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Abstract.

This paper studies collective choice rules whose outcomes consist of a collec-
tion of simultaneous decisions, each one of which is the only concern of some
group of individuals in society. The need for such rules arises in different con-
texts, including the establishment of jurisdictions, the location of multiple public
facilities, or the election of representative committees. We define a notion of allo-
cation consistency requiring that each partial aspect of the global decision taken
by society as a whole should be ratified by the group of agents who are directly
concerned with this particular aspect. We investigate the possibility of designing
efficient allocation consistent rules. We also explore whether such rules may in
addition respect the Condorcet criterion.

Key words: Social Choice Rules, Allocation Consistency, Condorcet criterion,
Participation.
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1. Introduction.

Collective choices often involve multiple simultaneous decisions, whose particular
aspects may affect different agents to different degrees. If new borders are drawn
in a region of the world, I am mainly affected by what my country will look like,
although I may also care about the whole map of the region. If a committee is
chosen to negotiate on behalf of my union, I am especially interested on those
delegates that I am acquainted with, and/or who will more closely represent my
interest.

In this paper we concentrate on polar cases, where each agent is solely con-
cerned with one of the components of the global decision, and congestion effects
are ignored. For example, several hospitals may be built simultaneously, but if
each agent is only allowed to use one of them (and congestion levels are similar),
then he will essentially evaluate the overall decision in terms of the particular
hospital he is assigned to. Under these circumstances, we discuss the merits of
different social choice procedures to determine (1) what set of objects should be
chosen, and (2) which agents should benefit from each of the objects. Each pro-
cedure is defined to give answers to both questions, for each possible set of agents
and for any number of objects to be chosen.

Since we consider that agents are assigned to specific objects, and that they
only care about them, an interesting question arises regarding the overall consis-
tency of the collective procedure. Once a decision is taken, all agents who share
the same object emerge naturally as a meaningful group. All those citizens of
a new nation after border redrawing, all the trade union members whose opin-
ion will be channeled by a given representative, all users of a new hospital are
concerned about the same aspects of the global decision. What if they challenge

the global decision by suggesting that, as far as they are concerned, the partic-



ular object that they have been assigned to should be changed for another one?
What if all people who, given the public decision to build hospitals H;, Hz, are
assigned to Hy, then demand that Hj be built instead? What if, after talking
to one delegation member, the agents he is supposed to represent meet and vote
in favor of substituting him for somebody else? In all these cases, there would
be some inconsistency between a global decision which turns a group into the
major beneficiary of one of its aspects, and the partial decision that these same
concerned agents would suggest, regarding this particular aspect. This would be
a definite problem if one of these groups is not only interested in changing the
partial decision, but is actually entitled to do so, because the rule assigns a dif-
ferent single decision to the group when only one has to be chosen. Social choice
procedures which avoid these problems will be called allocation consistent.

Many authors have been concerned about the connections among different
decisions taken by societies when their members or their resources vary. Different
conditions have been imposed requiring that the changes in the social decision
associated with changes in the membership of society, or with changes in the set of
possible outcomes, respect some notion of consistency (see for example Thomson
[9] for a survey on consistency).

Our concern can also be viewed as one of consistency, but we must qualify
the analogy. We want to emphasize the fact that our consistency requirement
refers to the connections between global choices and their particular aspects: on
this account, our focus is restricted, since we only consider models where this
distinction makes sense. A second difference is, we believe, in favor of our notion.
We do not look at exogenous changes in the membership of society, which may
or may not be reasonably expected. We concentrate on the connections between

global decisions, taken by the society at large, and their partial components, as



viewed by those agents in the very same society who are affected and concerned by
those partial aspects of the decision. For those problems where the structure of the
global decision is naturally decomposable, and agents are particularly concerned
with only parts of the global picture, we find our notion of allocation consistency
to be particularly attractive.

In this paper, we focus on rules which are not only allocation consistent, but
also efficient. In addition to its usual justification, efficiency is a particularly
interesting requirement in our context, because efficient decisions will also be
envy-free. Allocation rules which are allocation consistent and efficient are called
self-selection consistent, to emphasize the idea that the concerned agents self-
select themselves to play this role, through their voluntary identification with
one of the projects, hospitals, representatives or nations.

In order to discuss these general issues in a specific context, we concentrate
on a particular setup. Formally, we study the problem of choosing k& objects on
the real line, when the preferences of agents over single objects are single peaked.

We first prove that self-selection consistent procedures can be defined. In
fact, we present a systematic procedure to create them, starting from simple
rules which only determine a single choice for each group. We show that if the
simple rule satisfies a condition of participation, then a self-selection consistent
rule can be defined for any set of agents and any number of partial decisions.
Moreover, this general rule will recommend the same partial decisions that would
be made, under the initial simple rule, by each of the groups that self selects
themselves as interested in each one of them, if the group alone was called to
make a one-element decision. In this sense, the definition of the general rule can
be interpreted as an extension of the simple one, and our result is that we can

extend any simple rule satisfying participation to create self-selection consistent



general rules. We also offer a partial converse of the preceding result. Start from a
self selection consistent general rule and consider its restriction to the cases where
groups are only called to make one simple decision. If the general rule satisfies
an additional condition of simplicity, then its associated simple rule must satisfy
participation. Finally, we investigate the extent to which self-selection consistent
rules can be made compatible with the Condorcet principle, a requirement which
is often considered a must for a collective choice rule to be well behaved. We show
that there is no problem in accommodating the Condorcet principle for simple
decisions, involving the choice of one object only. But we also prove that no
general rule can be self-selection consistent and respect the Condorcet principle,
when the rule is a function defined for all sets of voters and any number of simul-
taneous decisions. This unwelcome impossibility result must be qualified: it could
be overcome if we allowed our rules to be somewhat undecisive, by considering
correspondences instead of functions (Barbera and Bevid [2]).

Setups where several points are chosen on a line and agents cluster around
these points arise naturally in different parts of the economic literature and they
admit several interpretations. They provide the basic model for the analysis
of local public goods and jurisdictional questions (see Alesina and Spolaore [1],
Greenberg and Weber [3], Jehiel and Schotchmer [4], Konishi et al.,[5], Milchtaich
and Winter [6], Tiebout [10]). Our specific model is particularly explicit about
the connections between the global decision of the whole group and the partial
decisions of its different subgroups; our main focus is on allocation consistency.
This is done at some cost. We explicitly rule out congestion effects, which are
important in many contexts. We also take the number of objects to be chosen
as an exogenous parameter (in contrast with models where the number of juris-

dictions is an endogenous variable). These two restrictive features of our model



are borrowed from a series of recent papers by Miyagawa [7]. His model is very
similar to ours, but we have expanded it to encompass the possibility of a vari-
able electorate to choose a variable number of objects. This extension allows us
to stress the issue of consistency and the endogenous character of the groups that
share each single object. Even if our models are similar, Miyagawa’s analysis and
conclusions are very different from ours. His choice of axioms leads him to char-
acterize different rules which tend to select rather extreme outcomes. Moreover,
his formal analysis often stops at the case where only two objects are chosen. In
contrast, our analysis applies to any fixed number of partial choices.

The rest of the paper is organized as follows. In Section 2, we present our
model in detail. Section 3 presents the main results of the paper regarding ex-
istence and characterization of self-selection consistent rules. Section 4 studies
the existence of self-selection consistent rules respecting the Condorcet criterion.

Finally, in Section 5 we conclude.



2. The Model.

We consider problems that involve any finite set of agents. Agents are identified
with elements in N, the set of natural numbers. Let & be the class of all finite
subsets of N. Elements of &, denoted as S,95, ..., stand for particular societies,
whose cardinality is denoted by |S], ||, etc.

We now describe the decisions that societies can face. These are determined
by the number and the position of relevant locations, and by the sets of agents
who are allocated to each location.

A natural number k£ € N will stand for the number of locations. Then, given
S € S and k € N, an S/k—decision is a k—tuple of pairs d = (z5,, S)F_,, where
xp € R, and (51, .., Sg) is a partition of S. We interpret each x, as a location and
Sy, as the set of agents who is assigned to the location xj; Notice that elements
in the partition may be empty. This will be the case, necessarily, if £ > |S|. We
call dp, = (=1, ..,xx) the vector of locations, and dy = (Si,..,Sk) the vector of
assignments.

Let D(S,k) be the set of S/k—decisions, D(k) = (Jgcg D(S, k) the set of
k—decisions, and D = [J D(k) the set of decisions. For each agent j € N, the
set of k—decisions Whicﬁegloncern jis Dj(k) = Uises)jesy D(S, k) and the set of
decisions that concern j is D; = |J D;(k).

Agents are assumed to have kceonplete, reflexive, transitive preferences over
decisions which concern them. That is, agent i's preferences are defined on Dj,
and thus, rank any pair of S/k and S’/k —decisions provided that i € SN S".
Denote by »=; the preferences of agent ¢ on D;.

We shall assume all along that preferences are singleton-based. Informally,
this means that agents’ rankings of decisions only depend on the location they

are assigned to, not on the rest of locations or on the assignment of other agents



to locations. This assumption is compatible with our interpretation that agents
can only use the good provided at one location, and that this is a public good
subject to no congestion. Formally, a preference =; on D; is singleton-based if
there is a preference 3=; on R such that for all d, d’ € D;, d =; d' if and only if
x(i,d)=;z(i,d"), where z(i,d) denotes the location to which agent 7 is assigned
under the decision d.

In all that follows, we shall assume that for all ¢ € N, ’=; is singleton-based,
and in addition, that the order i=; is single-peaked. That is: for each i=;, there
is an alternative p( 7) which is the unique best element for $=;; moreover, for all
x,y, if p( i) > = >y, then x =;y, and if y > x > p( i), then x =;y. Under the
singleton-based assumption, there is a one to one relation between preferences
on decisions, $=;, and preferences on locations, 3=;, thus, from now on we will not
make any distintion among them.

Given S € &, preference profiles for S are |S|-tuples of preferences, and we
denote them by Pg, Pg, ...

We denote by P the set of all preferences described above, and by P° the set
of preference profiles for S satisfying those requirements.

A collective choice function will select a k—decision, for each given k, on the

basis of the preferences of agents in S, for any § € &. Formally,

Definition 1. A collective choice function is a function ¢ : | Jgeg P° X N — D

such that, for all S € S, Ps € PS and k € N, ¢(Ps, k) € D(S, k).

We now propose natural and attractive properties that a collective choice
function may or may not satisfy. The first, allocation consistency, is proposed here
for the first time. It reflects the desire for consistency between global decisions
and their partial components that we have already discussed at lenght in our

introduction.



Definition 2. A collective choice function ¢ is allocation consistent if for all
S €&, Pse€P?®and keN,if ((x1,51), ..., (¥, Sk)) = ¢(Ps, k), then (zp, Sy) =
©(Ps, ,1) for all h such that Sy, # ().1

In order to fix ideas, we provide two examples of allocation consistent rules.
In both examples, locations coincide with the position of the peaks of the k agents
with the smallest index (with some special rules when different agents have the
same peak; see the example for details). In Example 1, agents are assigned to
locations in a very arbitrary way, while in Example 2 agents are allocated to the
location that they would prefer among the existing ones. Comparing these two
allocation consistent rules will allow us to discuss the importance of imposing, in

addition to this property, other desirata like efficiency and no-envy.

Example 1. Let the set of potential agents be the set of integers, endowed with
the natural order. For any S = {i1,..,ig} € S, Ps € P and k € N, define the
S/k—decision p(Ps, k) = (xy, Sp)¥_, as follows. Let

x1 = p(ip) = p(i1)

wy = p(ip), where [? is the smallest integer in S such that p(ip) # p(ip) if it

exists. Otherwise 2o = ... = 21 = 27.

w3 = p(i;3), where [3 is the smallest integer in S such that p(i;s) # p(i;n) for all

h < 3 if it exists. Otherwise x3 = ... = xp = xo.

xr = p(ip), where (¥ is the smallest integer in S such that p(i;c) # p(i;) for all

h < k if it exists. Otherwise x; = xp_1.

'Since for k = 1 there is a unique assignment of the agents (all of them together), we will

often abuse notation and write x, = ¢(Ps,,1) when (zn, Sn) = ¢(Ps,,, 1).
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Let m be the highest value of h < k such that I" is well defined. Now let
S1={in € 5| plin) = p(in)}, S2 = {in € S| p(in) = p(iz)}, ..., Sm = {in € S |
p(in) = p(ipm)} U (S\ U Sp), and S; = 0 for all t € {m +1,..,k}. Clearly, this

rule is allocation consistent.

Example 2. Same as above, except for the assignment of the agents. Now, let
Sp={i €S| xp = x forallt € {h+1,..,m},and xp, >; x; foralll € {1,..,h—1}}
for all h € {1,..,m}, Sy = 0 for all t € {m + 1,..,k}. This rule is also allocation

consistent.

As we have already mentioned, the difference between the above two examples
lies on the assignment of the agents to locations. In Example 1 the assignment
is inefficient and in Example 2 it is efficient. Notice, moreover, that under rule 2,
no agent envies any other, since each one is assigned to the location he prefers.

We now proceed to define no-envy and efficiency and to study their compat-

ibility with allocation consistency.

Definition 3. An S/k—decision d € D(S, k) is envy-free if for alli € S, z(i,d) =;

xy, for all zp, € dy,.

Definition 4. An S/k—decision d is efficient if there is no S/k—decision d' such

that d’' =; d for every agent i € S and d' >; d for some j € S.

Definition 5. A collective choice function ¢ is efficient if for all S € S , Pg € PS
and k € N, ¢(Ps, k) selects an efficient S/k—decision.

We now present the definition which appears in the title of the paper.

Definition 6. A collective choice function is self-selection consistent if it is effi-

cient and satisfies allocation consistency. That is, for all S € S , Ps € P° and
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k €N, o(Ps,k) € {d = (zn,Sn)f_, € D(S,k) | d is efficient and z), = ¢(Ps,,1)
for all h s.t. Sy, # 0}.

Notice that any efficient S/k—decision is envy-free. Agents in an efficient
decision must be assigned to the location that they prefer. Hence, under a self-
selection consistent rule, the groups of agents whose partial decisions must match
with the global decision are self selected as the set of people who would attach

themselves to each location, out of a voluntary choice.

3. Main Results

The examples in the preceding Section tell us that there exist self-selection con-
sistent rules (Example 2), and also that some allocation consistent rules may fail
to be self-selection consistent (Example 1) because they might generate envy.

In order to understand the structure of self-selection consistent rules, it is
crucial to relate them to simple functions, of the form f: (Jgcg PS — R, which
can be interpreted to determine a single location for each preference profile.

We can show that any such function f satisfying efficiency and a condition
which we call participation can be used to define a self-selection consistent rule ¢.
This is the object of Proposition 1, which thus answers the question of existence
of self-selection consistent rules in the positive and by way of a constructive proof.
In fact, the function ¢ constructed with the use of f will be such that, for all
S € S and all Ps € P?, f(Ps) = ¢(Ps,1).

We now define efficiency and participation and state the announced result.

Definition 7. A function f {Jgcg PS — R is efficient if for all S € &, and for
all Ps € P* there is no location x € R such that x %=; f(Ps) for alli € S and

x >; f(Pg) for some j € S.
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Definition 8. A function f | Jg.g PS — R satisfies participation if forall S € S,
all i ¢ S, and for all (Ps, Pyy) € P50, f(Ps, Py) =i f(Ps).

Participation says that if a new agent joints a group, the outcome can only
changes in the direction that benefit the new agent.

Notice that many functions defined on single-peaked preferences satisfy par-
ticipation: selections from the median of the peaks, the mean of the peaks, the

minimum or the maximum peak, etc...

Proposition 1. Let f: (Jgcs PS — R be a function which satisfies participation
and is efficient. Then, for all S € &, Pg € P and k € N, any function ¢ which
selects ¢(Ps, k) from the set {d = (xy,Sp)f_, € D(S,k) | d is efficient and
xp € f(Ps,) for all h s.t. Sy, # 0} and such that ¢(Ps,1) = f(Pg) is a self-

selection consistent choice rule.

Given the construction, all we have to show is that the functions described are
well defined, which is equivalent to prove that the set {d = (x,Sy)¥_, € D(S,k) |
d is efficient and xp, € f(Ps,) for all h s.t. Sp # (0} is not empty for all S € S,
Ps € P¥ and k € N. We will prove that constructively, by describing a procedure
which always converges and finds decisions which belong to the desirable set.

The following Lemmas are useful to show that our construction works.

Lemma 1. Let f :(Jgcg PS — R satisfy participation. Given S,S' € & with
SNS =0, let Ps € PS, Py € PS and y € R be such that for alli € S', f(Ps) <
p(i) <y, and f(Ps) %=; y. Then f(Psg,Ps/) =; y for all i € S’. Furthermore,
f(Ps) < f(Ps, Psi) <.

In words, Lemma 1 states that if a group of agents S’, whose peaks are to the
right of the location chosen by f for the group S, joins the group S, then the
choice of f for the larger group will be to the right of the choice of f for S.

13



Proof. Let x = f(Ps). Since for all i € S, x < p(i) < y, and = = y ,
any location in [z,y) will be preferred to y by any agent in S’. Let us see that
f(Ps,Pg) € [z,y). For each agent i € S’, let x; € R be such that agent 4
is indifferent between x and x;.Notice that for all ¢ € S', x; < y. Then, let
us order the agents in S’ by increasing order of their x;, and suppose, without
loss of generality, that S" = {1,2,..,m}. Take the first agent, and consider the
set of agents S U {1}. Since f satisfies participation, f(Ps,Pfy) € [x,21]. Let
z1 = f(Ps,Ppy). Notice that 21 € [z,x2]. Let 22 = f(Ps, Py 2;). Because of
participation zy =9 2z1, and therefore z9 € [x,x9]. If we keep adding agents of

S’to S in this order, we will finally get that z,, = f(Ps, Ps) € [x,2;,]. R

Lemma 2. Let f :Jgcs PS — R be efficient and satisfy participation. Given
Se€&, PscPd andy €R, y < f(Ps), let S' C S be such that for all i € S’

Yy =i f(Ps). Then, f(Ps) < f(Ps\sr)-

In a similar vein as Lemma 1, Lemma 2 now states that, if a subset S’ of S is
removed from S, and all agents in S’ had their peaks to the left of f(Ps), then
f(Pg\g) will move to the right of f(Ps).

Proof. Let x = f(Pg). For each i € S’, let z; € R be such thatagent 7 is
indifferent between xand z;. Notice that for all i € §', x; < y < z. Let us
order the agents in S’ by increasing order of x;, and suppose, without loss of
generality, that S" = {1,2,..,m}. Notice that [z, 2| C [zm-1,2] C ... C [x1,x].
Let z1 = f(Ps\f1})- By participation, = =1 21, which implies that 21 ¢ (21, 7).
By efficiency, z; > . Notice that all the agents in S"\{1} prefer y to z;. Let
z2 = f(Ps\(1,2y). By participation, 21 %2 22, which implies that z2 ¢ (x2,7).
Then, by efficiency, zo > x. Following this process, we will finally get that, because
of participation, agent m prefers z,, 1 to z, = f(PS\S/), which implies that

Zm & (Tm,x), and this in turn implies that z,, > x by efficiency. B
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We can now complete the proof of Proposition 1.

Proof of Proposition 1. Let S € &, Ps € P and k € N. If there are at
most k different peaks, we are done. Hence, suppose that there are at least k
different peaks. Let us order the agents by increasing order of their peaks. Let
St ={ieS|p@i) =ph)} foral h € {l,..,k—1} and Sf = {i € S | p(i) >
p(k —1)}. Let 2! = (x})¥_, be such that z} = f(PS}l), for h € {1, ..,k}. Notice
that, since f is efficient, x} = p(h) for all h € {1,..,k — 1}. Since f is efficient
and all the locations are different, if the decision (z}, S1)¥ | is envy-free then it
is efficient and we are done. Otherwise, let S, 1 = Si [ U{i € S{ |2t | = x}}.
By Lemma 1, x/{;q < f(Ps,_,) < 331%; Notice that we can have agents in S,i
which prefer :10,1C to :v,lg_l, but they have their peaks between :1:,16_1 and f(Ps,_,),
which implies that they prefer f(Ps,_,) to zt. Let S, C Si be the set of those
agents. For each i € S}, let 2; be such that agent 4 is indifferent between x,{z and z;.
Let us order the agents in S}, by increasing order of z;. Then [2;41,21] C [z, 71 ].
Take the first agent in this set. By participation f(Ps,_,uay) =1 f(Ps,_,), and
since f(Ps,_,) =1 @, f(Ps,_upy) € [z, 7). I f(Ps,_upy) € [22,24], add
agent 2 to S,_1U{1}, and again by participation f(Ps, ,ug1,2}) =2 f(Ps, ,u{1}),
which will imply that f(Ps, ug1.2)) € [22, zt]. We keep adding agents from S}, in
the above defined order whenever f(Ps, ,u1,2..,i3) € zi41,73]. Let Si! be this
subset of agents. Then, for all i € S}\S}, f(Ps,_usp) ¢ [2i,z}]. Notice that
all agents in S;\Sil have their peaks between f(Ps, _,usp) and z}. Once this
process is completed, consider the following sets of agents: S,il =Sk 1U S,fcl,
S2=SI\{{i € S} |zl_, =iz} US}, and S7 = S} for all h € {1,..,k — 2}.
Let 27 = f(PS}%) for all h € {1,..,k}. We have shown that 22_, >z} ,, and by
Lemma 2, :vz > :L’,%: If the decision (I}QL, S,%)ﬁ:l is envy-free, we are done. If it is

not we repeat the process. Notice that, if in step j we do not get an envy-free
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decision, it is because some agents from Si prefer what agents in Sifl have got-
ten. Thus, if this is the case, in each step we add agents from SZ to S}];_l in the
way as described above. The process will end in a finite number of steps because
there are a finite number of agents, because by Lemma 1 and Lemma 2 at each

step xfl > xfl_l for all h € {1,..k} and furthermore, S{_l - S{ and S,Z - S,Z_l. |

We have seen how any function f :\Jgcg PS5 — R satisfying efficiency and
participation can be used to induce a self-selection consistent choice rule . We
now turn to the opposite question. Given a rule ¢, its restriction to k = 1 is
indeed a function of the above type. What can we say about its properties, if we
know that ¢ is a self-selection consistent choice rule? We can not give a complete
answer to this question, but we can provide a definite answer if, in addition, ¢
satisfies two conditions (continuity and peaks only) which actually only refer to
o(.,1).

We first express these two conditions and then state the result.

Definition 9. A function f :Jgcg PS — R is peaks-only if for all S € S, and
Ps, Pl € P¥ such that p(i) = p'(i) for all i € S, then f(Ps) = f(P%).

Definition 10. A function f | Jg .o PS — R satisfies continuity if given S, S’ €
S, Ps € PS5, Py € PS' such that f(Ps) = x, and f(Ps) =y, there is n € N such
that f(Ps,....."....,Ps, Pg/) = x.

Peaks-only functions are simple in that they only operate on information
about each of the agents best alternative. Continuity means that if x is chosen
by a group S and y by a group S’, we can replicate the group S sufficiently many

times so that the union of all these replicas together with S’ would choose .2

2This definition is borrowed from the social choice literature. See Moulin [8]
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Proposition 2. Let ¢ : |Jgog P° X N — D be a self-selection consistent choice
rule such that ¢(.,1) is peaks-only and satisfies continuity. Then, ¢(.,1) satisfies

participation.

Proof. Suppose that ¢(.,1) does not satisfy participation. Then there is a group
of agents S € S, an agent ¢ ¢ S, and a preference profile (Pg, P{i}) e PSY such
that p(Ps,1) =i ¢((Ps, Pgy),1). Let us order the agents in SU {i} by increasing
order of their peaks. Suppose, without loss of generality that SU{i} = {1,2,..,m}
and ¢(Ps,1) < p((Ps, P3;),1). Let z € R be such that # < ¢(Ps,1) and every
agent in S prefers anything in the interval [p(1),p(m)] to x. Let P{i} c P}
be such that p'(i) = p(i), and @(Pg,1) =i z =! @((PS,P{Z.}),I). Since ¢(.,1) is
peaks-only, @((PS,P{’i}), 1) = ¢((Ps, Piy), 1) Consider an agent j different from
i and not in S with P, € P} such that p(j) = . By efficiency, o(Pgjy, 1) = .
Let us consider as many replicas of j as necessary, say n, to guarantee that for
any possible subgroup S’ C SU {i}, ¢((Psr, Py, -"-., Pjy), 1) = . By continuity
this is always possible. Let ((x1,S51),(x2,S52)) = @((PS,P&.},P{]-},.”.,P{j}),Z).
By efficiency x1 # x2. Let us see that all the replicas of j are in the same
group. Suppose this is not the case, then, by no-envy x; should be indifferent
to a9 for all agents identical to agent j. Since x1 # x3, 1 < T2, or X3 < 7.
Suppose that x1 < x2, and therefore, 1 < x < x3. By allocation consistency,
x1 = ¢(Ps,,1). But the preference profile is constructed in such a way that for
all agent k € S1, p(k) > z, and so, by efficiency ¢(Ps,,1) € [z, maxges, p(k)],
which contradicts the assumption that x; < z. Consequently, all replicas of j
should be in the same group, say 51, and since ¢ satisfies allocation consistency,
x1 = x. Let us now see that in S; there is no agent except for the replicas of

agent j. By efficiency, ¢(Ps,,1) € [p(1),p(m)]. But any point in this interval is
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preferred for all agents in S to x. Thus, by no-envy, S; NS = (). Suppose that
i € S1, then p(Ps,,1) = ¢(Ps,1), but then agent ¢ will envy the agents in S.
Therefore Sy = S U {i}, and S; is just the set of replicas of j. By allocation
consistency, xy = @((PS,P@.}),I), but them the decision ((x1,51), (z2,52)) is
not envy-free, because agent ¢ prefers x to x2, which contradicts the assumption
that ¢ is efficient. Therefore ¢(.,1) satisfies participation. W

We have already remarked that any selection from the median satisfies Par-
ticipation, notice that, furthermore, such selections also satisfy peaks-only and
continuity. However, neither the mean of the peaks nor the maximum or the
minimum peak which satisfy Participation and peaks-only can meet the third

requirement of continuity:.

4. Self-Selection Consistent rules and the Condorcet Principle.

We now want to investigate whether it is possible to design self selection consistent
collective choice functions which respect the Condorcet criterion. For a given
preference profile, each set S of agents and each given k, an S/k—decision is a
Condorcet winner if no other S/k—decision would be preferred to it by a majority
of agents. The Condorcet criterion requires that, whenever Condorcet winners
exist in the set of S/k-decisions one of them should be chosen. Because our
rules must be defined for all profiles, all S and all k, the Condorcet criterion
imposes a multiplicity of requirements at each profile. We provide a negative
result, establishing that no self-selection consistent collective choice function can
satisfy the Condorcet criterion (for all S and k). Our negative result can be
somewhat qualified in two directions. One by observing that it is not hard to
find self selection consistent rules which respect the Condorcet criterion for all

S, when k£ = 1. Another qualification is that the negative result comes from our
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strict requirement that our collective choice functions should be functions. In
a companion paper, we study the added flexibility to be gained by considering
multivalued social choice rules.

We now present the formal definitions and results.

Definition 11. An S/k—decision d € D(S, k) is a Condorcet winner for Ps and
k if

{ieS|d-;d} >|{ieS|d =;d} foralld e D(S,k)
Given S € &, Ps € P° and k € N, let CW(Ps, k) be the set of S/k—decisions

that are Condorcet winners for Ps and k.

Notice that any S/k—decision that is a Condorcet winner for Ps and k is an

efficient decision.

Definition 12. A collective choice function ¢ respects the Condorcet criterion
if for all S € S, Ps € P¥ and k € N such that CW(Ps,k) # 0, ¢(Ps,k) €
CW (Ps, k).

We first show that, whenever a Condorcet winner exists for £ > 1, each of its

components is a Condorcet winner for its corresponding group.

Proposition 3. Given S € &, Ps € P° and k € N, if an S/k—decision d =
((xn, Sh))k_, € CW(Ps, k), then dp, = (xp,Sy) € CW(Ps,,1) for all h such that
Sh # 0.

Proof. Suppose that there is an h such that dj, = (xp,Sp) is not a Condorcet

winner for Pg, and 1. Then there is a d}, = (), Sy), such that

[ € Sh | dy =i dn}| > |{i € Sh | dn =i db}]
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Let Spi = {i € Sy | d}, =i dn}, Spa = {1 € Sy | dp, =i d},}, and d' = (d},,d_p).
Then, {i € S | d »; d} = Sph1, and {i € S | d »=; d'} = Sha. But then,
HieS|d =;d}| >|{ieS|d=;d}|, which contradicts the assumption that d
is a Condorcet winner for Pg and k. W

Rules satisfying the condition of Proposition 3 would partially respect the
Condorcet criterion. The reader can check that it is not hard to find self-selection
consistent rules which respect the Condorcet principle to that extend. Unfortu-
nately, our last result shows that a complete respect of the principle will be

incompatible with self selection consistency.

Proposition 4. No self-selection consistent rule respects the Condorcet crite-

rion.

Proof. It will be sufficient to prove that a violation of the Condorcet crite-
rion must arise for any rule at some specific profiles and some S and k. Let
S = {1,2,..,7,8}, and Ps = (3=)%_; be such that for all i, }=; is euclidean
on R with the following peaks: p(1) = 2, p(2) = 6, p(3) = 8, p(4) = 11,
p(5) = 15, p(6) = 18, p(7) = 20, p(8) = 24. Consider first the set of agents
S = {1,2,3,4,5}. First, notice that no efficient S’/2—decision d = (x,S})7_,,
such that 2 < z1 < 6 and 11 < xy < 15 can be a Condorcet winner because
if x5 < 15, the decision ((6,{1,2,3}),(15,{4,5})) defeats d, and if z; = 15,
then the decision ((6,{1,2,3}),(11,{4,5})) defeats d. Second, notice that no ef-
ficient S'/2—decision d = (zp, S})2_,, such that z1 = 6 and 12 < z9 < 15
can be a Condorcet winner because for a sufficiently small € > 0, the decision
((2,{1,2}),(10 — ¢,{3,4,5}) defeats d. Because of Proposition 3 and given that
none of the decisions described above can be Condorcet winners, the set of pos-
sible candidates is reduced to the set of decisions d = (zp,S},)7_; such that

x1 =6, S ={1,2,3} and 11 < xp < 12, S5 = {4,5}. In particular notice
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that the decision ((6,{1,2,3}),(11,{4,5})) is one, but not the only among the
Condorcet winners in our set. Now, a self-selection consistent rule which respects
the Condorcet criterion should select a Condorcet winner among those identified
above, and any such choice should be such that 11 < ¢(Pg;,1) < 12. In a com-
pletely symmetric way, consider now the set of agents S” = {4,5,6,7,8}. The
set of S”/2—decisions which are candidates to Condorcet winners is the set of
decisions d = (@, S;)%_, such that 14 < z; < 15, SY = {4,5} and z2 = 20,
Sy = {6,7,8}. Thus, a self-selection consistent rule which respects the Con-
dorcet criterion should select a Condorcet winner from that set, and it should be
such that 14 < p(Pgy,1) < 15. But, the set S is exactly the set S). Therefore
¢(Ps;,1) should be equal to ¢(Psr,1) which is incompatible with the restric-
tion that ¢(Pg;,1) € [11,12] and ¢(Pgy,1) € [14,15]. Consequently, there is no

self-selection consistent rule which respects the Condorcet criterion?. l

5. Conclusion.

When designing and analyzing social choice rules, it is important to understand
how the choices made by these rules would change in accordance to changes in the
parameters defining the characteristics of society. What parameter changes are
deemed relevant will depend on the type of decisions to be made. For example,
when social choice rules are aimed at solving distribution problems, then a very
relevant parameter is the total amount of resources to be distributed. Then, for
any given rule, one may study how the shares of different agents in society would
change in response to changes in the size of the pie. A rule could then be called

allocation consistent if its response to changes in the size parameter is adequate

3 Although we do not have a formal proof, we conjecture that 8 is the minimal number of

agents that we need in order to get the negative result.
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in some sense. Of course, different notions of consistency will arise, depending on
what parameter changes we concentrate upon, and of what we think is an “ade-
quate” change in parameters. In this paper we have concentrated in a consistency
requirement that is based in comparing the choices for societies of different size
making decisions which involve different degrees of complexity. Our concept of
consistency is innovative in that it only applies to changes in the composition
of society which are determined endogenously by the very structure of the social
decisions. Ours is a concept of internal consistency between the decisions of soci-
ety at large and the decisions that some segments of society would make if they
could concentrate on their partial concerns. It is in contrast with most notions
of consistency, which we could call external, since they establish requirements on
the consequences of any sort of exogenous change in parameters. While our major
concern was conceptual, we have reached rather sharp conclusions on the possi-
bility that social choice rules might satisfy our notion of self selection consistence.
We’d like to conclude by stressing three points that were already made within the
text, regarding our modelling choices and the possibility of extending our present
analysis. First of all, notice that our results apply to a simple world where de-
cisions can be represented as k-tuples of points in a line and agents’ preferences
are single peaked. While this is the natural extension of a most popular model,
it would be interesting to explore the consequences of more general formulations.
Second, as already remarked in Section 4, some of our results depend on the fact
that we study social choice functions (allowing for a single choice by each group
of agents and decision size), rather than social choice correspondences. A final
and deeper remark refers to a basic modelling choice which we already stressed
in Section 4. For simplicity, we have made the strong assumption that agents

are interested in one and only one of the multiple simultaneous decisions taken
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by society. This leads to a partition of agents into disjoint interest groups. A
more realistic formulation should allow for agents who are concerned with more
than one aspect of society’s global decision (maybe in varying degrees). This
would lead to more complex subdivisions of societies into partially overlapping
groups. It would be interesting to extend the notion of self-selection consistency
to analyze the internal cohesion induced by different social choice rules in these

more complex and realistic setups.
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