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Devwudfw

Wkh �qdqflqj ri kljkhu hgxfdwlrq wkurxjk sxeolf vshqglqj lpsrvhv d wudqvihu

ri uhvrxufhv iurp wd{sd|huv wr wkh xqlyhuvlw| vwxghqwv dqg wkhlu sduhqwv1 Zh

surylgh dq h{sodqdwlrq iru wklv skhqrphqrq1 Wkrvh zkr dwwhqg kljkhu hgxfdwlrq

zloo hduq pruh lqfrph lq wkh ixwxuh dqg zloo sd| pruh wd{hv1 Shrsoh zkrvh

fkloguhq gr qrw dwwhqg kljkhu hgxfdwlrq/ krzhyhu vkrxog djuhh wr khos sd| wkh

frvw ri vxfk hgxfdwlrq/ surylglqj wkdw wkh wd{hv duh vx!flhqwo| kljk wr hqvxuh

wkdw wkhuh zloo eh dq dghtxdwh uhglvwulexwlrq lq idyru ri wkhlu rzq fkloguhq dw

vrph wlph lq wkh ixwxuh1

Mrxuqdo ri Hfrqrplf Olwhudwxuh fodvvl�fdwlrq qxpehuv= G:4/ K54/ K851

Nh| zrugv= Kljkhu Hgxfdwlrq/ Wd{dwlrq/ Uhglvwulexwlrq1

WZh wkdqn Oxlv F1 Frufköq iru klv pdq| xvhixo frpphqwv1 Zh dovr wkdqn Mrugl Fdedooì/ Ljqdflr

Ruwxôr0Ruwðq/ Mrkq H1 Urhphu/ Jxdgdoxsh Ydohud dqg wzr dqrq|prxv uhihuhhv iru frpphqwv dqg

vxjjhvwlrqv1 Zh duh yhu| judwhixo wr Mrkq H1 Urhphu iru klv krvslwdolw| xqghu wkh surjudp Hfrqrp|/

Mxvwlfh dqg Vrflhw| ri wkh Xqlyhuvlw| ri Fdoliruqld dw Gdylv1 Zh duh judwhixo iru wkh �qdqfldo vxssruw

uhfhlyhg iurp wkh Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrqöplfdv/ GJLF\W SE<;03;:3/ SE<70

4837 dqg SE<:03453 dqg wkh Gluhfflö Jhqhudo gh Uhvhufd xqghu Surmhfw VJU<;033951 Dgguhvv iru

fruuhvsrqghqfh= Lôljr Lwxueh0Rupdhw{h/ Ghsduwdphqwr gh Ixqgdphqwrv gho Dqäolvlv Hfrqöplfr/

Xqlyhuvlgdg gh Dolfdqwh/ H0363:4/ Dolfdqwh/ Vsdlq1 H0pdlo= lwxuehCphuolq1idh1xd1hv
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Lq prvw frxqwulhv wkh frvw ri sxeolf kljkhu hgxfdwlrq lv �qdqfhg pdlqo| e| wkh jry0

huqphqw rxw ri jhqhudo wd{ uhyhqxh1 Lq Vsdlq/ iru h{dpsoh/ lq 4<<9 rqo| derxw 53( ri

wkh wrwdo frvw zdv fryhuhg e| wkh vwxghqwv* ihhv/ zkloh wkh uhpdlqlqj ;3( zdv fryhuhg

e| vwdwh wudqvihuv +vhh Fdohur +4<<9,,1 Lw lv dovr zhoo grfxphqwhg wkdw prvw xqlyhu0

vlw| vwxghqwv frph iurp plggoh dqg xsshu0lqfrph jurxsv1 Vxfk hpslulfdo hylghqfh

kdv ohg vrph dxwkruv wr frqfoxgh wkdw sxeolf �qdqflqj ri kljkhu hgxfdwlrq kdv d uh0

juhvvlyh h�hfw rq lqfrph glvwulexwlrq +vhh Kdqvhq dqg Zhlveurg +4<9<, dqg Qhuoryh

+4<:5,,1 Ohvolh dqg Eulqnpdq +4<;;,/ krzhyhu/ frqfoxgh wkdw wklv uhjuhvvlyh h�hfw

lv r�vhw rqfh wkh surjuhvvlyh qdwxuh ri wkh wd{ v|vwhp lv wdnhq lqwr dffrxqw1 Wkh

iroorzlqj txhvwlrq/ krzhyhu/ uhpdlqv wr eh dqvzhuhg= Vlqfh kljkhu hgxfdwlrq lv dq

dfwlylw| wkdw surylghv gluhfw ehqh�wv e| lqfuhdvlqj ixwxuh hduqlqj srzhu/ wr vxevlglvh

kljkhu hgxfdwlrq phdqv vxevlglvlqj dq dfwlylw| wkdw surylghv gluhfw ehqh�wv wr rqo| d

sulylohjhg plqrulw|1 Zk| wkhq/ lq d ghprfudwlf vrflhw|/ vkrxog d pdmrulw| ri yrwhuv/

zkr gr qrw kdyh dffhvv wr kljkhu hgxfdwlrq/ djuhh wr vxevlgl}h lw iru wkh zhdowklhvw

vhjphqw ri wkh srsxodwlrqB Dv wklv vhhpv wr eh wkh fdvh wkurxjkrxw zhvwhuq vrflhwlhv/

pdq| uhvhdufkhuv kdyh ghyhorshg wkhrulhv wr h{sodlq wklv skhqrphqrq14

Wkh h{sodqdwlrq prvw iuhtxhqwo| r�huhg lv wkdw kljkhu hgxfdwlrq fuhdwhv �vsloo0

ryhuv/� ru srvlwlyh h�hfwv/ iru wkh uhvw ri wkh hfrqrp|1 Lw zrxog/ wkhuhiruh/ eh xqidlu

wr lpsrvh wkh hqwluh frvw ri kljkhu hgxfdwlrq rq wkh vwxghqwv dqg wkhlu idplolhv1 Li

wklv zhuh grqh/ idplolhv zrxog whqg wr xqghu0lqyhvw lq kljkhu hgxfdwlrq1 Vlqfh wkrvh

zkr uhfhlyh kljkhu hgxfdwlrq dqg jhqhudwh wkh �vsloo0ryhu� fdqqrw irufh lwv lqgluhfw

ehqh�fldulhv wr sd| iru wkh ehqh�wv wkh| uhfhlyh/ lw fdq eh dffrpsolvkhg wkurxjk wkh

jryhuqphqw/ yld wd{hv1

Dq h{dpsoh lq wklv yhlq lv Mrkqvrq +4<;7,/ zkr vxjjhvwv wkdw hgxfdwlrq qrw rqo|

lqfuhdvhv wkh surgxfwlyh vnloov ri wkrvh zkr uhfhlyh lw/ exw fdq dovr lqgluhfwo| ehqh�w

wkrvh zkr gr qrw/ yld �frpsohphqwdulwlhv� lq wkh surgxfwlrq surfhvv1 Fuhhg| dqg

Iudqfrlv +4<<3,/ ghyhors d pruh frpsoh{ prgho1 Wkh| dvvxph wkh h{lvwhqfh ri d

srvlwlyh h�hfw ri hgxfdwlrq rq wkh jurzwk udwh ri d frxqwu|1 Wklv/ lq wxuq/ lqfuhdvhv

wkh ixwxuh lqfrph ri wkh qrq0hgxfdwhg lqglylgxdov/ zkr/ surylglqj wkdw wkh srvlwlyh

h�hfw lv juhdw hqrxjk/ zloo djuhh wr sd| kljkhu wd{hv wr frqwlqxh �qdqflqj kljkhu

hgxfdwlrq1 Dv Fuhhg| dqg Iudqfrlv dgplw/ krzhyhu/ wkhuh lv qr hpslulfdo hylghqfh

ri wkh h{lvwhqfh ri vxfk vsloo0ryhuv/ dqg idu ohvv ri wkhlu ghjuhh1 Wklv h{sodqdwlrq/

wkhuhiruh/ pd| orvh vrph ri lwv dsshdo15

4Zh uhihu h{foxvlyho| wr �ghprfudwlf� h{sodqdwlrqv1 Wkdw lv/ wkrvh wkdw duh edvhg rq vrph w|sh ri

froohfwlyh ghflvlrq/ e| pdmrulw| yrwh1 Zh frxog surylgh dq dowhuqdwlyh h{sodqdwlrq iru qrq0ghprfudwlf

vrflhwlhv= Srolwlfdo srzhu lv frqfhqwudwhg lq wkh xsshu lqfrph jurxs dqg wkh| fdq h{wudfw wkh ghvluhg

uhvrxufhv iurp wkh rwkhu jurxsv wkurxjk frhuflyh wd{dwlrq1
5Wkh dydlodeoh hpslulfdo hylghqfh vxjjhvwv wkdw vxfk vsloo0ryhuv duh kljk iru sulpdu| dqg vhfrqgdu|

hgxfdwlrq dqg orz iru kljkhu hgxfdwlrq1 Vhh/ iru h{dpsoh/ Svdfkdursrxorv +4<;8,1
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Dqrwkhu h{sodqdwlrq/ r�huhg e| Ihuqdqgh} dqg Urjhuvrq +4<<8,/ lv wkdw zkhq

shrsoh yrwh rq wkh vl}h ri d vxevlg| iru hgxfdwlrq/ wkh| duh dovr yrwlqj/ lpsolflwo|/

rq krz pdq| vwxghqwv vkrxog uhfhlyh vxfk d vxevlg| dqg dwwhqg xqlyhuvlw|1 D jlyhq

dprxqw ri vxevlg| ghwhuplqhv wkh sursruwlrq ri shrsoh zkr fdq jr wr xqlyhuvlw|=

wkrvh deryh d fhuwdlq lqfrph wkuhvkrog1 Wkh juhdwhu wkh vxevlg| lv/ wkh orzhu wkh

wkuhvkrog zloo eh1 Wkhvh dxwkruv vkrz wkdw/ lq vrph fdvhv/ d pdmrulw| ri yrwhuv lq

wkh plggoh dqg kljk lqfrph eudfnhwv/ fdq irufh wkh fkrlfh ri d sduwldo vxevlg|/ dqg

wkxv/ h{foxgh orz0lqfrph jurxsv iurp dwwhqglqj kljkhu hgxfdwlrq zkloh h{wudfwlqj

uhvrxufhv iurp wkhp/ wkurxjk wkh wd{ v|vwhp1

Jduudww dqg Pduvkdoo +4<<7, vhh wkh jryhuqphqw dv d surylghu ri lqvxudqfh1 Rqo|

wkh prvw vnloohg lqglylgxdov fdq dwwhqg froohjh1 Li sduhqwv duh xqfhuwdlq derxw wkh

delolw| ri wkhlu fkloguhq/ wkh| zloo eh zloolqj wr lqvxuh wkhpvhoyhv djdlqvw wkh srv0

vlelolw| ri kdylqj deoh fkloguhq dqg qrw ehlqj deoh wr d�rug wkhlu hgxfdwlrq1 Wkxv

wkh idplolhv zkrvh fkloguhq gr qrw dwwhqg froohjh pdnh sd|phqwv dv dq lqvxudqfh

suhplxp1

Lq wklv sdshu/ zh sursrvh d gl�huhqw h{sodqdwlrq iru wkh sxeolf ixqglqj ri kljkhu

hgxfdwlrq1 Dv zh kdyh douhdg| phqwlrqhg/ wkrvh zkr dwwhqg xqlyhuvlw| zloo hyhqwxdoo|

hduq/ rq dyhudjh/ pruh lqfrph wkdq wkh| zrxog kdyh hduqhg li wkh| kdg qrw jrqh wr

xqlyhuvlw|1 Wklv/ lq wxuq/ lpsolhv wkdw wkh jurvv wrwdo lqfrph zloo lqfuhdvh/ lq wkh

ixwxuh/ gxh wr wkh h{lvwhqfh ri kljkhu hgxfdwlrq/ dqg vr zloo wkh wd{ edvh1 Pruhryhu/

wkh juhdwhu wkh vxevlg| wr kljkhu hgxfdwlrq lv/ wkh juhdwhu wkh lqfuhdvh lq ixwxuh

lqfrph zloo eh/ dv wkhuh zloo eh pruh |rxqj shrsoh dwwhqglqj xqlyhuvlw|1 Ohw xv qrz

vxssrvh wkdw wudqvihuv wr orz lqfrph krxvhkrogv duh srvlwlyho| uhodwhg wr wkh wd{ edvh1

Wklv phdqv wkdw wrgd|/ idplolhv zkrvh fkloguhq kdyh qr dffhvv wr kljkhu hgxfdwlrq/

fdq dqwlflsdwh wkdw wkhlu fkloguhq zloo ehqh�w iurp lw lq wkh ixwxuh/ vlqfh wkh wudqvihuv

wkdw duh pdgh wr wkhlu ehqh�w zloo eh juhdwhu dv wd{0froohfwlrq lqfuhdvhv zlwk wkh ulvh

lq wkh qxpehu ri vwxghqwv1 Ri frxuvh/ wkh kljkhu wkh pdujlqdo wd{ udwh lv/ wkh juhdwhu

wkh h�hfw zloo eh/ dv lw zloo ghwhuplqh krz pxfk ri wkh lqfuhdvh lq lqfrph uhpdlqv lq

sulydwh kdqgv/ +lq rwkhu zrugv/ lq wkh kdqgv ri wkrvh zkr zhqw wr xqlyhuvlw|,/ dqg

krz pxfk zloo eh uhglvwulexwhg dprqj wkh vrflhw|16

Dv sduhqwv fduh derxw wkh ixwxuh lqfrph ri wkhlu fkloguhq/ wkh| zloo eh zloolqj wr

sd| wkh h{wud wd{hv qhhghg wr �qdqfh d kljkhu vxevlg|1 Dv wkh ohyho ri wkh vxevlg|

lqfuhdvhv/ pruh shrsoh zloo fkrrvh wr jr wr xqlyhuvlw| dqg wkh wd{ uhyhqxh froohfwhg

iurp iruphu xqlyhuvlw| vwxghqwv zloo dovr lqfuhdvh1

Rxu pdlq dujxphqw khuh lv wkdw wkhuh lv d srvlwlyh uhodwlrqvkls ehwzhhq wkh shu0

fhlyhg ghjuhh ri uhglvwulexwlrq ri wd{hv dprqj d vrflhw|/ +phdvxuhg e| wkh pdujlqdo

wd{ udwh,/ dqg wkh ohyho ri wkh vxevlg| wkdw lv doorfdwhg wr kljkhu hgxfdwlrq17 Wr

6Wr dyrlg sureohpv uhjduglqj wkh irupdwlrq ri h{shfwdwlrqv ri ixwxuh wd{ udwhv/ zh vkdoo dvvxph/

wkurxjkrxw wkh sdshu/ wkdw wkh hqwluh srsxodwlrq eholhyhv wkdw wkh ixwxuh wd{ udwh zloo eh wkh vdph

dv wkh fxuuhqw rqh1
7Iroorzlqj wkh vxjjhvwlrq ri rqh ri wkh uhihuhhv zh yhul�hg wklv srvlwlyh uhodwlrqvkls xvlqj furvv0

frxqwu| gdwd iurp wkh RHFG1 Zh irxqg d fruuhodwlrq frh!flhqw ri 195 ehwzhhq wd{hv +dv phdvxuhg e|

wkh udwlr ehwzhhq wrwdo wd{ uhyhqxh dqg JGS lq 4<<;, dqg vxevlglhv +dv phdvxuhg e| wkh shufhqwdjh
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vxp xs/ wkh pdujlqdo wd{ udwh ghwhuplqhv zkdw sursruwlrq ri wkh lqfuhdvh lq ixwxuh

lqfrph gxh wr hgxfdwlrq lv uhglvwulexwhg dprqj wkh vrflhw| dqg krz pxfk uhpdlqv

lq sulydwh kdqgv1 Wklv lghd lv qrw hqwluho| qhz1 Lw gdwhv edfn/ dw ohdvw/ wr Qhuoryh

+4<:5, zkr eholhyhg wkdw sduw ri wkh vxevlg| frxog eh uhjdlqhg wkurxjk kljkhu wd{hv

wkdw vkrxog eh ohylhg rq wkh xsshu0lqfrph jurxsv/ zkr duh suhflvho| wkh rqhv zkr

kdyh ehqh�wwhg iurp wkh lqfuhdvhg vxevlglhv iru kljkhu hgxfdwlrq1 Eorptxlvw +4<;5,

vwxglhv/ lq dq rswlpdo wd{dwlrq iudphzrun/ wkh h{whqw wr zklfk hgxfdwlrqdo h{shqvhv

vkrxog eh ghgxfwleoh lq rughu wr pd{lpl}h d Udzovldq vrfldo zhoiduh ixqfwlrq1 Doohq

+4<;5, vkrzv wkdw/ lq vrph fdvhv/ wkh zruvw0r� shrsoh duh khoshg e| d olqhdu wd{

frqvlvwlqj ri d zdjh vxevlg| dqg d xqlirup oxps0vxp wd{/ zklfk uhglvwulexwhv iurp

srru wr ulfk1 Eduu +4<<6, vwdwhv wkdw li wkh vxevlg| wr kljkhu hgxfdwlrq zhuh }hur/

ixwxuh wd{0sd|huv zrxog jhw d glylghqg/ yld wkh lqfuhdvh lq wkh wd{ edvh/ dqg wkxv/ wkh

jryhuqphqw zrxog hyhqwxdoo| kdyh wr hvwdeolvk d vxevlg| wr uhvwruh h!flhqf|18 Rxu

dujxphqw lv wkdw wklv frxog eh jxdudqwhhg/ hyhq lq d vlwxdwlrq lq zklfk wkh vxevlg|

zhuh fkrvhq e| pdmrulw| yrwh/ zlwk wkh yrwhuv wu|lqj wr pd{lpl}h wkhlu rzq lqfrph

ohyhov1 Wr pdnh rxu srlqw vwurqjhu/ zh frqvlghu wkh ghflvlyh yrwhuv wr eh wkrvh idp0

lolhv zkr gr qrw/ ru fdqqrw/ vhqg wkhlu fkloguhq wr xqlyhuvlw|1 Wkh pdlq �qglqj ri

rxu vwxg| lv wkdw wkrvh idplolhv zrxog yrwh iru d srvlwlyh vxevlg| wr kljkhu hgxfdwlrq/

dqg wkdw vxfk d vxevlg| zrxog jurz dorqj zlwk wkh ohyho ri wkh pdujlqdo wd{ udwh1

Wklv frqwudvwv zlwk wkh uhvxowv ri Ihuqdqgh} dqg Urjhuvrq +4<<8,/ dv lq wkhlu fdvh

wkh ghflvlyh yrwhuv zhuh dozd|v wkrvh zkr kdg dwwhqghg kljkhu hgxfdwlrq1

Lq Vhfwlrq 5/ zh suhvhqw wkh prgho dqg vrph suholplqdu| uhvxowv1 Rxu prgho lv d

kxpdq fdslwdo prgho/ dv xqlyhuvlw| hgxfdwlrq lqfuhdvhv surgxfwlylw|1 Zh dvvxph wkdw

wkh vrflhw| kdv wr ghflgh/ e| pdmrulw| yrwh/ rq wkh dprxqw ri wkh vxevlg| wkdw lv wr eh

doorfdwhg wr kljkhu hgxfdwlrq1 Zkhq d idplo| yrwhv/ wkh| frqvlghu wkh zd| lq zklfk d

jlyhq ohyho ri vxevlg| ghwhuplqhv wkh sursruwlrq ri vwxghqwv wkdw dwwhqg xqlyhuvlw|1 Lq

Vhfwlrq 6/ zh vwxg| wkh uhodwlrqvkls ehwzhhq wkh ohyho ri vxevlg| fkrvhq e| wkh vrflhw|

dqg wkh pdujlqdo wd{ udwh1 Zh �qg wkdw/ iru uhdvrqdeoh ydoxhv ri wkh sdudphwhuv/ wkh

uhodwlrqvkls lv dozd|v srvlwlyh1 Wkdw lv wr vd|/ wkh juhdwhu wkh pdujlqdo wd{ udwh lv/

wkh juhdwhu wkh ohyho ri wkh vxevlg| fkrvhq e| wkh vrflhw| zloo eh1 Ilqdoo|/ lq Vhfwlrq

7/ zh glvfxvv vrph ri wkh zhdnqhvvhv ri rxu prgho1

� ��
�
�
���

�

Zh suhvhqw d prgho zlwk wzr shulrgv/ odehoohg 3 dqg 41 Lq shulrg 3 wkhuh lv d

frqwlqxxp ri idplolhv wkdw duh frpsrvhg ri rqh sduhqw dqg rqh r�vsulqj1 Idplolhv

duh fkdudfwhul}hg e| d sdlu +|f> �, zkhuh |f 5 ^3>4, lv lqfrph hduqhg e| wkh sduhqw

lq shulrg 3 dqg � 5 ^3>4, lv wkh delolw| ru �wdohqw� ri wkh fklog1 Zh dvvxph |f

ri �qdo ixqgv frplqj iurp sxeolf vrxufhv iru whuwldu| hgxfdwlrq lq 4<<:,1 Ghwdlov duh frqwdlqhg lq

Dsshqgl{ 41
8D vlplodu lghd lv h{soruhg lq Ehujvwurp dqg Eorptxlvw +4<<9,/ zkr sursrvh d vlwxdwlrq lq zklfk

shrsoh frxog yrwh iru kljkhu vxevlglhv iru gd|0fduh/ dv lw zrxog lqgxfh prwkhuv wr mrlq wkh zrun0irufh

dqg/ khqfh/ sd| lqfrph wd{1
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dqg � duh lqghshqghqwo| glvwulexwhg1 Vxssrvh/ iru lqvwdqfh/ wkdw wkh sduwlfxodu ydoxh

ri � ghshqgv rq lqglylgxdo fkdudfwhulvwlfv/ vxfk dv lqwhooljhqfh/ zklfk zh dvvxph/

d sulrul/ duh xquhodwhg wr lqfrph1 Zh ghqrwh e| J+|f, dqg K+�, wkh fxpxodwlyh

ghqvlw| ixqfwlrqv +FGI, ri |f dqg � uhvshfwlyho| +j+|f, dqg k+�, uhsuhvhqw wkh ghqvlw|

ixqfwlrqv,1

Wkh wrwdo frvw shu vwxghqw iru wkh kljkhu hgxfdwlrq v|vwhp lv n . f> zkhuh n A 3

dqg f A 31 Wkh whup n uhsuhvhqwv wkh lpsolflw frvw/ l1h1/ iruhjrqh hduqlqjv1 Iru

vlpsolflw|/ zh dvvxph wkdw n lv lqghshqghqw ri wkh fkdudfwhulvwlfv ri wkh idplolhv1 Wkh

whup f uhsuhvhqwv doo h{solflw frvwv= wxlwlrq/ ihhv/ urrp dqg erdug hwf1 Wkhuh lv d

fuxfldo gl�huhqfh ehwzhhq n dqg f lq rxu prgho= Wkh lpsolflw frvw n lv qrw vxevlgl}hg

dw doo/ zkloh f fdq eh vxevlgl}hg e| wkh jryhuqphqw dw d udwh v> zlwk 3 � v � 4= Lq

rwkhu zrugv/ idplolhv sd| n . +4� v,f li wkhlu r�vsulqj jrhv wr xqlyhuvlw|1

Doo ghflvlrqv duh pdgh e| wkh sduhqwv lq shulrg 31 Vshfl�fdoo|/ wkh| pxvw pdnh

wzr ghflvlrqv= Iluvw/ zkhwkhu iru d jlyhq v> wkh| djuhh wr sd| n.+4�v,f1 Zh dvvxph

wkdw fkloguhq duh xqdeoh wr eruurz ixqgv/ dqg wkxv/ fdqqrw d�rug wr sd| wkhlu rzq

ihhv/ vr wkdw wkh| fdq rqo| dwwhqg xqlyhuvlw| li wkhlu sduhqwv duh zloolqj wr sd| iru lw1

Vhfrqgo|/ sduhqwv pxvw ghflgh froohfwlyho|/ e| pdmrulw| yrwh/ wkh ohyho ri wkh vxevlg|

wkdw vkrxog eh doorfdwhg wr kljkhu hgxfdwlrq1

Lq shulrg 4/ rqo| wkh fkloguhq olyh dqg wkhlu ohyhov ri lqfrph duh ghwhuplqhg e|

erwk wkh iruphu lqfrph ohyhov ri wkhlu sduhqwv dqg e| wkhlu dwwhqgdqfh ru qrw dw

xqlyhuvlw|1 Zh dvvxph wkdw lqfrph lq shulrg 4/ |�> iru d fklog iurp d idplo| zlwk

fkdudfwhulvwlfv +|f> �, zloo frpso| zlwk wkh iroorzlqj sdwwhuq=9

|�+|f> �, @

+
|f li wkh fklog grhv qrw dwwhqg xqlyhuvlw|

+4 . �,|f li wkh fklog dwwhqgv xqlyhuvlw|1
+4,

Dffruglqj wr wklv sdwwhuq/ wkh ydoxh ri � pdwwhuv rqo| zkhq wkh fklog dwwhqgv xqlyhu0

vlw|1 Wklv dprxqwv wr vd| wkdw � lv pruh d phdvxuh ri delolw| wr ohduq wkdq d phdvxuh

ri wdohqw1 Lw fdswxuhv gl�huhqfhv lq wkh lqfuhphqw lq kxpdq fdslwdo iurp dwwhqglqj

xqlyhuvlw|1

��� ��� ����	���


Wd{hv duh ohylhg dffruglqj wr wkh iroorzlqj olqhdu htxdwlrqv=

w+|f, @ ef . d|f zkhuh ef � 3 dqg 3 ? d ? 4 lq shulrg 3/ +5,

dqg

w+|�, @ e� . d|� zkhuh e� � 3 dqg 3 ? d ? 4 lq shulrg 41 +6,

Wkh pdujlqdo wd{ udwh d lv wkh vdph gxulqj erwk shulrgv dqg lv �{hg e| wkh jryhuq0

phqw1 Wkh oxps0vxp wudqvihuv �ef dqg �e� zloo ydu| wr vdwlvi| wkh exgjhw frqvwudlqwv

9Zh dvvxph wkdw doo vwxghqwv judgxdwh1 Wkh uhwxuq iurp hgxfdwlrq grhv qrw ghshqg rq wkh qxpehu

ri vwxghqwv1 D pruh jhqhudo wuhdwphqw zrxog doorz iru frqvlghulqj vxfk d srvvlelolw|/ lqwurgxflqj

zdjh dgmxvwphqwv wr fkdqjhv lq wkh vxsso| ri judgxdwh vwxghqwv1

8



ri wkh jryhuqphqw +vhh Vxevhfwlrq 516 ehorz,1 Wkhvh wudqvihuv fdq eh vhhq dv wkh jxdu0

dqwhhg plqlpxp lqfrph iru hyhu| idplo|1 Wkh| duh dvvxphg wr eh qrq0qhjdwlyh wr

hqvxuh wkdw wkh wd{ ixqfwlrq lv surjuhvvlyh1

��� ���
���� �
��� �
	
�
��

Khuh/ zh wdnh wkh vxevlg| ohyho v dv jlyhq1 Zh dvvxph wkdw wkh sduhqwv* xwlolw| lv

vlpso| d zhljkwhg vxp ri wkhlu diwhu0wd{ lqfrph gxulqj shulrg 3 dqg wkh diwhu0wd{

lqfrph ri wkhlu r�vsulqj gxulqj shulrg 41 Li wkh fklog dwwhqgv xqlyhuvlw|/ wkh xwlolw|

wkdw wkh sduhqw ri d idplo| +|f> �, hqmr|v lv=

y+v> |f> �, @ +4� d,|f � ef � n � +4� v,f. � i+4� d,+4 . �,|f � e�j = +7,

Iurp diwhu0wd{ lqfrph gxulqj shulrg 3 zh vxewudfw n.+4� v,f> zklfk uhsuhvhqwv wkh

vkduh ri wkh frvw ri kljkhu hgxfdwlrq wkdw wkh idplo| kdv wr frqwulexwh1

Wkh sdudphwhu � A 3 h{suhvvhv wkh udwh dw zklfk sduhqwv glvfrxqw wkhlu fkloguhq*v

lqfrph1 Wkh juhdwhu � lv> wkh pruh zhljkw wkh| jlyh wr wkh ixwxuh lqfrph ri wkh

fkloguhq1 Wklv sdudphwhu fdq eh vhhq dv wkh ghjuhh ri wkh sduhqwv* dowuxlvp1 Wkh|

zloo djuhh wr sd| � grooduv ri wkhlu diwhu0wd{ lqfrph gxulqj shulrg 3 li/ e| grlqj vr/

wkh diwhu0wd{ lqfrph ri wkhlu r�vsulqj zloo lqfuhdvh e| 4 groodu gxulqj shulrg 41 Li

� ? 4 sduhqwv sxw pruh zhljkw rq wkhlu rzq lqfrph wkdq rq wkh ixwxuh lqfrphv ri

wkhlu fkloguhq1 Li wkh fklog grhv qrw dwwhqg xqlyhuvlw|/ wkh xwlolw| lv=

x+v> |f> �, @ +4� d,|f � ef . � i+4� d,|f � e�j = +8,

Sduhqwv zloo djuhh wr sd| wkh frvw ri xqlyhuvlw| hgxfdwlrq surylghg y+v> |f> �, �

x+v> |f> �,= Wklv zloo eh wkh fdvh zkhq wkh glvfrxqwhg srvw0wd{ lqfuhdvh lq wkhlu fklog*v

lqfrph/ wkdqnv wr kljkhu hgxfdwlrq/ lv htxdo wr ru juhdwhu wkdq wkh wrwdo frvw eruqh

e| wkh idplo|1 Wkdw lv=

�+4� d,�|f � +4� v,f. n= +9,

Qrwh wkdw/ hyhq zkhq v @ 4> qrw doo idplolhv duh zloolqj wr vhqg wkhlu fkloguhq wr

xqlyhuvlw|/ dv zrxog eh wkh fdvh li n @ 3= Fhuwdlqo|/ li v @ 4 dqg n @ 3> wkh wrwdo frvw

ri hgxfdwlrq zrxog eh }hur1

Ohw z+v> d, @ E�3r�Sn&

bE�3@�
= Wklv lv d fxw0r� ydoxh iru �|f= Wkh ydoxh +4 � d,z+v> d,

uhsuhvhqwv wkh qhw frvw ri hgxfdwlrq/ lq ixwxuh ydoxh1 Wkhuhiruh/ wkh idplolhv zkr

zdqw wr kdyh wkhlu fkloguhq dw xqlyhuvlw| duh wkrvh zlwk wkh fkdudfwhulvwlfv +|f> �,

vdwlvi|lqj=

�|f � z+v> d,= +:,

Dv � A 3 dqg d ? 4 wkh whup z+v> d, lv zhoo0gh�qhg= Qrwh wkdw z+v> d, lqfuhdvhv

zlwk f> n dqg d/ dqg ghfuhdvhv zlwk v dqg �= Ixuwkhupruh/ iru jlyhq f> n> � dqg d>

z+v> d, 5
k

&

bE�3@�
>

Sn&

bE�3@�

l
=

Zh gh�qh ev+|f> �, dv wkh plqlpxp ydoxh ri wkh vxevlg| v wkdw d idplo| zlwk wkh

fkdudfwhulvwlfv +|f> �, uhtxluhv wr eh zloolqj wr vhqg wkhlu fklog wr xqlyhuvlw|1 Iurp

9



wkh deryh lqhtxdolw| zh kdyh=

ev+|f> �, @ 4�

�
�+4� d,�|f � n

f

�
= +;,

Dffruglqj wr wkh ydoxh ri ev+|f> �, wkh srsxodwlrq fdq eh sduwlwlrqhg lqwr wkuhh jurxsv=
+l, Wkrvh zlwk ev+|f> �, A 4> ru �|f ? z+4> d,=

+ll, Wkrvh zlwk ev+|f> �, ? 3> ru �|f A z+3> d,=

+lll, Wkrvh zlwk 3 � ev+|f> �, � 4> ru z+4> d, � �|f � z+3> d,=

Jurxs +l, frqwdlqv doo wkh idplolhv wkdw zrxog uhtxluh d juhdwhu vxevlg| wkdq wkh

pd{lpxp +v @ 4, iru wkhlu fklog wr kdyh dffhvv wr kljkhu hgxfdwlrq1 Lq rwkhu zrugv/

lw frqwdlqv doo wkh idplolhv zkr zloo qhyhu hqmr| kljkhu hgxfdwlrq1 Jurxs +ll, uh hfwv

wkh idplolhv wkdw/ frqwudu| wr +l,/ zloo eh zloolqj wr vhqg wkhlu fklog wr xqlyhuvlw|

hyhq zkhq v @ 3= Ilqdoo|/ jurxs +lll, lv pdgh xs ri doo wkrvh idplolhv iru zkrp wkhlu

ghflvlrq lv qrw lqghshqghqw ri v> dv lw lv iru wkrvh lq Jurxsv +l, dqg +ll,1 Wkh| zloo

rqo| vhqg wkhlu fklog wr xqlyhuvlw| li v � ev+|f> �,1
Zh qrz frpsxwh wkh sursruwlrq ri idplolhv zkr zlvk wr vhqg wkhlu r�vsulqj wr

xqlyhuvlw|1 Zh zulwh wklv sursruwlrq dv d ixqfwlrq ri v dqg d =

s+v> d, @ Su ^} � z+v> d,` @ 4� I +z+v> d,, @

n"]
�Erc@�

gI +},> +<,

lq zklfk } @ �|f dqg I +}, lv wkh FGI ri } +i+}, lwv ghqvlw| ixqfwlrq,1: Lw lv lpsruwdqw

wr uhpdun wkdw s+v> d, lqfuhdvhv zlwk v dqg ghfuhdvhv zlwk d= Wklv srlqw pdnhv wkh

edvlf wudgh0r� ri wkh sdshu1

��� ��
 ���
���
���� ����
� �������
���

Zh dvvxph wkdw wkh jryhuqphqw fdqqrw wudqvihu ixqgv iurp rqh shulrg wr dqrwkhu1

Wkh uhdvrq iru wklv lv wkdw rxu wzr0shulrg prgho fdq eh vhhq dv d vlpsol�fdwlrq ri wkh

vwhdg| vwdwh lq d pxowl0shulrg prgho1 Zh dovr dvvxph wkdw/ dsduw iurp uhglvwulexwlrq/

wkh rqo| rwkhu h{shqglwxuh lv wkh vxevlg| wr eh doorfdwhg wr kljkhu hgxfdwlrq1 Lq

shulrg 3 wkh exgjhw frqvwudlqw lv=]
"

f

+d|f . ef,gJ+|f, @ vfs+v> d,= +43,

Wkh whup rq wkh uljkw uhsuhvhqwv wrwdo vxevlglhv1 Iurp wklv htxdwlrq zh fdq rewdlq

wkh ydoxh ri ef wkdw edodqfhv wkh frqvwudlqw=

ef+v> d, @ vfs+v> d,� d|f> +44,

: Li/ iru lqvwdqfh/ erwk B dqg +f iroorz d Orj0qrupdo glvwulexwlrq/ wklv lv dovr wkh fdvh iru 5� Lq

sduwlfxodu li B y u�E>Bc j
2
B� dqg +f y u�E>+c j

2
+� wkhq 5 y u�E>5c j

2
5� zkhuh >5 ' >B n >+ dqg

j25 ' j2B n j2+�

:



zkhuh |f lv wkh phdq lqfrph lq shulrg 31 Dv ef+v> d, lqfuhdvhv lq v> wr hqvxuh wkdw

ef+v> d, � 3 iru doo v zh pxvw dvvxph wkdw d � S

7+f
= Lq rwkhu zrugv/ zh qhhg d orzhu

erxqgdu| iru d wkdw lv kljkhu wkdq }hur1 Wkh idfw wkdw ef+v> d, lv lqfuhdvlqj lq vphdqv

wkdw wkh oxps0vxp wudqvihu wr doo idplolhv +�ef+v> d,,/ ghfuhdvhv zlwk v= Wklv lpsolhv

d uhgxfwlrq lq wkh jxdudqwhhg plqlpxp lqfrph1

Lq Shulrg 4/ wkh jryhuqphqw froohfwv wd{hv iru uhglvwulexwlrq sxusrvhv rqo|1 Wkh

ydoxh ri e� wkdw edodqfhv wkh frqvwudlqw lv=

e�+v> d, @ �d|�+v> d,> +45,

zkhuh |�+v> d, lv wkh phdq lqfrph lq shulrg 4 dqg lv htxdo wr=

|�+v> d, @ |f .

n"]
�Erc@�

}gI +},= +46,

Dv |�+v> d, lqfuhdvhv lq v> e�+v> d, ghfuhdvhv lq v= Wkdw lv/ dv v lqfuhdvhv zlwk d

�{hg/ wkh jxdudqwhhg plqlpxp lqfrph lq shulrg 4 +�e�+v> d,, zloo eh odujhu1

�� ���
���� ���
�
	�� �
	
�
��

Khuh zh vwxg| zkdw ohyho ri vxevlg| zloo eh fkrvhq froohfwlyho|1 Wr gr vr/ zh dvvxph

wkdw hyhu| idplo|/ zkhq frqiurqwhg zlwk d fkrlfh ehwzhhq wzr gl�huhqw ohyhov ri

vxevlg|/ zloo yrwh iru wkh rqh wkdw pd{lpl}hv wkhlu lqgluhfw xwlolw| ixqfwlrq1 Zh

uhtxluh wkdw wkh ohyho ri vxevlg| fkrvhq e| wkh vrflhw| pxvw eh d Frqgrufhw zlqqhu1

Zh fdoo wkh ohyho vW d Frqgrufhw zlqqhu li/ iru doo v 9@ v
W
> X+vW> |f> �, � X+v> |f> �, iru

dw ohdvw kdoi ri wkh srsxodwlrq1

Ohw X+v> |f> �, eh wkh lqgluhfw xwlolw| ixqfwlrq ri d idplo| zlwk wkh fkdudfwhulvwlfv

+|f> �,= Wklv ixqfwlrq zloo eh gl�huhqw iru hdfk ri wkh wkuhh w|shv ri idplolhv wkdw zh

kdg dffruglqj wr wkh sduwlfxodu ydoxhv ri ev+|f> �,= Iluvw/ idplolhv zlwk ev+|f> �, A 4

zloo kdyh X+v> |f> �, @ x+v> |f> �, iru doo v 5 ^3> 4` = Vhfrqg/ idplolhv zlwk ev+|f> �, ? 3>

X+v> |f> �, @ y+v> |f> �, iru doo v 5 ^3> 4` = Wklug/ iru wkrvh idplolhv zlwk 3 � ev+|f> �, � 4=

X+v> |f> �, @

+
x+v> |f> �, iru 3 � v ? ev+|f> �,
y+v> |f> �, iru ev+|f> �, � v � 4=

+47,

Hpslulfdo hylghqfh vxjjhvwv wkdw wkh �uvw rqh ri wkhvh jurxsv/ frqvwlwxwhv d pdmrulw|1

Vxfk lv wkh fdvh zkhq/ hyhq lq wkh prvw idyrudeoh fdvh/ dw ohdvw kdoi ri wkh idplolhv

zloo qrw eh deoh wr vhqg wkhlu fkloguhq wr xqlyhuvlw|1 Wklv/ lq wxuq/ phdqv wkdw wkh

sursruwlrq s+v> d, lv erxqghg iurp deryh e| �
2 =
Lq Vsdlq/ iru h{dpsoh/ zlwk d vxevlg|

ri derxw 31;/ lq 4<<8/ ::15( ri wkh |rxqj shrsoh ehwzhhq 48 dqg 57 |hduv zhuh qrw dw

xqlyhuvlw| +RHFG dyhudjh ;5(,1 Wkh qh{w dvvxpswlrq lqwurgxfhv vrph uhvwulfwlrqv

rq wkh sulplwlyhv ri wkh prgho wkdw ohdg xv wr d uhvxow wkdw �wv vxfk hpslulfdo hylghqfh1

Dvvxpswlrq 4 +l, i +}, lv xql0prgdo1 +ll, Prgh+}, �Phgldq+}, ? z+v> d,=

;



Wkh idfw wkdwPrgh+}, �Phgldq+},> xqghu +l,/ phdqv wkdw wkh Phgldq+}, lv qrw

lq wkh lqfuhdvlqj sduw ri i+},= Wkh frqglwlrq wkdw Phgldq+}, ? z+v> d, jxdudqwhhv

wkdw s+v> d, ? �
2
1 Wr looxvwudwh wklv dvvxpswlrq/ vxssrvh wkdw } lv Orj0qrupdo1 Wkhq

+l, krogv wuxh1 Lw lv dovr wuxh wkdw Prgh+}, � Phgldq+},= Pruhryhu/ Phgldq+}, @

h{s+�5,> zkhuh �5 lv wkh phdq lq orjdulwkpv ri }= Dv z+v> d, kdv ydoxhv lq wkh lqwhuydo

^ &

bE�3@�
>

Sn&

bE�3@�
`> wkh vhfrqg sduw ri +ll, uhtxluhv wkdw d � 4� &

b
h{s+��5,= Zh vkrxog

uhfdoo wkdw wkh surjuhvvlyhqhvv ri wkh wd{ v|vwhp dovr uhtxluhg d � S

7+f
= Sxwwlqj wkhvh

wzr uhvwulfwlrqv wrjhwkhu/ zh kdyh wkdw wkh pdujlqdo wd{ udwh pxvw vdwlvi| d � d4�? @

pd{
q

S

7+f
> 4� &

b
h{s+��5,

r
=
;

Li wkh �uvw jurxs ri idplolhv pdnhv xs dw ohdvw kdoi ri wkh srsxodwlrq/ zh fdq suryh

wkdw d Frqgrufhw zlqqhu dozd|v h{lvwv1 Wr gr vr/ qrwh wkdw doo ri wkh phpehuv ri wklv

jurxs kdyh xwlolw| ixqfwlrqv dv iroorzv=

X+v> |f> �, @ x+v> |f> �, @ +4 . �,+4� d,|f � ef+v> d,� �e�+v> d,= +48,

Rqo| wkh �uvw whup ri wkh xwlolw| ixqfwlrq ghshqgv rq wkh fkdudfwhulvwlfv ri wkh idplo|1

Wklv lv gxh wr wkh dgglwlyh irup ri wkh xwlolw| ixqfwlrq1 Doo wkh xwlolw| ixqfwlrqv ri

wkh lqglylgxdov lq wkdw jurxs zloo wkhuhiruh uhdfk d pd{lpxp dw wkh vdph ydoxh ri v>

zklfk zh fdoo v�= Wklv zloo eh wkh Frqgrufhw zlqqhu1 Wklv ydoxh/ v�> lv wkh rqh wkdw

pd{lpl}hv wd{ uhyhqxh/ qhw ri vxevlglhv uhfhlyhg/ iurp wkh jurxs wkdw pljkw vhqg

wkhlu fkloguhq wr xqlyhuvlw|1

Rqfh zh nqrz wkdw d Frqgrufhw zlqqhu h{lvwv/ wkh qh{w vwhs lv wr fkhfn zkhwkhu

lw lv vwulfwo| srvlwlyh ru qrw1 Dv wkh ixqfwlrq x+v> |f> �, lv frqwlqxrxv lq wkh zkroh

lqwhuydo ^3/4`/ d vx!flhqw frqglwlrq lv wkdw wkh �uvw ghulydwlyh ri x+v> |f> �, dw wkh srlqw

v @ 3> lv vwulfwo| srvlwlyh1 Wklv zloo eh wkh fdvh li dqg rqo| li=

d�
C|�+3> d,

Cv
A fs+3> d,= +49,

Wklv frqglwlrq vd|v wkdw wkh glvfrxqwhg lqfuhdvh lq wkh ixwxuh wd{ froohfwlrq gxh wr

d pdujlqdo lqfuhdvh lq wkh vxevlg| pxvw eh kljkhu wkdq wkh lqfuhdvh lq wkh wrwdo frvw

ri kljkhu hgxfdwlrq1 Li wkh ixqfwlrq x+v> |f> �, lv vwulfwo| frqfdyh/ wklv frqglwlrq lv

dovr qhfhvvdu|1 Iru jlyhq ydoxhv ri � dqg f/ wkh frqglwlrq zloo krog zkhqhyhu wkh

pdujlqdo wd{ udwh d olhv deryh vrph wkuhvkrog ydoxh1 Lq wkh qh{w vhfwlrq zh frpsxwh/

iru uhdvrqdeoh ydoxhv ri wkh sdudphwhuv/ wklv wkuhvkrog ydoxh ri d> zklfk zh fdoo d,

+vhh Wdeoh 5 ehorz,1

Kdylqj d Frqgrufhw zlqqhu wkdw lv vwulfwo| srvlwlyh lv qrw hqrxjk iru rxu sxusrvhv/

vlqfh zh zlvk wr shuirup vrph h{huflvhv lq frpsdudwlyh vwdwlfv1 Vwulfw frqfdylw| ri

x+v> |f> �, zrxog khos1 Wkh qh{w uhvxow jlyhv d frqglwlrq xqghu zklfk x+v> |f> �, lv

vwulfwo| frqfdyh rq v +vhh Dsshqgl{ 5 iru d surri,1

;Zh frxog doorz & ' fc exw wkhq zh zrxog qhhg dqrwkhu uhvwulfwlrq wr jxdudqwhh wkdw wkh pdmrulw|

ri idplolhv gr qrw vhqg wkhlu fkloguhq wr xqlyhuvlw|1 Rqh srvvlelolw| zrxog eh wr dvvxph wkdw xqlyhuvl0

wlhv uhtxluh vwxghqwv wr kdyh d plqlpxp ohyho ri delolw|/ vd| B4�?� E| dvvxplqj wkdw wkh glvwulexwlrq

ri delolw| dfurvv wkh srsxodwlrq lv vxfk wkdw wkh sursruwlrq ri idplolhv zlwk d ydoxh ri B deryh B4�?

lv ohvv wkdq 425/ doo ri wkh uhvxowv lq wkh prgho fdq eh uhsolfdwhg1

<



Sursrvlwlrq 4 Vxssrvh wkdw Dvvxpswlrq 4 krogv1 Pruhryhu/ vxssrvh wkh iroorzlqj

frqglwlrq krogv=

olp5<n"

�
�
i
� +},

i +},

�
@ 3= +4:,

Wkhq wkhuh lv vrph ydoxh ri wkh pdujlqdo wd{ udwh ed> zkhuh 3 ? ed � 4> vxfk wkdw li

d � ed erwk y+v> |f> �, dqg x+v> |f> �, duh vwulfwo| frqfdyh ixqfwlrqv rq v=

Frqvlghu djdlq wkh Orj0qrupdo fdvh1 Wkh udwlr �
s
�E5�

sE5�
lv htxdo wr

*?E5�3>5nj
2
5

5j25
>

dqg wkh frqglwlrq krogv1 Wr looxvwudwh ixuwkhu/ li } iroorzv d Sduhwr glvwulexwlrq zlwk

vkdsh sdudphwhu g A 3> wkh udwlr �s
�E5�
sE5�

lv _n�
5

dqg wkh frqglwlrq dovr krogv1 Ilqdoo|/

zh zdqw wr vwuhvv wkdw d � ed lv d vx!flhqw/ exw qrw qhfhvvdu|/ frqglwlrq iru vwulfw

frqfdylw|1

Wr looxvwudwh wkh sursrvlwlrq dqg wkh uhvwulfwlrqv rq wkh sdudphwhuv/ zh wdnh XV

gdwd iurp 4<;</ zkhq wkh phgldq lqfrph zdv '5;/<39 zkloh phdq lqfrph zdv '69/5831

Dffruglqjo|/ zh vshfli| |f y OQ+6=69> 3=7957,= Zlwk uhvshfw wr � zh sursrvh d ph0

gldq ydoxh ri 317 dqg d phdq ydoxh ri 3181 Wklv lpsolhv wkdw froohjh judgxdwhv rewdlq/

rq dyhudjh/ d zdjh suhplxp ri 83( ryhu wkrvh zkr gr qrw judgxdwh1 Wkhuhiruh/

� y OQ+�3=<5> 3=7796, dqg } y OQ+5=77> 3=<3;:,= Wkh Qdwlrqdo Fhqwhu iru Hgxfd0

wlrqdo Vwdwlvwlfv froohfwv gdwd rq wkh frvw ri kljkhu hgxfdwlrq1 Lq 4<;<0<3/ dyhudjh

xqghujudgxdwh wxlwlrq dqg ihhv zhuh '4/689 lq sxeolf lqvwlwxwlrqv/ zkloh dyhudjh urrp

dqg erdug udwhv zhuh '4/846 dqg '4/968/ uhvshfwlyho|1< Zh wkhuhiruh �{ f @ '7> 837=

Ilqdoo| zh vhw n @ ';> 333= Zlwk wklv gdwd zh kdyh wkdw S

+f
@ 3=457= Zh dovr frpsxwh

wkh ydoxhv ri d4�? dqg ed iru gl�huhqw ydoxhv ri �= Zh suhvhqw wkhp lq Wdeoh 41

Wdeoh 4

H{wuhph ydoxhv ri d

� d4�? ed
3158 31457 3177

318 31457 3185

31:8 31457 318:

4 31636 3194

Lq zkdw iroorzv/ zh vkdoo dvvxph wkdw wkh frqglwlrqv ri Dvvxpswlrq 4 dqg Sursr0

vlwlrq 4 krog/ dqg wkdw d � ed=
� ���!����
�
 ����
	�

Lq wklv vhfwlrq/ zh dvvxph wkdw 3 ? v� ? 4= Wkhuhiruh v� pxvw vdwlvi| wkh �uvw rughu

frqglwlrq=

Cx+v�> |f> �,

Cv
@ �

Cef+v�> d,

Cv
� �

Ce�+v�> d,

Cv
@ 3= +4;,

<Vhh kwws=22qfhv1hg1jry2sxev2gljhvw<:2g<:w6451kwpo
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Wklv frqglwlrq vd|v wkdw v� pxvw eh vxfk wkdw/ dw wkh pdujlq/ wkh qhjdwlyh h�hfw

ri wkh vxevlg| rq wkh jxdudqwhhg plqlpxp lqfrph iru wkh sduhqwv frxqwhu0edodqfhv

wkh srvlwlyh h�hfw ri wkh vxevlg| rq dyhudjh lqfrph ri wkh fkloguhq1 Dqrwkhu zd| ri

zulwlqj wklv frqglwlrq lv=

�fs+v�> d,� fv�
Cs+v�> d,

Cv
. d�

C|�+v�> d,

Cv
@ 3= +4<,

Lq rxu prgho/ wkh pdujlqdo wd{ udwh fdq eh vhhq dv d phdvxuh ri ixwxuh uhglvwule0

xwlrq1 Kljkhu hgxfdwlrq lqfuhdvhv ixwxuh lqfrph/ exw iurp hyhu| dgglwlrqdo groodu d

jlyhq lqglylgxdo rewdlqv/ vkh pxvw sd| d lq wd{hv1 Zh zdqw wr vhh li d kljkhu ydoxh ri

d |lhogv d kljkhu ydoxh ri wkh vxevlg|1 Wr vwxg| wklv h�hfw ri d> zh dsso| wkh Lpsolflw

Ixqfwlrq Wkhruhp wr rewdlq=

Cv�

Cd
@ �

Y
2
�Er�(+fcB�
YrY@

Y2�Er�(+fcB�

Yr2

= +53,

Dv zh duh dvvxplqj wkdw x+v> |f> �, lv vwulfwo| frqfdyh/ wkh vljq ri Yr�

Y@
lv wkh vljq ri

Y
2
�Er�(+fcB�
YrY@

= Wklv ghulydwlyh fdq eh zulwwhq dv=

�f
Cs+v�> d,

Cd
� fv�

C
2
s+v�> d,

CvCd
. �

C|�+v�> d,

Cv
. d�

C
2
|�+v�> d,

CvCd
> +54,

ru/ lq whupv ri wkh ixqfwlrq s+v> d, rqo|/ dv=

�f
Cs+v�> d,

Cd
. �

�
z+v�> d, . d

Cz+v�> d,

Cd

�
Cs+v�> d,

Cv
. ^d�z+v�> d,� fv�`

C
2
s+v�> d,

CvCd
=

+55,

Wkh �uvw dqg vhfrqg whupv duh srvlwlyh1 Wkh �uvw whup uh hfwv wkh idfw wkdw dq

lqfuhdvh lq d zloo uhgxfh wkh sursruwlrq ri vwxghqwv ehfdxvh idplolhv iruhfdvw wkdw

wkh srvw0wd{ uhwxuq iurp kljkhu hgxfdwlrq zloo vkulqn1 Lwv h�hfw lv srvlwlyh/ vlqfh v

fdq eh kljkhu zlwkrxw lqfuhdvlqj wkh wrwdo exgjhw iru kljkhu hgxfdwlrq1 Wkh vhfrqg

whup uh hfwv wkh glvfrxqwhg srvlwlyh lpsdfw rq wd{ froohfwlrq lq wkh ixwxuh1 Wkh

wklug whup lv d vhfrqg0rughu h�hfw dqg fdq eh hlwkhu srvlwlyh ru qhjdwlyh1 Lq jhqhudo/

^d�z+v�> d,� fv�` zloo eh qhjdwlyh zkhq d lv orz/ dqg srvlwlyh zkhq d lv kljk1 Wkh

vljq ri wkh furvv0ghulydwlyh ri s+v�> d, lv dpeljxrxv1 Krzhyhu/ zh vkrxog h{shfw lw wr

eh qhjdwlyh1 Wklv phdqv wkdw dv d jurzv/ s+v> d, ehfrphv ohvv vhqvlwlyh wr yduldwlrqv

lq v= Lq sduwlfxodu/ wklv lv wkh fdvh zkhq } iroorzv d Orjqrupdo glvwulexwlrq dqg

z+v�> d, A Phgldq+},= Wkhq Y
2
REr�c@�
YrY@

@ S

bE�3@�2
^i+z+v�> d,, . i

�+z+v�> d,,z+v�> d,`

dqg wkh vljq ri i+z+v�> d,, . i
�+z+v�> d,,z+v�> d, lv wkh vljq ri �5 � oq+z+v�> d,,=

Wr vxp xs/ zh kdyh wzr �uvw0rughu h�hfwv wkdw duh srvlwlyh/ dqg rqh vhfrqg0rughu

h�hfw zkrvh vljq lv dpeljxrxv1 Li wkh �uvw0rughu h�hfwv grplqdwh/ wkh h�hfw ri d rq

v� zloo eh srvlwlyh1 Wr yhuli| wklv/ zh fdofxodwhg wkh ydoxh ri v� iru gl�huhqw ydoxhv

ri wkh sdudphwhuv1 Lq hyhu| fdvh/ zh irxqg d srvlwlyh uhodwlrq ehwzhhq v� dqg d1 Lq

idfw/ zh kdyh qrw irxqg d vlqjoh fdvh lq zklfk v� ghfuhdvhv zlwk d +vhh Wdeoh 5,1 Iru

hdfk ydoxh ri � lq wkh wdeoh/ zh dovr frpsxwhg wzr uhihuhqfh ydoxhv ri d> d, dqg d�=
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Wkh �uvw rqh/ d,> lv wkh pd{lpxp ydoxh ri d iru zklfk v� lv }hur1 Wkh vhfrqg rqh/

d�> lv wkh plqlpxp ydoxh ri d iru zklfk v� lv rqh1

Wdeoh 543

Rswlpdo ydoxh ri v� iru gl�huhqw frpelqdwlrqv ri d dqg �
44

� @ 3=58 � @ 3=8 � @ 3=:8 � @ 4

d @ 3=457 3 +3136;, 3 +3148:, 3 +315;;,

d @ 3=48 3 +31369, 3 +3148, 3 +315::,

d @ 3=68 3=689 +31358<, 3=3: +313<9, 3 +314;;, 3 +315;7,

d @ 3=78 3=;5 +3135<, 3=955 +3143;, 3=76 +314;;, 3=57 +31589,

d @ 3=9 4 +313496, 4 +313;8, 4 +314:9, 4 +315:,

d, 315:; +31357, 3166; +313<8, 316;4 +314:7, 31748 +31579:,

d� 317< +3136, 31858 +3144;, 31884 +31544, 318:5 +315<8,

Dvvxplqj d srvlwlyh h�hfw ri d rq v�/ wkdw lv/ dvvxplqj wkdw v�+d, lv d qrq0

ghfuhdvlqj ixqfwlrq rq d> lw lv lqwhuhvwlqj wr vwxg| wkh wrwdo h�hfw wkdw wkh pdujlqdo

wd{ udwh kdv rq phdq lqfrph lq shulrg 4/ zklfk zh fdq zulwh dv |�+v�+d,> d,= Iru wkh

vdnh ri vlpsolflw|/ dqg exloglqj rq wkh �jxuhv suhvhqwhg lq Wdeoh 5/ zh dvvxph wkdw

d, dqg d� duh vxfk wkdw=

+l, d4�? � d, ? d� � 4=

+ll, Iru doo d � d,/ v�+d, @ 3=

+lll, Iru doo d � d�/ v�+d, @ 4=

+ly, Iru doo d vxfk wkdw d, ? d ? d�/ 3 ? v�+d, ? 4=

Qrz zh uhfdoo krz |�+v> d, zdv gh�qhg lq Vhfwlrq 5= Lw lv wkh lqwhjudo ri vrph

ixqfwlrq wkdw grhv qrw ghshqg rq hlwkhu v ru d= Rqo| z+v> d, ghshqgv rq vxfk sdud0

phwhuv1 Exw wkhq/ doo frpelqdwlrqv +v> d, iru zklfk z+v> d, lv frqvwdqw/ jlyh ulvh wr

wkh vdph ydoxh ri |�+v> d,1

Lq wkh �uvw sdqho ri Iljxuh 4/ zh gudz vrph ohyho fxuyhv ri |�+v> d, lq wkh vsdfh

+d> v,= Wkh| duh vwudljkw olqhv zlwk d vorsh b

S
z+v> d, @ E�3r�Sn&

SE�3@�
= Lq zkdw iroorzv/ zh

vkdoo uhihu wr wkhvh olqhv dv frqvwdqw0lqfrph olqhv1 Qrwh wkdw wkh juhdwhu d lv/ wkh

juhdwhu wkh vorsh ri wkh frqvwdqw0lqfrph olqhv zloo eh1 Wklv phdqv wkdw wkh lqfuhdvh

uhtxluhg lq v wr r�vhw dq lqfuhdvh lq d> zkloh ohdylqj |�+v> d, xqfkdqjhg/ lqfuhdvhv

zlwk d= Wkh erog olqh lq wkh �jxuh uhsuhvhqwv v�+d,=

43Wkh ydoxhv ri wkh sdudphwhuv duh S ' mec Dfec & ' mHc fffc 5 ; u�E2�eec f�bD�� Wkh qxpehuv lq

eudfnhwv duh wkh sursruwlrqv ri vwxghqwv iru wkh fruuhvsrqglqj ydoxhv ri wkh sdudphwhuv1
44Iru vrph hqwulhv lq wkh wdeoh/ wkh dvvxpswlrq @ $ e@ lv ylrodwhg1 Krzhyhu/ wkdw frqglwlrq zdv

vx!flhqw/ exw qrw qhfhvvdu|/ iru wkh xwlolw| ixqfwlrq wr eh vwulfwo| frqfdyh1 Iru wkrvh fdvhv zkhuh

@ : e@c zh kdyh yhul�hg gluhfwo| +e| sorwwlqj wkh fruuhvsrqglqj lqgluhfw xwlolw| ixqfwlrq, wkdw wkh

hqwulhv lq wkh wdeoh duh fruuhfw1
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Lw lv lqwhuhvwlqj wr qrwh wkdw/ erwk wr wkh ohiw ri d, dqg wr wkh uljkw ri d�> wkh

ixqfwlrq |�+v�+d,> d, ghfuhdvhv lq d= Wkh uhdvrq iru wklv lv wkdw/ lq wkhvh lqwhuydov/

v�+d, lv frqvwdqw +hlwkhu dw 3 ru dw 4,/ dqg wkxv/ dq| lqfuhdvh lq d orzhuv phdq lqfrph

lq Shulrg 41

Ohw xv gh�qh d
n dv wkh ydoxh ri d dw zklfk |�+v�+d,> d, dwwdlqv d pd{lpxp lq

wkh lqwhuydo ^d,> d�` +vhh Iljxuh 4,= Wklv lv dozd|v zhoo0gh�qhg1 Zh zdqw wr fkhfn

zkhwkhu dn lv d joredo pd{lpxp ri |�+v�+d,> d, rq wkh lqwhuydo ^d4�?> 4`= Wklv zloo qrw

eh wkh fdvh zkhq d
n @ d,= Lq wklv fdvh/ wkh pd{lpxp ri |�+v�+d,> d, zloo eh dwwdlqhg

dw d @ d4�? zlwk d vxevlg| ri }hur1 Ohw xv qrz vxssrvh dn A d, dv lw kdsshqv lq

Iljxuh 4= Wkh iroorzlqj sursrvlwlrq jlyhv d frqglwlrq xqghu zklfk |�+v�+d,> d, dwwdlqv

d pd{lpxp dw dn1

Sursrvlwlrq 5 Ohw d,> d� dqg d
n eh dv gh�qhg deryh1 Wkhq |�+v�+d,> d, zloo dwwdlq

d pd{lpxp dw dn li dqg rqo| li v�+d
n, A +4 . &

S
,+@

n
3@4�?

�3@4�?
,=

Surri1 Doo zh qhhg wr suryh lv wkdw/ xqghu wkh deryh frqglwlrq/ |�+v�+d,> d, wdnhv

d kljkhu ydoxh dw dn wkdq dw d4�?= Dv zh douhdg| nqrz wkdw v�+d4�?, @ 3> zkdw zh

qhhg wr suryh lv wkdw wkh frqvwdqw0lqfrph olqh wkdw sdvvhv wkurxjk +dn> v�+d
n,, uhsuh0

vhqwv d kljkhu ydoxh ri |�+v�+d,> d, wkdq wkh frqvwdqw0lqfrph olqh wkdw sdvvhv wkurxjk

+d4�?> 3,= Ru dowhuqdwlyho|/ wkdw ev A 3 zkhuh ev lv gh�qhg vxfk wkdw |�+ev> d4�?, @

|�+v�+d
n,> dn,= Dw wkh srlqw +v�+d

n,> dn, wkh vorsh ri wkh frqvwdqw0lqfrph olqh zloo

eh �n @ E�3r�E@
n��Sn&

SE�3@n�
= Wkhuhiruh/ ev @ v�+d

n, . �
n+d4�? � d

n,= Wkh ydoxh ev zloo eh

juhdwhu wkdq }hur li/ dqg rqo| li/ v�+d
n, A +4 . &

S
,+@

n
3@4�?

�3@4�?
,= Qrwh wkdw/ lq sduwlfxodu/

wklv lv zkdw kdsshqv lq Iljxuh 41

Iru �{hg ydoxhv ri d4�? dqg d
n/ wkh frqglwlrq lq wkh sursrvlwlrq zloo krog zkhq0

hyhu &

S
lv vx!flhqwo| orz/ lq zklfk fdvh wkh frqvwdqw0lqfrph olqhv ehfrph vx!flhqwo|

 dwwhu1 Uhfdoo wkdw n uhsuhvhqwv wkh xqvxevlglvhg frvwv1 Iru d kljk hqrxjk udwlr

ehwzhhq lpsolflw dqg h{solflw frvwv/ lw pd| eh wkdw wkh ydoxh ri d wkdw pd{lpl}hv

|�+v�+d,> d, lv d4�?/ dw zklfk srlqw zh douhdg| nqrz wkdw wkhuh zloo eh }hur vxevlg|1

Dq lqfuhdvh ri wkh wd{ udwh iurp d4�? wr d
n
> dowkrxjk lw udlvhv v> grhv qrw uhgxfh

hgxfdwlrq frvwv e| pxfk1 Wkh lqfuhdvh lq v uhgxfhv rqo| wkh h{solflw +vxevlgl}hg,

frvwv zklfk duh/ lq wklv fdvh/ d vpdoo iudfwlrq ri wkh wrwdo frvwv1 Lq sduwlfxodu wklv zdv

wkh fdvh lq wkh h{dpsohv ri Wdeoh 51

Lq wkh vhfrqg sdqho ri Iljxuh 4 zh dovr uhsuhvhqw wkh ydoxhv ri |�+v�+d,> d, iru dq|

ydoxh ri d> rqfh zh wdnh wkh yrwlqj ehkdylru ri wkh srsxodwlrq lqwr dffrxqw1 Qrwh

wkdw lw lv txlwh vlplodu wr d Od�hu fxuyh1 Wkh gl�huhqfh lv wkdw/ lq rxu prgho/ wkh

h!flhqf| frvwv dulvh/ qrw ehfdxvh ri wkh h{lvwhqfh ri glvwruwlrqv lq wkh oderu vxsso|/

exw ehfdxvh wd{hv uhgxfh wkh ghpdqg iru hgxfdwlrq1 Prylqj wr wkh uljkw ri dn> nhhsv

rq lqfuhdvlqj v> exw wklv lqfuhdvh lv qrw hqrxjk wr r�vhw wkh qhjdwlyh lpsdfw ri wkh

lqfuhdvh lq wkh wd{ udwh1

Iljxuh 4
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Lq rxu prgho wkhuh duh rqo| wzr zd|v iru sduhqwv wr wudqvihu uhvrxufhv wr wkhlu fkloguhq1

Rqh lv wr sd| iru wkh hgxfdwlrq ri wkhlu rzq fkloguhq1 Wkh rwkhu lv wr lqyhvw lq rwkhu

idplolhv* fkloguhq dqg/ lq wkdw zd|/ lq xhqfh wkh vl}h ri wkh jxdudqwhhg plqlpxp

lqfrph wkh fkloguhq zloo rewdlq lq wkh ixwxuh1 Zh suryh wkdw wklv vhfrqg w|sh ri

lqyhvwphqw zloo eh fduulhg0rxw/ surylghg wkdw wkh ixwxuh pdujlqdo wd{ udwh lv kljk

hqrxjk1 Rqh srvvleoh gl!fxow| zlwk wklv frxog eh wkh iroorzlqj= Vxssrvh sduhqwv

frxog wudqvihu uhvrxufhv wr wkhlu fkloguhq yld fdvk1 Zrxog wkh uhvxowv vwloo pdlqwdlqB

Wkh dqvzhu lv srvlwlyh/ exw wklv lv gxh wr wkh irup ri wkh xwlolw| ixqfwlrqv1 Dv orqj

dv d A 3 dqg � ? 4> wkh rswlpdo ehtxhvw lv dozd|v }hur1 Wr dgguhvv wklv sureohp

surshuo|/ zh zrxog qhhg d pruh vrsklvwlfdwhg prgho/ dw wkh ulvn ri idflqj d sureohp

ri qrq0h{lvwhqfh ri d yrwlqj htxloleulxp1

Wkh vxevlglhv zh kdyh vwxglhg lq wklv sdshu duh yhu| vlpsolvwlf1 Wkh| duh frqyh0

qlhqwo| lqghshqghqw ri lqfrph1 Lq jhqhudo/ krzhyhu/ vxevlglhv duh lqfrph0ghshqghqw1

Vwxghqwv iurp orz0lqfrph idplolhv uhfhlyh judqwv1 Qhyhuwkhohvv/ rqfh lqfrph kdv

uhdfkhg d fhuwdlq ohyho/ wkh vxevlg| lv frqvwdqw= shrsoh lq wkh plggoh0lqfrph jurxs

zkr duh qrw holjleoh iru judqwv/ sd| wkh vdph ihhv dv wkrvh lq kljkhu/ dqg hyhq pxfk

kljkhu lqfrph ohyhov1 Lq dq| fdvh/ wkh lqwurgxfwlrq ri vxevlglhv ghshqghqw rq lqfrph

zrxog frpsolfdwh wkh sureohp/ vlqfh/ lq vxfk d fdvh/ yrwhuv zrxog kdyh wr fkrrvh srol0

flhv iurp d pxowl0glphqvlrqdo vsdfh/ jlylqj ulvh wr wkh xvxdo sureohp ri qrq0h{lvwhqfh

ri htxloleulxp1

Lq wklv sdshu zh kdyh pdgh doorzdqfh iru shrsoh wr yrwh rq wkh dprxqw ri wkh

vxevlg|/ zkloh wkh ohyho ri wkh pdujlqdo wd{ udwh uhpdlqv �{hg1 Li shrsoh duh dovr

doorzhg wr yrwh rq wkh ohyho ri wkh pdujlqdo wd{ udwh/ zh frph xs djdlqvw d vlplodu

sureohp wr wkh rqh phqwlrqhg deryh1 Rqh srvvleoh zd| rxw zrxog eh vhtxhqwldo

yrwlqj/ wkdw lv/ yrwlqj ryhu rqh lvvxh dw d wlph1 Wkh sureohp zlwk wklv lv wkdw zkhq

zh sorw wkh lqgluhfw xwlolw| ixqfwlrqv zlwk uhvshfw wr wkh pdujlqdo wd{ udwh/ zh �qg

wkdw wkhvh ixqfwlrqv duh w|slfdoo| qrw vlqjoh0shdnhg/ udlvlqj d sureohp ri qrq0h{lvwhqfh

ri htxloleulxp1

Dqrwkhu uhodwhg zhdnqhvv lq rxu prgho lv wkdw yrwhuv eholhyh wkdw wkh pdujlqdo

wd{ udwh zloo uhpdlq xqfkdqjhg lq wkh ixwxuh1 Qrwh wkdw lq rxu prgho hyhu|wklqj

ghshqgv rq wkh ixwxuh wd{ udwh udwkhu wkdq rq wkh fxuuhqw rqh1 Wr eh pruh vshfl�f/

zkdw wkh h{shfwhg ixwxuh wd{ udwh zloo eh/ lv zkdw pdwwhuv prvw1 Wr ghdo dghtxdwho|

zlwk wklv sureohp/ d ghwdlohg ghvfulswlrq ri krz h{shfwdwlrqv rq wkh ixwxuh wd{ udwh

duh iruphg zrxog eh uhtxluhg1 Lq rxu prgho/ zh fkrrvh wkh vlpsohvw srvvleoh zd| ri

grlqj wklv1 Zh dvvxph wkdw hyhu|erg| eholhyhv wkdw wkh pdujlqdo wd{ udwh zloo eh

h{dfwo| zkdw wkh fxuuhqw rqh lv1

Lqwhuhvwlqjo|/ zh �qg wkdw lq rxu prgho/ wkh h{lvwhqfh ri vxevlglhv lpsolhv uhyhuvh

uhglvwulexwlrq1 Wr vhh wklv/ zh frpsduh wzr vfhqdulrv/ rqh zlwk d }hur vxevlg| dqg

dqrwkhu rqh zlwk d srvlwlyh vxevlg|1 Zh glylgh idplolhv lqwr wkuhh jurxsv1 Iluvw/

wkrvh idplolhv wkdw gr qrw dwwhqg froohjh hyhq zkhq wkh vxevlg| lv srvlwlyh1 Vhfrqg/
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wkrvh idplolhv wkdw dwwhqg froohjh rqo| zkhq wkh vxevlg| lv srvlwlyh +exw qrw zkhq

lw lv }hur,1 Wklug/ wkrvh idplolhv wkdw dwwhqg froohjh hyhq zlwk d }hur vxevlg|1 Wr

vlpsoli|/ fdoo wkhvh wkuhh jurxsv wkh Srru/ wkh Plggoh Fodvv dqg wkh Ulfk/ uhvshfwlyho|1

Zkdw kdsshqv lq hdfk shulrg zkhq zh pryh iurp d vlwxdwlrq zlwk d }hur vxevlg| wr

d vlwxdwlrq zlwk d srvlwlyh vxevlg|B Lq wkh �uvw shulrg/ lw lv reylrxv wkdw vxevlgl}lqj

hgxfdwlrq lpsolhv uhyhuvh uhglvwulexwlrq1 D plqrulw| +wkh Plggoh Fodvv dqg wkh Ulfk,

jhwv wkh vxevlg| zkloh wkh hqwluh srsxodwlrq sd|v wkh wd{1 Lq wkh vhfrqg shulrg wkh

wkuhh jurxsv jdlq/ dv wkh oxps0vxp wudqvihu ulvhv iru doo/ exw wkh Plggoh Fodvv jhwv

dq dgglwlrqdo ehqh�w vlqfh/ e| dwwhqglqj froohjh/ wkh| hduq pruh lqfrph1 Vr/ ryhudoo/

lw lv wkh Plggoh Fodvv zkr ehqh�wv wkh prvw lq wkh vhfrqg shulrg1 Lq qhw whupv/ doo

wkuhh jurxsv jdlq/ exw wkh udqnlqj lq whupv ri qhw jdlqv lv= wkh Plggoh Fodvv/ wkhq

wkh Ulfk dqg �qdoo| wkh Srru1

Ilqdoo|/ wkh pdlq gudzedfn ri wkh prgho lv lwv vwdwlf qdwxuh1 Lq d g|qdplf iudph0

zrun/ yrwhuv vkrxog wdnh lqwr dffrxqw wkdw wkh srvlwlyh h�hfw ri v rq ixwxuh lqfrph

pd| dovr/ lq wkh qh{w shulrg/ lqfuhdvh wkh sursruwlrq ri vwxghqwv/ pdnlqj wkh jlyhq

vxevlg| pruh frvwo|1 Wkh ulvh lq wkh frvw ri hgxfdwlrq zloo uhgxfh wkh jxdudqwhhg

plqlpxp lqfrph1 Wkhvh wzr h�hfwv kdyh rssrvlwh vljqv dqg wkh �qdo uhvxow pljkw

eh dpeljxrxv1
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Lq wkh iroorzlqj wdeoh zh suhvhqw furvv0frxqwu| hylghqfh rq wd{dwlrq dqg vxevlglhv

iru vhyhudo RHFG frxqwulhv1 Wkh yduldeoh �Wd{hv� uhihuv wr wkh udwlr wrwdo wd{ uhyhqxh

wr JGS lq 4<<; +4<<: iru wkrvh frxqwulhv pdunhg zlwk dq dvwhulvn,1 Wkh vrxufh lv

wkh 4<<< hglwlrq ri RHFG Uhyhqxh Vwdwlvwlfv1 Wkh yduldeoh �Vxevlg|� uhsuhvhqwv wkh

shufhqwdjh ri �qdo ixqgv frplqj iurp sxeolf vrxufhv iru whuwldu| hgxfdwlrq lq 4<<:1

Wkh vrxufh lv wkh 5333 hglwlrq ri �Hgxfdwlrq dw d Jodqfh1 RHFG Lqglfdwruv/� RHFG/

Wdeoh E514/ s1 9:1

Wd{hv Vxevlg|

Dxvwudold 63 8;

Dxvwuld 77 ;9

Ehojlxp 79 ;9

FdqdgdW 69 93

F}hfk Uhsxeolf 6; ;9

Ghqpdun 7< <<

Iudqfh 78 ;8

Jhupdq| 6: <5

JuhhfhW 66 ;8

Kxqjdu| 6< :8

Lfhodqg 65 <7

Luhodqg 65 :5

Lwdo| 76 :9

Mdsdq 5< 78

Nruhd 54 55

Ph{lfr 49 :8

Qhwkhuodqgv 74 ;:

Qruzd| 76 <6

Sruwxjdo 68 <;

Vsdlq 67 :8

Vzhghq 86 <4

Xqlwhg Nlqjgrp 6: :6

Xqlwhg VwdwhvW 63 84

Wkh hvwlpdwhg fruuhodwlrq frh!flhqw lv 1951 Qh{w/ zh hvwlpdwh wkh iroorzlqj olqhdu

uhjuhvvlrq=

V� @ �. �W� . %�> l @ 4> ==> 56>

zkhuh V� lv wkh vxevlg|/ W� lv wkh wd{ dqg %� d udqgrp glvwxuedqfh1 Zh rewdlqe� @ 59=<; dqg e� @ 4=68:> zlwk fruuhvsrqglqj vwdqgdug huuruv 471435 dqg 3168:1 Wkh

frh!flhqw ri wkh vorsh lv vljql�fdqw dw wkh 31<<; ohyho1 Udlvlqj wkh wd{ exughq d 4(/

lpsolhv wkdw wkh vxevlg| ulvhv d 416(1
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Surri ri Sursrvlwlrq 4

Zh zdqw wr vwxg| frqglwlrqv xqghu zklfk=

x
��+v, @ �f+5

Cs+v> d,

Cv
. v

C
2
s+v> d,

Cv2
, . d�

C
2
|�+v> d,

Cv2
? 3= +56,

Diwhu vxevwlwxwlqj wkh h{suhvvlrqv ri
YRErc@�

Yr
>

Y
2
RErc@�

Yr2
dqg

Y
2
+�Erc@�

Yr2
dqg uhduudqjlqj

whupv/ wklv lv wkh vdph dv=

�+5� d,i +z+v> d,, A +vf� d�z+v> d,, i � +z+v> d,, > +57,

ru

�+5� d,i +z+v> d,, A
vf� d+f. n,

+4� d,
i
� +z+v> d,, = +58,

E| Dvvxpswlrq 4/ i � +z+v> d,, ? 3= Li vf � d+f . n, � 3 ru d � S

Sn&
v zh duh grqh1

Wkhq/ vxssrvh wkdw vf� d+f. n, ? 3= Zh kdyh wr suryh wkdw=

�
i
� +z+v> d,,

i +z+v> d,,
?

�+5� d,+4� d,

d+f. n,� vf
= +59,

Fdoo E+v> d, @ bE23@�E�3@�
@ESn&�3rS

= Zh nqrz wkdw iru doo v dqg iru doo d A S

Sn&
v> E+v> d, � 3>

Y�Erc@�
Y@

? 3> Y
2
�Erc@�

Y@2
A 3 dqg

Y�Erc@�
Yr

A 31 Pruhryhu olp@<
S

Sn&
rE+v> d, @ .4 dqg

olp@<�E+v> d, @ 3 iru doo v1 Qrz fdoo P+v> d, @ �
s
�E�Erc@��
sE�Erc@��

= E| Dvvxpswlrq 4/

P+v> d, � 3 iru doo +v> d,= Zh dovr kdyh wkdw 3 ? P+v> S

Sn&
v, ? .4 iru doo v= E|

frqglwlrq +4:,/ zh nqrz wkdw olp@<�P+v> d, @ 3= Qrz zh �{ v= Dv erwk E+v> d, dqg

P+v> d, duh frqwlqxrxv rq d wkhuh duh wzr srvvleoh fdvhv= +l, E+v> d, dqgP+v> d, furvv

dw vrph ydoxh +ru ydoxhv, ri d> +ll, P+v> d, lv ehorz E+v> d, iru doo d1 Li wkh| furvv/

zh fdoo ed+v, wkh plqlpxp ydoxh ri d dw zklfk wkrvh ixqfwlrqv furvv1 Lq wkh vhfrqg

fdvh zh vhw ed+v, @ 4= Ilqdoo| zh wdnh ed @ plqried+v,j= E| frqvwuxfwlrq/ lw pxvw eh

wkdw iru doo d ? ed> x��+v, @ y
��+v, ? 3= Lq jhqhudo/ zh fdqqrw vd| dq|wklqj derxw wkh

uhodwlrqvkls ehwzhhq ed+v, dqg v= Krzhyhu/ li zh frqvlghu wkh Orjqrupdo fdvh/ wkhqed+v, lv dq lqfuhdvlqj ixqfwlrq rq v dqg wkxv/ ed @ ed+3,=

4:
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^4` Doohq/ I1/ �Rswlpdo Olqhdu Lqfrph Wd{dwlrq zlwk Jhqhudo Htxloleulxp H�hfwv

rq Zdjhv/� Mrxuqdo ri Sxeolf Hfrqrplfv 4: +4<;5,/ 46804761

^5` Eduu/ Q1/ �Dowhuqdwlyh Ixqglqj Uhvrxufhv iru Kljkhu Hgxfdwlrq/� Hfrqrplf

Mrxuqdo 436 +4<<6,/ :4;0:5;1

^6` Ehujvwurp/ W1 dqg V1 Eorptxlvw/ �Wkh Srolwlfdo Hfrqrp| ri Vxevlgl}hg Gd|

Fduh/� Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp| 45 +4<<9,/ 776078:1

^7` Eorptxlvw/ V1/ �Vkrxog Hgxfdwlrqdo H{shqvhv eh GhgxfwleohB/� Mrxuqdo ri Sxeolf

Hfrqrplfv 4; +4<;5,/ 980;61

^8` Fdohur/ M1/ Ilqdqfldflöq gh od hgxfdflöq vxshulru hq Hvsdôd= vxv lpsolfdflrqhv

hq ho whuuhqr gh od htxlgdg/ +Eloedr= Ixqgdflöq EEY/ 4<<9,1

^9` Fuhhg|/ M1 dqg S1 Iudqfrlv/ �Ilqdqflqj Kljkhu Hgxfdwlrq dqg Pdmrulw| Yrwlqj/�

Mrxuqdo ri Sxeolf Hfrqrplfv 76 +4<<3,/ 4;405331

^:` Ihuqdqgh}/ U1 dqg U1 Urjhuvrq/ �Rq wkh Srolwlfdo Hfrqrp| ri Hgxfdwlrq Vxe0

vlglhv/� Uhylhz ri Hfrqrplf Vwxglhv 95 +4<<8,/ 57<05951

^;` Jduudww/ U1 dqg M1 Pduvkdoo/ �Sxeolf Ilqdqfh ri Sulydwh Jrrgv= Wkh Fdvh ri

Froohjh Hgxfdwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp| 435 +4<<7,/ 89908;51

^<` Mrkqvrq/ J1 H1/ �Vxevlglhv iru Kljkhu Hgxfdwlrq/� Mrxuqdo ri Oderu Hfrqrplfv

5/ 6 +4<;7,/ 636064;1

^43` Kdqvhq/ Z1 O1 dqg E1 D1 Zhlveurg/ �Wkh Glvwulexwlrq ri wkh Frvwv dqg Gluhfw

Ehqh�wv ri Sxeolf Kljkhu Hgxfdwlrq/� Mrxuqdo ri Kxpdq Uhvrxufhv 7/ 5 +4<9<,/

4:904<41

^44` Ohvolh/ O1 O1 dqg S1 W1 Eulqnpdq/ �Htxlwdelolw| lq Wudglwlrqdo Ilqdqfldo Vxssruw

V|vwhpv/� lq O1 Ohvolh dqg S1 Eulqnpdq/ hgv1/ Wkh Hfrqrplf Ydoxh ri Kljkhu

Hgxfdwlrq +Orqgrq= PdfPloodq/ 4<;;,/ fds1 9/ ss1 43:04541

^45` Qhuoryh/ P1/ �Rq Wxlwlrq dqg wkh Frvwv ri Kljkhu Hgxfdwlrq= Surohjrphqd wr

d Frqfhswxdo Iudphzrun/� Mrxuqdo ri Srolwlfdo Hfrqrp| ;3/ 6/ Sduw LL +4<:5,/

v4:;0v54;1

^46` Svdfkdursrxorv/ J1/ �Uhwxuqv wr Hgxfdwlrq= D Ixuwkhu Lqwhuqdwlrqdo Xsgdwh

dqg Lpsolfdwlrqv/� Mrxuqdo ri Kxpdq Uhvrxufhv 53 +4<;8,/ 8;608<:1

4;



Figure 1. Relationship between a and mean income in period 1. The
arrow in the first panel indicates the direction in which mean income in
period 1 increases.
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