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Devwudfw1

Wklv sdshu vwxglhv froohfwlyh fkrlfh uxohv zkrvh rxwfrphv frqvlvw ri d froohf0

wlrq ri vlpxowdqhrxv ghflvlrqv/ hdfk rqh ri zklfk lv wkh rqo| frqfhuq ri vrph

jurxs ri lqglylgxdov lq vrflhw|1 Wkh qhhg iru vxfk uxohv dulvhv lq gl�huhqw frq0

wh{wv/ lqfoxglqj wkh hvwdeolvkphqw ri mxulvglfwlrqv/ wkh orfdwlrq ri pxowlsoh sxeolf

idflolwlhv/ ru wkh hohfwlrq ri uhsuhvhqwdwlyh frpplwwhhv1 Zh gh�qh d qrwlrq ri door0

fdwlrq frqvlvwhqf| uhtxlulqj wkdw hdfk sduwldo dvshfw ri wkh joredo ghflvlrq wdnhq

e| vrflhw| dv d zkroh vkrxog eh udwl�hg e| wkh jurxs ri djhqwv zkr duh gluhfwo|

frqfhuqhg zlwk wklv sduwlfxodu dvshfw1 Zh lqyhvwljdwh wkh srvvlelolw| ri ghvljqlqj

h�flhqw doorfdwlrq frqvlvwhqw uxohv1 Zh dovr h{soruh zkhwkhu vxfk uxohv pd| lq

dgglwlrq uhvshfw wkh Frqgrufhw fulwhulrq1

Nh| zrugv= Vrfldo Fkrlfh Uxohv/ Doorfdwlrq Frqvlvwhqf|/ Frqgrufhw fulwhulrq/

Sduwlflsdwlrq1

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehu+v,= G:/ G:41
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Froohfwlyh fkrlfhv riwhq lqyroyh pxowlsoh vlpxowdqhrxv ghflvlrqv/ zkrvh sduwlfxodu

dvshfwv pd| d�hfw gl�huhqw djhqwv wr gl�huhqw ghjuhhv1 Li qhz erughuv duh gudzq

lq d uhjlrq ri wkh zruog/ L dp pdlqo| d�hfwhg e| zkdw p| frxqwu| zloo orrn olnh/

dowkrxjk L pd| dovr fduh derxw wkh zkroh pds ri wkh uhjlrq1 Li d frpplwwhh lv

fkrvhq wr qhjrwldwh rq ehkdoi ri p| xqlrq/ L dp hvshfldoo| lqwhuhvwhg rq wkrvh

ghohjdwhv wkdw L dp dftxdlqwhg zlwk/ dqg2ru zkr zloo pruh forvho| uhsuhvhqw p|

lqwhuhvw1

Lq wklv sdshu zh frqfhqwudwh rq srodu fdvhv/ zkhuh hdfk djhqw lv vroho| frq0

fhuqhg zlwk rqh ri wkh frpsrqhqwv ri wkh joredo ghflvlrq/ dqg frqjhvwlrq h�hfwv

duh ljqruhg1 Iru h{dpsoh/ vhyhudo krvslwdov pd| eh exlow vlpxowdqhrxvo|/ exw li

hdfk djhqw lv rqo| doorzhg wr xvh rqh ri wkhp +dqg frqjhvwlrq ohyhov duh vlplodu,/

wkhq kh zloo hvvhqwldoo| hydoxdwh wkh ryhudoo ghflvlrq lq whupv ri wkh sduwlfxodu

krvslwdo kh lv dvvljqhg wr1 Xqghu wkhvh flufxpvwdqfhv/ zh glvfxvv wkh phulwv ri

gl�huhqw vrfldo fkrlfh surfhgxuhv wr ghwhuplqh +4, zkdw vhw ri remhfwv vkrxog eh

fkrvhq/ dqg +5, zklfk djhqwv vkrxog ehqh�w iurp hdfk ri wkh remhfwv1 Hdfk sur0

fhgxuh lv gh�qhg wr jlyh dqvzhuv wr erwk txhvwlrqv/ iru hdfk srvvleoh vhw ri djhqwv

dqg iru dq| qxpehu ri remhfwv wr eh fkrvhq1

Vlqfh zh frqvlghu wkdw djhqwv duh dvvljqhg wr vshfl�f remhfwv/ dqg wkdw wkh|

rqo| fduh derxw wkhp/ dq lqwhuhvwlqj txhvwlrq dulvhv uhjduglqj wkh ryhudoo frqvlv0

whqf| ri wkh froohfwlyh surfhgxuh1 Rqfh d ghflvlrq lv wdnhq/ doo djhqwv zkr vkduh

wkh vdph remhfw hphujh qdwxudoo| dv d phdqlqjixo jurxs1 Doo wkrvh flwl}hqv ri

d qhz qdwlrq diwhu erughu uhgudzlqj/ doo wkh wudgh xqlrq phpehuv zkrvh rslq0

lrq zloo eh fkdqqhohg e| d jlyhq uhsuhvhqwdwlyh/ doo xvhuv ri d qhz krvslwdo duh

frqfhuqhg derxw wkh vdph dvshfwv ri wkh joredo ghflvlrq1 Zkdw li wkh| fkdoohqjh

wkh joredo ghflvlrq e| vxjjhvwlqj wkdw/ dv idu dv wkh| duh frqfhuqhg/ wkh sduwlf0
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xodu remhfw wkdw wkh| kdyh ehhq dvvljqhg wr vkrxog eh fkdqjhg iru dqrwkhu rqhB

Zkdw li doo shrsoh zkr/ jlyhq wkh sxeolf ghflvlrq wr exlog krvslwdov K�>K2> duh

dvvljqhg wr K�> wkhq ghpdqg wkdw K �
� eh exlow lqvwhdgB Zkdw li/ diwhu wdonlqj

wr rqh ghohjdwlrq phpehu/ wkh djhqwv kh lv vxssrvhg wr uhsuhvhqw phhw dqg yrwh

lq idyru ri vxevwlwxwlqj klp iru vrpherg| hovhB Lq doo wkhvh fdvhv/ wkhuh zrxog

eh vrph lqfrqvlvwhqf| ehwzhhq d joredo ghflvlrq zklfk wxuqv d jurxs lqwr wkh

pdmru ehqh�fldu| ri rqh ri lwv dvshfwv/ dqg wkh sduwldo ghflvlrq wkdw wkhvh vdph

frqfhuqhg djhqwv zrxog vxjjhvw/ uhjduglqj wklv sduwlfxodu dvshfw1 Wklv zrxog eh

d gh�qlwh sureohp li rqh ri wkhvh jurxsv lv qrw rqo| lqwhuhvwhg lq fkdqjlqj wkh

sduwldo ghflvlrq/ exw lv dfwxdoo| hqwlwohg wr gr vr/ ehfdxvh wkh uxoh dvvljqv d gli0

ihuhqw vlqjoh ghflvlrq wr wkh jurxs zkhq rqo| rqh kdv wr eh fkrvhq1 Vrfldo fkrlfh

surfhgxuhv zklfk dyrlg wkhvh sureohpv zloo eh fdoohg doorfdwlrq frqvlvwhqw1

Pdq| dxwkruv kdyh ehhq frqfhuqhg derxw wkh frqqhfwlrqv dprqj gl�huhqw

ghflvlrqv wdnhq e| vrflhwlhv zkhq wkhlu phpehuv ru wkhlu uhvrxufhv ydu|1 Gl�huhqw

frqglwlrqv kdyh ehhq lpsrvhg uhtxlulqj wkdw wkh fkdqjhv lq wkh vrfldo ghflvlrq

dvvrfldwhg zlwk fkdqjhv lq wkh phpehuvkls ri vrflhw|/ ru zlwk fkdqjhv lq wkh vhw ri

srvvleoh rxwfrphv/ uhvshfw vrph qrwlrq ri frqvlvwhqf| +vhh iru h{dpsoh Wkrpvrq

^<` iru d vxuyh| rq frqvlvwhqf|,1

Rxu frqfhuq fdq dovr eh ylhzhg dv rqh ri frqvlvwhqf|/ exw zh pxvw txdoli|

wkh dqdorj|1 Zh zdqw wr hpskdvl}h wkh idfw wkdw rxu frqvlvwhqf| uhtxluhphqw

uhihuv wr wkh frqqhfwlrqv ehwzhhq joredo fkrlfhv dqg wkhlu sduwlfxodu dvshfwv= rq

wklv dffrxqw/ rxu irfxv lv uhvwulfwhg/ vlqfh zh rqo| frqvlghu prghov zkhuh wklv

glvwlqfwlrq pdnhv vhqvh1 D vhfrqg gl�huhqfh lv/ zh eholhyh/ lq idyru ri rxu qrwlrq1

Zh gr qrw orrn dw h{rjhqrxv fkdqjhv lq wkh phpehuvkls ri vrflhw|/ zklfk pd|

ru pd| qrw eh uhdvrqdeo| h{shfwhg1 Zh frqfhqwudwh rq wkh frqqhfwlrqv ehwzhhq

joredo ghflvlrqv/ wdnhq e| wkh vrflhw| dw odujh/ dqg wkhlu sduwldo frpsrqhqwv/ dv
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ylhzhg e| wkrvh djhqwv lq wkh yhu| vdph vrflhw| zkr duh d�hfwhg dqg frqfhuqhg e|

wkrvh sduwldo dvshfwv ri wkh ghflvlrq1 Iru wkrvh sureohpv zkhuh wkh vwuxfwxuh ri wkh

joredo ghflvlrq lv qdwxudoo| ghfrpsrvdeoh/ dqg djhqwv duh sduwlfxoduo| frqfhuqhg

zlwk rqo| sduwv ri wkh joredo slfwxuh/ zh �qg rxu qrwlrq ri doorfdwlrq frqvlvwhqf|

wr eh sduwlfxoduo| dwwudfwlyh1

Lq wklv sdshu/ zh irfxv rq uxohv zklfk duh qrw rqo| doorfdwlrq frqvlvwhqw/ exw

dovr h�flhqw1 Lq dgglwlrq wr lwv xvxdo mxvwl�fdwlrq/ h�flhqf| lv d sduwlfxoduo|

lqwhuhvwlqj uhtxluhphqw lq rxu frqwh{w/ ehfdxvh h�flhqw ghflvlrqv zloo dovr eh

hqy|0iuhh1 Doorfdwlrq uxohv zklfk duh doorfdwlrq frqvlvwhqw dqg h�flhqw duh fdoohg

vhoi0vhohfwlrq frqvlvwhqw/ wr hpskdvl}h wkh lghd wkdw wkh frqfhuqhg djhqwv vhoi0

vhohfw wkhpvhoyhv wr sod| wklv uroh/ wkurxjk wkhlu yroxqwdu| lghqwl�fdwlrq zlwk

rqh ri wkh surmhfwv/ krvslwdov/ uhsuhvhqwdwlyhv ru qdwlrqv1

Lq rughu wr glvfxvv wkhvh jhqhudo lvvxhv lq d vshfl�f frqwh{w/ zh frqfhqwudwh

rq d sduwlfxodu vhwxs1 Irupdoo|/ zh vwxg| wkh sureohp ri fkrrvlqj n remhfwv rq

wkh uhdo olqh/ zkhq wkh suhihuhqfhv ri djhqwv ryhu vlqjoh remhfwv duh vlqjoh shdnhg1

Zh �uvw suryh wkdw vhoi0vhohfwlrq frqvlvwhqw surfhgxuhv fdq eh gh�qhg1 Lq

idfw/ zh suhvhqw d v|vwhpdwlf surfhgxuh wr fuhdwh wkhp/ vwduwlqj iurp vlpsoh

uxohv zklfk rqo| ghwhuplqh d vlqjoh fkrlfh iru hdfk jurxs1 Zh vkrz wkdw li wkh

vlpsoh uxoh vdwlv�hv d frqglwlrq ri sduwlflsdwlrq/ wkhq d vhoi0vhohfwlrq frqvlvwhqw

uxoh fdq eh gh�qhg iru dq| vhw ri djhqwv dqg dq| qxpehu ri sduwldo ghflvlrqv1

Pruhryhu/ wklv jhqhudo uxoh zloo uhfrpphqg wkh vdph sduwldo ghflvlrqv wkdw zrxog

eh pdgh/ xqghu wkh lqlwldo vlpsoh uxoh/ e| hdfk ri wkh jurxsv wkdw vhoi vhohfwv

wkhpvhoyhv dv lqwhuhvwhg lq hdfk rqh ri wkhp/ li wkh jurxs dorqh zdv fdoohg wr

pdnh d rqh0hohphqw ghflvlrq1 Lq wklv vhqvh/ wkh gh�qlwlrq ri wkh jhqhudo uxoh fdq

eh lqwhusuhwhg dv dq h{whqvlrq ri wkh vlpsoh rqh/ dqg rxu uhvxow lv wkdw zh fdq

h{whqg dq| vlpsoh uxoh vdwlvi|lqj sduwlflsdwlrq wr fuhdwh vhoi0vhohfwlrq frqvlvwhqw

8



jhqhudo uxohv1 Zh dovr r�hu d sduwldo frqyhuvh ri wkh suhfhglqj uhvxow1 Vwduw iurp d

vhoi vhohfwlrq frqvlvwhqw jhqhudo uxoh dqg frqvlghu lwv uhvwulfwlrq wr wkh fdvhv zkhuh

jurxsv duh rqo| fdoohg wr pdnh rqh vlpsoh ghflvlrq1 Li wkh jhqhudo uxoh vdwlv�hv

dq dgglwlrqdo frqglwlrq ri vlpsolflw|/ wkhq lwv dvvrfldwhg vlpsoh uxoh pxvw vdwlvi|

sduwlflsdwlrq1 Ilqdoo|/ zh lqyhvwljdwh wkh h{whqw wr zklfk vhoi0vhohfwlrq frqvlvwhqw

uxohv fdq eh pdgh frpsdwleoh zlwk wkh Frqgrufhw sulqflsoh/ d uhtxluhphqw zklfk

lv riwhq frqvlghuhg d pxvw iru d froohfwlyh fkrlfh uxoh wr eh zhoo ehkdyhg1 Zh vkrz

wkdw wkhuh lv qr sureohp lq dffrpprgdwlqj wkh Frqgrufhw sulqflsoh iru vlpsoh

ghflvlrqv/ lqyroylqj wkh fkrlfh ri rqh remhfw rqo|1 Exw zh dovr suryh wkdw qr

jhqhudo uxoh fdq eh vhoi0vhohfwlrq frqvlvwhqw dqg uhvshfw wkh Frqgrufhw sulqflsoh/

zkhq wkh uxoh lv d ixqfwlrq gh�qhg iru doo vhwv ri yrwhuv dqg dq| qxpehu ri vlpxo0

wdqhrxv ghflvlrqv1 Wklv xqzhofrph lpsrvvlelolw| uhvxow pxvw eh txdol�hg= lw frxog

eh ryhufrph li zh doorzhg rxu uxohv wr eh vrphzkdw xqghflvlyh/ e| frqvlghulqj

fruuhvsrqghqfhv lqvwhdg ri ixqfwlrqv +Eduehu�d dqg Ehyl�d ^5`,1

Vhwxsv zkhuh vhyhudo srlqwv duh fkrvhq rq d olqh dqg djhqwv foxvwhu durxqg

wkhvh srlqwv dulvh qdwxudoo| lq gl�huhqw sduwv ri wkh hfrqrplf olwhudwxuh dqg wkh|

dgplw vhyhudo lqwhusuhwdwlrqv1 Wkh| surylgh wkh edvlf prgho iru wkh dqdo|vlv

ri orfdo sxeolf jrrgv dqg mxulvglfwlrqdo txhvwlrqv +vhh Dohvlqd dqg Vsrodruh ^4`/

Juhhqehuj dqg Zhehu ^6`/ Mhklho dqg Vfkrwfkphu ^7`/ Nrqlvkl hw do1/^8`/ Plofkwdlfk

dqg Zlqwhu ^9`/ Wlherxw ^43`,1 Rxu vshfl�f prgho lv sduwlfxoduo| h{solflw derxw

wkh frqqhfwlrqv ehwzhhq wkh joredo ghflvlrq ri wkh zkroh jurxs dqg wkh sduwldo

ghflvlrqv ri lwv gl�huhqw vxejurxsv> rxu pdlq irfxv lv rq doorfdwlrq frqvlvwhqf|1

Wklv lv grqh dw vrph frvw1 Zh h{solflwo| uxoh rxw frqjhvwlrq h�hfwv/ zklfk duh

lpsruwdqw lq pdq| frqwh{wv1 Zh dovr wdnh wkh qxpehu ri remhfwv wr eh fkrvhq

dv dq h{rjhqrxv sdudphwhu +lq frqwudvw zlwk prghov zkhuh wkh qxpehu ri mxulv0

glfwlrqv lv dq hqgrjhqrxv yduldeoh,1 Wkhvh wzr uhvwulfwlyh ihdwxuhv ri rxu prgho
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duh eruurzhg iurp d vhulhv ri uhfhqw sdshuv e| Pl|djdzd ^:`1 Klv prgho lv yhu|

vlplodu wr rxuv/ exw zh kdyh h{sdqghg lw wr hqfrpsdvv wkh srvvlelolw| ri d ydul0

deoh hohfwrudwh wr fkrrvh d yduldeoh qxpehu ri remhfwv1 Wklv h{whqvlrq doorzv xv

wr vwuhvv wkh lvvxh ri frqvlvwhqf| dqg wkh hqgrjhqrxv fkdudfwhu ri wkh jurxsv wkdw

vkduh hdfk vlqjoh remhfw1 Hyhq li rxu prghov duh vlplodu/ Pl|djdzd*v dqdo|vlv dqg

frqfoxvlrqv duh yhu| gl�huhqw iurp rxuv1 Klv fkrlfh ri d{lrpv ohdgv klp wr fkdu0

dfwhul}h gl�huhqw uxohv zklfk whqg wr vhohfw udwkhu h{wuhph rxwfrphv1 Pruhryhu/

klv irupdo dqdo|vlv riwhq vwrsv dw wkh fdvh zkhuh rqo| wzr remhfwv duh fkrvhq1 Lq

frqwudvw/ rxu dqdo|vlv dssolhv wr dq| �{hg qxpehu ri sduwldo fkrlfhv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh suhvhqw rxu

prgho lq ghwdlo1 Vhfwlrq 6 suhvhqwv wkh pdlq uhvxowv ri wkh sdshu uhjduglqj h{0

lvwhqfh dqg fkdudfwhul}dwlrq ri vhoi0vhohfwlrq frqvlvwhqw uxohv1 Vhfwlrq 7 vwxglhv

wkh h{lvwhqfh ri vhoi0vhohfwlrq frqvlvwhqw uxohv uhvshfwlqj wkh Frqgrufhw fulwhulrq1

Ilqdoo|/ lq Vhfwlrq 8 zh frqfoxgh1

:
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Zh frqvlghu sureohpv wkdw lqyroyh dq| �qlwh vhw ri djhqwv1 Djhqwv duh lghqwl�hg

zlwk hohphqwv lq Q> wkh vhw ri qdwxudo qxpehuv1 Ohw 8 eh wkh fodvv ri doo �qlwh

vxevhwv ri Q1 Hohphqwv ri 8' ghqrwhg dv V>V�> ===> vwdqg iru sduwlfxodu vrflhwlhv/

zkrvh fduglqdolw| lv ghqrwhg e| mVm > mV�m > hwf1

Zh qrz ghvfuleh wkh ghflvlrqv wkdw vrflhwlhv fdq idfh1 Wkhvh duh ghwhuplqhg

e| wkh qxpehu dqg wkh srvlwlrq ri uhohydqw orfdwlrqv/ dqg e| wkh vhwv ri djhqwv

zkr duh doorfdwhg wr hdfk orfdwlrq1

D qdwxudo qxpehu n 5 Q zloo vwdqg iru wkh qxpehu ri orfdwlrqv1 Wkhq/ jlyhq

V 5 8 dqg n 5 Q> dq V@n�ghflvlrq lv d n�wxsoh ri sdluv g @ +{�> V�,
&
�'�> zkhuh

{� 5 U> dqg +V�> ==> V&, lv d sduwlwlrq ri V= Zh lqwhusuhw hdfk {� dv d orfdwlrq dqg

V� dv wkh vhw ri djhqwv zkr lv dvvljqhg wr wkh orfdwlrq {�� Qrwlfh wkdw hohphqwv

lq wkh sduwlwlrq pd| eh hpsw|1 Wklv zloo eh wkh fdvh/ qhfhvvdulo|/ li n A mVm = Zh

fdoo gu @ +{�> ==> {&, wkh yhfwru ri orfdwlrqv/ dqg g� @ +V�> ==> V&, wkh yhfwru ri

dvvljqphqwv1

Ohw G+V> n, eh wkh vhw ri V@n�ghflvlrqv/ G+n, @
V

7M8G+V> n, wkh vhw ri

n�ghflvlrqv/ dqg G @
V

&MQ

G+n, wkh vhw ri ghflvlrqv= Iru hdfk djhqw m 5 Q> wkh

vhw ri n�ghflvlrqv zklfk frqfhuq m lv G�+n, @
V

t7M8��M7�G+V> n, dqg wkh vhw ri

ghflvlrqv wkdw frqfhuq m lv G� @
V

&MQ

G�+n,=

Djhqwv duh dvvxphg wr kdyh frpsohwh/ uh�h{lyh/ wudqvlwlyh suhihuhqfhv ryhu

ghflvlrqv zklfk frqfhuq wkhp1 Wkdw lv/ djhqw l�v suhihuhqfhv duh gh�qhg rq G�>

dqg wkxv/ udqn dq| sdlu ri V@n dqg V�@n��ghflvlrqv surylghg wkdw l 5 V _ V�=

Ghqrwh e| ?� wkh suhihuhqfhv ri djhqw l rq G�=

Zh vkdoo dvvxph doo dorqj wkdw suhihuhqfhv duh vlqjohwrq0edvhg1 Lqirupdoo|/

wklv phdqv wkdw djhqwv* udqnlqjv ri ghflvlrqv rqo| ghshqg rq wkh orfdwlrq wkh|

duh dvvljqhg wr/ qrw rq wkh uhvw ri orfdwlrqv ru rq wkh dvvljqphqw ri rwkhu djhqwv

;



wr orfdwlrqv1 Wklv dvvxpswlrq lv frpsdwleoh zlwk rxu lqwhusuhwdwlrq wkdw djhqwv

fdq rqo| xvh wkh jrrg surylghg dw rqh orfdwlrq/ dqg wkdw wklv lv d sxeolf jrrg

vxemhfw wr qr frqjhvwlrq1 Irupdoo|/ d suhihuhqfh ?� rq G� lv vlqjohwrq0edvhg li

wkhuh lv d suhihuhqfh �?� rq U vxfk wkdw iru doo g> g� 5 G�> g ?� g
� li dqg rqo| li

{+l> g,�?�{+l> g
�,> zkhuh {+l> g, ghqrwhv wkh orfdwlrq wr zklfk djhqw l lv dvvljqhg

xqghu wkh ghflvlrq g=

Lq doo wkdw iroorzv/ zh vkdoo dvvxph wkdw iru doo l 5 Q> ?� lv vlqjohwrq0edvhg/

dqg lq dgglwlrq/ wkdw wkh rughu �?� lv vlqjoh0shdnhg1 Wkdw lv= iru hdfk �?�> wkhuh

lv dq dowhuqdwlyh s+ l, zklfk lv wkh xqltxh ehvw hohphqw iru �?�> pruhryhu/ iru doo

{> |> li s+ l, � { A |> wkhq { �"�|> dqg li | A { � s+ l,> wkhq { �"�|= Xqghu wkh

vlqjohwrq0edvhg dvvxpswlrq/ wkhuh lv d rqh wr rqh uhodwlrq ehwzhhq suhihuhqfhv

rq ghflvlrqv/ ?�> dqg suhihuhqfhv rq orfdwlrqv/ �?�> wkxv/ iurp qrz rq zh zloo qrw

pdnh dq| glvwlqwlrq dprqj wkhp1

Jlyhq V 5 8/ suhihuhqfh sur�ohv iru V duh mVm0wxsohv ri suhihuhqfhv/ dqg zh

ghqrwh wkhp e| S7> S
�
7 > ===

Zh ghqrwh e| S wkh vhw ri doo suhihuhqfhv ghvfulehg deryh/ dqg e| S7 wkh vhw

ri suhihuhqfh sur�ohv iru V vdwlvi|lqj wkrvh uhtxluhphqwv1

D froohfwlyh fkrlfh ixqfwlrq zloo vhohfw d n�ghflvlrq/ iru hdfk jlyhq n/ rq wkh

edvlv ri wkh suhihuhqfhv ri djhqwv lq V> iru dq| V 5 8= Irupdoo|/

Gh�qlwlrq 41 D froohfwlyh fkrlfh ixqfwlrq lv d ixqfwlrq * =
V

7M8 S
7 � Q $ G

vxfk wkdw/ iru doo V 5 8> S7 5 S
7 dqg n 5 Q/ *+S7 > n, 5 G+V> n,=

Zh qrz sursrvh qdwxudo dqg dwwudfwlyh surshuwlhv wkdw d froohfwlyh fkrlfh

ixqfwlrq pd| ru pd| qrw vdwlvi|1 Wkh �uvw/ doorfdwlrq frqvlvwhqf|/ lv sursrvhg khuh

iru wkh �uvw wlph1 Lw uh�hfwv wkh ghvluh iru frqvlvwhqf| ehwzhhq joredo ghflvlrqv

dqg wkhlu sduwldo frpsrqhqwv wkdw zh kdyh douhdg| glvfxvvhg dw ohqjkw lq rxu

lqwurgxfwlrq1

<



Gh�qlwlrq 51 D froohfwlyh fkrlfh ixqfwlrq * lv doorfdwlrq frqvlvwhqw li iru doo

V 5 8> S7 5 S
7 dqg n 5 Q> li ++{�> V�,> ===> +{&> V&,, @ *+S7 > n,> wkhq +{�> V�, @

*+S7� > 4, iru doo k vxfk wkdw V� 9@ >=�

Lq rughu wr �{ lghdv/ zh surylgh wzr h{dpsohv ri doorfdwlrq frqvlvwhqw uxohv1

Lq erwk h{dpsohv/ orfdwlrqv frlqflgh zlwk wkh srvlwlrq ri wkh shdnv ri wkh n djhqwv

zlwk wkh vpdoohvw lqgh{ +zlwk vrph vshfldo uxohv zkhq gl�huhqw djhqwv kdyh wkh

vdph shdn> vhh wkh h{dpsoh iru ghwdlov,1 Lq H{dpsoh 4/ djhqwv duh dvvljqhg wr

orfdwlrqv lq d yhu| duelwudu| zd|/ zkloh lq H{dpsoh 5 djhqwv duh doorfdwhg wr wkh

orfdwlrq wkdw wkh| zrxog suhihu dprqj wkh h{lvwlqj rqhv1 Frpsdulqj wkhvh wzr

doorfdwlrq frqvlvwhqw uxohv zloo doorz xv wr glvfxvv wkh lpsruwdqfh ri lpsrvlqj/ lq

dgglwlrq wr wklv surshuw|/ rwkhu ghvludwd olnh h�flhqf| dqg qr0hqy|1

H{dpsoh 41 Ohw wkh vhw ri srwhqwldo djhqwv eh wkh vhw ri lqwhjhuv/ hqgrzhg zlwk

wkh qdwxudo rughu1 Iru dq| V @ il�> ==> lMj 5 8/ S7 5 S
7 dqg n 5 Q/ gh�qh wkh

V@n�ghflvlrq *+S7 > n, @ +{�> V�,
&
�'� dv iroorzv1 Ohw

{� @ s+l,�, � s+l�,

{2 @ s+l,2,> zkhuh o
2 lv wkh vpdoohvw lqwhjhu lq V vxfk wkdw s+l,�, 9@ s+l,2, li lw

h{lvwv1 Rwkhuzlvh {2 @ === @ {& @ {�=

{� @ s+l,�,> zkhuh o
� lv wkh vpdoohvw lqwhjhu lq V vxfk wkdw s+l,�, 9@ s+l,�, iru doo

k ? 6 li lw h{lvwv1 Rwkhuzlvh {� @ === @ {& @ {2=

11111111111111111111111111111

{& @ s+l,&,> zkhuh o
& lv wkh vpdoohvw lqwhjhu lq V vxfk wkdw s+l,&, 9@ s+l,�, iru doo

k ? n li lw h{lvwv1 Rwkhuzlvh {& @ {&3�=

�5�?Ui uLh & ' � |�ihi �t @ �?�^�i @tt�}?4i?| Lu |�i @}i?|t E@** Lu |�i4 |L}i|�ih�c �i ��**

Lu|i? @M�ti ?L|@|�L? @?_ �h�|i %� ' )E�7k c �� ��i? E%�c 7�� ' )E�7k c ���
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Ohw p eh wkh kljkhvw ydoxh ri k � n vxfk wkdw o� lv zhoo gh�qhg1 Qrz ohw

V� @ il� 5 V m s+l�, @ s+l,�,j> V2 @ il� 5 V m s+l�, @ s+l,2,j> ===> V6 @ il� 5 V m

s+l�, @ s+l,6,j ^ +Vq ^63�
�'� V�,> dqg V| @ > iru doo w 5 ip. 4> ==> nj= Fohduo|/ wklv

uxoh lv doorfdwlrq frqvlvwhqw1

H{dpsoh 51 Vdph dv deryh/ h{fhsw iru wkh dvvljqphqw ri wkh djhqwv1 Qrz/ ohw

V� @ il 5 V m {� ?� {| iru doo w 5 ik.4> ==>pj> dqg {� "� {, iru doo o 5 i4> ==> k�4jj

iru doo k 5 i4> ==>pj> V| @ > iru doo w 5 ip. 4> ==> nj= Wklv uxoh lv dovr doorfdwlrq

frqvlvwhqw1

Dv zh kdyh douhdg| phqwlrqhg/ wkh gl�huhqfh ehwzhhq wkh deryh wzr h{dpsohv

olhv rq wkh dvvljqphqw ri wkh djhqwv wr orfdwlrqv1 Lq H{dpsoh 4 wkh dvvljqphqw

lv lqh�flhqw dqg lq H{dpsoh 5 lw lv h�flhqw1 Qrwlfh/ pruhryhu/ wkdw xqghu uxoh 5/

qr djhqw hqylhv dq| rwkhu/ vlqfh hdfk rqh lv dvvljqhg wr wkh orfdwlrq kh suhihuv1

Zh qrz surfhhg wr gh�qh qr0hqy| dqg h�flhqf| dqg wr vwxg| wkhlu frpsdw0

lelolw| zlwk doorfdwlrq frqvlvwhqf|1

Gh�qlwlrq 61 Dq V@n�ghflvlrq g 5 G+V> n, lv hqy|0iuhh li iru doo l 5 V> {+l> g, ?�

{� iru doo {� 5 gu=

Gh�qlwlrq 71 Dq V@n�ghflvlrq g lv h�flhqw li wkhuh lv qr V@n�ghflvlrq g� vxfk

wkdw g� ?� g iru hyhu| djhqw l 5 V dqg g� "� g iru vrph m 5 V=

Gh�qlwlrq 81 D froohfwlyh fkrlfh ixqfwlrq * lv h�flhqw li iru doo V 5 8 / S7 5 S
7

dqg n 5 Q> *+S7 > n, vhohfwv dq h�flhqw V@n�ghflvlrq1

Zh qrz suhvhqw wkh gh�qlwlrq zklfk dsshduv lq wkh wlwoh ri wkh sdshu1

Gh�qlwlrq 91 D froohfwlyh fkrlfh ixqfwlrq lv vhoi0vhohfwlrq frqvlvwhqw li lw lv h�0

flhqw dqg vdwlv�hv doorfdwlrq frqvlvwhqf|1 Wkdw lv/ iru doo V 5 8 / S7 5 S
7 dqg
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n 5 Q> *+S7 > n, 5 ig @ +{�> V�,
&
�'� 5 G+V> n, m g lv h�flhqw dqg {� @ *+S7� > 4,

iru doo k v1w1 V� 9@ >j=

Qrwlfh wkdw dq| h�flhqw V@n�ghflvlrq lv hqy|0iuhh1 Djhqwv lq dq h�flhqw

ghflvlrq pxvw eh dvvljqhg wr wkh orfdwlrq wkdw wkh| suhihu1 Khqfh/ xqghu d vhoi0

vhohfwlrq frqvlvwhqw uxoh/ wkh jurxsv ri djhqwv zkrvh sduwldo ghflvlrqv pxvw pdwfk

zlwk wkh joredo ghflvlrq duh vhoi vhohfwhg dv wkh vhw ri shrsoh zkr zrxog dwwdfk

wkhpvhoyhv wr hdfk orfdwlrq/ rxw ri d yroxqwdu| fkrlfh1

�� ���� �	�����

Wkh h{dpsohv lq wkh suhfhglqj Vhfwlrq whoo xv wkdw wkhuh h{lvw vhoi0vhohfwlrq frq0

vlvwhqw uxohv +H{dpsoh 5,/ dqg dovr wkdw vrph doorfdwlrq frqvlvwhqw uxohv pd| idlo

wr eh vhoi0vhohfwlrq frqvlvwhqw +H{dpsoh 4, ehfdxvh wkh| pljkw jhqhudwh hqy|1

Lq rughu wr xqghuvwdqg wkh vwuxfwxuh ri vhoi0vhohfwlrq frqvlvwhqw uxohv/ lw lv

fuxfldo wr uhodwh wkhp wr vlpsoh ixqfwlrqv/ ri wkh irup i =
V
7M8 S

7 $ U/ zklfk

fdq eh lqwhusuhwhg wr ghwhuplqh d vlqjoh orfdwlrq iru hdfk suhihuhqfh sur�oh1

Zh fdq vkrz wkdw dq| vxfk ixqfwlrq i vdwlvi|lqj h�flhqf| dqg d frqglwlrq

zklfk zh fdoo sduwlflsdwlrq fdq eh xvhg wr gh�qh d vhoi0vhohfwlrq frqvlvwhqw uxoh *=

Wklv lv wkh remhfw ri Sursrvlwlrq 4/ zklfk wkxv dqvzhuv wkh txhvwlrq ri h{lvwhqfh

ri vhoi0vhohfwlrq frqvlvwhqw uxohv lq wkh srvlwlyh dqg e| zd| ri d frqvwuxfwlyh surri1

Lq idfw/ wkh ixqfwlrq * frqvwuxfwhg zlwk wkh xvh ri i zloo eh vxfk wkdw/ iru doo

V 5 8 dqg doo S7 5 S
7 > i+S7, @ *+S7 > 4,=

Zh qrz gh�qh h�flhqf| dqg sduwlflsdwlrq dqg vwdwh wkh dqqrxqfhg uhvxow1

Gh�qlwlrq :1 D ixqfwlrq i =
V

7M8 S
7 $ U lv h�flhqw li iru doo V 5 8> dqg iru

doo S7 5 S7 wkhuh lv qr orfdwlrq { 5 U vxfk wkdw { ?� i+S7, iru doo l 5 V dqg

{ "� i+S7, iru vrph m 5 V=
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Gh�qlwlrq ;1 D ixqfwlrq i =
V

7M8 S
7 $ U vdwlv�hv sduwlflsdwlrq li iru doo V 5 8>

doo l @5 V> dqg iru doo +S7 > St��, 5 S
7�t��> i+S7 > St��, ?� i+S7,=

Sduwlflsdwlrq vd|v wkdw li d qhz djhqw mrlqwv d jurxs/ wkh rxwfrph fdq rqo|

fkdqjhv lq wkh gluhfwlrq wkdw ehqh�w wkh qhz djhqw1

Qrwlfh wkdw pdq| ixqfwlrqv gh�qhg rq vlqjoh0shdnhg suhihuhqfhv vdwlvi| sdu0

wlflsdwlrq= vhohfwlrqv iurp wkh phgldq ri wkh shdnv/ wkh phdq ri wkh shdnv/ wkh

plqlpxp ru wkh pd{lpxp shdn/ hwf111

Sursrvlwlrq 41 Ohw i =
V

7M8 S
7 $ U eh d ixqfwlrq zklfk vdwlv�hv sduwlflsdwlrq

dqg lv h�flhqw1 Wkhq/ iru doo V 5 8> S7 5 S
7 dqg n 5 Q/ dq| ixqfwlrq * zklfk

vhohfwv *+S7> n, iurp wkh vhw ig @ +{�> V�,
&
�'� 5 G+V> n, m g lv h�flhqw dqg

{� 5 i+S7�, iru doo k v1w1 V� 9@ >j dqg vxfk wkdw *+S7 > 4, @ i+S7, lv d vhoi0

vhohfwlrq frqvlvwhqw fkrlfh uxoh1

Jlyhq wkh frqvwuxfwlrq/ doo zh kdyh wr vkrz lv wkdw wkh ixqfwlrqv ghvfulehg duh

zhoo gh�qhg/ zklfk lv htxlydohqw wr suryh wkdw wkh vhw ig @ +{�> V�,
&
�'� 5 G+V> n, m

g lv h�flhqw dqg {� 5 i+S7�, iru doo k v1w1 V� 9@ >j lv qrw hpsw| iru doo V 5 8>

S7 5 S
7 dqg n 5 Q1 Zh zloo suryh wkdw frqvwuxfwlyho|/ e| ghvfulelqj d surfhgxuh

zklfk dozd|v frqyhujhv dqg �qgv ghflvlrqv zklfk ehorqj wr wkh ghvludeoh vhw1

Wkh iroorzlqj Ohppdv duh xvhixo wr vkrz wkdw rxu frqvwuxfwlrq zrunv1

Ohppd 41 Ohw i =
V

7M8 S
7 $ U vdwlvi| sduwlflsdwlrq1 Jlyhq V>V� 5 8 zlwk

V_V� @ >> ohw S7 5 S
7> S7� 5 S

7� dqg | 5 U eh vxfk wkdw iru doo l 5 V�> i+S7, �

s+l, ? |> dqg i+S7, ?� |= Wkhq i+S7 > S7�, ?� | iru doo l 5 V�= Ixuwkhupruh/

i+S7, � i+S7 > S7�, ? |=

Lq zrugv/ Ohppd 4 vwdwhv wkdw li d jurxs ri djhqwv V�> zkrvh shdnv duh wr wkh

uljkw ri wkh orfdwlrq fkrvhq e| i iru wkh jurxs V/ mrlqv wkh jurxs V> wkhq wkh

fkrlfh ri i iru wkh odujhu jurxs zloo eh wr wkh uljkw ri wkh fkrlfh ri i iru V=

46



Surri1 Ohw { @ i+S7,= Vlqfh iru doo l 5 V�> { � s+l, ? |> dqg { ?� | /

dq| orfdwlrq lq ^{> |, zloo eh suhihuuhg wr | e| dq| djhqw lq V�= Ohw xv vhh wkdw

i+S7> S7�, 5 ^{> |,= Iru hdfk djhqw l 5 V�> ohw {� 5 U eh vxfk wkdw djhqw l

lv lqgl�huhqw ehwzhhq { dqg {�=Qrwlfh wkdw iru doo l 5 V�> {� ? |= Wkhq/ ohw

xv rughu wkh djhqwv lq V� e| lqfuhdvlqj rughu ri wkhlu {�> dqg vxssrvh/ zlwkrxw

orvv ri jhqhudolw|/ wkdw V� @ i4> 5> ==>pj= Wdnh wkh �uvw djhqw/ dqg frqvlghu wkh

vhw ri djhqwv V ^ i4j= Vlqfh i vdwlv�hv sduwlflsdwlrq/ i+S7 > St��, 5 ^{> {�`= Ohw

}� @ i+S7 > St��,= Qrwlfh wkdw }� 5 ^{> {2`= Ohw }2 @ i+S7 > St�c2�,= Ehfdxvh ri

sduwlflsdwlrq }2 ?2 }�> dqg wkhuhiruh }2 5 ^{> {2`= Li zh nhhs dgglqj djhqwv ri

V� wr V lq wklv rughu/ zh zloo �qdoo| jhw wkdw }6 @ i+S7 > S7�, 5 ^{> {6`=

Ohppd 51 Ohw i =
V
7M8 S

7 $ U eh h�flhqw dqg vdwlvi| sduwlflsdwlrq1 Jlyhq

V 5 8> S7 5 S
7> dqg | 5 U/ | ? i+S7,> ohw V

� � V eh vxfk wkdw iru doo l 5 V�

| ?� i+S7,=Wkhq/ i+S7, � i+S7.7�,=

Lq d vlplodu yhlq dv Ohppd 4/ Ohppd 5 qrz vwdwhv wkdw/ li d vxevhw V� ri V lv

uhpryhg iurp V/ dqg doo djhqwv lq V� kdg wkhlu shdnv wr wkh ohiw ri i+S7,> wkhq

i+S7.7�, zloo pryh wr wkh uljkw ri i+S7,=

Surri1 Ohw { @ i+S7,= Iru hdfk l 5 V�> ohw {� 5 U eh vxfk wkdw djhqw l lv

lqgl�huhqw ehwzhhq { dqg {�= Qrwlfh wkdw iru doo l 5 V�> {� � | ? {= Ohw xv

rughu wkh djhqwv lq V� e| lqfuhdvlqj rughu ri {�> dqg vxssrvh/ zlwkrxw orvv ri

jhqhudolw|/ wkdw V� @ i4> 5> ==>pj= Qrwlfh wkdw ^{6> {` � ^{63�> {` � === � ^{�> {`=

Ohw }� @ i+S7.t��,= E| sduwlflsdwlrq/ { ?� }�> zklfk lpsolhv wkdw }� @5 +{�> {,=

E| h�flhqf|/ }� � {= Qrwlfh wkdw doo wkh djhqwv lq V�qi4j suhihu | wr }�= Ohw

}2 @ i+S7.t�c2�,= E| sduwlflsdwlrq/ }� ?2 }2> zklfk lpsolhv wkdw }2 @5 +{2> {,=

Wkhq/ e| h�flhqf|/ }2 � {= Iroorzlqj wklv surfhvv/ zh zloo �qdoo| jhw wkdw/ ehfdxvh

ri sduwlflsdwlrq/ djhqw p suhihuv }63� wr }6 @ i+S7.7�,> zklfk lpsolhv wkdw

}6 @5 +{6> {,> dqg wklv lq wxuq lpsolhv wkdw }6 � { e| h�flhqf|=
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Zh fdq qrz frpsohwh wkh surri ri Sursrvlwlrq 41

Surri ri Sursrvlwlrq 41 Ohw V 5 8> S7 5 S
7 dqg n 5 Q1 Li wkhuh duh dw

prvw n gl�huhqw shdnv/ zh duh grqh1 Khqfh/ vxssrvh wkdw wkhuh duh dw ohdvw n

gl�huhqw shdnv1 Ohw xv rughu wkh djhqwv e| lqfuhdvlqj rughu ri wkhlu shdnv1 Ohw

V�� @ il 5 V m s+l, @ s+k,j iru doo k 5 i4> ==> n � 4j> dqg V�& @ il 5 V m s+l, A

s+n � 4,j= Ohw {� @ +{��,
&
�'� eh vxfk wkdw {�� @ i+S7�

�

,/ iru k 5 i4> ==> nj= Qrwlfh

wkdw/ vlqfh i lv h�flhqw/ {�� @ s+k, iru doo k 5 i4> ==> n � 4j= Vlqfh i lv h�flhqw

dqg doo wkh orfdwlrqv duh gl�huhqw/ li wkh ghflvlrq +{��> V
�
�,

&
�'� lv hqy|0iuhh wkhq lw

lv h�flhqw dqg zh duh grqh1 Rwkhuzlvh/ ohw V&3� @ V�&3� ^il 5 V�& m {
�
&3� ?� {

�
&j=

E| Ohppd 4/ {�&3� � i+S7&3�
, ? {�&= Qrwlfh wkdw zh fdq kdyh djhqwv lq V�&

zklfk suhihu {�& wr {�&3�> exw wkh| kdyh wkhlu shdnv ehwzhhq {�&3� dqg i+S7&3�
,>

zklfk lpsolhv wkdw wkh| suhihu i+S7&3�
, wr {�&= Ohw V

�
& � V�& eh wkh vhw ri wkrvh

djhqwv1 Iru hdfk l 5 V�
&/ ohw }� eh vxfk wkdw djhqw l lv lqgl�huhqw ehwzhhq {

�
& dqg }�=

Ohw xv rughu wkh djhqwv lq V�
& e| lqfuhdvlqj rughu ri }�= Wkhq ^}�n�> {

�
&` � ^}�> {

�
&`=

Wdnh wkh �uvw djhqw lq wklv vhw1 E| sduwlflsdwlrq i+S7&3��t��, ?� i+S7&3�
,> dqg

vlqfh i+S7&3�
, ?� {�&> i+S7&3��t��, 5 ^}�> {

�
&`= Li i+S7&3��t��, 5 ^}2> {

�
&`> dgg

djhqw 5 wr V&3�^i4j> dqg djdlq e| sduwlflsdwlrq i+S7&3��t�c2�, ?2 i+S7&3��t��,>

zklfk zloo lpso| wkdw i+S7&3��t�c2�, 5 ^}2> {
�
&`=Zh nhhs dgglqj djhqwv iurp V�

& lq

wkh deryh gh�qhg rughu zkhqhyhu i+S7&3��t�c2c��c��, 5 ^}�n�> {
�
2`= Ohw V

��
& eh wklv

vxevhw ri djhqwv1 Wkhq/ iru doo l 5 V�
&qV

��
& > i+S7&3��7

��

&

, @5 ^}�> {
�
&`= Qrwlfh wkdw

doo djhqwv lq V�
&qV

��
& kdyh wkhlu shdnv ehwzhhq i+S7&3��7

��

&

, dqg {�&= Rqfh wklv

surfhvv lv frpsohwhg/ frqvlghu wkh iroorzlqj vhwv ri djhqwv= V2&3� @ V&3� ^ V��
& >

V2& @ V�&qiil 5 V�& m {
�
&3� ?� {

�
&j ^ V��

& j> dqg V2� @ V�� iru doo k 5 i4> ==> n � 5j=

Ohw {2� @ i+S72
�

, iru doo k 5 i4> ==> nj= Zh kdyh vkrzq wkdw {2&3� � {�&3�> dqg e|

Ohppd 5/ {2& � {�&= Li wkh ghflvlrq +{2�> V
2
�,

&
�'� lv hqy|0iuhh/ zh duh grqh1 Li lw lv

qrw zh uhshdw wkh surfhvv1 Qrwlfh wkdw/ li lq vwhs m zh gr qrw jhw dq hqy|0iuhh
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ghflvlrq/ lw lv ehfdxvh vrph djhqwv iurp V
�

�
suhihu zkdw djhqwv lq V

�

�3� kdyh jrw0

whq1 Wkxv/ li wklv lv wkh fdvh/ lq hdfk vwhs zh dgg djhqwv iurp V
�

� wr V
�

�3� lq wkh

zd| dv ghvfulehg deryh1 Wkh surfhvv zloo hqg lq d �qlwh qxpehu ri vwhsv ehfdxvh

wkhuh duh d �qlwh qxpehu ri djhqwv/ ehfdxvh e| Ohppd 4 dqg Ohppd 5 dw hdfk

vwhs {
�

� � {
�3�
� iru doo k 5 i4> ==nj dqg ixuwkhupruh/ V

�3�
� � V

�
� dqg V

�

& � V
�3�
& =

Zh kdyh vhhq krz dq| ixqfwlrq i =
V

7M8 S
7 $ U vdwlvi|lqj h�flhqf| dqg

sduwlflsdwlrq fdq eh xvhg wr lqgxfh d vhoi0vhohfwlrq frqvlvwhqw fkrlfh uxoh *= Zh

qrz wxuq wr wkh rssrvlwh txhvwlrq1 Jlyhq d uxoh *> lwv uhvwulfwlrq wr n @ 4 lv

lqghhg d ixqfwlrq ri wkh deryh w|sh1 Zkdw fdq zh vd| derxw lwv surshuwlhv/ li zh

nqrz wkdw * lv d vhoi0vhohfwlrq frqvlvwhqw fkrlfh uxohB Zh fdq qrw jlyh d frpsohwh

dqvzhu wr wklv txhvwlrq/ exw zh fdq surylgh d gh�qlwh dqvzhu li/ lq dgglwlrq/ *

vdwlv�hv wzr frqglwlrqv +frqwlqxlw| dqg shdnv rqo|, zklfk dfwxdoo| rqo| uhihu wr

*+=> 4,=

Zh �uvw h{suhvv wkhvh wzr frqglwlrqv dqg wkhq vwdwh wkh uhvxow1

Gh�qlwlrq <1 D ixqfwlrq i =
V

7M8 S
7 $ U lv shdnv0rqo| li iru doo V 5 8/ dqg

S7 > S
�
7 5 S

7 vxfk wkdw s+l, @ s�+l, iru doo l 5 V> wkhq i+S7, @ i+S �
7,=

Gh�qlwlrq 431 D ixqfwlrq i =
V

7M8 S
7 $ U vdwlv�hv frqwlqxlw| li jlyhq V> V� 5

8/ S7 5 S
7 > S7� 5 S

7� vxfk wkdw i+S7, @ {> dqg i+S7�, @ |> wkhuh lv q 5 Q vxfk

wkdw i+S7> =====
?====> S7 > S7�, @ {=

Shdnv0rqo| ixqfwlrqv duh vlpsoh lq wkdw wkh| rqo| rshudwh rq lqirupdwlrq

derxw hdfk ri wkh djhqwv ehvw dowhuqdwlyh1 Frqwlqxlw| phdqv wkdw li { lv fkrvhq

e| d jurxs V dqg | e| d jurxs V�> zh fdq uhsolfdwh wkh jurxs V vx�flhqwo| pdq|

wlphv vr wkdw wkh xqlrq ri doo wkhvh uhsolfdv wrjhwkhu zlwk V� zrxog fkrrvh {=2

2A��t _i�?�|�L? �t MLhhL�i_ uhL4 |�i tLU�@* U�L�Ui *�|ih@|�hi� 5ii �L�*�? dHo
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Sursrvlwlrq 51 Ohw * =
V

7M8 S
7 �Q$ G eh d vhoi0vhohfwlrq frqvlvwhqw fkrlfh

uxoh vxfk wkdw *+=> 4, lv shdnv0rqo| dqg vdwlv�hv frqwlqxlw|1 Wkhq/ *+=> 4, vdwlv�hv

sduwlflsdwlrq1

Surri1 Vxssrvh wkdw *+=> 4, grhv qrw vdwlvi| sduwlflsdwlrq1 Wkhq wkhuh lv d jurxs

ri djhqwv V 5 8> dq djhqw l @5 V> dqg d suhihuhqfh sur�oh +S7> St��, 5 S
7�t�� vxfk

wkdw *+S7 > 4, "� *++S7 > St��,> 4,1 Ohw xv rughu wkh djhqwv lq V ^ilj e| lqfuhdvlqj

rughu ri wkhlu shdnv1 Vxssrvh/ zlwkrxw orvv ri jhqhudolw| wkdw V^ilj @ i4> 5> ==>pj

dqg *+S7 > 4, ? *++S7 > St��,> 4,1 Ohw { 5 U eh vxfk wkdw { ? *+S7> 4, dqg hyhu|

djhqw lq V suhihuv dq|wklqj lq wkh lqwhuydo ^s+4,> s+p,` wr {= Ohw S �
t�� 5 St��

eh vxfk wkdw s�+l, @ s+l,> dqg *+S7 > 4, "
�
� { "

�
� *++S7> S

�
t��,> 4,= Vlqfh *+=> 4, lv

shdnv0rqo|/ *++S7 > S
�
t��,> 4, @ *++S7> St��,> 4,= Frqvlghu dq djhqw m gl�huhqw iurp

l dqg qrw lq V zlwk St�� 5 S
t�� vxfk wkdw s+m, @ {= E| h�flhqf|/ *+St��> 4, @ {=

Ohw xv frqvlghu dv pdq| uhsolfdv ri m dv qhfhvvdu|/ vd| q> wr jxdudqwhh wkdw iru

dq| srvvleoh vxejurxs V� � V ^ilj> *++S7� > St��> =
?==> St��,> 4, @ {= E| frqwlqxlw|

wklv lv dozd|v srvvleoh1 Ohw ++{�> V�,> +{2> V2,, @ *++S7 > S
�
t��
> St��> =

?=> St��,> 5,=

E| h�flhqf| {� 9@ {2= Ohw xv vhh wkdw doo wkh uhsolfdv ri m duh lq wkh vdph

jurxs1 Vxssrvh wklv lv qrw wkh fdvh/ wkhq/ e| qr0hqy| {� vkrxog eh lqgl�huhqw

wr {2 iru doo djhqwv lghqwlfdo wr djhqw m= Vlqfh {� 9@ {2> {� ? {2> ru {2 ? {�=

Vxssrvh wkdw {� ? {2> dqg wkhuhiruh/ {� ? { ? {2= E| doorfdwlrq frqvlvwhqf|/

{� @ *+S7�> 4,= Exw wkh suhihuhqfh sur�oh lv frqvwuxfwhg lq vxfk d zd| wkdw iru

doo djhqw n 5 V�/ s+n, � {> dqg vr/ e| h�flhqf| *+S7�> 4, 5 ^{>pd{&M7� s+n,`/

zklfk frqwudglfwv wkh dvvxpswlrq wkdw {� ? {= Frqvhtxhqwo|/ doo uhsolfdv ri m

vkrxog eh lq wkh vdph jurxs/ vd| V�> dqg vlqfh * vdwlv�hv doorfdwlrq frqvlvwhqf|/

{� @ {= Ohw xv qrz vhh wkdw lq V� wkhuh lv qr djhqw h{fhsw iru wkh uhsolfdv ri

djhqw m= E| h�flhqf|/ *+S72> 4, 5 ^s+4,> s+p,`= Exw dq| srlqw lq wklv lqwhuydo lv
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suhihuuhg iru doo djhqwv lq V wr {= Wkxv/ e| qr0hqy|/ V� _ V @ >= Vxssrvh wkdw

l 5 V�> wkhq *+S72 > 4, @ *+S7> 4,> exw wkhq djhqw l zloo hqy| wkh djhqwv lq V=

Wkhuhiruh V2 @ V ^ ilj> dqg V� lv mxvw wkh vhw ri uhsolfdv ri m= E| doorfdwlrq

frqvlvwhqf|/ {2 @ *++S7 > S
�
t��,> 4,> exw wkhp wkh ghflvlrq ++{�> V�,> +{2> V2,, lv

qrw hqy|0iuhh/ ehfdxvh djhqw l suhihuv { wr {2> zklfk frqwudglfwv wkh dvvxpswlrq

wkdw * lv h�flhqw1 Wkhuhiruh *+=> 4, vdwlv�hv sduwlflsdwlrq1

Zh kdyh douhdg| uhpdunhg wkdw dq| vhohfwlrq iurp wkh phgldq vdwlv�hv Sdu0

wlflsdwlrq/ qrwlfh wkdw/ ixuwkhupruh/ vxfk vhohfwlrqv dovr vdwlvi| shdnv0rqo| dqg

frqwlqxlw|1 Krzhyhu/ qhlwkhu wkh phdq ri wkh shdnv qru wkh pd{lpxp ru wkh

plqlpxp shdn zklfk vdwlvi| Sduwlflsdwlrq dqg shdnv0rqo| fdq phhw wkh wklug

uhtxluhphqw ri frqwlqxlw|1

�� �	����	�	����� �������	�� ��	� ��� ��	 ������	� �������	�

Zh qrz zdqw wr lqyhvwljdwh zkhwkhu lw lv srvvleoh wr ghvljq vhoi vhohfwlrq frqvlvwhqw

froohfwlyh fkrlfh ixqfwlrqv zklfk uhvshfw wkh Frqgrufhw fulwhulrq1 Iru d jlyhq

suhihuhqfh sur�oh/ hdfk vhw V ri djhqwv dqg hdfk jlyhq n> dq V@n�ghflvlrq lv d

Frqgrufhw zlqqhu li qr rwkhu V@n�ghflvlrq zrxog eh suhihuuhg wr lw e| d pdmrulw|

ri djhqwv1 Wkh Frqgrufhw fulwhulrq uhtxluhv wkdw/ zkhqhyhu Frqgrufhw zlqqhuv

h{lvw lq wkh vhw ri V@n0ghflvlrqv rqh ri wkhp vkrxog eh fkrvhq1 Ehfdxvh rxu

uxohv pxvw eh gh�qhg iru doo sur�ohv/ doo V dqg doo n/ wkh Frqgrufhw fulwhulrq

lpsrvhv d pxowlsolflw| ri uhtxluhphqwv dw hdfk sur�oh1 Zh surylgh d qhjdwlyh

uhvxow/ hvwdeolvklqj wkdw qr vhoi0vhohfwlrq frqvlvwhqw froohfwlyh fkrlfh ixqfwlrq fdq

vdwlvi| wkh Frqgrufhw fulwhulrq +iru doo V dqg n,1 Rxu qhjdwlyh uhvxow fdq eh

vrphzkdw txdol�hg lq wzr gluhfwlrqv1 Rqh e| revhuylqj wkdw lw lv qrw kdug wr

�qg vhoi vhohfwlrq frqvlvwhqw uxohv zklfk uhvshfw wkh Frqgrufhw fulwhulrq iru doo

V> zkhq n @ 4= Dqrwkhu txdol�fdwlrq lv wkdw wkh qhjdwlyh uhvxow frphv iurp rxu
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vwulfw uhtxluhphqw wkdw rxu froohfwlyh fkrlfh ixqfwlrqv vkrxog eh ixqfwlrqv1 Lq

d frpsdqlrq sdshu/ zh vwxg| wkh dgghg �h{lelolw| wr eh jdlqhg e| frqvlghulqj

pxowlydoxhg vrfldo fkrlfh uxohv1

Zh qrz suhvhqw wkh irupdo gh�qlwlrqv dqg uhvxowv1

Gh�qlwlrq 441 Dq V@n�ghflvlrq g 5 G+V> n, lv d Frqgrufhw zlqqhu iru S7 dqg

n li
�
�il 5 V m g "� g

�j
�
� �

�
�il 5 V m g� "� gj

�
� iru doo g� 5 G+V> n,

Jlyhq V 5 8> S7 5 S7 dqg n 5 Q/ ohw FZ +S7 > n, eh wkh vhw ri V@n�ghflvlrqv

wkdw duh Frqgrufhw zlqqhuv iru S7 dqg n=

Qrwlfh wkdw dq| V@n�ghflvlrq wkdw lv d Frqgrufhw zlqqhu iru S7 dqg n lv dq

h�flhqw ghflvlrq1

Gh�qlwlrq 451 D froohfwlyh fkrlfh ixqfwlrq * uhvshfwv wkh Frqgrufhw fulwhulrq

li iru doo V 5 8� S7 5 S7 dqg n 5 Q vxfk wkdw FZ +S7 > n, 9@ >> *+S7 > n, 5

FZ +S7 > n,=

Zh �uvw vkrz wkdw/ zkhqhyhu d Frqgrufhw zlqqhu h{lvwv iru n A 4> hdfk ri lwv

frpsrqhqwv lv d Frqgrufhw zlqqhu iru lwv fruuhvsrqglqj jurxs1

Sursrvlwlrq 61 Jlyhq V 5 8> S7 5 S7 dqg n 5 Q/ li dq V@n�ghflvlrq g @

++{�> V�,,
&
�'� 5 FZ +S7 > n,> wkhq g� @ +{�> V�, 5 FZ +S7� > 4, iru doo k vxfk wkdw

V� 9@ >=

Surri1 Vxssrvh wkdw wkhuh lv dq k vxfk wkdw g� @ +{�> V�, lv qrw d Frqgrufhw

zlqqhu iru S7� dqg 4= Wkhq wkhuh lv d g�� @ +{��> V�,> vxfk wkdw

�
�il 5 V� m g

�
� "� g�j

�
� A

�
�il 5 V� m g� "� g

�
�j
�
�
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Ohw V�� @ il 5 V� m g
�
� "� g�j> V�2 @ il 5 V� m g� "� g

�
�j> dqg g� @ +g��> g3�,=

Wkhq/ il 5 V m g� "� gj @ V��> dqg il 5 V m g "� g�j @ V�2= Exw wkhq/

mil 5 V m g� "� gjm A mil 5 V m g "� g
�jm > zklfk frqwudglfwv wkh dvvxpswlrq wkdw g

lv d Frqgrufhw zlqqhu iru S7 dqg n=

Uxohv vdwlvi|lqj wkh frqglwlrq ri Sursrvlwlrq 6 zrxog sduwldoo| uhvshfw wkh

Frqgrufhw fulwhulrq1 Wkh uhdghu fdq fkhfn wkdw lw lv qrw kdug wr �qg vhoi0vhohfwlrq

frqvlvwhqw uxohv zklfk uhvshfw wkh Frqgrufhw sulqflsoh wr wkdw h{whqg1 Xqiruwx0

qdwho|/ rxu odvw uhvxow vkrzv wkdw d frpsohwh uhvshfw ri wkh sulqflsoh zloo eh

lqfrpsdwleoh zlwk vhoi vhohfwlrq frqvlvwhqf|1

Sursrvlwlrq 71 Qr vhoi0vhohfwlrq frqvlvwhqw uxoh uhvshfwv wkh Frqgrufhw fulwh0

ulrq1

Surri1 Lw zloo eh vx�flhqw wr suryh wkdw d ylrodwlrq ri wkh Frqgrufhw fulwh0

ulrq pxvw dulvh iru dq| uxoh dw vrph vshfl�f sur�ohv dqg vrph V dqg n= Ohw

V @ i4> 5> ===> :> ;j/ dqg S7 @ +?�,
H
�'� eh vxfk wkdw iru doo l> ?� lv hxfolghdq

rq U zlwk wkh iroorzlqj shdnv= s+4, @ 5> s+5, @ 9> s+6, @ ;> s+7, @ 44>

s+8, @ 48> s+9, @ 4;> s+:, @ 53> s+;, @ 57= Frqvlghu �uvw wkh vhw ri djhqwv

V� @ i4> 5> 6> 7> 8j= Iluvw/ qrwlfh wkdw qr h�flhqw V�@5�ghflvlrq g @ +{�> V
�
�,
2
�'�>

vxfk wkdw 5 � {� ? 9 dqg 44 � {2 � 48 fdq eh d Frqgrufhw zlqqhu ehfdxvh

li {2 ? 48/ wkh ghflvlrq ++9> i4> 5> 6j,> +48> i7> 8j,, ghihdwv g> dqg li {2 @ 48>

wkhq wkh ghflvlrq ++9> i4> 5> 6j,> +44> i7> 8j,, ghihdwv g= Vhfrqg/ qrwlfh wkdw qr hi0

�flhqw V�@5�ghflvlrq g @ +{�> V
�
�,
2
�'�> vxfk wkdw {� @ 9 dqg 45 ? {2 � 48

fdq eh d Frqgrufhw zlqqhu ehfdxvh iru d vx�flhqwo| vpdoo % A 3> wkh ghflvlrq

++5> i4> 5j,> +43 � %> i6> 7> 8j, ghihdwv g= Ehfdxvh ri Sursrvlwlrq 6 dqg jlyhq wkdw

qrqh ri wkh ghflvlrqv ghvfulehg deryh fdq eh Frqgrufhw zlqqhuv/ wkh vhw ri srv0

vleoh fdqglgdwhv lv uhgxfhg wr wkh vhw ri ghflvlrqv g @ +{�> V
�
�,
2
�'� vxfk wkdw

{� @ 9> V�
� @ i4> 5> 6j dqg 44 � {2 � 45> V�

2 @ i7> 8j= Lq sduwlfxodu qrwlfh
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wkdw wkh ghflvlrq ++9> i4> 5> 6j,> +44> i7> 8j,, lv rqh/ exw qrw wkh rqo| dprqj wkh

Frqgrufhw zlqqhuv lq rxu vhw1 Qrz/ d vhoi0vhohfwlrq frqvlvwhqw uxoh zklfk uhvshfwv

wkh Frqgrufhw fulwhulrq vkrxog vhohfw d Frqgrufhw zlqqhu dprqj wkrvh lghqwl�hg

deryh/ dqg dq| vxfk fkrlfh vkrxog eh vxfk wkdw 44 � *+S7�
2
> 4, � 45= Lq d frp0

sohwho| v|pphwulf zd|/ frqvlghu qrz wkh vhw ri djhqwv V�� @ i7> 8> 9> :> ;j= Wkh

vhw ri V��@5�ghflvlrqv zklfk duh fdqglgdwhv wr Frqgrufhw zlqqhuv lv wkh vhw ri

ghflvlrqv g @ +{�> V
�
�,
2
�'� vxfk wkdw 47 � {� � 48> V��

� @ i7> 8j dqg {2 @ 53>

V��
2 @ i9> :> ;j= Wkxv/ d vhoi0vhohfwlrq frqvlvwhqw uxoh zklfk uhvshfwv wkh Frq0

grufhw fulwhulrq vkrxog vhohfw d Frqgrufhw zlqqhu iurp wkdw vhw/ dqg lw vkrxog eh

vxfk wkdw 47 � *+S7��
�
> 4, � 48= Exw/ wkh vhw V��

� lv h{dfwo| wkh vhw V�
2= Wkhuhiruh

*+S7�
2
> 4, vkrxog eh htxdo wr *+S7��

�
> 4, zklfk lv lqfrpsdwleoh zlwk wkh uhvwulf0

wlrq wkdw *+S7�
2
> 4, 5 ^44> 45` dqg *+S7��

�
> 4, 5 ^47> 48`= Frqvhtxhqwo|/ wkhuh lv qr

vhoi0vhohfwlrq frqvlvwhqw uxoh zklfk uhvshfwv wkh Frqgrufhw fulwhulrq�1

�� �����������

Zkhq ghvljqlqj dqg dqdo|}lqj vrfldo fkrlfh uxohv/ lw lv lpsruwdqw wr xqghuvwdqg

krz wkh fkrlfhv pdgh e| wkhvh uxohv zrxog fkdqjh lq dffrugdqfh wr fkdqjhv lq wkh

sdudphwhuv gh�qlqj wkh fkdudfwhulvwlfv ri vrflhw|1 Zkdw sdudphwhu fkdqjhv duh

ghhphg uhohydqw zloo ghshqg rq wkh w|sh ri ghflvlrqv wr eh pdgh1 Iru h{dpsoh/

zkhq vrfldo fkrlfh uxohv duh dlphg dw vroylqj glvwulexwlrq sureohpv/ wkhq d yhu|

uhohydqw sdudphwhu lv wkh wrwdo dprxqw ri uhvrxufhv wr eh glvwulexwhg1 Wkhq/ iru

dq| jlyhq uxoh/ rqh pd| vwxg| krz wkh vkduhv ri gl�huhqw djhqwv lq vrflhw| zrxog

fkdqjh lq uhvsrqvh wr fkdqjhv lq wkh vl}h ri wkh slh1 D uxoh frxog wkhq eh fdoohg

doorfdwlrq frqvlvwhqw li lwv uhvsrqvh wr fkdqjhv lq wkh vl}h sdudphwhu lv dghtxdwh

��*|�L�}� �i _L ?L| �@�i @ uLh4@* ThLLuc �i UL?�iU|�hi |�@| H �t |�i 4�?�4@* ?�4Mih Lu

@}i?|t |�@| �i ?ii_ �? Lh_ih |L }i| |�i ?i}@|��i hit�*|�
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lq vrph vhqvh1 Ri frxuvh/ gl�huhqw qrwlrqv ri frqvlvwhqf| zloo dulvh/ ghshqglqj rq

zkdw sdudphwhu fkdqjhv zh frqfhqwudwh xsrq/ dqg ri zkdw zh wklqn lv dq _dgh0

txdwh% fkdqjh lq sdudphwhuv1 Lq wklv sdshu zh kdyh frqfhqwudwhg lq d frqvlvwhqf|

uhtxluhphqw wkdw lv edvhg lq frpsdulqj wkh fkrlfhv iru vrflhwlhv ri gl�huhqw vl}h

pdnlqj ghflvlrqv zklfk lqyroyh gl�huhqw ghjuhhv ri frpsoh{lw|1 Rxu frqfhsw ri

frqvlvwhqf| lv lqqrydwlyh lq wkdw lw rqo| dssolhv wr fkdqjhv lq wkh frpsrvlwlrq

ri vrflhw| zklfk duh ghwhuplqhg hqgrjhqrxvo| e| wkh yhu| vwuxfwxuh ri wkh vrfldo

ghflvlrqv1 Rxuv lv d frqfhsw ri lqwhuqdo frqvlvwhqf| ehwzhhq wkh ghflvlrqv ri vrfl0

hw| dw odujh dqg wkh ghflvlrqv wkdw vrph vhjphqwv ri vrflhw| zrxog pdnh li wkh|

frxog frqfhqwudwh rq wkhlu sduwldo frqfhuqv1 Lw lv lq frqwudvw zlwk prvw qrwlrqv

ri frqvlvwhqf|/ zklfk zh frxog fdoo h{whuqdo/ vlqfh wkh| hvwdeolvk uhtxluhphqwv rq

wkh frqvhtxhqfhv ri dq| vruw ri h{rjhqrxv fkdqjh lq sdudphwhuv1 Zkloh rxu pdmru

frqfhuq zdv frqfhswxdo/ zh kdyh uhdfkhg udwkhu vkdus frqfoxvlrqv rq wkh srvvl0

elolw| wkdw vrfldo fkrlfh uxohv pljkw vdwlvi| rxu qrwlrq ri vhoi vhohfwlrq frqvlvwhqfh1

Zh*g olnh wr frqfoxgh e| vwuhvvlqj wkuhh srlqwv wkdw zhuh douhdg| pdgh zlwklq wkh

wh{w/ uhjduglqj rxu prghoolqj fkrlfhv dqg wkh srvvlelolw| ri h{whqglqj rxu suhvhqw

dqdo|vlv1 Iluvw ri doo/ qrwlfh wkdw rxu uhvxowv dsso| wr d vlpsoh zruog zkhuh gh0

flvlrqv fdq eh uhsuhvhqwhg dv n0wxsohv ri srlqwv lq d olqh dqg djhqwv* suhihuhqfhv

duh vlqjoh shdnhg1 Zkloh wklv lv wkh qdwxudo h{whqvlrq ri d prvw srsxodu prgho/

lw zrxog eh lqwhuhvwlqj wr h{soruh wkh frqvhtxhqfhv ri pruh jhqhudo irupxodwlrqv1

Vhfrqg/ dv douhdg| uhpdunhg lq Vhfwlrq 7/ vrph ri rxu uhvxowv ghshqg rq wkh idfw

wkdw zh vwxg| vrfldo fkrlfh ixqfwlrqv +doorzlqj iru d vlqjoh fkrlfh e| hdfk jurxs

ri djhqwv dqg ghflvlrq vl}h,/ udwkhu wkdq vrfldo fkrlfh fruuhvsrqghqfhv1 D �qdo

dqg ghhshu uhpdun uhihuv wr d edvlf prghoolqj fkrlfh zklfk zh douhdg| vwuhvvhg

lq Vhfwlrq 71 Iru vlpsolflw|/ zh kdyh pdgh wkh vwurqj dvvxpswlrq wkdw djhqwv

duh lqwhuhvwhg lq rqh dqg rqo| rqh ri wkh pxowlsoh vlpxowdqhrxv ghflvlrqv wdnhq
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e| vrflhw|1 Wklv ohdgv wr d sduwlwlrq ri djhqwv lqwr glvmrlqw lqwhuhvw jurxsv1 D

pruh uhdolvwlf irupxodwlrq vkrxog doorz iru djhqwv zkr duh frqfhuqhg zlwk pruh

wkdq rqh dvshfw ri vrflhw|*v joredo ghflvlrq +pd|eh lq ydu|lqj ghjuhhv,1 Wklv

zrxog ohdg wr pruh frpsoh{ vxeglylvlrqv ri vrflhwlhv lqwr sduwldoo| ryhuodsslqj

jurxsv1 Lw zrxog eh lqwhuhvwlqj wr h{whqg wkh qrwlrq ri vhoi0vhohfwlrq frqvlvwhqf|

wr dqdo|}h wkh lqwhuqdo frkhvlrq lqgxfhg e| gl�huhqw vrfldo fkrlfh uxohv lq wkhvh

pruh frpsoh{ dqg uhdolvwlf vhwxsv1
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^4` Dohvlqd/D1/ dqg H1 Vsrodruh/ Rq wkh Qxpehu dqg Vl}h ri Qdwlrqv/

Txduw1M1Hfrq1 +4<<:,/ 435:0891

^5` Eduehu�d/ V1/ dqg F1 Ehyl�d/ Vhoi0Vhohfwlrq Frqvlvwhqf| dqg wkh Frqgrufhw

Fulwhulrq/ plphr +5333,/ Xqlyhuvlwdw Dxw�rqrpd gh Edufhorqd1

^6` Juhhqehuj/ M1/ dqg V1 Zhehu/ Vwdeoh Frdolwlrq Vwuxfwxuhv zlwk d Xqlglphq0

vlrqdo Vhw ri Dowhuqdwlyhv/ M1Hfrq1Wkhru| 93 +4<<6,/ 950;51

^7` Mhklho/ S1/ dqg V1 Vfkrwfkphu/ Iuhh Prelolw| dqg wkh Rswlpdo Qxpehu ri

Mxulvglfwlrqv/ Dqq1Hfrq1Vwdwlvw1 78 +4<<:,/ 54<0641

^8` Nrqlvkl/ K1/ P1 OhEuhwrq/ dqg V1 Zhehu/ Htxloleulxp lq d Ilqlwh Orfdo Sxeolf

Jrrgv Hfrqrp|/ M1Hfrq1Wkhru| :< +4<<;,/ 5570771

^9` Plofkwdlfk/ L1/ dqg H1 Zlqwhu/ Vwdelolw| dqg Vhjuhjdwlrq lq Jurxs Irupdwlrq/

plphr +4<<;,/ Kheuhz Xqlyhuvlw| ri Mhuxvdohp1

^:` Pl|djdzd/ H / _Phfkdqlvpv iru Surylglqj d Phqx ri Sxeolf Jrrgv%/ Sk1G1

Wkhvlv/ Xqlyhuvlw| ri Urfkhvwhu/ 4<<;1

^;` Prxolq/ K/ _D{lrpv ri Frrshudwlyh Ghflvlrq Pdnlqj%/ Fdpeulgjh Xqlyhuvlw|

Suhvv/ 4<;;1

^<` Wkrpvrq/ Z/ _Frqvlvwhqf| dqg Lwv Frqyhuvh= Dq Lqwurgxfwlrq%/ Urfkhvwhu

Fhqwhu iru Hfrqrplf Uhvhdufk1 Zrunlqj Sdshu Qr177;/ 4<<;1

^43` Wlherxw/ F / D Sxuh Wkhru| ri Orfdo Sxeolf H{shqglwxuh/ M1Srolw1Hfrqrp|

97 +4<89,/ 74907571
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