution

function shifts down uniformly and, therefore, an increase of inflation generates a

new distribution of evaded income that dominates the previous one in the sense of

first order stochastic dominance (see Hadar and Russell, 1969).

The next proposition characterizes the effects of inflation on the time-invariant
distribution m� of consumption (and of real monetary balances):

Proposition 5.2

(a) The variance Var(c) of the distribution of consumption at a stationary equilibrium

satisfies limr!qpu�1 Var(c) = 0 and limr!u�1Var(c) = 1.

(b) Assume that qp < 1/2 and let Fm�(c;r) be the cumulative distribution function of

consumption at the stationary equilibrium when the rate of inflation is r. Then,
dF m� ðc;rÞ

dr P 0 for all c 2 ½m; �m�, with strict inequality for at least one c 2 ½m; �m�,
whenever r 2 ðqpu� 1; u

2
� 1Þ; and limr!u�1

dF m� ðc;rÞ
dr 6 0 for all c 2 ½m; �m�, with

strict inequality for at least one c 2 ½m; �m�.

The previous proposition shows in part (a) that, when the inflation rate r ap-

proaches qpu � 1, the distribution of consumption tends to become degenerate,

since all the mass of m� is concentrated around the value a. This can be easily seen

by noticing that limr!qpu�1d = 0, so that the points fmKg1K¼0 in the support of m� sat-
isfy limr!qpu�1m

K = a for K = 0,1,2, . . . (see (3.5)). The reason for this relies on the

fact that when pu ¼ 1þr
q taxpayers decide to make truthful reports of their income

and, hence, regardless of whether they are audited or not, they do not have to pay

any penalty. This means that consumption is not longer stochastic. However, the

variance of consumption becomes arbitrarily large when r approaches the upper

bound u � 1.

From part (a) of the last proposition we know that, when the inflation rate is high,

the dispersion (as measured by the variance) of the distribution of consumption in-
creases with inflation. Moreover, we know that the expected (or average) consump-

tion is increasing in the inflation rate for high values of r, namely, when r > r� (see

part (d) of Proposition 4.1). Therefore, the expected utility of households is exposed

in this case to two effects of apparent opposite sign. However, part (b) of the last

proposition shows that, if the rate r of monetary growth (and, thus, the inflation)

is close to the upper bound u � 1, then the distribution Fm�(c;r) uniformly shifts

downwards as r increases. In this case, all the individuals with increasing utility func-

tions will be better off after that inflation increase (see Hadar and Russell, 1969). We
have thus resolved the potential ambiguity of the welfare effect brought about by

having simultaneously a higher expectation and a higher variance for consumption.

On the contrary, when inflation is sufficiently small, it is clear that the two afore-

mentioned effects go in the same direction. Indeed, when inflation is small, expected

consumption decreases with r, according to part (d) of Proposition 4.1, and the var-

iance of consumption increases according to part (a) of Proposition 5.2. Therefore,

we could expect that the ex ante welfare of households be decreasing in r for low

values of inflation. This presumption is confirmed by part (b) of Proposition 5.2.
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Since the distribution Fm�(c; r) uniformly shifts upwards as inflation increases for val-

ues of r lying on the interval ðqpu� 1; u
2
� 1Þ, we can conclude that inflation induces

a deterioration of the distribution m� of consumption in terms of first order stochastic

dominance. Therefore, in this case all the individuals with increasing utility functions

will suffer a decrease in their expected utilities. Finally, note that the assumption
qp < 1/2 appearing in part (b) of Proposition 5.2 is very reasonable in empirical

terms.

Figs. 4 and 5 show the changes in the probability function of the distribution of

consumption when inflation increases for low and high values of the inflation rate,

respectively.

It is well known that the first two moments of a distribution do not contain, in

most of the cases, enough information to assess the desirability of a random variable

from the perspective of an agent who wants to maximize his expected utility. The
analysis based on stochastic dominance relations, when it is possible, allows to rank

unambiguously distributions in terms of the expected utility they provide. In our

model, we have been able to characterize the welfare effects of inflation by just look-

ing at the first order stochastic dominance ordering.

We conclude this section with one example that illustrates the result of part (b) of

Proposition 5.2. Recall that we have assumed throughout this paper that the utility

function is logarithmic and, thus, strictly increasing. As follows from Proposition

3.3, the unconditional expected sum of discounted utilities of a household at a sta-
tionary equilibrium is

Fig. 4. Shift in the probability function of the distribution of consumption (and of real monetary

balances) when inflation rises for r lying on the interval qpu� 1; u
2
� 1

� 	
.
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qj�tuðcjÞ
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ð1� pÞ ln aþ

X1
K¼1

ð1� pÞpK ln aþ bd
XK�1

i¼0

ciuiþ1

 !" #( )" #
:

Fig. 6 displays the plot of W against the rate of inflation rate for the following rea-

sonable parameter configuration q = 0.9, p = 0.4, u = 2.5, s = 0.2 and y = 1. In this

Fig. 5. Shift in the probability function of the distribution of consumption (and of real monetary

balances) when inflation rises for r close to u � 1.

Fig. 6. The unconditional expected sum of discounted utilities at a stationary equilibrium as a function of

the rate r of monetary growth for q = 0.9, p = 0.4, u = 2.5, s = 0.2 and y = 1.
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example the unconditional expected sum of discounted utilities reaches its minimum

at r = 0.625. However, expected consumption is minimized at r ¼ 1
2
uð1þ qp2Þ�

1 ¼ 0:43. The discrepancy between these two values comes from the effect of higher

moments of the consumption distribution on the households� ex ante welfare.

We see thus that the relationship between ex ante welfare and inflation is U-
shaped, as dictated by part (b) of Proposition 5.2. In particular, higher rates of infla-

tion could enhance the ex ante welfare of households.

6. Conclusion

In this paper we have analyzed the effects of inflation on the reporting strategies of

taxpayers, on the distribution of consumption, and on the government revenue. Our
analysis has been carried out within the framework of a monetary economy where

households face a cash-in-advance constraint on their consumption purchases.

Moreover, households face a probability of being audited by the tax enforcement

agency and, thus, their decision about the level of income to be reported resembles

that of portfolio selection.

Our main results include a non-monotonic relationship between the rate of

growth of money and the government revenue. As government creates inflation,

the real penalty imposed on evaded taxes goes down and this stimulates tax evasion.
While this reduction in regular tax collection is outweighed by seignorage for small

levels of inflation, the aggregate revenue turns out to be decreasing in the rate of

monetary expansion when inflation is sufficiently high. This means that high values

of inflation could leave more resources on the hands of the private sector than more

moderate values. Even if inflation raises the variance of the distribution of consump-

tion, the overall welfare effect of raising the inflation rate could be positive.

The economic environment we have considered is simple enough to enable us to

obtain explicit solutions for all the variables we wanted to characterize. One of the
simplifying assumption of our analysis is that individuals have the same ex ante in-

come. This assumption allows us to emphasize the heterogeneity that arises from the

fact that in every period only a subset of taxpayers is audited. This brings about het-

erogeneous consumption and reporting patterns that give raise in turn to a non-

degenerate distribution of consumption across households.

Another assumption that can be relaxed (at a non-trivial complexity cost) is

that households cannot save part of their income. The introduction of capital

markets and a process of capital accumulation could allow us to analyze the ef-
fects of inflation either on the growth rate and on the convergence rate of the

economy. In absence of tax evasion this analysis has been carried out by Abel

(1985), Jones and Manuelli (1995), and Mino (1997). Moreover, the analysis of

the optimal mix of financing policies by the government in a growing economy

has been undertaken also by Jones and Manuelli (1995), Palivos and Yip

(1995), Smith (1996) and Pecorino (1997). To add the possibility of tax evasion

in a capital accumulation economy exhibiting a liquidity constraint is thus left

for future research.
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Appendix A

Proof of Proposition 2.1. Let us conjecture that the two policy functions have the
functional forms given in (2.11) and (2.12). Combining (2.5) and (2.7) we obtain

ð1þ ftþ1Þkt ¼ qEt½u0ðctþ1Þ�: ðA:1Þ
Since ct+1 = mt+1 when the cash-in-advance constraint is binding, we can use the pol-

icy function (2.11) and the logarithmic specification for u to solve for the Lagrange

multiplier in the previous equation:

kt ¼
q

1þ ftþ1

Et
1

aþ bhtet�1

� �
: ðA:2Þ

Therefore, plugging (A.2) into (2.6) we get

q
1þ ftþ1

Et
1

aþ bhtet�1

� �
¼ q

ð1þ ftþ1Þ
Et

q
1þ ftþ2

Etþ1

1

aþ bhtþ1et

� �� �
htþ1

� �
:

As the inflation rate is non-stochastic under a deterministic monetary policy rule,

and ht, et�1 and et are all known at period t after the potential inspection has taken

place, a straightforward application of the law of iterated expectation to the previous

equation yields

1

aþ bhtet�1

¼ q
1þ ftþ2

Et
htþ1

aþ bhtþ1et

� �
: ðA:3Þ

Since ht is an i.i.d. random variable, we can easily compute the conditional expecta-

tion appearing in the previous expression,

Et
htþ1

aþ bhtþ1et

� �
¼ pu

aþ buet
:

Moreover, the inflation rate ft is constant at a stationary equilibrium because the

government increases the nominal monetary balances at a constant rate. Therefore,

(A.3) becomes at a stationary equilibrium

1

aþ bhtet�1

¼ qpu
ð1þ f Þðaþ buetÞ

:
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Using the conjectured policy function (2.12), the previous equation becomes

1

aþ bhtet�1

¼ qpu
ð1þ f Þ½aþ buðdþ chtet�1Þ�

;

which, after collecting terms, can be rewritten as

qpua� ð1þ f Þðaþ bduÞ þ ½qpub� ð1þ f Þbcu�htet�1 ¼ 0:

Therefore, the coefficients of the policy functions (2.11) and (2.12) must satisfy

qpua� ð1þ f Þðaþ bduÞ ¼ 0; ðA:4Þ

qpub� ð1þ f Þbcu ¼ 0: ðA:5Þ
Using again the policy functions (2.11) and (2.12), the budget constraint at a sta-

tionary equilibrium when the cash-in-advance constraint is binding is (see (2.10))

ð1þ f Þðaþ bhtet�1Þ ¼ ð1� sÞy � s
1þ f

� �
htet�1 þ sðdþ chtet�1Þ:

After collecting terms, the previous equation becomes

ð1þ f Þa� sd� ð1� sÞy þ ð1þ f Þb� scþ s
1þ f

� �� �
htet�1 ¼ 0;

so that the coefficients of the policy functions (2.11) and (2.12) must also satisfy

ð1þ f Þa� sd� ð1� sÞy ¼ 0; ðA:6Þ

ð1þ f Þb� scþ s
1þ f

� �
¼ 0: ðA:7Þ

Solving the system of equations (A.4)–(A.7) for the unknown coefficients a, b, d, and
c, we get after some tedious algebra the values given in the statement of the

proposition. h

Proof of Lemma 2.2. From the first order condition (2.5), we have that ht > 0 if and

only if u 0(ct) > kt. Therefore, from (A.1) we have that ht > 0 if and only if

u0ðctÞ >
qEt½u0ðctþ1Þ�
1þ ftþ1

:

Evaluating the previous inequality at a stationary equilibrium where the cash-in-

advance constraint is binding, we get after some rearranging,

1þ f
q

>
Et½u0ðmtþ1Þ�

u0ðmtÞ
:

Since u is logarithmic and real balances are governed by the policy function (2.11),

the previous inequality becomes

1þ f
q

>
aþ bht�1et�2

aþ bhtet�1

¼ aþ bht�1et�2

aþ bdht þ bchtht�1et�2

; ðA:8Þ
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where the equality comes from the policy function (2.12) for et�1. The last term in

(A.8) is clearly increasing in ht since bd < 0 and bc < 0. Therefore, for a given value

of ht�1, the largest value of the last term in (A.8) is reached when ht = u. Therefore,
the Lagrange multiplier ht is strictly positive for all households whenever

1þ f
q

>
aþ bht�1et�2

aþ bduþ bcuht�1et�2

; ðA:9Þ

for both ht�1 = 0 and ht�1 = u. However, the RHS of (A.9) takes the same value

regardless of whether ht�1 = u or ht�1 = 0. To see this, we only have to show that
the following inequality holds:

a
aþ bdu

¼ aþ buet�2

aþ bduþ bcu2et�2

:

The previous equality simplifies to

acu ¼ aþ bdu:

It can be checked that the previous equality holds by simply substituting the equilib-

rium values of a, b, d, and c given in (2.13)–(2.16).

Therefore, the cash-in-advance constraint is strictly binding (ht > 0) for all

households if and only if

1þ f
q

>
a

aþ bdu
¼ 1þ f

qpu
;

where the equality comes from using again the equilibrium values of a, b, and d. It is
immediate to see that the previous inequality is satisfied if and only if (2.19) holds. h

Proof of Proposition 3.1. Let T(e,B) be the transition function of the Markov pro-

cess of evaded income. This transition function gives the probability that a house-

hold evading the amount e of income in a given period, evades an amount of

income lying in the Borel set B in the next period. Therefore,

T ðe;BÞ ¼ ð1� pÞIBðdÞ þ pIBðdþ cueÞ: ðA:10Þ
Let Bc be the complementary of the Borel set B in R. It is obvious from (A.10) that,

for every B 2 B, T(e,B) P 1 � p if d 2 B, for all e 2 B. Moreover, T(e,Bc) P 1 � p
if d 2 Bc, for all e 2 B. This means that condition M in Section 11.4 of Stokey and

Lucas (1989) holds, and from their Theorems 11.2 and 11.6 the desired convergence

is obtained. h

Proof of Proposition 3.2. We just have to check that the distribution given in (3.3)
satisfies the functional equation (3.2). Note that the support of l� is discrete,

suppðl�Þ ¼ feKg1K¼0;

where eK ¼ d
PK

i¼0ðcuÞ
i
. Since d + cueK = eK+1, we have that g({eK+1}) = eK. There-

fore, if eK+1 > d, Eq. (3.2) becomes
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l�ðfeKþ1gÞ ¼ ð1� pÞIfeKþ1gðdÞ þ p
Z
feKg

dl� ¼ 0þ pl�ðfeKgÞ ¼ ð1� pÞpKþ1;

as l�({eK}) = (1 � p)pK. For the case eK+1 = d, Eq. (3.2) becomes

l�ðdÞ ¼ ð1� pÞIfdgðdÞ þ p
Z
gðfdgÞ

dl� ¼ ð1� pÞ:

The last equality comes from the fact that the set g(d) is empty and has, thus, zero
measure. The emptiness of g({d}) follows because d + cue > d as cu > 0 and e > 0

under condition (2.18). h

Proof of Proposition 3.3. Obvious from Propositions 3.1 and 3.2, since the sequence

of distributions fltg
1
t¼0 of evaded income converges to l� and the distribution mt+1 is

entirely determined by the distribution lt�1 through the law of motion (3.4). h

Proof of Corollary 3.4. Since there is a continuum of households uniformly distrib-

uted on the interval [0, 1] and the random variable ht is identically and independently

distributed across all households, the strong law of large numbers implies that

e� = E(e) and c� = m� = E(m). Then, we just have to compute

EðeÞ ¼
X1
K¼0

ð1� pÞpKd
XK
i¼0

ðcuÞi
 !

¼ d
1� cpu

; ðA:11Þ

where the first equality is implied by (3.3), and the second equality comes after some

algebra. 3 The expression (3.6) is finally obtained by just using the equilibrium values

of d and c, and the stationary money market equilibrium condition f = r. Similarly,

EðmÞ ¼ ð1� pÞaþ
X1
K¼1

ð1� pÞpK aþ bd
XK�1

i¼0

ciuiþ1

 !
¼ aþ bdpu

1� cpu
;

where the first equality is a consequence of (3.5) and the second arises after some
simple computation. 4 We arrive at the expression (3.7) by using the equilibrium val-

ues of a, b, d and c, and the fact that f = r at the stationary equilibrium. h

3 A much simple computation of E(e) is obtained by taking the unconditional expectation on both sides

of the policy function (2.12),

EðeÞ ¼ dþ cpuEðeÞ;

and then solving for E(e).
4 Again a more direct computation is obtained by just taking the unconditional expectation on both

sides of the policy function (2.11),

EðmÞ ¼ aþ bpuEðeÞ;

and then using (4.11).
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Proof of Proposition 4.1. (a) Compute the derivative of (3.6) with respect to r, and
equate that derivative to zero. The solutions for r to the resulting (messy) equation

turn out to be the following conjugate roots:

qp½1þ pðu� 1Þ� � 1� qpu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�puð1� pÞð1� qpÞ

p
1� qpð1� pÞ :

Since the term inside the square root is negative, we conclude that the aggregate

amount e� of evaded income is strictly monotonic in r. It just remains to check

numerically that the sign of de�

dr is strictly positive.

(b) We compute the derivative of r with respect to r,

dr
dr

¼ �ð1� sÞð1� pÞð1� qpÞ½ð1þ rÞ2 � qp2u2�uy
½ð1þ rÞ � u�2½ð1þ rÞ � qp2u�2

:

Clearly, dr
dr ? 0 whenever r 7 puq1=2 � 1 � br. Note that br � puq1=2 � 1 > qpu� 1

as q 2 (0,1). Moreover, u � 1 > puq1/2 � 1 since p q1/2 < 1.

(c) We compute the derivative of s with respect to r,

ds
dr

¼ ð1� sÞð1� pÞð1� qpÞ½r2 þ ðu� 1Þð1� qp2uÞ�uy
½u� ð1þ rÞ�2½ð1þ rÞ � qp2u�2

:

Then, we solve the equation ds
dr ¼ 0, to obtain the unique positive root.bbr ¼ ½ðu� 1Þðqp2u� 1Þ�
1
2;

which is clearly strictly smaller than the upper bound u � 1. If qp2u > 1 and (4.3)

holds, then bbr is real and greater than the lower bound qpu � 1. Obviously, in this

case we have ds
dr 7 0 for r 7

bbr . Conversely, if either qp2u 6 1 or (4.3) does not hold,

then ds
dr > 0 for all r 2 (qpu � 1,u � 1).

(d) From Walras� law, equilibrium in the money market implies equilibrium in the

good market, that is,

y ¼ c� þ g:

Since the amount of output y is constant, and c� is equal to m�, we have that

dg
dr

¼ � dc�

dr
¼ � dm�

dr
:

Using the expression (3.7), we can compute the following derivative:

dc�

dr
¼ �ð1� sÞð1� pÞð1� qpÞ½ð1þ qp2Þu� 2ð1þ rÞ�uy

½u� ð1þ rÞ�2½ð1þ rÞ � qp2u�2
:

Therefore, dg�

dr ¼ � dc�

dr ? 0 whenever

r 7
1

2
uð1þ qp2Þ � 1 � r�: ðA:12Þ

Note that r� < u � 1, since 1 + qp2 < 2. Moreover, to verify that r� > qpu � 1, we

only have to check that
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1

2
ð1þ qp2Þ > qp;

which can be written as

qp2 � 2qpþ 1 > 0:

The previous inequality holds since

qp2 � 2qpþ 1 > q2p2 � 2qpþ 1 ¼ ðqp� 1Þ2 > 0: �

Proof of Proposition 5.1. (a) From the policy function (2.12) and the independence

between ht and et�1, it is clear that

VarðetÞ ¼ c2Varðhtet�1Þ ¼ c2½Eðh2t e2t�1Þ � ½Eðhtet�1Þ�2�

¼ c2½Eðh2t ÞEðe2t�1Þ � ½EðhtÞ�2½Eðet�1Þ�2�

¼ c2½pu2Eðe2t�1Þ � p2u2½Eðet�1Þ�2�

¼ c2½pu2½Varðet�1Þ þ ½Eðet�1Þ�2� � p2u2½Eðet�1Þ�2�

¼ c2pu2½Varðet�1Þ þ ð1� pÞ½Eðet�1Þ�2�: ðA:13Þ

Therefore, at a stationary equilibrium we can suppress the time subindex,

VarðeÞ ¼ c2pu2½VarðeÞ þ ð1� pÞ½EðeÞ�2�:
Solving for Var(e) in the previous expression we get

VarðeÞ ¼ c2pð1� pÞu2

1� c2pu2
½EðeÞ�2:

Taking into account that E(e) coincides with the aggregate amount e� of evaded in-

come given in (3.6), and using the equilibrium value of c given in (2.16), we obtain

that

VarðeÞ ¼ ð1� sÞ2ð1þ rÞ2ð1� pÞ½ð1þ rÞ � qpu�p3q2u2y2

s2½u� ð1þ rÞ�2½ð1þ rÞ � qp2u�2½ð1þ rÞ2 � q2p3u2�
: ðA:14Þ

Next, we compute the derivative dVarðeÞ
dr and equate it to zero. The conjugate solutions

to the resulting equation are

�1þ qpð1þ pðu� 1ÞÞ � qpu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�pð1� pÞð1� qpÞ

p
1� qpð1� pÞ :

As the term inside the square root is negative, both solutions are imaginary. We only
have then to check numerically that the derivative dVarðeÞ

dr is strictly positive.

(b) To prove this part, we will show that all the values of the discrete support of

the distribution l� increase with r. Recall that, from Proposition 3.2, the support of

l� is the sequence feKg1K¼0 with eK ¼ d
PK

i¼0ðcuÞ
i for K = 0,1,2, . . . Observe that
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e0 = d is clearly increasing in r (see (2.15)). For eK, with K > 0, we only have to check

whether the product dc is increasing in r. To this end, we compute

dc ¼ ð1� sÞ½ð1þ rÞ � qpu�qpy
s½u� ð1þ rÞ�ð1þ rÞ ;

so that

dðdcÞ
dr

¼ ð1� sÞ½ð1þ rÞ2 þ qpu½u� 2ð1þ rÞ��qpy
s½u� ð1þ rÞ�2ð1þ rÞ2

:

The solutions for r to the equation dðdcÞ
dr ¼ 0 are

�1þ qpu� u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�qpð1� qpÞ

p
;

which are clearly imaginary. Therefore, since the derivative dðdcÞ
dr does not change its

sign, we only have to check numerically that dðdcÞ
dr > 0. h

Proof of Proposition 5.2. (a) From the policy function (2.11), and taking into

account that ct = mt, we have

Varðctþ1Þ ¼ Varðmtþ1Þ ¼ b2Varðhtet�1Þ ¼ b2pu2½Varðet�1Þ þ ð1� pÞ½Eðet�1Þ�2�;
where the third equality follows from (4.13). Suppressing the time subindexes, we get

VarðcÞ ¼ b2pu2 VarðeÞ þ ð1� pÞ½EðeÞ�2
h i

:

Using the values of Var(e) and E(e) in (4.14) and (3.6), respectively, we obtain

VarðcÞ ¼ ð1� pÞð1� qpÞ2ð1� sÞ2½ð1þ rÞ � qpu�2pu2y2

½u� ð1þ rÞ�2½ð1þ rÞ � qp2u�2½ð1þ rÞ2 � q2p3u2�
:

It is then obvious that limr!qpu�1Var(c) = 0 and limr!u�1Var(c) = 1.

(b) For this part, we will prove that all the values of the discrete support of the

distribution m� are decreasing in r for r 2 ðqpu� 1; u
2
� 1Þ, while all these values

increase with r when r is sufficiently close to u � 1. Recall from Proposition 3.3 that

the support of m� is given by the sequence fmKg1K¼0 with m0 = a, and

mK ¼ aþbd
PK�1

i¼0 ciuiþ1 for K = 1,2, . . . After some tedious algebra it can be proved
that dmK

dr ¼ 0 when

r ¼ K þ 1

K þ 2

� �
u� 1 � rK ; for K ¼ 0; 1; 2; . . .

Moreover, mK reaches its global minimum at rK. On the one hand, if r 6 r0, where
r0 ¼ u

2
� 1, then dm0

dr ¼ 0 and dmK

dr < 0 for all K > 0, since rK > r0 for all K > 0. On the

other hand, limr!u�1
dmK

dr > 0. since rK < u � 1 for K = 0,1,2, . . . h
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